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PREFACE TO THE FIRST EDITION 


I am glad to present the book entitled, ‘A Textbook of Strength of Materials’ to the 
engineering students of mechanical, civil, electrical, aeronautical and chemical and also to the 
students of A.M.I.E. Examination of Institution of Engineers (India). The course-contents have 
eae in such a way that the general requirements of all engineering students are 

ed. i s 


During may long experience of teaching to the engineering students for the past 20 years, 
I have observed that the students face difficulty in understanding clearly the basic principles, 
fundamental concepts and theory without adequate solved problems along with the text. To 
meet this very basic requirement to the students, a large number of the questions taken from 
the examinations of the various Universities of India and from other professional and competitive 
examinations (such as Institution and Engineers and U.P.S.C. Engineering Service 
Examinations) have been solved along with the text in S.L units. 

_ The book is written in a simple and easy-to-follow language, so that even an average 
students can grasp the subject by self-study. At the end of each chapter highlights, theoretical 
questions and many unsolved numerical problems with answer are given for the students to 
‘solve them. 

, iam thankful to my colleagues, friends and students who encouraged me to write this 
book. rT am. grateful to Institution of Engineers (India), various Universities of India and those 
authorities whose work have been consulted and gave me a great help in preparing the book. 
ecg I me my appreciation and gratefulness to my publisher, Shri R.K. Gupta (a Mechanical 

ngineer) for his most co-operative, painstaking attitude and untiring efforts ft ingi 
the book in a short period. ee ne ae 

Mrs. Nirmal Bansal deserves special credit as she not only provided an ideal atmosphere 
at home for book writing but also gave inspiration and valuable suggestions. 

_Though every care has been taken in checking the manuscripts and proof reading, yet 
claiming perfection is very difficult. I shall be very grateful to the readers and users of this book 
for pointing any mistakes that might have crept in. Suggestions for improvement are most 


oat and would be incorporated in the next edition with a view to make the book more 
useful. 


—AUTHOR 


PREFACE TO THE FOURTH EDITION 


The popularity of the third edition and reprints of the textbook of Strength of Materials 
amongst the students and the teachers of the various Universities of the country, has prompted 
the bringing out of the fourth edition of the book so soon. The fourth edition has been thoroughly 
revised and brought up-to-date. A large number of problems from different B.E. degree 
examinations upto 2005 of Indian Universities and other examining bodies, such as Institution 
of Engineers U.P.S.C. (Engineering Services) and Gate have been selected and have been solved 
at proper places in this edition in 8.1. Units. 

Three advanced topics of Strength of Materials such as stresses due to rotation in thin 
and thick cylinders, bending of curved bars and theories of failure of the material have been 
added. These chapters have been written in such a simple and easy-to-follow language that 
even an average student can understand easily by self-study. 

In the chapter of ‘Columns and Struts’, the advanced articles such as columns with 
eccentric load, with initial curvature and beam columns have been included. 

The notations in this edition have been used upto-date by the use of sigma and tau for 
stresses. : 

The objective type multiple-choice questions are often asked in the various competitive 
examinations. Hence a large number of objective type questions with answers have been added 
in the end of the book. 

Also a large number of objective type questions which have been asked in most of 
competitive examinations such as Engineering Services Examination and Gate with answers 
and explanation have been incorporated in this edition, 

With these editions, it is hoped that the book will be quite useful for the students of 
different branches of Engineering at various Engineering Institutions. 

express my sincere thanks to my collegues, friends, students and the teachers of different 
Indian Universities for their valuable suggestions and recommending the book to their students. 

Suggestions for the improvement of this book are most welcome and would be incorpo- 
rated in the next edition with a view to make the book more useful. 


—AUTHOR 





Pestanh eine es nce amen emttense 


- 


1 


Simple Stresses and Strains 


ee 





1.1. INFRODUCTION 


When an external force acts.on a body, the body tends to undergo some deformation. 
Due to cohesion between the molecules, the body resists deformation. This resistance by which 
material of the body opposes the deformation is known as strength of material. Within a 
certain limit (é.e., in the elastic stage) the resistance offered by the material is proportional to 
the deformation brought out on the material by the external force. Also within this limit the 
resistance is equal to the external force (or applied load). But beyond the elastic stage, the 
resistance offered by the material is less than the applied load. In such a case, the deformation 
continues, until failure takes place. . 

Within elastic stage, the resisting force equals applied load. This resisting force per unit 


- area is called stress or intensity of stress. 


1.2. STRESS 


The force of resistance per unit area, offered by a body against deformation is known as 
stress. The external force acting on the body is called the load or force. The load is applied on 
the body while the stress is induced in the material of the body. A loaded member remains in 
equilibrium when the resistance offered by the member against the deformation and the ap- 
plied load are equal. 


Mathematically stress is written as, o = : 


' where o = Stress (also called intensity of stress), 


P = External force or load, and 

A = Cross-sectional area. 

1.2.1. Units of Stress. The unit of stress depends upon the unit of load (or force) and 
unit of area. In M.K.S. units, the force is expressed in kgf and area in metre square (Ze., m2). 
Hence unit of stress becomes as kgf/m?. If area is expressed in centimetre square (e., .em?), 
the stress is expressed as kgf/cm*. : 

In the S.L. units, the force is expressed in newtons (written as N) and area is expressed 
as m2. Hence unit of stress becomes as N/m?. The area is also expressed in millimetre square 
then unit of force becomes as N/mm?. 

1 N/m? = 1 N/(L00 cm)? = 1 N/10* cm? 


= 10-4 N/em? or 10° NéAnm? (- a 7 wee 


2 STRENGTH OF MATERIALS 





a 1 N/mm? = 108 N/m?. 

Also 1 N/m? = 1 Pascal = 1 Pa. 

The large quantities are represented by kilo, mega, giga and terra. They stand for : 
Kilo = 108 and represented by ...... k 


Mega = 10° and represented by ...... M 
Giga = 10° and represented by ...... G 
Terra = 10!2 and represented by ...... T. 


Thus mega newton means 10° newtons and is represented by MN. The symbol 1 MPa 
stands for 1 mega pascal which is equal to 10° pascal (or 10° N/m?). 
The small quantities are represented by milli, micro, nana and pica. They are equal to 
Milli = 1079 and represented by ...... m 
Micro = 10 and represented by ...... 
_ Nana = 10° and represented by....... 0 
Pica = 10- and represented by ...... p. 
Notes. 1. Newton is a force acting on a mass of one kg and produces an acceleration of 1 m/s? i.e, 
1N = 1 (kg) x 1 m/s?. 
2. The stress in S.I. units is expressed in N/m? or N/mm2. 
3. The stress 1 N/mm? = 10° N/m? = MN/m?, Thus one N/mm? is equal to one MN/m2. 
4. One pascal is written as 1 Pa and is equal to 1 N/m”. 


1.3. STRAIN 


When a body is subjected to some external force, there is some change of dimension of 
the body. The ratio of change of dimension of the body to the original dimension is known as 
strain. Strain is dimensionless. 

* Strain may be: 

1. Tensile strain, 

3. Volumetric strain, and 

If there is some increase in length of a body due to external force, then the ratio of 
increase of length to the original length of the body is known as tensile strain. But if there is 
some decrease in length of the body, then the ratio of decrease of the length of the body to the 
original length is known as compressive strain. The ratio of change of volume of the body to the 
original volume is known as volumetric strain. The strain produced by shear stress is known, 
as shear strain. 


2. Compressive strain, 
4. Shear strain. 


1.4. TYPES OF STRESSES 


The stress may be normal stress or a shear stress. 

Normal stress is the stress which acts in a direction perpendicular to the area. It.is 
represented by o (sigma). The normal stress is further divided into tensile stress and compressive 
stress. 

1.4.1, Tensile Stress. The stress induced in a body, when subjected to two equal and 
opposite pulls as shown in Fig. 1.1 (a) as a result of which there is an increase in length, is 
known as tensile stress. The ratio of increase in length to the original length is known as 
tensile strain. The tensile stress acts normal to the area and it pulls on the area. 
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Let P= Pull (or force) acting on the body, 
’ A= Cross-sectional area of the body, 
L = Original length of the body, 
dL = Increase in length due to pull P acting on the body, 
o = Stress induced in the body, and 
e = Strain (i.e., tensile strain). 

Fig. 1.1 (a) shows a bar subjected to a tensile force P at its ends. Consider a section x-x, 
which divides the bar into two parts. The part left to the section x-x, will be in equilibrium if 
P = Resisting force (R). This is shown in Fig. 1.1 (6). Similarly the part right to the section x-x, 
will be in equilibrium if P = Resisting force as shown in Fig. 1.1 (c). This resisting force per unit 
area is known as stress or intensity of stress. 


4 
‘ 

Bite Mee 
k © 


Resisting force (R) 


Resisting force (R) 





Fig. 1.1 


pe Sth estas Resisting force(R) _ Tensile load (P) re 
Nene a Cross-sectional area A 


or o= ° : wAL.1) 


And tensile strain is given by, 


_ Increase in length _ dab (1.2) 
“ Originallength  L 
- 1.4.2. Compressive Stress. The stress induced in a body, when subjected to two equal 
and opposite pushes as shown in Fig. 1.2 (a) as a result of which there is a decrease in length 
of the body, is known as compressive stress. And the ratio of decrease in length to the original 
length is known as compressive strain. The compressive stress acts normal to the area and it 
pushes on the area. 
Let an axial push P is acting ona body is cross-sectional area A. Due to external push P, 
let the original length L of the body decreases by dL. 


a 
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2 
Resisting force (R) 
: ib), 
P 
Resisting force (R) 
: © 
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P ra - 
—<—— | 
\ @ 
Fig. 1.2 
Then compressive stress is given by, 
Resisting Force(R) _ Push (P) P. 
eee eee ge 
Area (A) Area(A) A ; 
And compressive strain is given by, 2 
i _ Decrease in length = dL ; 
. Original length L 
_ 1.4.3. Shear Stress. The stress induced in a body, when subjected 2 two a vi 
& opposite forces which are acting tangentially across re ee oe nae a hoo re 
| i the section, is kno 3 
result of which the body tends to shear off across » is 3 : 
o Sn ependibe strain is known as shear strain. The shear stress is the stress which acts tan 


gential to the area. It is represented by t. 








™ : 
y VA, . 


(6) 
Fig. 1.3 
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Consider a rectangular block of height 2, length L and width unity. Let the bottom face 
AB of the block be fixed to the surface as shown in Fig. 1.4 (a). Let a force P be applied 
tangentially along the top face CD of the block. Such a force acting tangentially along a surface 
is known as shear force. For the equilibrium of the block, the surface AB will offer a tangential 
reaction P equal and opposite to the applied tangential force P. 


Pp P 
. oO — Cc D —_—_ c 2 
xX xX xX Xx——X A X 
oh +R 
l Resistance 
A i B f . 


—-——— L———>| 
{a) (b) ‘) 


Ve Fig. 1.4 
Consider a section x-x (parallel to the applied force), which divides the block into two 
parts. The upper part will be in equilibrium if P = Resistance (R). This is shown in Fig. 1.4 (b). 
Similarly the lower part will be in equilibrium if P = Resistance (R) as shown in Fig. 1.4 {c). 


This resistance is known as shear resistance. And the shear resistance per unit area is known 
as shear stress which is represented by t. ; 


Shear resistance 
Shear area 

- #-P 

“Exl 

Note that shear stress is tangential.to the area over which it acts. 

As the bottom face of the block is fixed, the face 

ABCD will be distorted to ABCD, through an angle $ as a 
result of force P as shown in Fig. 1.4 (d). 


And shear strain (9) is given by, 


oN R 
“» \Shear stress, t = “a 





(< ReaPendéA=L #1). <3) 


_ Transversal displacement 





a Distance AD 
bis = a . aa ee 4 (a) 


1.5. ELASTICITY AND ELASTIC LIMIT 


When an external force acts on a body, the body tends to undergo some deformation. If 
the external force is removed and the body comes back to its origin shape and size (which 
means the deformation disappears completely), the body is known as elastic body. This property, 
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by virtue of which certain materials return back to their original position after the removal of 
the external force, is called elasticity. 

The body will regain its previous shape and size only when the deformation caused by 
the external force, is within a certain limit. Thus there is a limiting value of force up to and 
within which, the deformation completely disappears on the removal of the force. The value of 
stress corresponding to this limiting force is known as the elastic limit of the material. 

If the external force is so large that the stress exceeds the elastic limit, the material 
loses to some extent its property of elasticity. If now the force is removed, the material will not 
return to its origin shape and size and there will be a residual deformation in the material. 


1.6. HOOKE’S LAW AND ELASTIC MODULIT 


Hooke’s Law states that when a material is loaded within elastic limit, the stress is 
proportional to the strain produced by the stress. This means the ratio of the stress to the 
corresponding strain is a constant within the elastic limit. This constant is known as Modulus 
of Elasticity or Modulus of Rigidity or Elastic Modulii. 


1.7. MODULUS OF ELASTICITY (OR YOUNG’S MODULUS) 


The ratio of tensile stress or compressive stress to the corresponding strain is a con- 
stant. This ratio is known as Young’s Modulus or Modulus of Elasticity and is denoted by E. 


, _ Tensile stress 


Compressive stress 
Tensile strain 


Compressive strain 


or E= = vi (1.5) 

1.7.1. Modulus of Rigidity or Shear Modulus. The ratio of shear stress to the 
corresponding shear strain within the elastic limit, is known as Modulus of Rigidity or Shear 
Modulus. This is denoted by C or G or N. : 


Shear stress t wee 
Shear strain 6 


Let us define factor of safety also. 


C (or G or N) = .(1.6) 


1.8. FACTOR OF SAFETY 


it is defined as the ratio of ultimate tensile stress to the working (or permissible) stress. 
Mathematically it is written as 
Ultimate stress 


Factor of safety = —————-—__— 
ty Permissible stress 


1.7) 


L.9. CONSTITUTIVE RELATIONSHIP BETWEEN STRESS AND STRAIN 


1.9.1. For One-Dimensional Stress System. The relationship between stress and 
strain for a unidirectional stress (i.e., for normal stress in one direction only) is given by Hooke’s 
law, which states that when a material is loaded within its elastic limit, the normal stress 
developed is proportional to the strain produced. This means that the ratio of the normal 


AGRA LSeeRHOSN ny Qadri oe 
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stress to the corresponding strain is a constant within the elastic limit, This constant is repre- 
sented by & and is known as modulus of elasticity or Young’s modulus of elasticity. 

i Normal stress 

| Corresponding strain 
where o = Normal stress, e = Strain and £ = Young’s modulus 


de | a g 1.7 (ANI 


- The above equation gives the stress and strain relation for the normal stress in one 
direction. 
1.9.2. For Two-Dimensional Stress System. Before knowing the relationship be- 
tween stress and strain for two-dimensional stress system, we shall have to define longitudi- 
nal strain, lateral strain, and Poisson’s ratio. 

1. Longitudinal strain. When a body is subjected to an axial tensile load, there is an 
increase in the length of the body. But at the same time there is a decrease in other dimensions 
of the body at right angles to the line of action of the applied load. Thus the body is having 
axial deformation and also deformation at right angles to the line of action of the applied load 
(i.e., lateral deformation). 

The ratio of axial deformation to the original length of the body is known as longitudinal 
(or linear) strain. The longitudinal strain is also defined as the deformation of the body per 
unit length in the direction of the applied load. 


o 
= Constant or Ze E 


Let L = Length of the body, 


P= Tensile force acting on the body, 
8b = Increase in the length of the body in the direction of P. 


Then, longitudinal strain = ~. 


2. Lateral strain. The strain at right angles to the direction of applied load is known as 
lateral strain. Let a rectangular bar of length L, breadth b and depth d is subjected to an axial 
tensile load P as shown in Fig. 1.5. The length of the bar will increase while the breadth and 


depth will decrease. 


Let 5L = Increase in length, 
85 = Decrease in breadth, and 
8d = Decrease in depth. 
Then longitudinal strain = * [1.7 (B)) 
bd 
and lateral strain = or 1.7 (CY 





Fig. 1.5 
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rr rr err pee 
Note. (é) If longitudinal strain is tensile, the lateral strains will be compressive. 
(i) If longitudinal strain is compressive then lateral strains will be tensile. 


(iii) Hence every longitudinal strain in the direction of load is accompanied by lateral strains of 
the opposite kind in all directions perpendicular to the load. 


3. Poisson’s ratio. The ratio of lateral strain to the longitudinal strain is a constant for 
a given material, when the material is stressed within the elastic limit. This ratio is called 
Poisson’s ratio and it is generally denoted by p. Hence mathematically, 

Lateral strain 

Longitudinal strain 
or Lateral strain = » x Longitudinal strain 

As lateral strain is opposite in sign to longitudinal strain, hence algebraically, lateral 
strain is written as 

Lateral strain =~ 4 x Longitudinal strain 

4. Relationship between stress and strain. Consider a 
two-dimensional figure ABCD, subjected to two mutually perpen- 
dicular stresses o, and Gp. 

Refer to Fig. 1.5 (a). 

Let o, = Normal stress in x-direction 

G, = Normal stress in y-direction 
Consider the strain produced by Oo, 


The stress o, will produce strain in the direction of x and 
also in the direction of y. The strain in the direction of x will be 


Poisson's ratio, p= [1.7 DI 


[1.7 (BY 





Fig. 1.5 (a) 


longitudinal strain and will be equal to oe whereas the strain in 


the direction of y will be lateral strain and will be equal to - ux = (. Lateral strain 
=— yu x longitudinal strain) * 

Now consider the strain produced by Gp. 

The stress o, will produce strain in the direction of y and also in the direction of x. The 


strain in the direction of y will be longitudinal strain and will be equal to 3 whereas the 


strain in the direction of x will be lateral strain and will be equal to -— 4 x “2. 


Let é, = Total strain in x-direction 
é, = Total strain in y-direction, 


Now total strain in the direction of x due to stresses o; and oy = Wis. W = 
Similarly total strain in the direction of y due to stresses o, and o, = = -u 7 
oO} Ge 
=m ALL.7 
{= te [1.7 (F)] 
~ G2 M1 
eo = a — te 5 -AL.7 (Q)) 
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The above two equations gives the stress and strain relationship for the two-dimen- 
sional stress system. In the above equations, tensile stress is taken to be positive whereas the 
compressive stress negative. 

1.9.8. For Three-Dimensional Stress System. Fig. 1.5 (6) shows a three-dimensional 
body subjected to three orthogonal normal stresses 0,, 02, Gg acting in the directions of x, y and 
z respectively. 

Consider the strains produced by each stress sepa- 


rately. = 
The stress o, will produce strain in the direction of x 
and also in the directions of y and z. The strain in the direc- 


tion of x will be a whereas the strains in the direction of y 


saat o 
and z will be- p = 





62 ORCS 
Similarly the stress o, will produce strain on in the 


Fig. 1.5 (6) 


direction of y and strain of -— 1 - in the direction of x and y 


each. 
O3.; 
. Og. ba ge 3 
Also the stress 6, will produce strain - in the direction of z and strain of - u x :— in 


. the direction of x and y. 


o1 Sg 93 
Total strain in the direction of x due to stresses 0), 0, and 0, = 7 u 7 u zz 


Similarly total strains in the direction of y due to stresses o,, 0, and og 


Oe. 93 _ On 
=p fae 
and total strains in the direction of z due to stresses o,, G, and o, 
= OF: Ste Se: 
. “Eee 
Let e,, e, and e, are total strains in the direction of x, y and z respectively. Then 
= Fy 82 98 [1.7 (DI 
Pe ner 
a Gay SB Oe AL.7 © 
ey = E E H E 
93 Oy 22: 1.7 (J) 
and oat Boe E 


The above three equations give the stress and strain relationship for the three orthogonal 
normal stress system. 
Problem 1.1. A red 150 cm long and of diameter 2.0 cm is subjected ae an axial Bue of 
20 RNUIf the modulus of elasticity of the material of the rod is 2x 10° N/mm? ; determine : 
(i) the stress, 
(ii) the strain, and: 
(iti) the elongation of the rod: 
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Sol. Given : Length of the rod, EL = 150 cm 
Diameter of the rod, D=2.0 cm = 20 mm 


Area, A= ; (20)? = 100x mm? 


Axial pull, P= 20 KN = 20,000 N 
Modulus of elasticity, E = 2.0 x 10° N/mm? 
(i) The stress (0) is given by equation (1.1) as 


P 2000 . 
eee = 63.662 N/mm”. Ans. 





: A 100x 
(ii) Using equation (1.5), the strain is obtained as 
B=2. 
e 
5 63.662 
Strain, ex aS 7 
: EB axjo® = 0000818. Ans. 
(ii) Elongation is obtained by using equation (1.2) as 
dL 
e=—. 
L 


Elongation, dL =e x L 
= 0.000318 x 150 = 0.0477 cm. Ans. 


Problem 1.2, Find the minimum diameter i ich i. 
of a steel i 
of 4000 'N if the stress in the rod is not to exceed 95 Me erie rieneer ene 








Sol. Given: Load, P=4000N 
Stress, o = 95 MN/m? = 95 x 10° N/m? (~ M= Mega = 10°) 
i = 28 N/mm? (10° N/m? = 1 N/mm?) 
et D = Diameter of wire in mm 
Area, Ae = ps 
4 
Now stress = Load = £ 
Area A 
4000 4000x4 4000 
95 = Pe peresineieaech 2 4000 x 4 = 
% py? <p? °F DP = x OB = 53.61 
4 


D=%7.32 mm. Ans. 


Problem 1.3. Firid the Young’s Modulu. 

rig : brass rod of diameter 25 
length 250 mm which is sub eg meter 25 mm and of 
ahr Oe ne s subjected to a tensile load of 50 RN when the extension of the rod 


Sol. Given : Dia. of rod, D = 25 mm 


Area of rod, A= 7 (25)? = 490.87 mm? 


P= 50 KN = 50 x 1000 = 50,000 N 
aL = 0.3 mm 
L = 250 mm 


Tensile load, 
Extension of rod, 
Length of rod, 


Rest AhenaMTAERNNEE ARLE 8 GA et Bhs yeaa 





R 
a 


eorex ue 


sive ritease 


aerator ea 


eee aa A HE ANA OLEATE TATRA IRE PSEA 
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Stress (o) is given by equation (1.1), as 





os es 50,000 101.86 N/mm?. 
: A 490.87 
Strain (e) is given by equation (1.2), as 
dL 03 
= ——=—— = 0.0012. 
e= T= 959 ~ 9° 


Using equation (1.5), the Young’s Modulus (£) is obtained, as 


2 
Stress 23 101.86 N/mm — 94883.33 Nimm? 
Strain 0.0012 
= $4883.33 x 10° N/im2. Ans. (- 
= 84.883 x 10° N/m? = 84.883 GNin?. Ans. (*- 
Problem 1.4. A tensile test was conducted on a mild steel bar. The following data was 
obtained from the test : 





1 N/imm? = 108 N/m?) 
10° = G) 


(i) Diameter of the steel bar : =3em 
(ii) Gauge length of the bar ‘ = 20cm 
(ii) Load at elastic Limit = 250 kN 
(iv) Extension at a load of 150 kN = 0.21 mm 
(v) Maximum load = 3880 kN 
(vi) Total extension =60 mm 
= 2.25 cm. 


(vii) Diameter of the rod at the failure 
Determine :(a) the Young’s modulus, (b) the stress at “astic limit, 
(c) the percentage elongation, and  (d) the percentage decrease in area. 


Sol. Area ofthe rod, A= * pp = = (3) em? 


2 
1 
= 7.0685 em? = 7.0685 x 10~* m?. b ae & m| | 


ze 


(a) To find Young’s modulus, first calculate the value of stress and strain within elastic 
limit. The load at elastic limit is given but the extension corresponding to the load at elastic 
limit is not given. But a load of 150 KN (which is within elastic limit) and corresponding exten- 
sion of 0.21 mm are given. Hence these values are used for stress and strain within elastic 
limit 
Load __150 x 1000 njpp2 
Area 7.0685 x 107 
= 21220.9 x 104 N/m? 

Increase in length (or Extension) 
Original length (or Gauge length) 
0.21 mm 
= = 0.00105 
20 x 10 mm 
.. Young’s Modulus, 


Stress = (. 1 EN = 1000 N) 


and Strain = 


4 
— Stress _ 212209 x 10" _ 99909523 x 10* N/m? 
Strain 0.00105 
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= 202.095 x 109 N/m? C 
= 202.095 GN/m?. Ans. 
(6) The stress at the elastic limit is given by, 
Stress = Load at elastic limit _ 250 x 1000 
Area 7.0685 x 1074 
= 35368 x 104 N/m? 
= 353.68 x 10° N/m? CS 
= 353.68 MN/m2. Ans. 
(c) The percentage elongation is obtained as, 
Percentage elongation 


10° = Giga = G) 


10° = Mega = M) 


Total increase in length 


= x 100 
Original length (or Gauge length) 
60 mm 
= 50x 10 mm x 100 = 30%. Ans. 


(d) The percentage decrease in area is obtained as, _ 
Percentage decrease in area 


_ (Original area — Area at the failure) 2 


100 
Original area 
(3 x 32 q x 2.25" 
= + x 100 
7 x 3? 


2) 2 = 
s fa x 100 = nee x 100 = 43.75%. Ans. 
Problem 1.5. The safe stress, for a hollow steel column which carries an axial load of 


2.1 x 10° RN is 125 MNim?. If the external diameter of the column is 30 cm, determine the 
internal diameter. 


Sol. Given : 
Safe stress*, o = 125 MN/m? = 125 x 106 N/m? 
Axial load, P=2.1x10°kKN=2.1x10°N 


External diameter, D=30cm=0.30m 
Let d = Internal diameter 
.. Area of cross-section of the column, 


7 x 
= — (D?- d?) = — (.30? - d?) m? 
a° ) i: )m™ 


P 


Using equation (1.), o= A 





*Safe'stress is a stress which is within elastic limit. 


os ir A snnnnerteccang/ SIS emt net NER SRNR SHORE Ee PELE ERE A SST REE AE INIA A OTE 
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6 
e 105 x 108 = —2 EX 10° gy (302-4) = at 
= (30? -d?) aneee h 
ae 0.09 ~ d? = 213.9 or 0.09 - 0.02139 = d® 


‘ d= (0.09 —-0.02139 = 0.2619 m=26.19 em. Ans. 

Problem 1.6. The ultimate stress, for a hollow steel column which carries an axial load 
of 1.9 MN is 480 Nimm®. If the external diameter of the column is 200 mm, determine the 
internal diameter. Take the factor of safety as 4. 


Sol. Given : 

Ultimate stress, = 480 N/mm? 

Axial load, - os P=19MN=1.9x 10°N (. M= 105} 
7 = 1900000 N 

External dia., D= 200 mm 

Factor of safety =4 

Let d = Internal diameter in mm 


Area of cross-section of the column, 
re 7 (D2 - d?) = : (2002 - d?) mm? 
Using equation (1.7), we get 





_ Ultimate stress 
Bacar ofc ” ‘Working stress or Permissible stress 
. 480 
~ Working stress 
80 = 
or ~° Working stress ={ = 120 N/mm’ 
ime A o = 120 N/mm? 
Now using equation (1.1), we get 
P 120 1900000 1900000 x 4 
a= or =O an a 
A (200? _ 2) (40000 - d”) 
1900000 x 4 
~ = = 20159.6 
or 40000 ~ d 120 
or d? = 40000 — 20159.6 = 19840.4 


as d= 140.85 mm. Ans. 

Problem 1.7. A stepped bar shown in Fig. 1.6 is subjected to an axi- 
ally applied compressive load of 35 kN. Find the maximum and minimum 
stresses produced. 

Sol. Given : 

Axial load, P= 35 kN = 35 x 10°N 

Dia. of upper part, D,=2cem=20 mm 
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-. Area of upper part, A, = ; (202) = 100 x mm2 


Area of lower part, A,= z D2 = ; (302) = 225 x mm? 


The stress is equal to load divided by area. Hence stress will be maximum where area is 
minimum. Hence stress will be maximum in upper part and minimum in lower part. 


Load 35x 10° 


: i = Oe _ SOK). 111.408 Nimm?. Ans. 

.. Maximum stress A, 100 Sa 2 V/maum: Ss. 
1 ; 

Minimum stress = — = Se = 49.5146 N/émm?. Ans. 


1.10. ANALYSIS OF BARS OF VARYING SECTIONS 


A bar of different lengths and of different diameters (and hence of different cross-sec- 
tional areas) is shown in Fig. 1.6 (a), Let this bar is subjected to an axial load P. 


Section 3 










Section 2 







Section 1 








Ag 


t¢— L, —>i¢— L, — 44 Lb} 


Fig. 1.6 () 


Though each section is subjected to the same axial load P, yet the stresses, strains and 
change in lengths will be different. The total change in length will be obtained by adding the 
changes in length of individual section. 


Let P = Axial load acting on the bar, 
L, = Length of section 1, 
A, = Cross-sectional area of section 1, 
ZL, Ay = Length and cross-sectional area of section 2, 
L,, A, = Length and cross-sectional area of section 3, and 
£ = Young’s modulus for the bar. 
Then stress for the section 1, 
act Load Cs ae, 
1 Area of section1 A, ° 
Similarly stresses for the section 2 and section 3 are given as, 


G. z and - 
=——- and o,= — 
2 Ay 3 A; 
Using equation (1.5), the strains in different sections are obtained. 
; : iis Ae Hee egaes 
Strain of section 1, e, = EAE (- o,= al 


ie Re ER AAES, 
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Similarly the strains of section 2 and of section 3 are, 





eis OE a a ig te! Eg 
aR Agha 
But strain in section 1 = ae ee oe aaa notsection : 
aL, 
or ey = a. 
1 


where dL, = change in length of section 1. 
Change in length of section 1, dL, =e,L, 


_ Ply Q P 
~ AE " a" aE 


Similarly changes in length of section 2 and of section 3 are obtained as: 
Change in length of section 2, dL, = e, L, 


& ( +8) 





= AE 
and change in length of section 3, dL, = e,L., 
PL, es “p 

a (od 

“. Total change in the length of the bar, 

PL , Ply, Ply 

AE A,E Aj,E 

PIL L 
e z[e-2+2| (1.8) 
Equation (1.8) is used when the Young’s modulus of different sections is same. If the 


Young’s modulus of different sections is different, then total change in length of the bar is 
given by, Mn 4 8 ee : 


L L E 
dL =P|—1-+—#.4—3 (1.9) 
Ee ELA, EA 


Problem 1.8. An axial pull of 35000 N is acting on a bar consisting of three lengths as 
shown in Fig. 1.6 (6). If the Young’s modulus = 2.1 x 10° Nimm2, determine : 

(i) stresses in each section and 

(zi) total extension of the bar. 


dL =dLl,+dL,+db,= 











Section 3 










7 Section 2 
Section 1 


2cem DIA 


35000 N 35000 N 






3cm DIA 





ke- 20 cm —>le— 25 cm —bhe- 22 cm —>| 


Fig. 1.6 (6) 
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Sol. Given : 

Axial pull, P = 35000 N 
Length of section 1, L,=20cm= 200mm 
Dia. of section 1, D,=2cm = 20 mm 


- Area of section 1, A,= 7 (20?) = 100 xmm2 


Length of section.2, L, = 25 cm = 250 mm 
Dia. of section 2, D, = 3 cm = 30 mm 


». Area of section 2, A, = (302) = 225 x mm? 

Length of section 3, L, = 22 cm = 220 mm : 
Dia. of section 3, D, =5 cm = 50 mm 

~. Area of section 3, A, = + (50?) = 625 x mm? 


Young’s modulus, # = 2.1 x 105 N/mm?. 
(i) Stresses in each section 











t . ay > Ge Axial load 
SERORA-MLRECHON t.° OX™ Kren of section 
= eS souue = 111.408 N/mm?, Ans. 
A, 100x 
P 35000 
. Stress in section 2, G, = A Sooece 49.5146 N/mm, Ans. 
P 35000 
Stress in section 3, 0, = ae ee 17.825 Nimm?. Ans. 
3 


Gi) Total extension of the bar 
Using equation (1.8), we get 








P(L, 
Total extension =F (3 + = + A) 
35000 ( 200 250 220 ) 
2 +—— + 
91x10°(100n 225xx 625xx 
= prs (6.366 + 3.536 + 1.120) = 0.183 mm. Ans, 
21x 10 


Problem 1.9. A member formed by connecting a steel bar to an aluminium bar is shown 
in Fig. 1.7. Assuming that the bars are prevented from buckling sideways, calculate the 
magnitude of force P that will cause the total length of the member to decrease 0.25 mm. ee 
values of elastic modulus for steel and aluminium are 2.1 x 105 Nimm? and 7 x 104 Nimm 
respectively. 

Sol. Given : 

Length of steel bar, L, = 30cm = 300 mm 
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Area of steelbar, A, =5 x 5 = 25 em? = 250 mm? 
Elastic modulus for steel bar, 
E, = 2.1 x 10° N/mm? 
Length of aluminium bar, 
/ L, = 38 em = 380 mm - 
Area of aluminium bar, 
A,=10x 16=100 em? = 10000 mm? 
Elastic modulus for aluminium bar, 
E,=7x 10+ N/mm? 
Total decrease in length, dZ = 0.25 mm 
Let P = Required force. 


As both the bars are made of different materials, hence total change in the lengths of 
the bar is given by equation (1.9), 


Ly , ts 
aL = 
lek ee) 







ScmxScm 
Steel bar 
30 cm 


10cm x 10cm 
Aluminium bar 





38 cm 


Fig. 1.7 








or 0.25 = P ( B00 asic 


—l en ———————— + 
2.1x 10° x 2500 7x 10* x 10000 
=P (5.714 x 1077 + 5.428 x 10-7) = P x 11.142 x 1077 


_ 0.25 (0.25 x 10" 
~ 11142x107 11.142 
= 2.2437 x 10° = 224.37 KN. Ans. 


Preblem 1.10. The bar shown in Fig. 1.8 is subjected to a tensile load of 160 RN. If 
the stress in the middle portion is limited to 150 Nimm?, determine the diameter of the 
middle portion. Find also the length of the middle portion if the total elongation of the bar 
is to be 0.2 mm. Young’s modulus is given.as equal to 2.1 x 10° Nimm?. 


Sol. Given : 

Tensile load, P=160kKN = 160 x-10°N 
Stress in middle portion, | 0, = 150 N/mm? 

Total elongation, dL = 0.2 mm 

Total length of the bar, L = 40 ém = 400 mm 


Young’s modulus, E = 2.1 x 10° N/mm? 
Diameter of both end portions, D, = 6 cm = 60 mm_ 
Area of cross-section of both end portions, 


A 


L= qx 60? = 900 x mm?, 





166 kN 160 kN 


}¢—__—___—___—_ — 40cm ——-————_——> 


Fig. 1.8 
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Let D, = Diameter of the middle portion 
L, = Length of middle portion in mm. 
Length of both end portions of the bar, 
L, = (400 - L,) mm 
Using equation (1.1), we have 








Load 
Stress = Goa 
For the middle portion, we have 
Op = - where A, = 7 D? 
or 150 = 160000 
Zo8 
4x 160000 
gS AOU 2 
D, S180 1358 mm‘ 
or 7 D,= 41358 = 36.85 mm = 3.685 cm. Ans, 


-, Area of cross-section of middle portion, 
A, = 7 x 36.85 = 1066 mm? 


Now using equation (1.8), we get 


Total extension, dL = = £[2 + 4] 





ELA, Ag . 
a oe Loe a -Ly) Lg | 
2.1%-10 900x 1066 


[-- L,=(400-L,) and A, = 1066] 
O.2x21%x10° _ (400-Ly) | Ly 





or 





160000 =—i(asé00 mC tss«éd0GG 
ae 0.2695 = 1066(400 - L,) +900 L, 
900 x x 1066 

or 0.2625 x 900 x 1066 = 1066 x 400 - 1066 L, + 900x x L, 
or 791186 = 426400 ~ 1066 L, + 2827 L, 
or 791186 — 426400 = L, (2827 - 1066) 
or 364786 = 1761 L, 

364786 

2= 761 7 207.14 mm = 20.714 cm. Ans. 


1.10.1. Principle of Superposition. When a number of loads are acting on a body, the 
resulting strain, according to principle of superposition, will be the algebraic sum of strains 
caused by individual loads. 

While using this principle for an elastic body which is subjected to a number of direct 
forces (tensile or compressive) at different sections along the length of the body, first the free 
body diagram of individual section is drawn. Then the deformation of the each section is obtained. 
The total deformation of the body will be then equal to the algebraic sum of deformations of the 
individual sections. 
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Problem 1.11. A brass bar, having cross-sectional area of 1000 mm?®, is subjected to 
axial forces as shown in Fig. 1.9. 


A B Cc D. 
50 kN 80 kN 10 KN 
20 KN 
je OM ig 1 mm ——e—— 1.20 m ——>} 
Fig. 1.9 . 

Find the total elongation of the bar. Take E = 1.05 x 10° Nimm?. 
Sol. Given : 
Area, A= 1000 mm? 
Value of E = 1.05 x 10° N/mm? 
Let aL = Total elongation of the bar. 


The force of 80 KN acting at B is split up into three forces of 50 KN, 20 KN and 10 kN. 
Then the part AB of the bar will be subjected to a tensile load of 50 KN, part BC is subjected to 
a compressive load of 20 KN and part BD is subjected to a compressive load of 10 KN as shown 


in Fig. 1.10. 


A B 
20 KN 20 KN 
B Cc 
10 kN 10 KN 
B D 


Fig. 1.10 
Part AB. This part is subjected to a tensile load of 50 kN. Hence there will be increase 
in length of this part. 
Increase in the length of AB 


— #1 
= x Ly, 


AE 
____ 50x 1000 
~ 1000 x 1.05 x 10° 
= 0.2857. 


. Part BC. This part is subjected to a compressive load of 20 KN or 20,000 N. Hence there 
will be decrease in length of this part. 


Decrease in the length of BC 
PB, 20,000 
= — x L, = —_-—___—_-- x 1000 “ot Des = 
AE?” 4000x 1.05 x 10° ~ Caer See 


= 071904. 


x 600 (. P= 50,000 N, DL, = 600 mm) 
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Part BD. This part is subjected to a compressive load of 10 kN or 10,000 N. Hence there 
will be decrease in length of this part. 
Decrease in the length of BD 
P, 10000 
= an "8" i500x 1.05% 108 720° 
Cs £,=1.2+1=2.2 m or 2200 mm) 
= 0.2095. 
-. Total elongation of bar = 0.2857 ~ 0.1904 — 0.2095 


(Taking +ve sign for increase in length and 
—ve sign for decrease in length) 


=~0.1142 mm. Ans. 
Negative sign shows, that there will be decrease in length of the bar. 


Problem 1.12. A member ABCD is subjected to point loads P,, Py P,and P,as shown in 
Fig. 1.21. 











1250 mm” 


2500 mm* 


je 120 cm ——->}¢—~ 60. om —rfe— 90cm =>} 


Fig. 1.11 


Calculate the force P, necessary for equilibrium, if P, = 45 RN, P, = 450 RN and 
P,= 1380 kN. Determine the iptal elongation of the member, assuming the nochulece of elas- 
ticity to be 2.1 x 10° Nimm?. 
Sol. Given : 
PartAB: Area, A, = 625 mm? and 
Length, L, = 120 cm = 1200 mm 
Part BC:. Area, A, = 2500 mm? and 
Length, LE, = 60 em = 600 mm 
PartCD: Area, A, = 12.0 mm? and 
Length, DL, = 90 cm = 900 mm 
EB =2.1 x 105 Ninm?. 


Value of P, necessary for equilibrium 


Value of 


Resolving the forces on the rod along its axis (i.e., equating the forces acting towards 
right to those acting towards left), we get 


“Ppt Py Py ©? 


ocenaggciebe reget 


: 


Re retina emer TON aM el nae enmMA a na " - 
oem re NBA NONE BANA A NANA MNS Ye Rims TO CS EET SW IANA Ahan AACR APC ASPET oetOPM SECA ECD pNNeaN 
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But P, = 45 KN, 

P, = 450 KN and P, = 130 kN 

: 45+450=P,+180 or P, = 495-130 = 365 kN 

The force of 365 KN acting at B is split into two forces of 45 KN and 320 KN (Z.e., 365 — 45 
= 320 kN). 

The force of 450 KN acting at C is split into two forces of 320 KN and 130 KN (@e., 450 - 320 
= 130 KN) as shown in Fig. 1.12. 


From Fig. 1.12, it is clear that part AB is subjected to a tensile load of 45 kN, part BC is 
subjected to a compressive load of 320 KN and part CD is subjected to a tensile load 130 KN. 


A B 
45 kN eS ‘45 KN 


B c 
c D 
Fig. 1.12 


Hence for part AB, there will be increase in length ; for part BC there will be decrease in 
length and for part CD there will be increase in length. 
Increase in length of AB 
P 45000 
- Ae * 4 a5 21% 10° 
= 0.4114 mm 
Decrease in length of BC 


x 1200 (. P= 45 KN = 45000 N) 


oe Pg Ly = 8 600: P = 320 KN = 320000) 
A,E 3500 x 21x 10 


= 0.3657 mm 
Increase in length of CD 
= Pg 1.5 = 130,000 x 900 (2 P = 130 KN = 130000) 
AsB 1250 x 2.1.x 10° 
= 0.4457 mm 


Total change in the length of member 
= 0.4114 - 0.3657 + 0.4457 
(Taking +ve sign for increase in length and 
—ve sign for decrease in length) 
= 0.4914 mm (extension). Ans. 


Problem 1.13. A tensile load of 40 kN is acting on a rod of diameter 40 mm and of 
length 4 m. A bore of diameter 20 mm is made centrally on the rod. To what length the rod 
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ea 
should be bored so that the total extension will increase 30% under the same tensile load. Take 
E =2x 10° Nimm?. : 


Sol. Given : 
oe 
4 m ——_——1 
: Fig. 1.12 (a) 
Tensile load, P= 40 KN = 40,000 N 
Dia. of rod, : D=40 mm 
Area of rod, A= 2 (40?) = 4002 mm? 
ke—_ (4 -x}m —— oe. x m —>| 
ke———_—_---—- 4m ~~ 
Fig. 1.12 (b) 
Length of rod, L=4m=4~x 1000 = 4000 mm 
Dia. of bore, d= 20mm 
. Area of bore, a= a x 20? = 100 x mm? 
Total extension after bore = 1.3 x Extension before bore 
Value of E = 2x 105 N/mm? 


Let the rod be bored to a length of x meter or. x x 1000 mm. Then length of unbored 
portion = (4-x)m=(4- x) x 1000 mm. First calculate the extension before the bore is made. 


The extension (8L) is given by, 
P 40000 x 4000 2 
bL =X L =O EE 
AE 400nx2x108 x 


Now extension after the bore is made 
= 1.3 x Extension before bore 


= 13x —=—~ mm web} 
xn Tn 


The extension after the bore is made, is also obtained by finding the extensions of the 
unbored length and bored length. d 
For this, find the stresses in the bored and unbored portions. 
Stress in unbored portion 
Load P 40000 100 
Se NA 2 
Area A 400n x 
Extension of unbored portion 


i DPSS | Fde och of unhored partion 


IPE ht TE PEL ETS REN TOMS NSN AEB AERIS A NRTESVS ST BA COMEDIES EA ANTON ATO NCATE TDA SITAR, 
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A 
= a Kaos 1000 = =” 
ux 2x10 2m 
Stress in bored portion 
_ Load P 40000 . — 40000 








“"Area (A-a)  (400%-100n) 300x 
Extension of bored portion 


ag See x Length of bored portion 


z 40000 
300m x 2x 10° 
Total extension after the bore is made 


x 1000x = = mm 
6x 











~ (47%) , 4% Adi) 
Qn 6x 
Equating the equations (i) and (i), 
26 4-x 4x 
a +— NX 
n 2n = 6 
or 26-422, or 26x6=3x(4-x)+4 
ie 15.6 = 12 — 3x + 4x or 15.6~-12=x or 36=%x 


Rod should be bored upto a length of 3.6m. Ans. 


Problem 1.14. A rigid bar ACDB is hinged at A and supported in a horizontal position 
by two identical steel wires as shown in Fig. 1.12 (c). A vertical load of 30 RN is applied at B. 
Find the tensile forces T, and T, inditced in these wires by the vertical load. 





A 
het mie 1 me 1m 


Fig. 1.12 () Fig. 1.12 (d) 

Sol. Given : , 

Rigid bar means a bar which will remain straight. 

Two identical steel wires mean the area of cross-sections, lengths and value of # for 
both wires is same. , 

oe A, =A, #,=E, and L,=L, 

Loadat © B=380kN=30,000N 

Fig. 1.12 (c) shows the position of the rigid bar before load is applied at B. Fig. 1.12 (d) 
shows the position of the rigid bar after load is applied. 








} 
r- 
3 
; 
; 
q. 
i 


Agr in eats ARRAN ARIAL aaa ase * 
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plana sinned ewes 
Let T, = Tension in the first wire 
T, = Tension in the second wire 
6, = Extension of first wire 
6, = Extension of second wire 
Since the rigid bar remains straight, hence the extensions 6, and 6, are given by 


§ AC 1 
8; AD 2 
25, = 2, vai) 


8, = a sig A oe 

I E, Ey A, x E, 
eos LT x Ly 
Similarly 5, = AoE 

_ Substituting the values of 5, and 8, is equation (2), 
By T, x Ly 2 T, x Lg 
AyxE, A,xE, 
But A, = A,, Z, = E, and L, = L,. Hence above equation becomes 
on, = = tr, Gi) 


Now taking the moments of all the forces on the rigid pe about A, we get 
T,x1+T,x2=30x3 : 
or T, + 2T, = 90 «(étz) 
Substituting the value of tr, from equation (i), into equation (iii), we get 
fF, + 202T,)=90 or 57, =90 
90 


T= 5 = 18 KN. Ans. 


From equation (ii), 
T,=2x18=36KN. Ans. 
Note. After calculating the values of T and T,, the stresses in the two wires can also be obtained 


as: 
Stress in wire Ec: Load 
‘Area | Ay 
22 24 Tp 

ind = Stress in wire FD=-—*., 


2 


«11. ANALYSIS OF UNIFORMLY TAPERING CIRCULAR ROD 


A bar uniformly tapering from a diameter D, at one end to a diameter D, at the other 
nd is shown in Fig. 1.138. 
Let P = Axial tensile load on the bar 
L = Totai length of the bar 
£ = Young’s modulus. 


PEN RAE TR MS MUA 


TIELEMANS EMAL A 


S80 ANNE A PER RE ETD ALICE ERISA EINE EON TTTONIS PRN A a 


ave de erie cneraemunay MECN SA MOORE disso wane 
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Fig. 1.13 © 
Consider a small element of length dx of the bar at a distance x from the left end. Let the 
diameter of the bar be D, at a distance x from the left end. 


D, - Dy 
Then D,=D,- 7 x 





-D. 
i 2 
=D, - kx Eb 


Area of cross-section of the bar at a distance x from the left end, 





where k = 


ut 
A,= 7 D2= 5 D,- kx? 





4 
Now the stress at a distance x from the left end is given by, 
Load 
x ~ A, 
P 4P 





4P 1 4P 


“2, -kx EE xEW,-b.x) 
Extension of the small elemental length dx 
= Strain. dx =e, . dx 
Se hae Ai) 
a E(D, ~ k.x) 
Total extension of the bar is obtained by integrating the above equation between the 
limits O and L. 


love ineste AES E ULNA ERILIN oie errs Pama an 
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«. Total extension, 
ara {" 4P - dx 


~4P ip _ ap xy2 
ee uae =f) Okay de 


_ 4P ph (D, ~k. x)? x8) 
 wE Jo (~k) 


__ 4p [D,~k.2) 4p Boor 
“nE | CDC) |,” Ek (D1 -k-*) |, 


5 A a ee 
~‘nER|D,-k.L D,-kx0 


.dx {Multiplying and dividing by (- k)] 


_4P lax %| 
 pER (| D,-k.L D, 








D, -D. 
Substituting the value of k = —+ L 4 in the above equation, we get. - 
Total extension, 

4P 1 1 

a2 | ie 

D,-D D,-D D 

E 172 _{ 417 #2 1 

(AeA -(Fg 4 


API, (D,-D,) — 4PL 


“E.(D,—-D,)"  D,D, ~ xED,D, tl) 
If the rod is of uniform diameter, then D, — D, = D 
; : 4PL 
“. Total extension, dl. = ——— 
aoe . (2.11) 


Problem 1.15. A rod, which tapers uniformly from 40 mm diameter to 20 mm diameter 
in a length of 400 mm is subjected to an axial load of 5000 N. If E = 2.1 x 10° Nimm?, find the 
extension of the rod. ; 


Sol. Given : 


Larger diameter, D, = 40mm 
Smaller diameter,. D, = 20 mm 
Length of rod, L= 400 mm 
Axial load, P=5000N 


Young’s modulus, ” EB =2.1~ 10° N/mm? 
Let dL =Total extension of the rod 


rebar ND TTF TCDS REIT YS NACo OME TEEPE TENSES OCT EE NSE NAD AARON ALON A OPT PTE OI 
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Using equation (1.10), 
4PL 4 x 5000 x 400 
xED,D, ~~ mx 21x10" x 40x20 


= 0.01515 mm. Ans. 


Problem 1.16. Find the modulus of elasticity for a rod, which tapers uniformly from 30 
mm to 15 mm diameter in a length of 350 mm. The rod is subjected to an axial load of 5.5 kN 
and extension of the rod is 0.025 mm, 


Sol. Given : 


dL= 


Larger diameter, D,= 30mm 

Smaller diameter, D, = 15 mm 

Length of rod, f= 350 mm 

Axial load, P=5.5kN =5500N 

Extension, dL = 0.025 mm 

Using equation (1.10), we get 
4PL 

d= TE DD, 
4PL 4x 5000 x 350 
or . _ B= QD,D, db = x 30x 15 x 0.025 


= 217865 N/mm? or 2.17865 x 10° N/mm, Ans. 


1.12. ANALYSIS OF UNIFORMLY TAPERING RECTANGULAR BAR 


A bar of constant thickness and uniformly tapering in width from one end to the other 
end is shown in Fig. 1.14. : 








UOMAAY 


eal 


a 
“yh 
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Let P = Axial load on the bar 
= Length of bar 
a = Width at bigger end 
b = Width at smaller end 
E = Young’s modulus 
t = Thickness of bar 
Consider any section X-X at a distance x from the bigger end. 
Width of the bar at the section X-X 
(a ~ b)x 
i 5 


=a-—kx where k.= 


Thickness of bar at section X-X =¢t 
-. Area of the section X-X 





= Width x thickness 
= (a— kxt 
.. Stress on the section X-X 
_ Load P 
“Area (a = kx)t 
Extension of the small elemental length dx 
= Strain x Length dx 


_, Stress iat (: Strai n- Se) 
E E 





(aes) 
= seas x dx (/: Stress = 
P 


~ Ela kx ™ 


Total extension of the bar is obtained by integrating the above equation between the 
limits 0 and L. 


“. Total extension, 


oF 
(a-kx)t 


L P P dx 
a= | aan = ae | a= 


P - 1 
= Fy: lowe (abe x{-> =~ Fo Mog, (a ~ kL) ~ log, al 


1 P jog a 
-= flog, a ~ log, (a- kL) = Fe er 
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~ Etfa-b) °° b~ 
Problem 1.17. A rectangular bar made of steel is 2.8 m long and 15 mm thick. The rod 


is subjected to an axial tensile load of 40 kN. The width of the rod varies from 75 mm at one end 
to 30 mm at the other. Find the extension of the rod ifE = 2x 105 Nimm?. 


w(1.12) 


EONS te NDNA 


Sol. Given : 

Length, L=2.8 m = 2800 mm 
Thickness, ¢= 15 mm 

Axial load, P= 40 kN = 40,000 N 


Width at bigger end, a@=75 mm 
Width at smaller end, 5 =30 mm 
Value of E = 2 x 10° N/mm? 


Let aL = Extension of the rod. 
Using equation (1.12), we get 
PL 
TL, = ———— lo 
GE a=) Be 5 ; 


_ 40000 x 2800 ( 6 
2x 10° x 15(75 - 30) 30 
= 0.8296 x 0.9163 = 0.76 mm. Ans. 


Problem 1.18. The extension in a rectangular steel bar of length 400 mm and thickness 
10 mm, is found to be 0.21 mm. The bar tapers uniformly in width from 100 mm to 50 mm. IfE 
for the bar is 2 x 10° Nimm?, determine the axial load on the bar. 


Sol. Given : 
Extension, dL = 0.21 mm 
Length, ZL = 400 mm . 





Width at smallerend, 6=50mm 

Value of E =2 x 10° N/mm? 
Let P = axial load. 

Using equation (1.12), we get 


mel 
dL = Fab) 88 \5 


6o1< P x 400 is (=) 
; 2x 10° x 10(100 - 50)/ |°° \ 50 


= 0.000004 P x 0.6931 
0.21 

* 0.000004 x 0.6931 

= 75.746 kN. Ans. 


Thickness t=10mm 
Width at bigger end, a=100mm 
or 
| 
| = 75746 N 
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1.13. ANALYSIS OF BARS OF COMPOSITE SECTIONS 


A bar, made up of two or more bars of equal lengths but of 222222777777 7777772U7TELT ZITA 
different materials rigidly fixed with each other and behaving BZ SS 
as one unit for extension or compression when subjected to an 
axial tensile or compressive loads, is called a composite bar. For 
the composite bar the following two points are important : 


1. The extension or compression in each bar is equal. Hence 
deformation per unit length i.e., strain in each bar is equal. 


2. The total external load on the composite bar is equal to 
the sum of the loads carried by each different material. 


Fig. 1.15 shows a composite bar made up of two different 
materials. 


Let P = Total load on the composite bar, 
L = Length of composite bar and also length of bars of different materials, 
A, = Area of cross-section of bar 1, 
A, = Area of cross-section of bar 2, 
E, = Young’s Modulus of bar 1, 
E, = Young’s Modulus of bar 2, 
P, = Load shared by bar 1, 
P, = Load shared by bar 2, 
o, = Stress induced in bar 1, and 
0, = Stress induced in bar 2. 


Now the total load on the composite bar is equal to the sum of the load carried by the two 
bars. 





\\ 
My 


Fig. 1.15 


P=P,+P, . : LG) | 
The stress in bar 1, = ae ee yt 
Area of cross-section of bar 1 
P, * 
Oo, = a or =P, =0,A, (di) 
: - = P, ove 
Similarly stress in bar 2, Oo, = a0 or Py.=0,4A, (Ei) 


2 
Substituting the values of P, and P, in equation (i), we get 

P=6,A, + O,A, wiv) 
Since the ends of the two bars are rigidly connected, each bar will change in length by 


the same amount. Also the length of each bar is same and hence the ratio of change in length 
to the original length (i.e., strain) will be same for each bar. 


Stress in bar 1 Go 


But strain in bar 1 = ee 
Seer eo Young’s modulus of bari E, " 


Go 


Similarly strain in bar 2, =~4, 
E, 


OI 


ts pti en SPENT SRI EMME TONTE POPPIES OWNING A SD hn MNS IT Owe IOF PrchON AEN RESEND SIERO POLE AS TCET ERNE ENTE LUA ATTAIN YE TIE NENT 


pence obt ese A PALAU SJ PABA HE EINES NI 
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But strain in bar 1 = Strain in bar 2 
_ 91 _ 92 
E, Ey fe ww) 
From equations (iv) and (uv), the stresses o, and o, can be determined. By substituting 
the values of o, and o, in equations (i) and (diz), the load carried by different materials may be 
computed. i 


Modular Ratio. The ratio of a is called the modular ratio of the first material to the 
2 


second. 

Problem 1.19. A steel rod of 3 cm diameter is enclosed centrally in a hollow copper tube 
of external diameter 5 emt and internal diameter of 4 em. The composite bar is then subjected to 
an axial pull of 45000 N. if the length of each bar is equal to 15 cm, determine : 

(i) The stresses in the rod and tube, and 

(ti) Load carried by each bar. 

Take E for steel = 2.1 x 10° Nimm? and for copper = 1.1 x 10° Nfmm?. 










~ Sol. Given : 
Dia. of steel rod =3cm=30mm 7 | 
‘ - OLLIE ITTLLLLYV LLL LTTE 
.. Area of steel rod, Z SW : 
4 
ae oe 2 fs Copper 
| A,= 7 (30)? = 706.86 mm A ee 
External dia. of copper tube 150m [4 K Steel rod 
=5cem=50 mm | EF NS 
: td 
Internal dia. of copper tube | SS 
Ee ASSSS 


=4cem=40mm 
:, Area of copper tube, 





A, = 7 (50?~ 407] mm? = 706.86 mm? 


Axial pull on composite bar, P= 45000N 
Length of each bar, L=15 em 
Young’s modulus for steel, FE, = 2.1 x 10° N/mm? 
Young’s modulus for copper, EH, = 1.1 x 105 N/mm? 
(i) The stress in the rod and tube 
Let G, = Stress in steel, 

P, = Load carried by steel rod, 

Go, = Stress in copper, and 

P= Load carried by copper tube. 
Now strain in steel = Strain in copper 


o 9 o . 
or 8 Se (: == strain 
E, &, E 
E 21x 105 . 
9, = E. xX O,= Tax10° xO, = 1.909 Go, ‘ wa) 


ce 
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Load 


Now stress = 5 Load = Stress x Area 
Area 





Load on steel + Load on copper = Total load 
0, x A, + 9, xA,=P 

or 1.9090, x 706.86 + a, x 706.86 = 45000 

or G, (1.909 x 706.86 + 706.86) = 45000 


(" Total load = P) 





or 2056.25 o, = 45000 
45000 2 
O.= Spsggg 7 21-88Nimm?. Ans. 


Substituting the value of o, in equation {i}, we get 
G, = 1.909 x 21.88 N/mm? 
= 41.77 Nimm?2. Ans. 


(ii) Load carried by each bar. 


As load = Stress x Area 
-. Load carried by steel rod, 
P,=0,xA, 


= 41.77 x 706.86 = 29525.5 N, Ans. 
Load carried by copper tube, 
: P, = 45000 — 29525.5 
; = 15474.5 N. Ans. 

i Problem 1.20. A compound tube consists of a steel tube 140 mm internal diameter 
and 160 mm external diameter and an outer brass tube 160 mm internal diameter and 
180 mm external diameter. The two tubes are of the same length. The compound tube carries 
an axial load of 900 kN. Find the stresses and the load carried by each tube and the amount 
it shortens. Length of each tube is 140 mm. Take E for steel as 2 x 10° Nimm? and for brass 
as 1 x 10° Nimm?. 

Sol. Given : 
Internal dia. of steel tube 


External dia. of steel tube 


= 140 mm 
= 160mm 


A, =] (160? - 140) = 4712.4 mm? 


Internal dia. of brass tube = 160 mm 
External dia. of brass tube =180 mm 


-, Area of steel tube, 


-. Area of brass tube, A,= ; (180? -— 1602) = 5340.7 mm? 


Axial load carried by compound tube, 
P= 900 kN = 900 x 1000 = 900000 N 


Length of each tube, E=140 mm 
E for steel, E,=2x 10° N/mm? 
E for brass, E,=1x 10° N/mm? 


Let o, = Stress in steel in N/mm? and 
0, = Stress in brass in N/mm? 


YORE A 


1g SCRAPE REP REIEOSTERZAPE WM PE SENOS AS RE POI NT 


wavy 
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Now strain in steel = Strain in brass 


2s. Sb (: Strain = Sees 
$ b E 
_ &, 2210" 
o, = E, X Oy aaa Oj, = 20, .(Z) 
Now load on steel + Load on brass = Total load 
or 6, x A, + 0, x A, = 900000 (. Load = Stress x Area) 
or 20, x 4712.4 + a, x 5340.7 = 900000 (~ 0, = 20,) 
or 14765.5 o, = 900000 : 
900000 
an anim “oe PS 2. 
oO, 147665 60.95 N/mm”. Ans. 


Substituting the value of p, in equation @), we get 
0, = 2 x 60.95 = 121.9 N/mm”. Ans. 
Load carried by brass tube 
= Stress x Area 
= 6, x A, = 60.95 x 5340.7 N 
= 3825515.N = 325.515 KN. Ans. 
Load carried by steel tube { 
= 900 — 325.515 = 574.485 KN. Ans. 
Decrease in the length of the compound tube 
= Decrease in length of either of the tubes 
= Decrease in length of brass tube 
= Strain in brass tube x Original length 
o% 60.95 
=a xX T = 
Ey 1x 10° 
Problem 1.21. Two vertical rods one of steel and the other of copper are each rigidly 
fixed at the top and 50 cm apart. Diameters and lengths of each rod are 2 em and 4 m respec- 
tively. A cross bar fixed to the rods at the lower ends carries a load of 5000 N such that the cross 
bar remains horizontal even after loading. Find the stress in each rod and the position of the 
load on the bar. Take E for steel = 2 x 10° Nimm? and E for copper = I x 10° Nimm?. 
Sol. Given : 
Distance between the rods 
= 50 cm = 500 mm 
Dia. of steel rod 
= Dia. of copper rod 400 





x 140 = 0.0853 mm. Ans. 


Copper 


=2cm=20 mm 
«. Area of steel rod 
= Area of copper rod 





x 

=4* (20)? = 100 x mm? 
. o i Cross bar 
» A,=A,= 100 xmm? 5000 N 


Fig. 1.17 
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Probiem 1.25. Two brass rods and one steel rod to- 
gether support a load as shown in Fig. 1.20. If the stresses in 
brass and steel are not to exceed 60 Nimm? and 120 Nimm?, 
find the safe load that can be supported. Take E for steel 
= 2x 10° Nimm? and for brass = 1 x 10° Nimm®. The cross- 
sectional area of steel rod is 1500 mm? and of each brass rod 
is 1000 mm?. 

Sol. Given : 

Stress in brass, 


Stress in steel, 


0, = 60 N/mm? 
6, = 120 N/mm? 





S 
S 
N 
N 
N 
SN 
S 
N 
N 
S 
SS 
S 
SS 
S 


E for steel, E,= 2x 10° N/mm? 
£ for brass, E, = 1x 10° Nium? 
Area of steel rod, A, = 1500 mm? 
Area of two brass rods, A, = 2 x 1000 
= 2000 mm2 Fig. 1.20 
Length of steel rod, L,=170mm 
Length of brass rods, L, = 100 mm 


We know that decrease in the length of steel rod should be equal to the decrease in 
length of brass rods. : ; 


But decrease in length of steel rods 
= Strain in steel rod x Length of steel rod 
=e, x L, where e, is strain in steel 
Similarly decrease in length of brass rods 
= Strain in brass rods x Length of brass rods 
=e, x L, where e, is strain in brass rod 
Equating the decrease in length of steel rods to the decrease in length of brass rods, we get 


e, ty 100 
e,L,=e,xL, or a de 070: 
But stress in steel = Strain in steel x E, (- Stress = Strain x £) 
or Go, =e, x EB, .-(Z) 
Similarly stress in brass is given by, 
O, =e, x Ey w(t) 


‘Dividing equation (z) by equation (ii), we get 
Oo, e¢,xE, 100 2x103 
= = - xX = 
Oo, exE, 170 1x10° 
Suppose steel is permitted to reach its safe stress of 2 x 10° N/mm?, the corresponding 
stress in brass will be , 
6, 2x105 


ea a 5 2 
[o Lite” Lite "1 * 20 Ni" 


eng: a HACE ALT RSARERUT NT RET EL EEE YIT EHONPENS OR YRRTIAC YS 





era mre TCR Roo UNA NNstEY nea sneu: 


SIMPLE STRESSES AND STRAINS 39 
re 
1.7 x 10° N/mm? which exceeds the safe stress of 1 x 10° N/mm? for brass. Therefore let brass 
pe.allowed to reach its safe stress of 1 x 105 N/mm. Then corresponding stress in steel will be 
1.176 x 10° N/mm? which is less than 2 x 10° N/émm?. 
Total load = P = Load on steel + Load on copper 

=0,xA,+0,xA, 

= 1.176 x 10° x 1500 + 1 x 10° x 2000 

= 3764 x 10° Nor ; 376.4 x 10°N 

= 376.4 MN. Ans. (. M=10%) 


Problem 1.26. Three bars made of copper, zinc and aluminium are of equal length and 
have cross-section 500, 750 and 1000 square mm respectively. They are rigidly connected at 
their ends. If this compound member is subjected to a longitudinal pull of 250 kN, estimate the 
proportional of the load carried on each rod and the induced stresses. Take the value of E for 
copper = 1.3 x 10° N/mm, for zine = 1.0 x 10° Nimm? and for aluminium = 0.8 x 1 0° Nimm?. 

Sol. Given : 

- Total load, 

For copper bar, 

Area, A,=500mm? and #,=13x 10° N/mm? 

For zinc bar, 

Area, A,=750mm? and E,=1.0x 10° Nim? 

For aluminium bar, | 

Area, A, = 1000 mm?, and Z, = 0.8 x 10° N/mm? 

Let 0, = Stress induced in copper bar, 
= Stress induced in zinc bar, 
= Stress induced in aluminium bar, 

. = Load shared by copper rod, 
P_ = Load shared by zinc rod, 
P, = Load shared by aluminium rod, and 
L = Length of each bar. 

Now, we know that the increase in length of each bar should be same, as length of each 

bar is equal hence strain in each bar will be same. . 
Strain in copper = Strain in zine = Strain in aluminiw 
Stressincopper  Stressin zinc _ Stress in aluminium 


P = 250 KN = 250 x 10°N 





ee es ee 


N 


or E, = E, = E, 
. Ge _ 92 Se 
E, E, E, 
5 
ge Be eign TEX og. = 1.6250, Ai) 
© Ey 0.8 x 10 / 
E 1.0 x 10° 
Al o,=-— xg, = ——, x 9, = 1.250, ...(éi) 
a 7 EB, * 08x108 °° : 
Now total load = Load on copper + Load on zinc’+ Load on aluminium 
or 250 x 10% = Stress in copper x A, + Stress in zinc x A, 


+ Stress in aluminium x A, 
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20,*%A,+0,xA,4+0,xA, 
= 1.6250, x 500 + 1.250, x 750 + o, x 1000 
= 27500, (- 0, = 1.6250, and a, = 1.256,) 
250 x 104 
G2 
a 2750 
Substituting the value of o, in equations (i) and (ii), we get 
6, = 1.625 x 90.9 = 147.7 N/mm?. Ans. 
and “o, = 1.25 x 90.9 = 113.625 N/mm. Ans. 
Now load shared by copper =0, x A, 
= 147.7 x 500 = 73850 N. Ans. 
= 0, x A, = 113.625 x 750 
= 85218 N. Ans. 
Load shared by aluminium rod 
=06, x A, = 90.9 x 1000 
= 90900 N. Ans. 
Problem 1.27. A steel rod 20 mm in diameter passes centrally through a steel tube of 
As 25 mm internal diameter and 30 mm external diameter. The tube is 800 mm long and is closed 
{ by rigid washers of negligible thickness which are fastened by nuts threaded on the rod. The 


nuts are tightened until the compressive load on the tube is 20 kN. Calculate the stresses in the 
tube and the rod. 


Find the increase in these stresses when one nut is tightened by one-quarter of a turn 
relative to the other. There are 4 threads per 10 mm. Take E = 2 x 10° Nimm?. 


Sol. Given : 
Dia. of rod _ = 20 mm 


=90.9 N/iémm*% Ans. , 


Load shared by zinc rod 


' .. Area of rod, A, = 7 (20)? mm? = 100x mm? 


Area of tube, A, = 7 (80 — 25?) mm? = 68.752 mm? 


Length of tube, Z = 800 mm 
Compressive load on tube, P, = 20 KN = 20 x 10°N 
Value of EF = 2 x 10° N/mm? 

i Tube 
. Rod 
(wade) 
A [peer fee é 
Rw, A= AY: 
AAA AAA \L ANN 
4 Pe eat aoe ence eet \ 
GY, i2iaZzs 





Fig. 1.22 


When the nuts are tightened, the tube will be compressed and the rod will be elongated. 
This means that the tube will be under compression and rod will be under tension, Since no 
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external forces have been applied, the compressive load on the tube must be equal to the 
tensile load on the rod. : 

Let o, = Stress in the tube, and 

o, = Stress in the rod 
Now, Tensile load on the rod = Compressive load on the tube 
j 0, XA, = 0, x A, 
A, 68.75 1 

or 6,=— xa,= 1007 


A, 
(i) When the compressive load on the tube is 20 RN or 20,000 N. 


Then stress in the tube, 





x 6, = 0.68750, (2) 


Load 20000 
°:* ‘Area of tube — 68.75% 
= 92.599 N/ram? (compressive). Ans. 
(ii) Substituting this value in equation (i), we get 
Stress in the rod, o, = 0.6875 x 0, = 0.6875 x 92.599 
= 63.66 N/mm? (tensile). Ans. 
(iii) Stresses in the rod and tube, when one nut is tightened by one quarter of a turn. 
Let o,* = Stress in the rod and 
o,* = Stress in the tube due to tightening of the nut by one-quarter of a turn. 
As the stress in the tube is compressive and stress in the rod is tensile hence there will 
be decrease in the length of tube but there will be increase in the length of the rod. 
.. Decrease in the length of tube 








= Strain x L 
i Stress in tube : Sues | 
* fie ee . ~ St =——— 
= E x ( rain = 
o*, 7 
= = x 800 = 0.004 x , 
2x10 
Increase in the length of the rod 
s Stress in rod ae Or xL 
E E 
aE * 
= —2F__ x gg = (0-687 x 0; ) x 800 (: 6, = 0.68750,) 
2x 10° 2x 10° 


= 0.00275 x o,* 
Axial advancement of the nut = One-quarter of a turn’ 


= 4 ofaturn 
But in one turn, the advancement of the nut is 4th of 10 mm. 


.. Axial advancement of the nut = } x ¥ x 10 = 0,625 mm 


But axial advancement of the nut 
= Decrease in length of tube + Increase in the length of rod 
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0.625 = 0.004 x o,* + 0.002750,* = 0.00675 x o,* 





0.625 
* = 2 
o,* = 0.00675 = 92.59 N/imm?, Ans. 
and o,* = 0.6875 x 92.59 = 63.65 N/mm?. Ans. 


1.14. THERMAL STRESSES 


Thermal stresses are the stresses induced in a body due to change in temperature. Ther- 
mal stresses are set up in a body, when the temperature of the body is raised or lowered and 
the body is not allowed to expand or contract freely. But if the body is allowed to expand or 
contact freely, no stresses will be set up in the body. 

Consider a body which is heated to a certain temperature. 

Let L = Original length of the body, 

T = Rise in temperature, 
£ = Young’s Modulus 
o = Co-efficient of linear expansion. 
dL = Extension of rod due to rise of temperature. 
If the rod is free to expand, then extension of the rod is given by 


dL=a. TL. .{1.18) 
This is shown in Fig. 1.28 (a) in which AB represents A BB’ 
the original length and BB’ represents the increase in length t 
due to temperature rise. Now suppose that an external (a) w---3 
compressiye load, P is applied at B’ so that the rod is decreased in L ———+}¢- dL >} 
its length from (L + aL) to Las shown in Figs. 1.23 (6) and (c). A B B 
“top 
: tg 
Then compressive strain = Pesrnabe milengtls (b) -- 
Original length . ——> 
__a.7T.b aTL at A B 
2 P 
L+a.T.L L (c) 
But stress z L ——>| 
train Fig. 1.23 


Stress = Strainx E=a TE 
And load or thrust on the rod = Stress x Area=a.T.ExA 


If the ends of the body are fixed to rigid supports, so that its expansion is prevented, 
then compressive stress and strain will be set up in the rod. These stresses and strains are 
known as thermal stresses and thermal strain. 


_ Extension prevented 


“. Thermal strain, e= 
: Original length 
dL a.T.L “ 
= LD = TR = aT (1.14) 
And thermal stress, o = Thermal strain x FE 
=aT.F. 


(1.15) 
Thermal stress is also known as temperature stress. _ 


And thermal strain is also known as temperature strain. 


EPRINTS SAFO HEE TORSTEN NANT ER ETE TT EASIER TE PNET ES EE LE RRS CT ETE CE TOTTI TS 





, 4 
SIMPLE STRESSES AND STRAINS 3 : 


1.14.1. Stress and Strain when the Supports Yield. If the supports yield by an 

amount equal to 6, then the actual expansion . 

= Expansion due to rise in temperature — § 

=a.f.L - 8. 

_ Actualexpansion _ (@.. T.£-8) 

~ Original length L 

= Actual strain x £ 

ATE) ag ; (1.16) 
L . 

Problem 1.28. A rod is 2 m long at a temperature of 10°C. Find the expansion of the rod, 


i L e i ion, t. d, find the stress induced 
hen the temperature is raised to 80°C. If this expansion ts prevented, : 
in the shatertal of the rod. Take E = 1.0 x 10° MN/m2 and a = 0.000012 per degree centigrade. 


.. Actual strain 


And actual stress 


Sol. Given : 

Length of rod, L=2m=200 cm 
Initial temperature, T,= 10°C 

Final temperature, T, = 80°C 


{=T,-T, =80°-10°= 70°C 
E = 1.0 x 105 MN/m? 
= 1.0 x 10° x 106 N/m? 
= 10! N/m? 

Co-efficient of linear expansion, o = 0.000012 

(i) The expansion of the rod due to temperature rise is given by equation (1.13). 

.. Expansion of the rod. =a. 

= 0.000012 x 70 x 200 
= 0.168 em. Ans. 
(ii) The stress in the material of the rod if expansion is prevented is given by equation (1.15). 
.. Thermal stress, o=a.T.E 
= 0,000012 x 70 x 1.0 x 1044 N/m? 
= 84 x 10° N/m? = 84 Nimm?. Ans. (- 10% N/m? = 1 N/mm?) 

Problem 1.29. A steel rod of 3 cm diameter and 5 m long is connected to two grips and 
the rod is maintained at a temperature of 95°C. Determine the stress and pull exerted when the 
temperature falls to 30°C, if 

(i) the ends do not yield, and 

Gi) the ends yield by 0.12 cm. 

Take E =2 x 10° MNim? and a = 12 x 10/°C, 

Sol. Given : 

Dia. of the rod, 


.. Rise in temperature, 


Young’s Modulus, (.- M = 108) 


d=3 cm = 30mm 


™ 
-. Area ofthe rod, A= a” 302 = 225 2 mm? 


Length of the rod, L=5 m= 5000 mm 
Initial temperature, T, = 95°C 
Final temperature, T', = 30°C 





i 
} 
i 
; 
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T =T,-T, = 95 -~ 30 = 65°C 
E=2x 105 MN/m2 
= 2x 105 x 108 N/m? 
= 2x 104 N/m? 
Co-efficient of linear expansion, a = 12 x 10-8/°C, 
(i) When the ends do not yield , 
The stress is given by equation (1.15). 
: Stress = o.T.E = 12 x 10-6 x 65 x 2 x 104 N/m? 


~. Fallin temperature, 
Modulus of elasticity, 


: = 156 x 10° N/m? or 156 N/mm? (tensile), Ans. 
Pull in the rod = Stress x Area 
; = 156 x 225 x= 110269.9N. Ans. 
(ii) When the ends yield by 0.12 em 
is 6=0.12 cm=1.2 mm 
The stress when the ends yield is given by equation (1.16). 


Stress = (a. Lt - 8) XE 


(12 x 107° x 65 x 5000 - 1. 
= Gees x 2x 105 N/émm? 


(3.9 - 1.2) wee 

Sere 5 = 

5000 x 2x 10°= 108 N/mm?, Ans. 
Pull in the rod = Stress x Area 


= 108 x 225 n= 76340.7 N. Ans. 


1.15, THERMAL STRESSES IN COMPOSITE BARS 


Fig. 1.24 (a2) shows a composite bar consisting of two m 

another of steel. Let the composite bar be heated thevish some eal ‘If eee 
are free to expand then no stresses will be induced in the members. But the two members are 
rigidly fixed and hence the composite bar as a whole will expand by the same amount. As the 
co-efficient of linear expansion of brass is more than that of the steel, the brass will ‘expand 
ae . the steel. Hence the free expansion of brass will be more than that of the steel: But 
ee e ee are not free to expand, and hence the expansion of the composite bar, as a 

ole, will be less than that of the brass, but more than that of the steel. Hence the stress 


N 


Brass Steel 





Ny; 





Yy 





Brass 
Steel 


Brass Steel 


(a) (b) ro) 
Fig. 1.24 


induced in the 
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brass will be compressive whereas the stress in steel will be tensile as shown in 
Fig. 1.24 (c). Hence the load or force on the brass will be compressive whereas on the steel the 
load will be tensile. - : . 


Let A, = Area of cross-section of brass bar * 


o, = Stress in brass 
e, = Strain in brass 
o, = Co-efficient of linear expansion for brass 
E, = Young’s modulus for copper 
Ay, 9, @, and &, = Corresponding values of area, stress, 
linear expansion for steel, and 
E, = Young’s modulus for steel. 
3 = Actual expansion of the composite bar 


strain and co-efficient of 


Now load on the brass = Stress in brass x Area of brass 
=0,xA, 
And load on the steel =0,xA, 
For the equilibrium of the system, compression in copper should be equal to tension in 
the steel : 
Load on the brass = Load on the steel 
ati 0, x A, = 9, x A,. : 
Also we know that actual expansion of steel 
= Actual expansion of brass 


or 


.@) 


But actual expansion of steel . 
= Free expansion of steel + Expansion due to tensile stress 


in steel 


G 
wa,.T.L+—.L 
a, E, 
And actual expansion of copper 
= Free expansion of copper — Contraction due to compressive 


stress induced in brass 


=o,-T.L- ook 
b 


Substituting these values in equation (i), we get 


o Go 

a,x TxL+ Se xL=o,xTxb- > xb 
's BE, 

o O; 

or af+—=a,xT- > 

s E, 6 E, 


where T = Rise of temperature. 
Problem 1.30. A steel rod of 20 mm diameter passes centrally through « copper tube of 


50 mm external diameter and 40 mm internal diameter. The tube is closed at each end by rigid 
plates of negligible thickness. The nuts are tightened lightly home on the projecting parts of the 
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rod. If the temperature of the assembly is raised by 50°C, calculate the stresses developed in 
copper and steel. Take E for steel and copper as 200 GN/m? and 100 GN/m? and a for steel and 
copper as 12 x 10° per °C and 18 x 10 per °C. 


Sol. Given : 
Dia. of steel rod = 20 mm 


8 Aged of steel rod, A, = 7 x 20? = 100x mm? 


Area of copper tube, A, = 1 (50? — 40?) mm? = 225 mm? 


Rise of temperature, T= 50°C 

E for steel, E, = 200 GN/m? 
= 200 x 10° N/m? ~ ¢(; G@= 109 
= 200 x 10? x 106 N/m? 
= 200 x 103 N/mm? 

E,, = 100 GN/m? = 100 x 10° N/m? 
= 100 x 10 x 106 N/m? = 100 x 103 N/mm? 

a, = 12 x 10° per °C 

a, = 18 x 10-6 per °C. 

As o for copper is more than that of steel, hence the free expansion of copper will be 
more than that of steel when there is a rise in temperature. But the ends of the rod and the 
tube is fixed to the rigid plates and the nuts are tightened on the projected parts of the rod. 
Hence the two members are not free to expand. Hence the tube and the rod will expand by the 
same amount. The free expansion of the copper tube will be more than the common expansion, 


whereas the free expansion of the steel rod will be less than the common expansion. Hence the 


copper tube will be subjected to compressive stress and the steel rod will be subjected to tensile 
stress. 


(- 10° N/m? = 1 N/mm?) 
E for copper, 


a for steel, 
a. for copper, 


Let o, = Tensile stress in steel 
o, = Compressive stress in copper. 
For the equilibrium of the system, . 
Tensile load on steel = Compressive load on copper 
or o,.A,=a,.A 


or 0,5 GE Xe. 


_ 225% 
100% 
We know that the copper tube and steel rod will actually expand by the same amount. 


Actual expansion of steel = Actual expansion of copper wd) 
But actual expansion of steel 





x G, = 2.259, 20) 


= Free expansion of steel + Expansion due to tensile stress.in steel 





=a,-T.L+ 22.1 


$ 
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-and actual expansion of copper 


= Free expansion of copper — Contraction due to compressive stress in copper 


Oe 
Hts POR a 


" Substituting these values in equation (ii), we get 


o 
a, T.L4 $2 .L=o,.T.L- 5b 


& c 
Oo, ae 
or oe Re ete z, 

: 4 eee 6250 (: v= 2.250) 
or ign 1080s ee x 50 ei 
or 2256. 4 Fe 18 x 10-8 x 50-12 x 10% 50 

200x107  100x 10° 
or 1.125 x 1075 G, + 10> oO, = 6x 10-8 x 50 
or 2.125 x 105 o, = 30 x 106 
or - 2.1250, = 30 
o.= 30 = 14.117 N/mm”. Ans. 
& 2.125 


Substituting this value in equation (i), we get 
o, = 14.117 x 2.25 
= $1.76 N/mm?. Ans. 


Problem 1.31. A steel tube of 30 mm external diameter and-20 mm. internal daameter 
encloses a copper rod of 15 mm diameter to which it is rigidly joined at each. ae Z se 
temperature of 10°C there is no longitudinal stress, calculate the stresses in te . oe : : 
when the temperature is raised to 200°C. Take E for steel and copper as 21x 10° N oC oe a 
x 10° Nimm? respectively. The value of co-efficient of linear expansion for steel and copper i 
given as 11 x 10 per °C and 18 x 10-6 per °C respectively. 

Sol. Given : 
Dia. of copper rod -=15 mm 


.. Area of copper rod, A,= ; x15? = 56.25% mm? 
Area of steel tube, A,= 7 (302 = 202) = 125% mm? 
Rise of temperature, T = (200-10) = 190°C 

E for steel, E,=2.1x 10° N/mm? 


E,=1%x 10° Nimm? 

Value of a for steel, a, = 11 x 10° per °C 

Value of'a for copper, @, = 18 x 10-5 per °C 

As the value of « for copper is more’ than that of steel, hence the copper rod would 
expand more than the steel tube if it were free. Since the two are joined together, the copper 


E for copper, 
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will be prevented from expanding its full amount and will be put in compression, the steel 
being put in tension. . 


Let G, = Stress in steel 
o,-= Stress in copper. 

For equilibrium of the system, 

Compressive load on copper = Tensile load on steel 
or 0,.A,=65,.A, 
jaa ag aes 

pe a *" 56.25 7 ; . 
We know that the copper rod and the steel tube will actually expand by the same amount. 
Now actual expansion of steel = Free expansion of steel + Expansion due to tensile stress 





= 2.22 x o, , w@) 


‘sa,.T.Lb+<t.L 
$ 
and actual expansion of copper = Free expansion of copper 


— Contraction due_to compressive stress 
o 
=a,.T.L-— .L 
c E, 
But actual expansion of steel = Actual expansion of copper 








9. o 
T.L+— .L= oP ba 
a, + E, L Qa, - L E. Jb 
o G 
or yeh Ate 
or 11 x 10% x 190 + ——%*__ = 18 x 10-8 x 190 — 2228s eseriene 
| Riis ioe (Gs 0, = 2.220,) 
Go 2.226 
a i +t = 10-6 = 54 
Bixio® * Ixjo® ~ 18% 10% x 190-11 x 106 x 190 
6, + 21x 2220 
or 3s ea By -6 
Qix 108 5 x oa x 190 
oF O, + 4.6620, = 5 x 10-§ x 190 x 2.1 x 108 
oe 5.6620, = 199.5 
eas = 35.235 N/mm? 
*~ 5669 72°" ‘mm, Ans, 


Substituting this value in equation (i), we get 
(GO, = 2.22 x 35.235 = 78.22 N/émm?. Ans, 


Problem 1.32. A steel tube of 30 mm external diameter and 25 mm internal diameter 
encloses a gun metal rod of 20 mm. diameter to which it is rigidly joined at each end. The 
temperature of the whole assembly is raised to 140°C and the nuts on the rod are then screwed 
lightly home on the ends of the tube. Find the intensity of stress in the rod when the common 
temperature has fallen to 30°C. The value of E for steel and gun metal is 2.1 x 10° Nimm? and 








E 
| 
: 
t 
é 
5 
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1x10°Nimm? respectively. The linear co-efficient of expansion for steel and gun metal is 
12 x 10° per °C and 20 x 10° per °C. 
Sol. Given : . 


Dia. of gun metal rod = 20 mm 
.. Avea of gun metal rod, A, = 7 x 20? = 1002 mm2 
Area of steel tube, A, = : (30? - 25%) = 68.75x mm? 


Fall in temperature, T=140-30=110 
Value of £ for steel, E, = 2.1 x 10° Nénm? 
Value of E for gun metal, Z,= 1x 10° N/mm? 
Value of « for steel, a, = 12 x 10° per °C 
Value of o for gun metal, a, = 20 x 10-8 per °C. . 


As a, is greater than a,, hence the free contraction of the gun metal rod will be more 
than that of steel when there is a fall in temperature. But, since the ends of the rods have been 
provided with nuts, the two members are not free to contract fully, each of the member will 
contract by the same amount. The free contraction of the gun metal rod will be greater than 
the common contraction, whereas the free contraction of the steel tube will be less than. the 
common contraction. Hence the steel tube will be subjected to compressive stress while the 
gun metal rod will be subjected to tensile stress. 

Let G, = Stress in steel tube and 

o,= Stress in gun metal rod. 
For the equilibrium of the system, 
Total compressive force in steel = Total.tensile force in gun metal 
o,.A,=0,.A, . 


= Ay 2) 1002 
or Os Oe A 8° 68.75n 
or / a, = 1.45450, : (2) 


We also know that the steel tube and gun metal rod will actually contract by the same 
amount. / 
Actual contraction of steel = Actual contraction of gun metal rod 
But actual contraction of steel = Free contraction of steel _ 
+ contraction due to compressive stress in steel 


=6,/T D4 284 
E, 
Actual contraction of gun metal = Free contraction of gun metal 
— expansion due to tensile stress in gun metal 
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Equating the two values, we get. 7 





o,.T.L4+ 2 .Leo,.T,Lb-L.L 
E, 8 E, 
Oo, | Go 
or a,.T+ =a. T-— 
ai E, & E, 
1.45450, ; o 
6 a gé _ 6 as & be = 
or 12 x 10% x 110 # =F = 20 x 10° x 110 - (.- 0, = 1.4545 o,) 
or Bg + Be = 20 x 10° x 110 - 12 x 10-8 x 110 
21x10° * 1x10 
1.45450, +2.1xo, — 
or ££ = 8x. 10-8 x 110 
21x 10 . 
or 3.5545 0, = 8 x 10° x 110 x 2.1 x 10 = 184.8 
184.8 
= ZS" = 51.99 Nimm?, Ans. 
°2= 35545 oS 


Substituting this value in equation (i), we get 
©, = 1.4545 x 51.99 = 75.62 N/mm?, Ans. 


1,16. ELONGATION OF A BAR DUE TO ITS OWN WEIGHT 


Fig. 1.25 shows a bar AB fixed at end A and hanging freely under 
its own weight. ; 
Let L = Length of bar, 
A= Area of cross-section, ; 
E = Young’s modulus for the bar material, 
w = Weight per unit volume of the bar material. 
Consider a small strip of thickness dx at a distance x from the 
lower end. 
Weight of the bar for a length of x is given by, 
P = Specific weight x Volume of bar upto length x 
=wxAxx 
‘This means that on the strip, a weight of w x A x x is acting in the downward direction. 
Due to this weight, there will be some increase in the length of element. But length of the 
element is dx. ; 
Now stress on the, element 


_ Weight acting on element _WxAXxx 
Area of cross-section | =A” 


The above equation shows that-stress. due to self weight in a bar is not uniform. It 
depends on x. The stress increases with the increase of x. 


Fig. 1.25 





Stress wx x. 
E  &E 





Strain in the element = 








* 


~ librium of the strip ABCD. 
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Elongation of the element . : 
= Strain x Length of element 


WKXX 


= a BE 


Total elongation of the bar is obtained by integrating the above equation between limits 
zero and L. . ; 





w xx w fh 
6L = E =F) re 
L 
wie? | _w DP i. 
=Fl a E* 2 ALL: 
We be Wawa tea 


1.17. ANALYSIS OF BAR OF UNIFORM STRENGTH 


In the previous article we have seen that the stress due to self weight of the bar is rm: °° 
constant but the stress increases with the increase of distance from the lower end. If the 3. 
weight is neglected and a bar of uniform section is subjected to an axial load, then the stress :: 
the bar would be uniform. . 

Let us find the shape of the bar of which self weight of the bar is considered anc -.. 
having uniform stress on all sections when subjected to an axial P. Such bar is shown in Fig. 1.2°- 
in which the area of the bar increases from the lower end to the upper end. 

Let : A, = Area of upper end, 

A, = Area of lower end, 
w = Weight per unit volume of the bar, 
Go = Uniform stress on the bar. 

Consider a strip of length dx at a distance x from 
the lower end. Let A be the area of the strip at section AB 
and (A + dA) be the area at section DC. Consider the equi- o(A + dA) 

a 
The ferces acting on the strip are : ; L, 

(i) Weight of strip acting downward and equal to 
wx volume.of strip i.e., wx Ax dx. 

(ii) Force on section AB due to uniform stress (c) 
and is equal to o x A. This is acting downward. 

(iii) Force on section CD due to uniform stress (0) 

and is equal to o(A + dA). This is acting upwards. 
Now, Total force acting upwards 
“ = Total force acting downwards 


oA + WAdX 





or ofA + dA)=a0xA+ wAdx 
or oxA+odA=a0xA+wAdx 
or. odA = wAdx 
dA w 
: oa op eee 
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Integrating the above equation, we get 


dA w . w 
[p-fee or log,A=— x4€ .-(é) 
where C is the constant of integration. ; 
At x=0, A=A, 








Substituting these values in equation (i), we get 


ipa log, Ay = — x0+C 
ati C = log, A, 
Substituting the value of C in equation (i), we get 


Ww 
log, A = @ «+ log, A, 


; w 
log, A - log, A, = oe or log, (4) ae 
o 





A, 
wx wx 
+ ~e? or A+ Age 2 5 wa-(EE) 
it The above equation gives the area at a distance x from lower end. 
At x=L, A=A, 
1 Substituting these values in equation (ii), we get 
wh : , 
A, =Age 9 : .(1.19) 


| 

4 
Problem 1.33. A vertical bar fixed at the upper end and of uniform strength carries an 
axial pfs load of 600 RN. The bar is 20 m long and having weight per unit volume as 0.00008 
| ae . If the area of the bar at the lower end is 400 mm?, find the area of the bar at the upper 
end. 

| 





Sol. Given : 
Axial load, P = 600 KN = 600 x 10°N 
Length, L=20m = 20x 103 mm 
Weight per unit volume, w = 0.00008 N/mm? 
Area of bar at lower end, A, = 400 mm? : 
Let . _ A, = Area of bar at upper end. 
Now the uniform stress* on the bar, 
oP 2 600% 10". 2 
: . = Ay = 400 = 1500 N/mm 
Using equation (1.19), we get 
wh 
A, =A,e° 
0.00008 x 20 x 10° 
= 400 x e 1500 = 400 x ¢9.0020667 


ee ne ee 
*The stress on lower end = -. We want that the stress in the bar should be uniform i.e., 

2 
equal to a 
Ag 
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or 


or 


or 


- OF 


So ps 


10. 


11. 


12. 


Ai _ ¢0-0010667 
400 


A 
log, = 759 = 9-0010667 


A 
2.3 log, aa = 0.0010667 


A, _ 0,0010667 
leB0 4007 23 = 0.00046378 © 


A 
ane = Antilog of 0.00046378 = 1.00107 
A, = 400 x 1.00107 = 400.428 mm?. Ans. 


HIGHLIGHTS 


The resistance per unit area, offered by a body against deformation is known as stress: The 
stress is given by 


= 
Oe 


where P = External force or load ; A = Cross-sectional area. 

Stress is expressed as kef/m?, kgf/cm”, N/m? and N/mm?. 

1 Ném? = 10+ N/em? or 10-§ N/mm?. 

The.ratio of change of dimension of the body to the original dimension is known as strain. 

The stress induced in a body, which is subjected to two equal and opposite pulls, is known as 
tensile stress. : 

The stress induced in a body, which is subjected to two equal and opposite pushes, is known as 
compressive stress. 

Elasticity is the property by virtue of which certain materials return back to their original posi- 
tion after the removal of the external force. / 

Hooke’s law states that within elastic limit, the stress is proportional to the strain. 

The ratio of tensile stress (or compressive stress) to the corresponding strain is known as Young’s 
modulus or modulus of elasticity and is denoted by E. 


Ee Tensile or compressive stress 

- Corresponding strain 
The ratio of shear stress to the corresponding shear strain within the elastic limit, is known as 
modulus of rigidity or shear modulus. It is denoted by C (or G or N). 
Total change in the length of a bar of different lengths and of different diameters when subjected 
to an axial load P, is given by 





PI4A,4,4 . 
dL = E E + By + rs bese _ sw. When # is same 
Zip Ly + oe 4 Ls Baas _.w. When E is different. 
EAL BeAe Bhs : 


The total extension of a uniformly tapering circular rod of diameters D, and D,, when the rod is 
subjected to an axial load P is given by 
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dL = "EDD, 3 where £ = Total length of the rod. 
13. A composite bar is made up of two or more bars. of equal lengths but of different materials rigidly 
@ fixed with each other and behaving as one unit for extension or compression. 

14. Incase ofa composite bar having equal length : (i) strain in each bar is equal and (ii) total load 
on the composite bar is equal to the sum of loads carried by each different materials. 

15. The stresses induced in a body due to change in temperature are known as thermal stresses. 

16. Thermal strain and thermal stress is given by 
thermal strain,e= «a. and thermal stress, p = a.T.k 
where a = Co-efficient of linear expansion , 

T = Rise or fall of temperature, 
# = Young’s modulus. 

17. Total sie of a uniformly tapering rectangular bar: when subjected to an axial load P is 
given by 

PL a 
L = ———— |] = 
Eia—b) 5 
where L = Total length of bar; ¢ = Thickness of bar - 
a@ = Width at bigper end; 6 = Width at smaller end 
& = Young’s modulus. ; 

18, In case ofa composite bar having two or more bars of different lengths, the extension or compres- 
sion in each bar will be equal. And the total load will be equal to the sum of the loads carried by 
each member. . 

19. In case of nut and bolt used on a tube with washers, the tensile load on the bolt is equal to the 
compressive load on the tube. 

20. Elongation of a bar due to its own weight is given by 

w LP Wh 
6L= z x zo OF 
where: w = Weight per unit volume of the bar material 
£ = Length of bar. 
EXERCISE 1 3 
(A) Theoretical Questions 
J. Define stress and strain. Write down the S.I. and M.K.S. units of stress and strain. 

2. Explain clearly the different types of stresses and strains. 

3. Define the terms : Elasticity, elastic limit, Young’s modulus and modulus of rigidity. 

4. State Hooke’s law. 

Bo ds . : + 
5. ee 2s ce 3 = are having different lengths and different diameters. The bar is subjected 
an axial load P. Determine the total change in length of the bar. T 
different sections same. . . < i pee ee 
6. Distinguish between the following, giving due explanation : 


(<) Stress and strain, 
(i) Force and stress, and 
Gi) Tensile stress and compressive stress. 
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Prove that the total extension of a uniformly tapering rod of diameters D, and D,, when the rod 
is subjected to an axial load P is given by 


__4PL 

~ nED De 

where L = Total length of the rod. 

Define a.composite bar. How will you find the stresses and load carried _by each member of a _ 
composite bar ? : 

Define modular ratio, thermal stresses, thermal strains and Poisson’s ratio. 


A rod whose ends are fixed to rigid supports, is heated so that rise in temperature is T°C. Prove 
that the thermal strain and thermal stresses set up in the rod are given by, 

; Thermal strain = o:7' and 

Thermal stress = «.T.E 

where @ = Co-efficient of linear expansion. ‘ 
What is the procedure of finding thermal stresses in a composite bar ? 
What do you mean by ‘a bar of uniform strength’ ? 
Find an expression for the total elongation of a bar due to its own weight, when the bar is fixed 
at its upper end and hanging freely at the lower end. 
Find an expression for the total elongation of a uniformly tapering rectangular bar when it is 
subjected to an axial load P. : 


dL 


(B) Numerical Problems 

A rod 200 cm long and of diameter 3.0 cm is subjected to an axial pull of 30 KN. If the Young’s 
modulus of the material of the rod is 2 x 105 N/mm2, determine : (i) stress, (iz) strain and (zit) the 
elongation of the rod. . fAns. G) 42.44 N/mm? (ii) 0.000212 (ii) 0.0424 cm] 
Find the Young’s modulus of a rod of diameter 30 mm and of length 300 mm which is subjected 
to a tensile load of 60 kN and the extension of the rod is equal to 0.4mm. {Ans. 63.6 GNim?} 
The safe stress, for a hollow steel column which carries an axial load of 2.2 x 10? KN is 120 MN/m?. 
If the external diameter of the column is 25 cm, determine the internal diameter. 

{Ans, 19.79 cm] 
An axial pull of 40000 N is acting on a bar consisting of three sections of length 30 cm, 25 cm and 
20 cm and of diameters 2 cm, 4 cm and 5 cm respectively. If the Young’s modulus = 2x 105 N/mm?, 
determine : : 
(i) stress in each section and 







‘it) total extension of the bar. 

(Ans. (2) 127.32, 31.8, 20.37 N/mm, (iz) 0.025 cm] 
mn which carries an axial! load of 2 MN is 500 N/mm?, 
250 mm, determine the internal diameter. Take the 
(Ans. — 205.25 mm] 







The ultimate stress for a hollow steel'olu 
If the external diameter of the colium) 
factor of safety as 4.0. ; 
A member formed by connecting a steebive®to an aluminium bar 

is shown in Fig. 1.27. Assuming that the bars are prevented from 
buckling sideways, calculate the magnitude of force P, that will * 
cause the total length of the member to decrease 0.30 mm. The 
values of elastic modulus for steel and aluminium are 2.x 10° 
‘N/mm? and 6.5 x 10¢ N/mm? respectively.  —- [Ans. 406.22 kN] 





F 









6Bomx6cm 
Stee/ bar 


10cm x 10cm 
Aluminium bar 


rig 


Fig. 1.27 
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The bar shown in Fig. 1.28 is subjected to a tensile load of 150 kN. If the stress in the middle 
portion is limited to 160 N/mm?, determine the diameter of the middle portion. Find also the 
length of the middle portion if the total elongation of the bar is to be 0.25 em. Young’s modulus is 
given as equal to 2.0 x 105 N/mm?. [Ans. 3.45 cm, 29.38 cm] 










150 kN 150 kN 





70cm DIA 10 cm DIA 





(45 om —————__-_____ >} 
Fig. 1.28 


A brass bar, having cross-section area of 900 mm”, is subjected to axial forces as shown in 
Fig. 1.29 in which AB = 0.6 m, BC = 0.8 mand CD = 1.0 m. 


‘A B 


Cc Z D 
e Cw oe oc al s 


Fig. 1.29 


Find the total elongation of the bar. Take E = 1 x 10° N/mm2. fAns. — 0.111 mm] 
A member ABCD is subjected to point loads P,, P,, P; and P, as shown in Fig. 1.30. Calculate 
the force P, necessary for equilibrium if P, = 120 KN, P, = 220 KN and P,= 160 KN. Determine 
also the net change in the length of the member. Take E = 200 GN/m2. (Ans, 0.55 mm] 


40 mm x 40 mm 25mmx 25mm 30mm x 30mm 





b- 0.75 cm -»}¢—— 1 m4 1.2 m-——>} 
: Fig. 1.30 


A rod, which tapers uniformly from 5 cm diameter to 3 cm diameter in a length of 50 cm, is 


. Subjected to an axial load of 6000 N. If E = 2x 105 N/mm?, find the extension of the rod. 


11. 


12. 


13. 


. ; {Ans. 0.00127 cm] 
Find the modulus of elasticity for a rod, which tapers uniformly from 40 mm to 25 mm 


diameter in a length of 400 mm. The rod is subjected to a load of 6 kN and extension ofthe rod is . 


0.04 mm. [Ans. 76.39 kN/mm?] 
A rectangular bar made of steel is 3 m long and 10 mm thick. The rod is subjected to an axial 
tensile load of 50 KN. The width of the rod varies from 70 mm at one end to 28 mm at the other. 
Find the extension of the rod if E = 2 x 105 N/mm?. {Ans. 1.636 mm] 
The extension in a rectangular steel bar of length 800 mm and of thickness 20 mm, is found to be 
0.21 mm. The bar tapers uniformly in width from 80 mm to 40 mm. If E for the bar is 2 x 10° 
N/mm?, determine the axial tensile load on the bar. (Ans. 60.6 kN] 
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14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


A steel rod of 2 cm diameter is enclosed centrally in a hollow copper tube of external diameter 
4cm and internal diameter of 3.5 cm. The composite bar is then subjected to an axial pull of 
50000 N. If the length of each bar is equal to 20 cm, determine : 


(i) the stress in the rod and tube, and 


- (ii) load carried by each bar. 


Take E for steel = 2 x 105 N/mm? and for copper = 1 x 105 N/émm?. 
[Ans. (i) 54.18 ; 108.36 N/mm? (iz) 34043.4 N and 15956.6 N] 
A mild steel rod of 20 mm diameter and 300 mm long is enclosed centrally inside a hollow copper 
tube of external diameter 30 mm and internal diameter of 25 mm. The ends of the tube and rods 
are brazed together, and the composite bar is subjected to an axial pull of 40 KN. If E for steel 
and copper is 200 GN/m? and 100 GN/m? respectively, find the stresses developed in the rod and 
tube. Also find the extension of the rod. _ (Ans. 94.76 Nénm?, 47.38 N/mm? and 0.142 mm] 
A load of 1.9 MN is applied on a short concrete column 300 mm x 200 mm. The column is rein- 
forced with four steel bars of 10 mm diameter, one in each corner, Find the stresses in the 
concrete and steel bars. Take £ for steel as 2.1 x 105 N/mm? and for concrete as-1.4 x 104 N/mm?. 
(Ans. 20.18, 301.9 N/mm?] 


A reinforced short concrete column 250 mm x.250 mm in section is reinforced with 8 steel bars. 
The total area of steel bars is 1608.50 mm2. The column carries a load of 270 KN. If the modulus 
of elasticity for steel is 18 times that of concrete, find the stresses in concrete and steel. 
If the stress in concrete shall not exceed 4 N/mm”, find the area of steel required so that the 
column may support a load of 400 KN. [Ans. 0, = 3 N/mm?, o, = 54 N/mm? and A, = 2206 mm?] 
Two vertical rods one of steel and other of copper are each rigidly 
fixed at the top and 60 cm apart. Diameters and length of each 
rod are 3 cm and 3.5 cm respectively. A cross bar fixed to the rods 
at the lower ends carries a load of 6000 N such that the cross bar 
remains horizontal even after loading. Find the stress in each 
rod and the position of the load on the bar. Take E for steel = 2 x 
10° N/mm? and for copper = 1 x 10° N/émm?, 

[Ans. 2.829 and 5.658 N/mm? ; 39.99 em] 
A steel rod of cross-sectional area 1600 mm? and two brass rods 
each of cross-sectional (area of 1000 mm? together support a load 
of 50 KN as shown in Fig. 1.31. 
Find the stresses in the rods. Take E for steel = 2 x 16° N/mm? 
and £ for brass = 1 x 105 N/mm?, 


na 
Qo 
z= 
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Fig. 1.31 


[Ans. 0, = 12.1 N/mm? and o, = 16.12 N/mm} 
Arod is 3 m long at a temperature of 15°C. Find the expansion of the rod, when the temperature 
is raised to 95°C. If this expansion is prevented, find the stress induced in the material of the 
rod. Take EF = 1x 105 N/mm? and a = 0.000012 per degree centigrade. 
{Ans. 0.288 cm, 96 N/mm?} 
A steel rod 5 cm diameter and 6 m long is connected to two grips and the rod is maintained at‘a 
temperature of 100°C. Determine the stress and pull exerted when the temperature falls to 20°C 
if (i) the ends do not yield, and (i) the ends yield by 0.15 cm. 
Take E = 2 x 10° N/mm? and o = 12 x 10°8/°C, 
(Ans. (i) 192 N/mm? and 376990 N (ii) 142 N/mm?, 278816.3 N] 
A steel rod of 20 mm diameter passes centrally through a copper tube 40 mm external diameter 
and 30 mm internal diameter. The tube is closed at each end by rigid plates of negligible thickness. 
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The nuts are tightened lightly home on the projected parts of the rod. If the temperature of the 

assembly is raised by 60°C, calculate the stresses developed in copper and steel. Take E for steel 

and copper as 200 GN/m? and 100 GN/m? and a for steel and copper as 12 x 10-6 per °C and 

18 x 10°6 per °C. Bo. [Ans. 16.23, 28.4 N/mm?} 

23. A vertical bar fixed at the upper end and of uniform strength carries an axial tensile load of 500 

KN. The bar is 18 m long and having weight per unit volume as 0.00008 N/mm”. If the area of the 

bar at the lower end is 500 mm”, find the area of the bar at the upper end. {Ans. 500.72 mm?) 

24. Astraight circular rod tapering from diameter ‘D’ at one end to a diameter ‘d’ at the other end is 
subjected .to an axial load ‘P’. Obtain an expression for the elongation of the rod. 


4PL 
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Elastic Constants 








f 24, INTRODUCTION 


When a body is subjected to an axial tensile load, there is an increase in the length of the 


# body. But at the same time there is a decrease in other dimensions of the body at right angles 
ia to the line of action of the applied load. Thus the body is having axial deformation and also . 
‘§ deformation at right angles to the line of action of the applied load (ze., lateral deformation). 
& This chapter deals with these deformations, Poisson’s ratio, volumetric strains, bulk modulus, 
‘K relation between Young’s modulus and modulus of rigidity and relation between Young’s modu- 
- lus and ‘bulk modulus. 


|. 22. LONGITUDINAL STRAIN 


When a body is subjected to an axial tensile or compressive load, there is an axial defor- 


E mation in the length of the body. The ratio of axial deformation to the original length of the 
'B body is known as longitudinal (or linear) strain. The longitudinal strain is also defined as the 
4 deformation of the body per unit length in the direction of the applied load. . 


Let L = Length of the body, : 
P = Tensile force acting on the body, : 
dL = Increase in the length of the body in the direction of P. 


* 6L 
Then, longitudinal strain = Tr: 


| 2.3. LATERAL STRAIN 


The strain at right angles to the direction of applied load is known as lateral strain. Let 


4 arectangular bar of length L, breadth 6 and depth d is subjected to an axial tensile load P as- 
f shown in Fig. 2.1. The length of the bar will increase while the breadth and depth will 


‘k decrease. 
Let : 85L = Increase in length, 
85 = Decrease in breadth, and 
8d = Decrease in depth. 
eee éL 
Then longitudinal strain = Tr ...(2.1) 
and lateral strain i or “ (2.2) 


59. 
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Fig. 2.1 


Note. (7) If longitudinal strain is tensile, the lateral strains will be compressive. 

Gi) If longitudinal strain is compressive then lateral strains will be tensile. 

{iii} Hence every longitudinal strain in the direction of load is accompanied by lateral strains of 
the opposite kind in all directions perpendicular to the load.. 


2.4. POISSON'S RATIO 


The ratio of lateral strain to the longitudinal strain is a constant for a given material, 
when the material is stressed within the elastic limit. This ratio is called Poisson’s ratio and 
it is generally denoted by yu. Hence mathematically, 


Lateral strai 
Poisson's ratio, u = Pieces lana ...(2.3) 
Longitudinal strain 
or i Lateral strain = u x longitudinal strain 


As lateral strain is opposite in sign to longitudinal strain, hence algebraically, the lat- 
eral strain is written as 
Lateral strain = — x longitudinal strain 2.3 (A)] 
The value of Poisson’s ratio varies from 0.25 to 0.33. For rubber, its value ranges from 
0.45 to 0.50. 
Problem 2.1. Determine the changes in length, breadth and thickness of a steel bar 
which is 4m long, 30 mm wide and 20 mm thick and is subjected to an axial pull of 30 RN in the 


direction of its length. Take E = 2 x 10° Nimm? and Poisson’s ratio = 0.3. __ ~. 
Sol. Given : 
Length of the bar, L=4m=4000 mm 
Breadth of the bar, 6=30mm 
Thickness of the bar, €=20mm 


Area of cross-section, A=6xt=30x 20 =600 mm? 
Axial pull, P=30kN = 30000 N 
Young’s modulus, E=2.x 10° N/mm? 
Poisson's ratio, w=0.3, | 
Now strain in the direction of load (or longitudinal strain), 
Stress Load 








' Area x E 


E 
P 30000 
= a 5 = 9.00025. 
AE. 600x2x 10° ome 





Load 
~: Stress = 
( ress ae 
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But longitudinal strain = ae. 


8b 
Ta 25. 
£ 0.00025 


’L (or change in length) = 0.00025 x L 
= 0.00025 x 4000 = 1.0mm. Ans. 
Using equation (2.3), 
_ __Lateral strain 
~ Longitudinal strain 
Lateral strain 


- Poisson’s ratio ~ ~ 


or 0.3 = 
0.00025 
Lateral strain = 0.3 x 0.00025 = 0.000075. 
We know that 
: $ 
Lateral strain’ = 2 or ad (or m9 
b d t 


85 = b x Lateral strain 
= 80 x 0.000075 = 0.00225 mm. Ans. 
Similarly, dt = ¢ x Lateral strain 
= 20 x 0.000075 = 0.0015 mm. Ans. 
Problem 2.2. Determine the value of Young’s modulus and Poisson’s ratio of a metallic 


bar of length 30 cm, breadth 4 em and depth 4 cm when the bar is subjected to an axial 


compressive load of 400 kN. The decrease in length is given as 0.075 cm and increase in breadth 
is 0.003 cm. 
Sol. Given : 
Length, L = 30cm ; Breadth, 6 =4em; and Depth, d =4 cm. 
«. Area of cross-section, A=bxd=4x4 , 
= 16 cm? = 16 x 100 = 1600 mm? 


Axial compressive load, P = 400 KN = 400 x 1000 N 











Decrease in length, 6L = 0.075 cm 
Increase in breadth, 66 = 0.003 cm 
ee ee 6h (0.075 é 
Longitudinal strain =F 730 0.0025 
Lateral strain. = 2 = = oe = 0.00075. 
Using equation (2.3), : 
Lateral strain 0.00075 1 
j ? i = = ——— = 0.3. Ans. 
enon arene ~ Longitudinal strain 0.0025 . 
Stress P Load | 
: “ . = tS “St “ ee 
Longitudinal strain E AxE ( ress ri 
or g0das ase 
. 1600 x # 
£ = — 100000 = 1. 105 N/mm? Ans. 
1600 x 0.0025 
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2.5. VOLUMETRIC STRAIN 


The ratio of change in volume to the original volume of a body (when the pode is sub- 
jected to a single force or a system of forces) is called volumetric strain. It is denoted by e,. 


Mathematically, volumetric strain is given by 
| av. 
Lay . ‘ 
where 5V = Change in volume, and 
V = Original volume. 

_ 2.5.1. Volumetric Strain of a Rectan- 
gular Bar which is Subjected to an Axial 
Load _ P in the Direction of its Length. Con- 
sider a rectangular bar of length L, width 6 and 
depth d which is subjected to an axial load P in 
the direction of its length as shown in Fig. 2.2. 

Let 6L = Change in length, 
585 = Change in width, 
and dd = Change in depth. 
Final length ofthe bar =2L+.6L 
Final width of the bar =6+86 
Final depth of the bar =da+8d 
Now original volume of the bar, V = L.b.d 
Final volume - =(L + 8LXb+ 8b)(d + 8d) 
= L.b.d. + 6ddL + Lbéd + Ld.56 
(ignoring products of small quantities) 





Change in volume, 
8V = Final volume — Original volume 
= (Lbd + bddL + Lbid + Ldéb) — Lod 
= bddL + Lbid + Lddb 
Volumetric strain; 


ts e . (2.4) 


6L 
But TS Longitudinal strain and “ or °. are lateral strains. 


Substituting these values in the above equation, we get 
: e, = Longitudinal strain. + 2 x Lateral strain ot) 
From equation (2.3A), we have ; 
Lateral strain = — » x Longitudinal strain. 
Substituting the value of lateral strain in equation (i), we get 
e,'= Longitudinal strain — 2 x p longitudinal strain 
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a Es A RN TE Ae EY 
= Longitudinal strain (1 — 2u) : 


Pig. (1- 2y) (2.5) 


Problem 2.3. For the problem 2.1, determine the volumetric strain and final volume of 
the given steel bar. 
Sol. Given : 
The following data is given in problem 2.1. : 
L = 4000 mm, b = 30 mm, ¢ or d = 20 mm, p = 0.3. 
Original volume, V = L.b.d = 4000 x 30 x 20 = 2400000 mm3 


The value of longitudinal strain (i. é., =) in problem 2.1 is calculated 


8L 
as, : zt" 0.00025 


Now using equation (2. a we con 


Volumetric strain, e, = = = (1 2u) 
= ee 2x 0.3) = 0.0001. Ans. 


or ; SY = 0.0001 : (- ‘O,= *) 
V Vv 
éV = 0.0001 x V 


= 0.0001 x 2400000 = 240 n mm? 
Final volume = Original volume + 6V 
= 2400000 + 240 mm? 
= 2400240 mm. Ans. 


Problem 2.4. A steel bar 300 mm long, 50 mm wide and 40 mm thick is subjected to a 
pull of 300 RN in the direction of its length. Determine the change in volume. Take E = 2 x 105 


Nimm? and wu = 0.25. 


Sol. Given : 

Length, E=300 mm 

Width, 6 =50 mm 

Thickness, £=40 mm 

Pull, P = 300 KN = 300 x 107 N 
Value of E = 2x 10° N/mm? 

Value of p = 0.25 


V=Lxbxt 
= 800 x 50 x 40 mm? = 600000 mm? 
The longitudinal strain (7.e., the strain in the direction of load) is given by 
dL > Stress in the direction of load 
L meee: 
But stress in the direction of load 
ea lees 
~ Area Obxt 


Original volume, 
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300 x 10° 
SS — = 2 
Oran, 150 Naam 
dL 150 
— as = 0: 
i asic 00075 


Now volumetric strain is given by equation (2.5) as 
é,= a (1 - Qu) 
= 0.00075 (1 — 2 x 0.25) = 0.000375 


Let 5V = Change in volume. Then a represents volumetric strain. 


av 
yy" 0.000375 
or dV = 0.000375 x V 


= 0.000375 x 600000 = 225 mm’, Ans. 


2.5.2. Volumetric Strain of a Rec- 
tangular Bar-Subjected to Three Forces 
which are Mutually Perpendicular, Con- 
sider a rectangular block of dimensions x, y 
andz subjected to three direct tensile stresses 
along three mutually perpendicular axis as 
shown in Fig. 2.3. 

Then volume of block, V = xyz. 

Taking logarithm to both sides, we have 

log V=log x + log y + log z. 

Differentiating the above equation, we get 


AV mee aye 
Vv i” ¥ z 


Fig. 2.3 


dV dx dy dz 
or ay 
Vox y 2 
dV Ch 
But —— = CDAnRS OF SONS = Volumetric strain 
Vv Original volume 
dx _ Change of dimension x 
x Original dimension x 
= Strain in the x-direction = e, 
fds dy ae ee | 
Similarly, -— = Strain in y-direction = gy 
dz eo ee 
and = Strain in z-direction =e, 





«(2.6) 
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PP thse RSs 
Substitutirig these values in equation (2.6), we get . 


dV 
Vy weatyte 
Now, Let 6, = Tensile stress in x-x direction, 


G, = Tensile stress in y-y direction, and 
0, = Tensile stress in z-z. direction. 

E = Young’s modulus 

u = Poisson’s ratio. 


Now a, will produce a tensile strain equal to - in the direction of x, and a compressive 





strain equal to be a in the direction of y and z. Similarly, 9, will produce a tensile strain 


UXO, 





o : - « . 
equal to ae in the direction of y and a compressive strain equal to in the direction of x 


o ane 
and z. Similarly o, will produce a tensile strain equal to - in the direction of z and a comp- 


ressive strain equal to E . in the direction of x and y. Hence o, and o, will produce 





xo : 22) 0% 
compressive strains equal.to eee. and U*% in the direction of x. 


Net tensile strain along x-direction is given by 








x E E E E 
G 
Similarly, o= Eau [2222s 
(Oo, +0, 
and est 8g :| 
Adding all the strains, we get 
€, +e, +8, = 2 (0, + 8, + 0) - = (6, +9,+ o,) 


= = (9, + O,+ o,\1 — 2p). 


But @, +e, +e, = Volumetric strain = vv: 
e . + (0, +6, +,(1 ~ 2p) (2.0) 


Equation (2.7) gives the volumetric strain. In this equation the stresses o, , 0, and 0, are 
all tensile. If any of the stresses is compressive, it may be regarded as negative, and the above 


equation will hold good. If the value of a is positive, it represents increase in volume whereas 


the negative value of ee represents a decrease in volume. 
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Problem 2.5. A metallic bar 300 mm x 100 mm x 40 mm is subjected to a force of 5 RN 
(tensile), 6 RN (tensile) and 4 RN (tensile) along x, y and z directions respectively. Determine the 
change in the volume of the block. Take E = 2 x10° Nimm? and Poisson’s ratio = 0.25. 

Sol. Given : : 
Dimensions of bar = 300 mm x 100 mm x 40 mm 


x = 300 mm, y = 100 mm and z = 40 mm 


Volume, Vaxxyxz=300 x 100 x 40 
. = 1200000 mm? 
Load in the diréction of x =5§ kN = 5000 N 
Load in the direction of y =6kN = 6000 N 
Load in the direction of z =4kN = 4000 N 
Value of E = 2x 10° N/mm? 


Poisson’s ratio, p= 0.25 
Stress in the x-direction, 


5 kN- 





Load in x-direction ; 
es 40 
* YRZ ot 


_ 5000 _ : 
BET ee aa 1.25 N/mm 


« 
300 mm ——>}&Qc® 





6 kN 


Similarly the stress in y-direction is given by, Fig..2.4 


ge Load in y-direction 











¥ xx 2 
6000 
= ~—— = 0.5 NA 2 
oe oo 
And stress in z-direction = Poee aaa con 
xxy 
ne oe 4000 
=~ 300 x 100 
= 0.183 N/mm? 
Using equation (2.9), we get 
= “3 (o, + Oo, + o,(1 - 2y) 
= Fri9® (1:25 + 0.5 + 0.113)(1 - 2 x 0.25) 
x 
_ 1.883 
~ 2x10°x2 
dV AES soy 
4x10° 
1.883 
=a, 108 x 1200000 


= 5.649 mm?, Ans. 
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Problem 2.6. A metallic bar 250 mm 
x 100 mm x 50 mm is loaded as shown in 
Fig. 2.8. 
Find the change in volume. Take 
E=2x 10° Nimm? and Poisson’s ratio= 0.25. 50 
Also find the change that should be ™ 
made in the 4 MN load, in order that there 
should be no change in the volume of the 
bar. 





Sol. Given : 
Length, x = 250 mm, y = 100 mm and z = 50 mm 

Volume, V = xyz = 250 x 100 x 50 = 1250000 mm? 
Load in x-direction = 400 kN = 400000 N (tensile) 
Load in y-direction = 2 MN = 2 x 10° N (tensile) 
Load in z-direction =4MN=4~x 10°N (compressive) 
Modulus of elasticity, E=2x 10° N/mm? 
Poisson’s ratio, p= 0.25. 
Now o, = Stress in x-direction 
__ Load in x-direction 
~ Area of cross-section 
_ 400000 400000 
~ yxz  100x50 
_ Load in y-direction 


= 80 N/mm? (tension). 


Similarly, 
y xXZ 
2x 108 
= 350 x50 160 N/mm: 
4000000 
and oo. = ————— 
= 250 x 100 


= 160 N/mm? (compression). 
Using equation (2.7) and taking tensile stresses positive and compressive stresses nega- 
tive, we get 





oF == (, +0, + 9,1 -2u) 
or Lk Se ee 160 - 160)(1 - 2 x 0.25 
Vo Sage mae 
= 8° _ 0.5 = 0.0002. 
2x10 


Change in volume, 
dV = 0.0002 x V 
= 0.0002 x 1250000 
= 250 mm°. Ans, 
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Change in the 4 MN load when there is no change in volume of bar 
f ‘ dV il 
Using equation (2.7), —— =— (a. + 6,+0,)(1—- 2u) 
g eq (2.7) a (0, + 6, + 6, o 


If there is no change in volume, then S =0 


5 +0, +0,)(1 - 2p) = 


But for most of ee ais the value of u lies between 0.25 and 0.33 and hence the term - 


(1 —2u) is never zero. 
. G,+9,+ 6, =0. 
The stresses o, and o are not to be changed. Only the stress corresponding to the load 
4 MN . é., stress in z-direction) i is to be changed. 








0, =- 0,- 0,=- 80 - 160 = ~ 240 N/émm? (compressive) 
Load Load Load 
But 240 = ——___ 
Oe Re sey, BION 


Load = 240 x 250 x 100 = 6 x 10°N =6 MN 
But already a compressive load of 4 MN is acting. 
Additional load that must be added 
= 6 MN- 4 MN = 2 MN (compressive). Ans. 


2.6. VOLUMETRIC STRAIN OF A CYLINDRICAL ROD 


Consider a cylindrical rod which is subjected to an axial tensile load P. 
“ Let ee diameter of the rod 
= length of the rod 


Due to tensile load P, ce will be an increase in the length of the rod, but the diameter 
of the rod will decrease as shown in Fig. 2.6. 


ke 1. + 6. 





Final length =L+8L 
Final diameter =d~éd 
Now original volume of the rod, 


=i @xL 


Final volume (d - 8d)*(L + &L) 


1 


ate 1a 


(d? + 8d? — 2d x 8d\L + &L) 
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mete — * 


= 7 Ox L + bd? x L—- 2d x Lx bd +d x BL 
+ 8d? x &L — 2d x &d x &L) 
=] (Px L-2MdxLx dd dx bl) 


Neglecting the products and higher powers of two small quantities. 
Change in volume, 6V = Final volume — Original volume 


(d?xL- 2d x L x bd +d? x 8L)— 7 dx L 


nia 


(a? x &L - 2d x L x &d) 


ai 


Chatige involume  6V. 


Volumetric strain, ¢, = Davwalvolme Vv: 


=a ee See. +(2.8) 


where = is the strain of length and “ is the strain of diameter. 


Volumetric strain = Strain in length — Twice the strain of diameter. 
Problem 2.7. A steel rod 5 m long and 30 mm in diameter is subjected to an axial tensile 
load of 50 kN. Determine the change in length, diameter and volume of the rod. Take E = 2 x 10° 
Nimm? and Poisson’s ratio = 0.25. 


Sol. Given : 
Length, '  £=5m=5x 103mm 
Diameter, d=30mm 
Volume, V= 7 dx L= 7 (30)? x 5 x 10% = 35.343 x 108 


Tensile load, P=50KN = 50 x 10 


Value of Z = 2x 10° N/mm? 
Poisson’s ratio, p= 0.25 
Let éd = Change in diameter 


8L = Change in length 
8V = Change in volume 
Stress 

E 


Load 1 ( : ee 
5s : rea 


Now strain of length = 





Stress = 
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0.4.x 50 x 108 
= = 0.00035, 
x x80? x 2x 10° ae 


But strain of length = “e 


6L 
E> 0.0003536 
SL = 0.0003536 x 5 x 108 
= 1.768 mm. Ans. 
Lateral strain — 
Longitudinal strain ’, 
Lateral strain = Poisson’s ratio x Longitudinal strain 


Now Poisson’s ratio = 


= 0.25 x 0.000356 (: Longitudinal attain = a 


= 0.0000884 


But Lateral strain = a 


bd 
om 0.0000884 


dd = 0.0000884 x d 
= 0.0000884 x 30 = 0.002652 mm 
Now using equation (2.8), we get 


Volumetric strain, Oy = a ae 
VL ad : 
= 0.0003536 — 2 x 0.0000884 = 0.0001768 
bV = V x 0.0001768 
= 35.343 x 105 x 0.0001768 


= 624.86 mm®, Ans. 
2.7, BULK MODULUS 


When a body is subjected to the mutually perpendicular like and equal direct stresses, 
the ratio of direct stress to the corresponding volumetric strain is found to be constant for a 
given material when the deformation is within a certain limit. This ratio is known as bulk 
modulus and is usually denoted by K. Mathematically bulk modulus is given by 
Direct stress G . 


~ Volumetric strain — ( dv } 
Vv 





-..(2.9) 


2.8. EXPRESSION FOR YOUNG’S MODULUS IN TERMS OF BULK MODULUS 
Fig. 2.7 shows a cube A B C D E F G H which is subjected to three mutually perpendicu- 
lar tensile stresses of equal intensity. ; , 
Let L = Length of cube 
dL = Change in length of the cube 
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E = Young’s modulus of the material of the cube 
o = Tensile stress acting on the faces 
ut = Poisson’s ratio. 

Then volume of cube, V = L? 

Now let us consider the strain of one of the sides of 
the cube (say AB) under the action of the three mutually 
perpendicular stresses. This side will suffer the following 
three strains : 

1. Strain of AB due to stresses on the faces AEHD 





and BFGC. This strain is tensile and is equal to = 
2. Strain of AB due to stresses on the faces AEFB and DHGC. This is compressive lateral 
strain and is equal to- u 7 . 
3. Strain of AB due to stresses on the faces ABCD and EFGH. This is.also compressive 


a 
lateral strain and is equal to-y E 


Hence the total strain of AB is given by 


aL o G o Oo : 
Te ey Ut gt Bw .-(d) 
Now original volume of cube, V = L8 (di) 


If dL is the change in length, then dV is the change in volume. 
Differentiating equation (i), with respect to L, 

dV = 3L? x dL ‘ ' ,..(ééi) 
Dividing equation (ziz) by equation (iz), we get 


dV _3L?xdb _3db 
ye L 


Substituting the value of i from equation (i), in the above equation, we get 





dV 3c 
Sho 8 
v= (1 ~ 2y) 
From equation (2.9), bulk modulus is given by , / 
a o dV 30 
PP TEU WS cay Feo 
Vv E 
E 
or E=3K (1- 2y), (2.14) 
i : : ; ; : ; 3K -E 
From equation (2.11), the expression for Poisson’s ratio (u) is obtained as u = 6K 
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SE 
Problem 2.8. For a material, Young’s modulus is given as 1.2 x 10°N/ mm? and Poisson's 
ratio 4. Calculate the Bulk modulus. 


Sol. Given : Young’s modulus, FE = 1.2 x 105 N/mm? 


Poisson’s ratio, = i 
Let K = Bulk modulus 


Using equation (2.10), 
E 1.2x10° 12x10° 


K=— = OO FO 
3(1 - 2) (1-4) 3x2 
4 2 
2x 105 
= ae = 0.8 x 105 N/mm2. Ans. 


Problem 2.9. A bar of 30 mm diameter is subjected to a pull of 60 RN. The measured 
exiension on gauge length of 200 mm is 0.1 mm and change in diameter is 0.004 mm. Calculate : 
(i) Young’s modulus 
(iii) Bulk modulus. 
Sol. Given : Dia. of bar, d = 30 mm 


(ii) Poisson’s ratio and 





Area of bar, A= : (30)? = 225% mm? 
Pull, P=60kN =60 x 1000 N 
Gauge length, £=200 mm 
Extension, aL = 0.1 mm 
Change in dia., éd = 0.004 mm 
(i) Young’s modulus (E) 
; P_ 60000 
Tensile stress, == = 84, 2 
rea 84.87 N/mm 
ao Saat ‘ 6h 0.1 
Longitudinal strain =—=—— =0. 
gi TZ * 300 0005 


e Tensile stress 

~ Longitudinal strain 
_ 84.87 
~ 0.0005 
= 1.6975 x 105 N/mm?. Ans. 


Young’s modulus, £ 


= 16.975 x 10* N/mm? 





(it) Poisson’s ratio (yw) 
Poisson’s ratio is given by equation (2.3) as 


Lateral strain 


Poisson’s ratio Soot 
w Longitudinal strain 


( Z 
= aces we ri 6L 
~ 0.0005 ( . Lateral strain = =) 
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0.004 
30 /_ 9.000133 
0.0005 0.0005 





= 0.266. Ans. 


(ii) Bulk modulus (K) 
Using equation (2.10), we get 


E __1.6975x 10° 
3(1-2u) 3(1- 0.266 x 2) 
= 1.209 x 10° N/mm?. Ans. 


K= 


2.9, PRINCIPLE OF COMPLEMENTARY SHEAR STRESSES 


It states that a set of shear stresses across a plane is al- 
ways accompanied by a set of balancing shear stresses (i.e., of D = c 
the same intensity) across the plane and normal to it. 
Proof. Fig. 2.8 shows a rectangular block ABCD, sub- | |: 
jected to a set of shear stresses of intensity t on the faces AB 
and CD. Let the thickness of the block normal to the plane of A R B 
the paper is unity. ‘ 
The force acting on face AB Fig. 2.8 
= Stress x Area 
=txABx1=t.AB 
Similarly force acting on face CD 
, =txCDx1l=t.CD 
=vt.AB (2 CD = AB) 
The forces acting on the faces AB and CD are equal and opposite and hence these forces 
will form a couple. 
The moment of this couple = Force x Perpendicular distance 
=t.AB x AD Gi) 
If the block is in equilibrium, there must be a restoring couple whose moment must be 
-equal to the moment given by equation (2). Let the shear stress of intensity v’ is set up on the 
faces AD and CB. 
The force acting on face AD =1' x ADx 1=1'AD 
The force acting on face BC = 7' x BC x 1 = VBC =v AD (. BC = AD) 
As the force acting on faces AD and BC are equal and opposite, these forces also forms a 
couple. 
Moment of this couple = Force x Distance = t'.AD x AB wae(EE) 
For the equilibrium of the block, the moments of couples given by equations (7) and (2) 
should be equal 
7 7 AB x AD =v AD x AB or t=’. 
The above equation proves that a set of shear stresses is always accompanied by a trans- 
verse set of shear stresses of the same intensity. 
The stress +’ is known as complementary shear and the two stresses (1 and 1’) at right 
angles together constitute a state of simple shear. The direction of the shear stresses on the 
block are either both towards or both away from a corner. 








' shown in Fig.-2.10 and they are : 
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In Fig. 2.8, as a result of two couples, formed by the shear forces, the diagonal BD will. be 
subjected to tension and the diagonal AB will be subjected to compression. 


2.10. STRESSES ON INCLINED SECTIONS WHEN THE ELEMENT IS SUBJECTED 
TO SIMPLE SHEAR STRESSES 


Fig. 2.9 shows a rectangular block ABCD which is in a 


state of simple shear and hence subjected to a set of shear D <——. Cc 
stresses of intensity + on the faces AB, CD and: the faces AD . A 
and CB. Let the thickness of the block normal to the plane of 

the paper is unity. { |: 


Jé is required to find the normal and tangential stresses 
across an inclined plane CE, which is having inclination 6 with 
the face CB. 

Consider the equilibrium of the eidaguliy piece CEB of 
thickrcss unity. The forces acting on triangular piece CEB are 


(i) Shear force on face CB, 
@, = Shear stress x area of face CB 
=tx BOxi 
=x BC acting along CB 
(ii) Shear force on face FB, 





Q, = Shear stress x area of face HB —— 
=x EB x1=+1x EB acting along EB ERPR Ss 
(iii) A force P,, normal to the plane EC Fig. 2.10 


(iv) A force P, tangential to the plane EC 
The force Qi is acting along the face CB as shown in Fig. 2.11. This force is redolved into 
two components, i.¢., @, cos @ and @, sin @ along the plane CE and normal to the plane CE 
respectively. 
The force Q, is acting along the face EB. This force is also resolved into two components, 
ie., Q, sin 8 and Q, cos 0 along the plane EC and normal to the plane EC respectively. 
For equilibrium, the net force normal to the plane CH 
should be zero, 
. P,-@, sin @-Q, cos 6=0 
or P= Q, sin 6 + Q, cos 8 
=tx BC xsin6@+1x EB xcos6 
. Ce Q, =t x BC and Q, =t x EB) s 
For equilibrium, the net force along the plane CE should 5 CG} 
be zero. ‘ 
P,- Q, cos 8+ Q, sin 8 =0 
or P,=Q, cos 8- Q, sin @ 
(~ ve sign is taken due to opposite direction) 
=tx BC x cos 8-1x EB x sin 8 
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Let o,, = Normal stress on plane CE 
= Tangential stress on plane CE 
tt Normal force on plane CE 
n Area of section CE 
P, _ tx BC xsin 0 +1 x EB x cos 8 
~ CEx1~ CEx1 


Then 





BC 6 EB 0 
=TtX CE xsin@+tx >> CE X cos 


=txcos@ x sin 0+t1x sin 6 x cos 6 


CE 
= 2r cos @ x'sin 8 =t sin 20 . «(2.12) 
Tangential force on plane CE 
Area of plane CE © 
P, _ tx BC x cos 0 — tx EBxsin@ 
~ CEx1 CE 


(» In triangle EBC, BE = cos 6 and = = sin °] 


and oO, = 





ieee aie Ee 8 
= CE 0 TX Gap X sin 


=tx cos 8x cos 8-+x sin @ x sin 6 
=t cos? 6-1 sin? @ 
= t[cos? § — sin? 6] = + cos 20 (2.18) 
For the planes carrying the maximum normal stress, o, should be maximum. But from 
equation (2.12) it is clear that o, will be maximum when sin 20 = #1 


= 


; 2 m 
2.5 26= + — 
Le 68 2 
i 
or @=+ 7 which means @ = 45° or ~ 45° 
when @ = 45°, then from equation (2.12), we have 
o, = sin 90° = + D 


when 6 = — 45°, then o,=-T 
(Positive sign shows the normal stress is tensile 
whereas negative sign shows the normal stress is 


Cc 
<I 
45° 


compressive). 
When 6 = + 45°, then from equation (2.13), we find 
that : a 
G, = t cos 2 x 45° 2 E B 
=t cos 90° = 0 | Fig. 2.12 


This shows that the planes, which carry the maxi- 
mum normal stresses, are having zero shear stresses. 


Now from equation 2.13, it is clear that shear stress 
will be maximum. when cos 26 = = 1, 


i.e., 28 =0° or 180° or 8=0° or 90° 
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When 6 = 0° or 90°, the value of o, from equation: (2.12), is zero. 

This shows that the planes, which carry the maximum shear stresses, are having zero 
normal stresses. These planes are known as planes of simple shear. 

Important points. When an element is subjected to a set of shear stresses, then : 

G) The planes of maximum normal stresses are perpendicular to each other. 

(ii) The planes of maximum normal stresses are inclined at an angle of 45° to the planes 


of pure shear. 
(ii) One of the maximum normal stress is tensile while the other maximum normal stress 


is compressive. 
(iv) The maximum normal stresses are of the same magnitude and are equal to the in- 


tensity of shear stress on the plane of pure shear. 


2.11. DIAGONAL STRESSES PRODUCED BY SIMPLE SHEAR ON A SQUARE BLOCK 

Fig. 2.18 shows a square block ABCD of each side equal to ‘a’ and subjected to a set of 
shear stresses of intensity t on the faces AB, CD and faces AD and CB. Let the thickness of the 
block normal to the plane of the paper is unity. z 


t t t 
D < Cc D « Cc D 


(2S 


(a) (b} {c) 
Fig. 2.13 


The normal stress (o,) on plane AC is given by equation (2.12) as 


o, =t sin 20 .-(t} 
But as shown in Fig. 2.13 (4) the angle made by plane AC with face BC is given by, 
AB a 
Se ee nae i if: j “a” 
tan 6 BC 7a [ ABCD is a square of side ‘a’} 
=1 
8 = 45° 


Substituting this value of 6 in equation (), we get 
6, =tx sin 2 x 45°=1 x sin 90° =7 
and 0, = 1 x cos 20 = t x cos 2 x 45° 
; =tx cos 90° =0 
Hence on the plane AC, a direct tensile stress of magnitude + is acting. This tensile 
stress is parallel to the diagonal BD. Hence the diagonal BD is subjected to tensile stress of 


magnitude t. 


‘be a tensile strain in diagonal BD. Due to the compressive stress 16 
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Similarly it can be proved that-on the plane BD, a dir i i 
tude t is acting. This compressive stress is etal to the plane BD oe oe ‘- ae 
stress is along the diagonal AC. Hence the diagonal AC is subjected to compressive ar 
magnitude t. The pure direct tensile and compressive stresses active on the diagonal ie 
AC and BD are called diagonal tensile and diagonal compressive stresses. The stress as the 
diagonal plane AC (i.e., along diagonal BD) is tensile whereas on the diagonal pl BD i. 5 
along the diagonal AC is compressive. cee er et 

Hence the set of shear stresses 1 on the faces AB, CD and the faces AD and CB 

. - . : are 
ae a a compressive stress t along the diagonal AC and a tensile stress + along the 


2.12. DIRECT (TENSILE AND COMPRESSIVE) STRAINS OF THE DIAGONALS 


In Art. 2.11, we have proved that when a square block ABCD of unit thickness is sub 
jected to a set of shear stresses of intensity g on the faces AB, CD and the faces AD and CB. th : 
diagonal BD will experience a tensile stress of magnitude qg fe 
whereas the diagonal AC will experience a compressive stress of ot ee so Si co 
magnitude g. Due to these stresses the diagonal BD will be elon- 
‘gated whereas the diagonal AC will be shorted. Let us consider ‘ 
the joint effect of these two stresses on the diagonal BD. \ 


Due to the tensile stress g along diagonal BD, there wilt ‘ 





q along the diagonal AC, there will be a tensile strain in the 
diagonal BD due to lateral strain.* 
Let = Poisson’s ratio A == 
E = Young’s modulus for the material of the block < 











Now tensile strain in diagonal BD due to tensile stress t Fig. 2.14 
along BD 
_ Tensile stress along BD + 
E E 
Tensile strain in diagonal BD due to compressive stress t along AC 
_ UXT 
“ E 
-. Total tensile strain along diagonal BD 
(che MOE — 
ae ER (1+) (2.14) 


Similarly it can be proved that the total strain in the diagonal AC will be compressive 


vand will be given by 


Total compressive strain in diagonal AC 


Tt 
=R tw. 


The total tensile strain in the diagonal BD is equal to half the shear strain. This is 
proved as given below : 








*Please refer to Art. 2.4, in which it is proved that eve: in i irecti j 
; ; ry strain in the direction of load is accom- 
panied by lateral strain of the opposite kind perpendicular to the direction of load. 
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Due to the shear stresses acting.on the faces, the “ne block ABCD will be.deformed to 
position ABC,D, as shown in Fig. 2.14. 

Now increase in the length of diagonal BD = BD, BD 

-. Tensile strain in the diagonal BD 


Increase in length _ BD, - BD. @ 
Originallength ~ § BD a 

From D, draw:a perpendicular DE on BD,. | 

We know that the distortion DD, is very small and hence angle DBD, will be very small. 
Hence we can take 

BD =BE 

and  LCDB = 2C,D,B = 45° 

Now in triangle DD,E, 2DD,E = 45° 

Length D,E = DD, cos (DD,E) 


DD, 


: one = DDj cos 45° = V2 
In triangle ABD,BD= JAB?+ AD? 
= JAD ecipteany cs. (: AB=AD) 


Now from equation (2), we have 

Tensile strain in diagonal 

BD, - BD 

BD 

BD, - BE A _ 

=“ {- BD= BE] 
DE 

~ BD 


(Pa) : 
_AV2) (- Die and BD = VAD) 
j2x AD J2 

a DD, 1DD, 


2 ede AD 3 AD 


_i 
— Shear strain* 


BD= 











i 


(+ Shear strain = By, } .-(2.15) 
AD} - 


2.13. RELATIONSHIP BETWEEN MODULUS OF ELASTICITY AND MODULUS OF 
RIGIDITY 


We have seen in the last article that when a square block of unit thickness is subjected 
to a set of shear stresses of magnitude + on the faces AB, CD and the faces AD and CB, then the 


*Please refer to Art. 1.4.3, for shear strain. 


[- BD,- BE = DjE) 
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diagonal strain due to shear stress t is given by equation (2.14) as 


Total tensile strain along diagonal BD = : (d+ 


From equation (2.15) also we have total tensile strain in diagonal BD 


1 1 Shear stress / Shear stress esate 
= shear strain = 5 * C [eae Soni modulus of rigidity = C 
Lat 

= a a (’ Shear stress = t) 


.. Equating the two tensile strain along diagonal BD, we get 


Sas eexd 
Rot ee 





as * ax os a (Cancelling t to both sides) 
B=2C (1+) --.(2,16) 

E 
ns Seas (2.17) 


_ Problem 2.10. Determine the Poisson’s ratio and bulk modulus of a material, for which 
Young’s modulus is 1.2 x 10° N/mm? and modulus of rigidity is 4.8 x 104 N/mm?. 
Sol Given : 
Young’s modulus, £ = 1.2 x 105 N/mm? 
Modulus of rigidity, C = 4.8 x 104 N/mm? 
Let the Poisson’s ratio = u 
Using equation (2.16), we get 


&=2C (1+ wu) 
or 12x 10°=2x48x104(1+p) 
L.2x 10° 
or (+ w= exaot = 15 or p=1.25-1.0=0.25, Ans. 
Buik modulus is given by equation (2.10) as 
E 1.2 po? is 
Rec te ee (oe 0.25) 


38(1-2n) 801+ 0.25 x 2) 
=8x 104 N/mm?, Ans. 

Problem 2.11. A bar of cross-section 8 mm x 8 mm is subjected to an axial pull of 
7000 N. The lateral dimension of the bar is found to be changed to 7.9985 mm x 7.9985 mm. If 
the modulus of rigidity of the material is 0.8 x 10° N/mm?, determine the Poisson’s ratio and 
modulus of elasticity. 

Sol. Given : 

Area of section = 8 x 8 = 64 mm? 

Axial pull, P= 7000 N 

Lateral dimensions = 7.9985 mm x 7.9985 mm 

Volume of C = 0.8 x 10° N/mm? 
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Let p = Poisson’s ratio and 
E = Modulus of elasticity. 
Change in lateral dimension 


N 1 strain = : : : 
on. ietabeee Original lateral dimension 


age eg 0.0001875. 


To find the value of Poisson’s ratio, we must know the value of longitudinal strain. But 
in this problem, the length of bar and the axial extension is not given. Hence longitudinal 
strain cannot be calculated. But axial stress can be calculated. Then longitudinal, strain will 
be equal to axial stress divided by E. 


P 7000 a 
cass ba fs Sa 2 ‘tudi pegs 
.. Axial stress, o = a ae 109.375 N/mm? and longitudinal strain = z 
But lateral strain = 1 x longitudinal strain = px 7 
or 0.0001875 = wanes (~ Lateral strain = 0.0001875) 
E 109.375 
u =.0,0001875 = 9°9383.33 
or E = 583333.33u -(Z) 
Using equation (2.17), we get 
E 
C= oGem or E=2C(1+y) . 
=2x0.8x 105(1+ 4) C. C=0.8 x 105) 
or §83333.33y = 2 x 0.8 x 105(1 + w) (¢ E = §83333.33p) 
or l+pe piacuslia = 3.6458 
2x 0.8 x 10 


1 = 3.6458u — p = 2.6458y 


1 
Poisson’s ratio = n= 26458 = 0.378. Ans. 


Modulus of elasticity (B) is obtained by substituting the value of 4 in equation (i). 
: FE = 583333.33pn 


§83333.33 ‘ 
E= 2.6458. 7 2.2047 x 10° Nimm?. Ans. 

Problem 2.12. Calculate the modulus of rigidity and bulk modulus of a cylindrical bar 
of diameter 30 mm and of length 1.5 m if the longitudinal strain in a bar during a tensile stress 
is four times the lateral strain. Find the change in volume, when the bar is subjected to a 
hydrostatic pressure of 100 Nimm?. Take E = 1 x 10° Nimm?. 


Sol. Given : 
Dia. of bar, d=30mm 
Length of bar, L=1.5m=1.5 x 1000 = 1500 mm 
>.Volumeofbar, V= i d?xL= ; x 30 x 1500 
= 1060287.52 mm? 
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Longitudinal strain = 4x Lateral strain 
Hydrostatic pressure, p = 100 N/mm? 
Lateral strain 1 
eo =F = 02.25 
Longitudinal strain 4 
or Poisson’s ratio, p= 0.25 
Let C = Modulus of rigidity 
' K = Bulk modulus 
E = Young’s modulus = 1 x 10° N/mm? 
Using equation (2.16), we get 


Ex2C +p) 
or 1x 105 = 2C(1 + 0.25) 
5 ' 
= ee =4x 104 N/mm. Ans. 
For bulk modulus, using equation (2.11), we get 
E=3K(i- 2u) 
or 1x 10° = 3kK(1 - 2 x 0.25) “Ce w= 0.25) 
5 
= 2 = 0.667 x 105 N/émm2, Ans. 
Now using equation (2.9), we get 
K= we OP) Pe 
Volumetric strain (d 
4 
where p = 100 N/mm? 
. 0.667 x 105 = oo 
* ~ {dV 
(7) 
or WV Lar igF = 15108 


dV =Vx 1.5 x 10-8 = 1060287.52 x 1.5 x 10° 
= 1590.43 mm*®, Ans. 


HIGHLIGHTS 


1. Poisson’s ratio is the ratio of lateral strain to longitudinal strain. It.is generally denoted by p. 


2. The tensile longitudinal stress produces compressive lateral strains. 


oi tes 3 él 
3. Ifa load acts in the direction of length of a rectangular bar, then longitudinal strain = T and 


Lateral strain = © oy 8 
ateral strain = b or a 


where 5! = Change in length, 
6b = Change in width, 
éd = Change in depth. 
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The ratio of change in volume to original volume is known as volumetric strain. 
Volumetric strain (e,) for a rectangular bar subjected to an axial load P, is given by 


€,= (24). 


Volumetric strain for a rectangular bar subjected to three mutually perpendicular stresses is 


1 : 
given by, =F (o, +o, + 6,)(1 - 2p) 


where o,, oy and «, are stresses in x, y and z direction respectively. 
Principle of complementary shear stresses states that a set of shear stresses across a plane is 
always accompanied by a set of balancing shear stresses (i.¢., of the same intensity) across the 
plane and norma! to it. 
Volumetric strain of a cylindrical rod, subjected to an axial tensile load is given by, 

e, = Longitudinal strain — 2 x strain of diameter 


atid 
i d 


Bulk modulus & is given by, 


Kas 


fav 

(7) 

The relation between Young’s modulus and bulk modulus is given by, 
E = 3K (i ~ 2p). 

When an element is subjected to simple shear stresses then : 


({) The planes of maximum normal stresses are perpendicular to each other. 


(it) The planes of maximum normal stresses are inclined at an angle of 45° to the plane of pure 
shear. 


(iii) One of the maximum normal stress is tensile while the other maximum normal stress is 
compressive. 


(iv} The maximum normal stresses are of the same magnitude and are equal to the shear stress 
on the plane of pure shear. 


The relation between modulus of elasticity and modulus of rigidity is given by 
_# 
2d + a) 


| EXERCISE 2 | 


(A) Theoretical Questions 
Define and explain the terms : Longitudinal strain, lateral strain and Poisson’s ratio. 


Prove that the volumetric strain of a cylindrical red which is subjected to an axial tensile load is 
equal to strain in the length minus twice the strain of diameter. 


What is a bulk modulus ? Derive an expression for Young’s modulus in terms of bulk modulus 
and Poisson's ratio. 


Define volumetric strain. Prove that the volumetric strain for a rectangular bar subjected to an 
axial-load P in the direction of its length is given by 


SL 
= (1- 2u) 


EH=2C(1+u) or C= 


. , : 61 eee : 
where w= Poisson’s ratio and T = Longitudinal strain. 
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(a) Derive an expression. for volumetric strain for a rectangular bar which is subjected to three 
mutually perpendicular tensile stresses. 

(b) A test element is subjected to three mutually perpendicular unequal stresses. Find the change 
in volume of the element, if the aljebraic sum of these stresses is equa! to zero. 

Explain briefly the term ‘shear stress’ and ‘complimentary stress’ with proper illustrations. 

State the principle of shear stress. 

What do you understand by ‘An element in a state of simple shear’ ? 

When an element is in a state of simple shear then prove that the planes of maximum normal 


_ stresses are perpendicular to each other and these planes are inclined at an angle of 45° to the 


planes of pure shear. 
Derive an expression between modulus of elasticity and modulus of rigidity. 


(B) Numerical Problems 


Determine the changes in length, breadth and thickness of a steel bar which is‘ m long, 40 mm 
wide and 30 mm thick and is subjected to an axial pull of 35 KN in the direction of its length. 
Take # = 2 x 105 N/mm? and Poisson’s ratio = 0.32. 


[Ans. 0.0729 cm, 0.000186 cm, 0.000139 em] 


For the above problem, determine the volumetric strain and the final volume of the given steel 
bar. (Ans. 0.0000525, 6000317 mm3] 


Determine the value of Young’s modulus and Poisson's ratio of a metallic bar of length 25 cm, 
breadth 3 cm and depth 2 cm when the bar is subjected to an axial compressive load of 240 KN. 
The decrease in length is given as 0.05 cm and increase in breadth is 0.002. 
[Ans, 2 x 10° N/mm? and 0.33] 
A steel bar 320 mm long, 40 mm wide and 30 mm thick is subjected to a pull of 250 KN in the 
direction of its length. Determine the change in volume. Take E = 2 x 105 N/mm? and m = 4, 
(Ans. 200 mm} 
A metallic bar 250 mm x 80 mm x 30 mm is gouieaea to a force of 20 kN (tensile), 30 KN (tensile) 
and 15 KN (tensile) along x, y and z directions respectively. Determine the change in the volume 
of the block. Take Z = 2 x 10° N/mm? and Poisson’s ratio = 0.25. [Ans. 19.62 mm?] 


A metallic bar 300 mm x 120 mm x 50 mm is loaded as shown in Fig. 2.15. 
Find the change in volume. Take # = 2 x 105 N/mm? and Poisson’s ratio = 0.30. 


4.5 MN 





500 kN 


120mm 


— 


Fig. 2.15 


Also find the change that should be made in 4.5 MN load, in order that there should be no change 
in the volume of the bar. [Ans. 450 mm?, 4.5 MN] 
A steel rod 4 m long and 20 mm diameter is subjected to an axial tensile load of 40 kN. Deter- 
mine the change in length, diameter and volume of the rod. Take E = 2 x 105 N/’mm? and Poisson’s 
ratio.= 0.25. [Ans. 2.5464, 0.05092, 5598 mm?] 


mnt 
mm 





2.5 KN 


somemuime 
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For a material, Young’s modulus is-given ds 1.4 x 105 N/mm? and Poisson’s ratio 0.28. Calculate 
the bulk modulus. [Ans. 1.06 x 10° N/mm?] 
A bar of 20 mm diameter subjected to a pull of 50 KN. The measured extension on gauge length of 
250 mm is 0.12 mm and change in diameter is 0.00375 mm. Calculate : 
(i) Young’s modulus {ii} Poisson’s ratio and (ii) Bulk modulus. 
{Ans. (i) 1.989 x 10° N/mm, (ii) 0.234, (iii) 1.2465 x 108 Némm?} 
Determine the Poisson's ratio and bulk modulus of a material, for which Young’s modulus is 
1.2 x 105 N/mm? and modulus of rigidity is 4.6 x 104 N/mm?. [Ans. 0.33, 1.2 x 105 N/mm?] 
A bar of cross-section 10 mm x 10 mm is subjected to an axial pull of 8000 N. The lateral dimen- 
sion of the bar is found to be changed to 9.9985 mm x 9.9985 mm. If the modulus of rigidity of the 
material is 0.8 x 105 N/mm?, determine the Poisson’s ratio and modulus of elasticity. 
: [Ans. 0.45, 2.4 x 105 N/émm?] 
Calculate the modulus of rigidity and bulk modulus of a cylindrical bar of diameter of 25 mm 
and of length 1.6 m, if the longitudinal strain in a bar during a tensile test is four times the 
lateral strain. Find the change in volume, when the bar is subjected to a hydrostatic pressure 
of 100 N/mm?, Take EZ = 1 x 105 N/mm?. ° 
[Ans. 4 x 10! Nénm?, 0.667 x 105 N/mm?, 1178 mm] ~° 
A bar 30 mm in diameter was subjected to tensile load of 54 kN and the measured extension on 
800 mm gauge length was 0.112 mm and change in diameter was 0.00366 mm. Calculate Poisson's 
ratio and values of three modulii. 
(Ans. » = 0.3826, EF = 204.6 kN/mm?, C = 77.2 kN/mm2, K = 196 kN/mm?] 
Derive the relation between E and C. Using the derived relationship, estimate the Young’s modulus 
(Z) when the modulus of rigidity (C) is 0.80 x 10° N/mm? and the Poisson’s ratio is 0.3. 
(Hint. FE = 2C (1 + uw) = 2 x 0.80 x 105 (1 + 0.3) = 2.08 x 105 N/mm?) 
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Principal Stresses and Strains 








3.1. INTRODUCTION 


In chapter 2, the concept and definition of stress, strain, types of stresses (i.e., tensile, 
compressive and simple shear) and types of strain (¢.e., tensile, compressive, shear and volu- 
metric strains etc.) are discussed. These stresses were acting in a plane, which was at right 
angles to the line of action of the force. In many engineering problems both direct (tensile or 
compressive stress) and shear stresses are acting at the same time. In such situation the re- 
sultant stress across any section will be neither normal nor tangential to the plane. In this 
chapter the stresses, acting on an inclined plane (or oblique section) will be analysed. 


3.2. PRINCIPAL PLANES AND PRINCIPAL STRESSES 

The planes, which have no shear stress, are known as principal planes. Hence principal 
planes are the planes of zero shear stress. These planes carry only normal stresses. 

The normal stresses, acting on a principal plane, are known as principal stresses. 


3.3. METHODS FOR DETERMINING STRESSES ON OBLIQUE SECTION 


The stresses on oblique section are determined by the following methods : 
1. Analytical method, and 2. Graphical method. 


3.4. ANALYTICAL METHOD FOR DETERMINING STRESSES ON OBLIQUE SECTION 


The following two cases will be considered : 

1. A member subjected to a direct stress in one plane. 

2. The member is subjected to like direct stresses in two mutually perpendicular direc- 
tions. 

3.4.1, 4 Member Subjected to a Direct Stress in one Plane. Fig. 3.1 (a) shows a 
rectangular member of uniform cross-sectional area A and of unit thickness. 

Let P= Axial force acting on the member. ~ 

A= Area of cross-section, which is perpendicular to the line of action of the force P. 


The stress along x-axis, o = - 


Hence, the member is subjected to a stress along x-axis. 
Consider a cross-section EF which is perpendicular to the line of action of the force P. 
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E G 


a P, 
NX 
aos 
7 
F P, 


Fig. 3.1 (a) Fig, 3.2 (6) 


Then area of section, EF=EFXxI=A, 
The stress on the section EF is given by 


6e Force. =P 
Areaof EF A 
The stress on the section EF is entirely normal stress. There is no shear stress (or tan- 
gential stress) on the section EF’. 
Now consider a section FG at an angle 6 with the normal cross-section EF as shown in 
Fig. 3.1 (a). : 
Area of section #G = FG x 1 (member is having unit thickness) 










«(Z) 











EF EF EF 
= In A EFG,-—= =cos8 «. FG =—— 
~ cos i = FG — cos @ 
aw (. EF x1=A) 
~ cos @ ; poate 
“. Stress on the section, FG 
Force P 
= = > = — 0089 
Area of section FG A A 
cos @ 
. =oacos 6 (: * = o| w(3.1) 


This stress, on the section FG, is parallel to the axis of the member (i.e., this stress is 
along x-axis). This stress may be resolved in two components. One component will be normal 
to the section FG whereas the second component will be along the section FG (i.e., tangential 
to the section FG). The normal stress and tangential stress (i.e., shear stress) on the section 
FG are obtained as given below [Refer to Fig. 3.1 ()). 


Let P, = The component of the force P, normal to section FG 
=P cos 


P, = The component of force P, along the surface of the section FG (or tangential 
to the surface FG) ; 


=P sin @ ; 
o,, = Normal stress across the section FG 


0, = Tangential stress (i.e., shear stress) across the section FG. 
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.. Normal stress and tangential stress across the section FG are obtained as, 


_ Force normal to section FG 














Homes on = Area of section FG 
P, P 8 
= a = = (. P, =P cos 0) 
cos 8 cos 6 


cos 8 cos 0 = = ens? 6 


by 


mI] ro 


= 0 cos? 8 . = o} (3.2) 


Tangential stress (@.e., shear stress), 


are Tangential force across section FG 
a Area of section FG 


2 


P sin 8 


(sti) 








(. P,=P sin 0) 





i oN 
8 
a> 
@ 
‘ccna 


7 ‘ sin §. cos 6 = osin @. cos 8 
= 5 x 2 sin 6 cos 8 (Multiplying and dividing by 2] 
= 7 sin 20 ("| 2 sin 6 cos 6 = sin 26) ..(3.3) 


From equation (3.2), it is seen that the normal stress (o,) on the section FB will be 
maximum, when cos? 6 or cos 6 is maximum. And cos 6: will be maximum when @ = 0° as 
cos 0° = 1. But when 6 = 0°, the section FG will coincide with section EF. But the section 
EF is normal to the line of action of the loading. This means the plane normal to the axis 
of loading will carry the maximum normal stress. 

.. Maximum normal stress, =o cos? 8 =o cos? 0° =a (3.4) 

From equation (3.3), it is observed that the tangential stress (i.e., shear stress) across 
the section FG will be maximum when sin 26 is maximum. And sin 26 will be maximum when 
sin 20 = 1 or 26 = 90° or 270° 
or § = 45° or 135°. 

This means the shear stress will be maximum on two planes inclined at 45° and 135° to 
the normal section EF as shown in Figs. 3.1 (c) and 3.1 (d). 


a 


Max. value of shear stress = = sin 26 = : sin 90° = a " (8.5) 


i 
} 
| 
I 
t 
t 
f 
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First plane of maximum 
shear stress 6 = 45° 





second plane of maximum 
shear stress 8 = 135° 


Fig. 3.1 (e) Fig. 3.1 (d) 

From equations (3.4) and (3.5) it is seen that maximum normal stress is equal to o 
whereas the maximum shear stress is equal to o/2 or equal to half the value of greatest normal 
stress. 

Second Method : 


A member subjected to a direct stress in one plane. Fig. 3.2 shows a rectangular 
member of uniform cross-sectional area A and of unit thickness. The bar is subjected to a 
principal tensile stress o, on the faces AD and BC. 


0 E 


P, =0,xBCx1 





Area of cross-section = BC x Thickness of bar 
=BCx1 
Let the stresses on the oblique plane FC are to be calculated. The plane FC is inclined at 
an angle 6 with the normal cross-section EF (or BC). This can be done by converting the stress 
o, acting on face BC into equivalent force. Then this force will be resolved along the inclined 
planes FC and perpendicular to FC. (Please note that it is force and not the stress which is to 
be resolved). 
Tensile stress on face BC = o, 
Now, the tensile force on BC, 
P, = Stress (o,) x Area of cross-section 
=90,xBCx1 : (. Area = BC x 1) 
The above tensile force P, is also acting on the inclined section FC, in the axial direction 
as shown in Fig. 3.2. This force P, is resolved into two component, .e., one normal to the plane 
FC and other along the plane FC. 


Let P,, = Component of the force P,, normal to the section FC 
=P, cos @ 
=0,xBCx1xcos@ (. P,=0,xBCx 1) 
P, = Component of the force P,, along the section FC 
= P,sin6 


=o,xBCx1xsin@ 
o,, = Normal stress on the section FC 
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o, = Shear stress (or tangential stress) across the section FC. 


Force normal to section FC 
Then normal stress, o, = ee SrEecHOn re. 


sears 2 
~ FCxit 


i aes (. P,=0,* BC x cos 8) 


(bar is of unit thickness) 


= 6, x cos 6 x cos 8 (: In triangle FBC, ae = Cos 0) 


= 0, X cos” 6 ...(3.5A) 
Similarly, tangential (or shear) stress, 


_ Force along section FC _ P, 


“+= ~“Areaof section FC FCx1 
o,xBCxixsin®d 
= 7G (s P,=0,xBCx}) 


= 0, x cos 6 x sin 6 (. In triangle FBC, = = cos 0) 


Cc 


= 0, x cos 6 x sin 6 


x 2x cos 6 x sin 8 (Multiplying and dividing by two) 


pa 
2 


= = x sin 20 ..(3.5B) (: 2sin @ cos @ = sin 26) 
From equation (3.5A), it is seen that the normal stress (o,) on the section FC will be 
maximum, when cos? @ or cos 6 is maximum. And cos @ will be maximum when @ = 0° as 
cos 0° = 1, But when 6 = 0°, the section FC will coincide with section EF. But the section 
EF is normal to the line of action of the loading. This means the plane normal to the axis 
of loading will carry the maximum normal stress. 
Maximum normal stress = 6, cos? 6 = 0, cos” 0° = 0, (3.50) 
From equation (3.5B), it is observed that the tangential stress (i.e., shear stress) across 
the section FC will be maximum when sin 20 is maximum. And sin 20 will be maximum when 
sin 26 =1o0r 26=90° or 270° or 6 = 45° or 135°. . 
This means the shear stress will be maximum on two planes inclined at 45° and 185° to 
the normal section EF or BC as shown in Figs. 3.2 (a) and 3.2 (6). 
Second plane of 
maximum shear 
stress, 9 = 135° 


First plane of maximum 
shear stress, 6 = 45° 


E c 


c 





vu 
0 
Uv 


VY 
F 


(a) (b) 
_ Fig. 3.2 
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Max. value of shear stress = =e sin 20 = os sin 90° = = A3.5D) 


From equations (3.5C) and (3.5D) it is seen that maximum normal stress is equal to o, 
whereas the maximum shear stress is equal to - or equal to half the value of greatest normal 


stress. 
Note. It is the force which is resolved in two components. The stress is not resolved, 


Probiem 3.1. A-rectangular bar of cross-sectional area 10000 mm? is subjected to an 
axial load of 20 kN. Determine the normal and shear stresses on a section which is inclined at 
an angle of 30° with normal cross-section of the bar. 

Sol. Given : 

Cross-sectional area of the rectangular bar, 

A= 10000 mm? 
Axial load, P=20kN = 20,000 N 
Angle of oblique plane with the normal cross-section of the bar, 
@ = 30° 
: _ P _ 20000 _ 4 
Now direct stress, oO= A 40000 2 N/énm 
Let o,, = Normal stress on the oblique plane 
Gg, = Shear stress on the oblique plane. 
Using equation (3.2) for normal stress, we get 
G, = 9 cos” 6 
= 2 x cos? 80° (. o=2 N/mm?) 
= 2 x 0.8662 (* cos 30° = 0.866) 
=1.5 N/imm?, Ans. 
Using equation (3.3) for shear stress, we get 
o, = 2 sin 20 = : x sin (2 x 80°) 
= 1x sin 60° = 0.866 N/mm”, Ans. 

Problem 3.2. Find the diameter of a circular bar which is subjected to an axial pull of 

160 RN, if the maximum allowable shear stress on any section is 65 N/mm?. . 





Sol. Given: 
Axial pull, P = 160 KN = 160000 N 
Maximum shear stress = 65 N/mm? 
Let D = Diameter of the bar 
Area of the bar 7 Z D? 
Direct stress, o= Bo. = baat Nimm2 
A % 2 
a D 
Maximum shear stress is given by equation (3.5). 
Maxi shi tress = oe 
mum shear s =o oun?’ 


But maximum shear stress is given as = 65 N/mm”. 
Hence. equating the two values of maximum shear, we get 


640000 
ae 2xxD? 
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640000 
dD? = ———_— = 
2xxnx 65 1564 
D=39.58 mm. Ans. 


Problem 3.3. A rectangular bar of cross-sectional area of 11000 mm? is subjected to a 
tensile load P as shown in Fig. 3.3. The permissible normal and shear stresses on the oblique 
plane BC are given as 7 Nimm? and 3.5 N/mm? respectively. Determine the safe value of P. 


Sol. Given : , 
Area of cross-section, A = 11000 mm2 c 
Normal stress, o, = 7 Ninm? P P 
Shear stress, 6, = 3.5 N/émm? 
Angle of oblique plane with the axis of bar = 60°. LN 
Angle of oblique plane BC with the normal cross- B 
section of the bar, Fig. 3.3 
§ = 90° - 60° = 30° 
Let P = Safe value of axial pull 


o = Safe stress in the member. 
Using equation (3.2), 
g,=@cos?@ or 7 =o cos? 80° 





= a (0,866). (cos 30° = 0.866) 
7 
we ee 2 
o= F866 x 0.866 = 9394 Némm 
Using equation (3.3), 
G= = sin 26 
ieee 2 in 
or 3.5 = 5 sin 2 x 30° = . sin 60° = 5 x 0.866 
3.5x2 
iS 2 2 
o 0866 8.083 N/mm?. 


The safe stress is the least of the two, i.e., 8.083 N/mm?. 
Safe value of axial pull, 
P = Safe stress x Area of cross-section 
= 8.083 x 11000 = 88913 N = 88.913 KN. Ans. 
Problem 3.4. Two wooden pieces 10 cm x 10. cm _ B 
in cross-section are glued together along line AB as 


shown in Fig. 3.3(a) below. What maximum axial ‘ > 
force P can be applied if: the allowable shearing stress zA 
along AB is 1.2 Nimm? 2? (AMIE, Summer 1987) A 

Sol. Given : Fig. 3.3 (a) 


Area of cross-section =10x10=100 cm? 
= 100 x 100 mm? = 10000 mm? 
Allowable shear stress, o, = 1.2 N/mm? 
Angle of.line AB with the axis of axial force = 30° 
Angle of line AB with the normal cross-section, 


8 = 90° — 30° = 60° 
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Let P = Maximum axial force 
o = Maximum allowable stress in the direction of P. - 





te Using equation (3.3), 


0, = 7 sin 26 


or ; 12= ; x sin (2 x 60°) = 7 x sin 120° 


12x22 2.4: 
°= Gin 120° 0.866 

Maximum axial force, 
P = Stress in the direction of P x Area of cross-section 


=o x 10000 = 2.771 x 10000 = 27710 N = 27.71 KN. Ans. 


/ 3.4.2. A Member Subjected to like Direct Stresses in two Mutually Perpendicu- 
lar Directions. Fig. 3.4 (a) shows a rectangular bar ABCD of uniform cross-sectional area A 
and of unit thickness. The bar is subjected to two direct tensile stresses (or two-principal ten- 
sile stresses) as shown in Fig. 3.4 (a). 





= 2.771 N/mm? 


P,sin@ac 





S2 P,=0,x BF x1 


Fig. 3.4 (a) 


Let FC be the oblique section on which stresses are to be calculated. This can be done by 
converting the stresses 0, (acting on face BC) and 0, (acting on face AB) into equivalent forces. 
Then these forces will be resolved along the inclined plane FC and perpendicular to FC. Con- 
sider the forces acting on wedge FBC. 

Let @ = Angle made by oblique section FC with normal cross-section BC 


G, = Major tensile stress on face AD and BC - 
9, = Minor tensile stress on face AB and CD 
P,= Tensile force on face BC 
P, = Tensile force on face FB. 
The tensile force on face BC, . 
P, = 0, x Area of face BC = 0, x BC x 1 (: Area =BC x 1) 


The tensile force on face FB, 
P,, = Stress on FB x Area of FB = o, x FB x 1. 
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The tensile forces P, and P, are also acting on the oblique section FC. The force P, is 
acting in the axial direction, whereas the force P, is acting downwards as shown in Fig. 3.4 (a). 
Two forces P, and P, each can be resolved into two components i.e., one normal to the plane FC 
and other along the plane FC. The components of P, are P, cos @ normal to the plane FC and 
P, sin 6 along the plane in the upward direction. The components of P, are P, sin @ normal to 
the plane FC and P, cos @ along the plane in the downward direction. 


Let P= Total force normal to section FC 
= Component of force P, normal to section FC 
+ Component of force P, normal to section FC 
=P,cos@+P, sin @ 
=0,x BCxcos@+0,xBFxsiné (+ P,=0,x BC, P,=0, x BF) 
P, = Total force along the section FC 
= Component of force P, along the section FC 
+ Component of force P, along the section FC 
=P,sin@+(-P, cos 8) (ve sign is taken due to opposite direction) 
=P, sin @—P, cos @ 
=0, x BC x sin 8 - 0, x BF x cos 6 
(Substituting the values P, and P,) 
o,, = Normal stress across the section FC 
_ Total force normal to the section FC 








Area of section FC 
—~_ Fr _ 91. x BC x cos 8 + Og x BF x sin 6 
FCxi FC 


=<0 ES eas bad, 5 Be cain 
1 2 FC 


FC 


= 0, x cos 8 x cos 8 + 6, x sin 6 x sin 8 


BC BF 
-: In triangle FBC, —.=cos6, —— =si 
( nh triangie FC cos FC sin e] 


= 0, cos” 6 + a, sin? @ 


i 1+ cos 20)" 1- cos 20)" 
a eat ee 


[-- cos? @=(1 + cos 26/2 and sin? @ = (1 ~ cos 26)/2] 


_ S1tS2 | F1-S2 
~ 2 2 
o, = Tangential stress (or shear stress) along section FC 


cos 26 (8.6) 


_ Total force along the section F’ C 


Force 
Area of section FC 


(: Stress = ——— 
Area 


** cos 26 = cos? 6 ~ sin? @ 
= cos? @- (1 - cos? @) = 2 cos? 8~ 1 = (1 ~ sin? 6) - sin? @ = 1 -— 2 sin? 6 
(1+ = 28) . sin? @= (1- we 28) 


* cos 20 = cos? 8 — sin? 6 


cos? 6 = 
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_ Bh _o% x BC x sin 6 - 0, x BF x cos 8 
7 ROE FC 





F 
FC 
=, x cos @ x sin 8 — o, x sin 6 x cos 8 


BF. 
e In triangle FBC, x = cos 6, oe sin 0] 


BC. 8 B @ 
= 0, * Fa * sin — 0, x =, x cos 


= (G, — G,) cos 8 sin 6 


= {= 22) x 2 cos 6 sin 0 (Multiplying and dividing by 2) 
= (01-98) gin 99 (8.7) 


The resultant stress on the section FC will be given as 


Op= fo,? +07 ...(3.8) 
Obliquity [Refer to Fig. 3.4 (6)1. The angle made D Cc 

by the resultant stress with the normal of the oblique plane, 

is known as obliquity. It is denoted by 9. Mathematically, 








Zz ; 
: tan ¢= < [8.8 (A)] o 
Maximum shear stress. The shear stress is given F B 
by equation (3.7). The shear stress (o,) will be maximum Fig. 3.4 (b) 
when ‘ 
sin2@=1 or 20=90° or 270° (-- sin 90° =1 and also sin 270° = 1) 
or 6 = 45° or 135° 
And maximum shear stress, (0,) a = Sis (3.9) 


2 
The planes of maximum shear stress are obtained by making an angle of 45° and 135° 
with the plane BC (at any point on the plane BC) in such a way that the planes of maximum 
shear stress lie within the material as shown in Fig. 3.4 (c). 


Plane of maximum shear stress 





Fig. 8.4 (c) 


Hence the planes, which are at an angle of 45° or 135° with.the normal cross-section BC 
{see Fig. 3.4 (c)], carry the maximum shear stresses. 
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/ Principal planes. Principal planes are the planes on which shear stress is zero. To 
locate the position of principal planes, the shear stress given by equation (3.7) should be equated 


* to zero. 


For principal planes, 
S102 sin 20 = 0 
2 
or sin 26 = 0 [- (co, — oy) cannot be equal to zero] 
or 28=0 or 180° 
8=0 or 90° 
when 6 = 0, G5 18 y 21 TES cos 20 
2 2 
= SF 92 , C102 cos 0° 
2 « 
_ Gy + Og 01 — O02 on o 
Sige te ge x1 ("cos O° = 1) 
when 6 = 90°, eS cos 2 x 90° 
we C1 +02 = ya 5 cos 180° 
eS SS St etd) (= cos 180° =— 1) 
2 2 
= Og. 


Note. The relations, given by equations (3.6) to (3.9), also hold good when one or both the stresses 
are compressive. : 

Problem 3.5. The tensile stresses at a point across two-mutually perpendicular planes 
are 120 Nimm? and 60 Nimm?. Determine the normal, tangential and resultant stresses on a 
plane inclined at 30° to the axis of the minor stress. : 

Sol. Given : 


Major principal stress, 0, = 120 N/mm? 


Minor principal, 0», = 60 N/émm? 
Angle of oblique plane with the axis of minor principal stress, 
8 = 30°. 


Normal stress 
The normal stress (c,,) is given by equation (3.6), 


= C1482 | 91" 92 pos 26 
ie 2 
os ue 60 % ee 60 cos 2 x 30° 


= 90 + 30 cos 60° = 90 + 30 x 5 
= 105 N/mm?. Ans. 


é 


PON 








iy 
} 
j 
) 
t 
! 
i: 
i. 
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Tangential stress 
The tangential (or shear stress) o, is given 
by equation (3.7). 


G = 60 Nimm* 






o,-¢9 - s a 
= —1—*2 sin 26 E E 
=— 2 
180 560 oa aye a 3 
= ——__— sin (2x ) a major stress - My 
5 S 


7 30 x sin 60° = 30 x 0.866 
= 25.98 N/mm”. Ans. 


G2 = 60 N/mm? 


Resultant stress 
The resultant stress (o,) is given by equa- Fig. 3.5 


tion (3.8) 
Op = yo,2 +0,2 = ¥105? + 25.98" 
= 11025 + 674.96 = 108.16 N/mm’, Ans. 


Problem 3.6. The stresses at a point in a bar are 200 Nimm? (tensile) and 100 Nimm? 
(compressive). Determine the resultant stress in magnitude and direction on a plane inclined at 
60° to the axis of the major stress. Also determine the maximum. intensity of shear stress in the 
material at the point. (AMIE, Winter 1984) 

Sol. Given : 

Major principal stress, 

Minor principal stress, 


6, = 200 N/mm? 
Gy =~ 100 N/mm? 
(Minus sign is due to compressive stress) 
Angle of the plane, which it makes with the major principal stress = 60° 
A Angle 8 = 90° - 60° = 30°. 
Resultant stress in magnitude and direction 
First calculate the normal and tangential stresses. 
Using equation (3.6) for normal stress, 












7 100 Nimm” 
3, = —— + my cos 26 
= 200 + (-- 100) e 200 ~ (— 100) 
2 2 Z a5 
cos (2 x 30°} § : : : § 
(. @ = 30°) g Axis of / s 
200-100 200 + 100 “ inales shee 7 





=50+150x 4 ("cos 60° = 3) 
= 50 + 75 = 125 N/mm?. 
Using equation (3.7) for tangential stress, 
_ 200 ~(- 100) 


400 N/imm* 
Fig. 3.6 


01-0. 
0, = +. sin 26 


= ee sin 60° = 150 x 0.866 = 129.9 N/mm”. 


sin (2 x 30°) 
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Using equation (3.8) for resultant stress, 


Og= fo,” +0,2 = 125? + 129.9? 
= /15625 + 16874 = 180.27 Nimm?. Ans. 
The inclination of the resultant stress with the normal of the inclined plane is given by 
equation [3.8 (A)] as 
o, 1299 
= —=——— = 1.04 
Ce a AG 
= tan! 1.04 = 46° 6’. Ans. 


Maximum shear stress 
Maximum shear stress is given by equation (3.9) 


(max = = os = 100) _ 200 + 100 _ 450 Nimm?. Ans. 





Problem 3.7. Aé a point in a strained material the principal tensile stresses across two 
perpendicular planes, are 80 Nimm2 and 40 Nimm?. Determine normal stress, shear stress and 
the resultant stress on a plane inclined at 20° with the major principal plane. Determine also 
the obliquity. What will be the intensity of stress, which acting alone will produce the same 


maximum strain if Poisson’s ratio = 4. 
Sol. Given : eg as 
Major principal stress, 0, = 80 N/mm? 
Minor principal stress, 0, = 40 N/mm? 
The plane CE is inclined at angle 20° with 

major principal plane (.e., plane BC). 

: 8 = 20° 


Major principal 
plane 


o, = 80 Nimm? 
= 
o, = 80 Nimm 





: 1 
Poisson’s ratio, 1 = z 


Let o, = Normal stress on inclined plane 
is 2 
CE 60 N/mm 


o, = Shear stress and Fig. 3.7 
Op = Resultant stress. 
Using equation (3.6), we get 
J OUt0o 01 98 s+ ee cos (2 x 20°) 





cos 28 = 


on 9 2 
= 60 + 20 x cos 40° = 75.82 N/mm”, Ans. 


The shear stress is given by equation (3.7) 


3 - 40 ne 
0, = oi sin 20 = a sin (2 x 20°) = 20 sin 40 





= 12.865 N/mm. Ans. 
The resultant stress is given by equation (3.8) 
a 


2 2 
Op = On +O; 


= 75.32? + 12.8562 = 76.4 Nimm?, Ans. 
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Obliquity (9) is given by equation [3.8 (A)] 








_ O; _ 12.856 
ee 75.82 
12.856 
= -1 — Q° ' 
> = tan 75.32 = 9°41’. Ans. 


Let o = stress which acting alone will produce the same maximum strain. The maxi- 
mum strain will be in the direction of major principal stress. 


z Go oO 1 
Maximum strain = 7s - ee = qo — 40g) 
1 40\ 70 
= —| 80-— |=— 
E ( 4 } E 
The strain due to stress o= . 
70 o 


Equating the two strains, we get 


by 
by 


“ o=70 N/mm”. Ans. 

Problem 3.8. Af a point in a strained material the principal stresses are 100 N/mm? 
(tensile).and 60 Nimm? (compressive). Determine the normal stress, shear stress and resultant 
stress on a plane inclined at 50° to the axis of major principal stress. Also determine the maxi- 
mum shear stress at the point. (AMIE, Summer 1982) 

Sol. Given : 

Major principal stress, o, = 100 N/mm? 

Minor principal stress, o, =-—60 N/mm? (Negative sign due to compressive stress) 

Angle of the inclined plane with the axis of major principal stress =50° 

.. Angle of the inclined plane with the axis of minor principal stress, 

6 = 90 —- 50 = 40°. 

Normal stress (6,) 

Using equation (3.6), 

Go, = gerne + C= Oe cos 26 
_ 100+(-60) _ 100 - (- 60) 
2 2 
100-60 100+60 
= age + repre Cc 
= 20 + 80 x cos 80° = 20 + 80 x .1736 
= 20 + 13.89 = 33.89 N/mm?, Ans. 
Shear stress (0,} 


cos (2 x 40°) 


‘os 80° 


0, -0% .. 
4 = sin 26 





Using equation (8.7), o,= 


_ 100 -(- 60) 


3 Sin @ x 40") 
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~ 100+ 60... 80° = 80 x 0.9848 = 78.785 N/mm. Ans. 


: Resultant stress (op) 
Using equation on (3.8), 


Og = Yo? +0? = 33.89" + 78.785" 
= 114853 + 6207.07 = 85.765 Nimm?. Ans. 


Maximum. shear stress 





Using equation (3.9), 
0,-G_g 100-(-60) 
(0))yaa = EG 2 = OED 
= ae = 80 N/mm?. Ans. - 


Problem 3.9. At a point in a strained material, the principal stresses are 100 N/mm? 
tensile and 40 N/mm* compressive. Determine the resultant stress in magnitude and direction 
on a plane inclined at 60° to the axis of the major principal stress. What is the maximum 
intensity of shear stress in the material at the point ? (AMIE, Winter 1982) 


Sol. Given : 
The major principal stress, o, = 100 N/mm? 
The minor principal stress, 0, =— 40 N/mm? (Minus sign due to compressive stress) 
Inclination of the plane with the axis of major principal stress = 60° 
-. Inclination of the plane with the axis of minor principal stress, 
9 = 90 - 60 = 30°. 
Resultant stress in magnitude 
The resultant stress (o,) is given by equation (3.8) as 


So fees 28 
Gp = YOR +0; 


where o,, = Normal stress and is given by equation (3.6) as 
_ Oy +0g | 94-92 
oar ete + “3 cos 20 
_ 100 +(~ 40) o 100 - (- 40)" 
z 2 
_ 100-40 . 100 + 40 
“2 2 
= 30+ 70x 0.5 (cos 60° = 0.5) 
= 65 NAnm? 

and o, = Shear stress and is given by equation (3.7) as 

_ 100 -(- 40) 

= 2 


cos (2 x 30°) 


cos 60° 


G1 - 92 


ear hare sin 26 sin (2 x 30°) 











BE 
Hi 
i 
; 
by 
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— 100+ 40 5. 60° = 70 x .866 = 60.62 N/mm? 


= Jes? + 60.622 = 88.9 N/imm2. Ans. 


Direction of resultant stress 
Let the resultant stress is inclined at an angle ¢ to the normal of the eblidue plane. Then 
using equation [3.8 (A)]. 


\ 





62 
faagoee ¢ S082 
i 65 
60.62 
= panel = 43°, , 
$ = tan 65 43°. Ans 
Maximum shear stress 
Using equation (3.9), (6,),,4. = oe oo 
100 -(- ei 40 
~ 100=(-40) 100440 _ 9 riag?, Ans 


Problem 3.10. A smali block is 4. cm long, 3 em high and 0.5 cm thick. It is subjected to 
uniformly distributed tensile forces of resultants 1200 N and 500 N as shown in Fig. os 7 (a) 
below. Compute the normal and shear stresses developed along the diagonal AB. 

(AMIE, Summer 1987) 





Fig. 3.1(a) 


Sol. Given : 

Length = 4 cm, height = 3 cm and width = 0.5 cm 

Force along x-axis = 1200 N 

Force along y-axis = 500 N 

Area of cross-section normal to x-axis = 3 x 0.5 = 1.5 em? 
Area of cross-section normal to y-axis = 4 x 0.5 = 2 cm? 
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Force along x-axis 


~ Area normal to x-axis 
2 = 800 N/ 
=e ‘em? 


3G, = 800 N/cm? 


-. Stress along x-axis 


Force along y-axis 


Sires alana yes ody Area normal to y-axis 


500 
=——~ = 250 N/em? 
2 
4 
Also tan 6= a 1.33 
ae @ = tan7! 1.33 = 53.06° 
Let o, = Normal stress on diagonal AB 


o, = Shear stress on diagonal AB 


Using equation (3.6), 6, = ara ¢ S122 cog 20 
800 + 250 -2 
+ ae cos (2 x 53.06) 


= 525 + 275 x cos 106.12° = 525 + 275 x (- 0.2776) 
= §25 ~ 76.35 = 448.65 N/em?, Ans. 


Now using equation (3.7), 6, = a sin 28 


_ 800 - 250 
- 2 
= 275 sin 106.12° = 275 x 0.96 = 264.18 N/em?. Ans. 


3.4.3, AMember Subjected to a Simple Shear Stress. 


sin (2 x 538.06°) 


Fig. 3.8 shows a rectangular bar ABCD of uniform cross-sectional D — c 
area A and of unit thickness. The bar is subjected to a simple dj 
shear stress (q) across the faces BC and AD. Let FC be the oblique 
section on which normal and tangential stresses are to be { |: 
calculated. | 

Let @= Angle made by oblique section FC with normal A =e B 

cross-section BC, . : 
Fig. 3.8 


t= Shear stress across faces BC and AD. 

It has already been proved (Refer Art. 2.9) that a shear stress is always accompanied by 

an equal shear stress at right angles to it. Hence the faces AB and CD will also be subjected to 

a shear stress g as shown in Fig. 3.8. Now these stresses will be converted into equivalent 

forces. Then these forces will be resolved along the inclined surface and normal to inclined. 
surface. Consider the forces acting on the wedge FBC of Fig. 3.9. 
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Let Q, = Shear force on face BC 
= Shear stress x Area of face BC 
=txBCx1 
(.- Area of face BC = BC x 1) 
=o Xx BC 
Q, = Shear force on face FB 
=tx Area of FB 
=txFBx1=t.FB 
P= Total normal force on section FC 
P, = Total tangential force on section FC. 
The force Q, is acting along face CB as shown in Fig. 3.9. This force is resolved into two 
componentsi.e., Q, cos@ and Q, sin 6 along the plane CF and normal to the piane CF respectively. 
The force Q, is acting along the face FB. This force is also resolved into two component 
i.2., Qy sin 6 and Q, cos 6 along the plane FC and normal to the plane FC respectively. 
Total normal force on section FC, 
P= @Q, sin 6 + Q, cos 6 
=tx BC x sin€++7x FB x cos 0. (- @,=txBC and Q, =+ x FB) 
And total tangential force on section FC. 
P,=@,sin6—-@,cos 8. — (-ve sign is taken due to opposite direction) 
=tx FB x sin6@-—1tx BC x cos 6 (+ Q, =. FB and Q, =+. BC) 
Let o,, = Normal stress on section FC 
o, = Tangential stress on section FC 
apni Total normal force on section FC 
7 Area of section FC 
P 
FCx1 
t.BC .sin64t.FB.cos@ 
rf FC x1 





Then 





(. Area = FC x 1) 


ee: aay ee een 


FC FC 
=t.cos@.sinO++1.sin@.cos@ 


; BC FB, 

( . In triangle FBC, Fo cos 8, Fc7 sin. 0] 
=2tcos @. sin 6 
=t sin 26 (- 2.sin 6 cos 8=sin 20) ...(3.10) 

= Total tangential force on section FC 
f Area of section FC 

- 
~ FCx1 
u tx FB x sin @- tx BC x cos 
- FC xi 


and 





Nes BC | 
SEX ssing TX Fe % 008 8 


=TX sin @ x sin @—7 x cos 8 x cos @ 
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A 
= sin? @— t cos? @ = — t[cos? 9 ~ sin? 6] 
=—+ cos 20 (cos? 6 — sin? 6 = cos 20) ...(3.11) 
-ve sign shows that o, will be acting downwards on the plane CF. 
3.4.4. A Member Subjected to Direct Stresses in two Mutually Perpendicular 
Directions Accompanied by a Simple Shear Stress. Fig. 3.10 (¢) shows a rectangular bar 
ABCD of uniform cross-sectional area A and of unit thickness. This bar is subjected to : 





Gp P,=0,x FB x 1 


(a) (d) 


Fig. 3.10 


(i) tensile stress o, on the face BC and AD 
(ii) tensile stress o, on the face AB and CD 
(iii) a simple shear stress t on face BC and AD. 

But with reference to Art. 2.9, a simple shear stress is always accompanied by an equal 
shear stress at right angles to it. Hence the faces AB and CD will also be subjected to a shear 
stress t as shown in Fig. 3.10 (a). 

We want to calculate normal and tangential stresses on oblique section FC, which jis 
inclined at an angle 6 with the normal cross-section BC. The given stresses are converted into 
equivalent forces. 

The forces acting on the wedge FBC are : 

P, = Tensile force on face BC due to tensile stress 0, 
=o, x Area of BC ‘ 
=o,x BCx1 C. Area = BC x 1) 
=o, x BC 

P, = Tensile force on face FB due to tensile stress o, 
=o, x Area of FB = 0, x FB x1 
=6, x FB 

@, = Shear force on face BC due to shear stress t 
=tx Area of BC 
=txBCx1l=tx BC 

Q, = Shear force on face FB due to shear stress t 
=t x Area of FB 
=txFBxl=tx FB. 

Resolving the above four forces (i.e., P,, Pp, Q, and Q,) normal! to the oblique section FC, 
we get 


rE 
i 
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Total normal force, 
P, =P, cos 6 +P, sin 6+ Q, sin 6 + Q, cos 8 
Substituting the values of P,, Po, Q, and Q,, we get 
P,=6,.BC .cos 0+0,.FB.sin0+1.BC.sin6++. FB. cos @ 


Similarly, the otal tangential force (P,) is obtained by resolving P,, Py, Q, and @s along 
the oblique section FC. 


Total tangential force, 
P,= P, sin 0- P, cos @- Q, cos 6 + Q, sin 9 
=o0,.BC.sin@-o,.FB.cos0—t.BC.cos0+1.FB.sin0 
(substitute the values of P,, P,, @, and Q,) 
Now, Let c,, = Normal stress across the section FC, and 
o, = Tangential stress across the section FC. 
Then normal stress across the section FC, 


_ Total normal force across section FC oe, 


nr 








Area of section FC ~ FCx1 
_ 0;.BC.cos@+0,.FB.sin@+1.BC.siné++t.FB.cos6 
FC x1 


pe -sin@ +t. aE . cos 8 
FC FC 
=0,.cos§.cos6+ 0, s8in@.sin@+t.cos@.sin0+tsin@.cos@ 


=o ABO cos Gite eas 
1" FC 2" FC 


{« In triangle FBC, = = cos 6 and ie =sin 0| 


FC 


= 6, cos? 8 + G, sin? 6 + 2t cos @ sin 6 








1+ cos 28 1- cos 26 : 
SON a +02 Pee ++ sin 26 
(: cos? @ = eee sin? 6 = eae and 2 cos @ sin 6 =sin 20) 
a _ ; 
= a + a cos 20 + t sin 20 (3.12) 
and tangential stress (i.e., shear stress) across the section FC, 
_ Total tangential force across section FC iP 
a Area of section FC FC x1 
_ oy. BC.sin 0 - o2.FB.cos0~1.BC.cos6+1.FB.sin@ 
* FC x1 
= ae -sin@-6 Ee cos 8-+ Be cos 6+ as sin 6 
FC a eS “FCC "FCC 


Secs ee a a 


e In triangle FBC, Xe = cos # and os =sin 0] 


= (0, — 0). cos 6 sin 6 - t cos? 6 + t sin? 4 





o,-90 
-( = il coe Gels oe iaatonuttes 
/ 
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= RL 


= 11792 | sin 26-1 cos 20 (2 cos? 8 — sin? @ = cos 20) ...(3.13) 
Position of principal planes. The planes on which shear stress (i.¢., tangential stress) 
ig zero, are known as principal planes. And the stresses acting on principal planes are known 
principal stresses. 
The position of principal planes are obtained by equating the tangential stress [given by 
equation (3.13)] to zero. 











For principal planes, o,=0 
or Sr sin 26 — + cos 20 =0 
or ot 5 = sin 26 = 1 cos 20 

sin 20 _ t Zn 2% 
or cos 20 (0,-52) (a, -G_) 
2 
sae (3.14) 
or tan 28 = Gicap . . 
But the tangent of any angle in a right angled triangle in 


Height of right angled triangle 
Base of right angled triangle 
Height ofright angled triangle = 2t 21 
Base of right angled triangle ~ (a, - 02) 
Height of right angled triangle = 21 
Base of right angled triangle = (a, - ,). 
Now diagonal of the right angled triangle L (c,-c,) M 


= Jo, - 0g)? +t)? = Yo, ~ 0)? + 40? ae 
(o, = 04)" * 4x? and - \{o, -o,)? +4r7 


Ist Case. Diagonal = (0, - 02)" + 40” 


Height 2t 
Diagonal (6, —84 )? +47? 





Then sin 20 = 


Base _ (01 - 9) 


and cos 26 = Disgonal = eon eae Sore re. ; 


The value of major principal stress is obtained by substituting the values of sin 20 and 
cos 28 in equation (3.12). 
Major principal stress 


0, -¢. : 
= TAF 02 , S172 cos 20 +1 sin 26 





2 i 
BOER Oi OF et - RON tds 7 ; 
"2 a (0, - Og)" + 407 (G1 - Gg)" +4 
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Oy +d, ee (a, ~ Gy)” A 2x7 
2 2 (0, - 9)? +40? (0, - Oy)? +40? 


= Oto , (oy ~ 0)? +40? 
2 ave, - 09)? +42? 


O,+02 1 2 2 
= + — lo - 02)" + 4t 
2 2 a ae 


2 
se, 52) “a (8.15) 


2nd Case. Diagonal = — Mo, — 09)? +40? 
; 2t 
Then si 20 = 
— (a, - a9)? + 42" 


(0, - Og) 


and cos 20 = ss 
~ ¥(o, - 0)? +41? 


Substituting these values in equation (3.12), we get minor principal stress. 





Fig. 3.11 (a) 


Maximum shear stress. The shear stress is given by equation (3.13). The shear stress 
will be maximum or minimum when 


d 
<5 (0) =0 


Minor principal stress d E - 02 
or — 21-2 sin 29 ~+e08 20] =0 
= C2202 | 91792 645 06 + + sin 26 ee 
on G1 ©2 (egg 20) x 2-1 (- sin 26) x 2 =0 
Ot Cs . 07> 99, G1 — Dg 2 ; ( ) 20 + 2¢ sin 20 =0 
op t,t =e — ne py GO, — 5,) . cos 26 + 2t sin 20 = 
2 2 | 2 2 f : Bee Nat: 
~ Fo, ~ Og) +4t - (a) 04)" +41? or 2t sin 28 = — (o,— Gg) cos 20 
; = (oc, —G,) cos 26 
ORO gp Ap Gg oe Be = OR 6 co 
2 : : = = sin 20 _ oy ~ Oy 
2 (Gy - Og)" +44 (a; —Gg)" + 4t oF. cos 26 2t 
_ +52, (H- Gg)? +41” or tan 26 = a -.(3.17) 
2 2y(o1 - Gg)? + 4x? : Equation (3.17). gives condition for maximum or minimum shear 
stress. 
O,+02 1 3 2 
= SLES2 = Ko, -0)2 +40 O27 91 
If tan 26 = ——+ 
2 2 7 on Nae 
Go-o 7 
= OL +92 © [@ = 22)! +t? (3.16) Then sin 20 = + : : & 


(Gg — 0)" +44? 
at 


and cos 26 = + Se 
{ce — G4)" +40 


2 2 


Equation (3.15) gives the maximum principal stress whereas equation (3.16) gives mini- 
mum principal stress. These two principal planes are at right angles. 


The position of principal planes is obtained by finding two values of 6 from equation (3.14). 
Fig. 3.11 (a)showsthe principal planesin which 6, and@, arethe values from equation (3.14). 
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’ Substituting the values of sin 26 and cos 20 in equation (3.18), the maximum and mini- 
mum. shear stresses are obtained. 
Maximum shear stress is given by 





(C)reax = a2 z= sin 26 — + cos 26 





2 
me EO? yu) ae = 2 
2 lode ag F a4 hor - 0)? +40? 


(o1 - Gy)” Qn? 


 —— 
2a - oy 4. 44? Woe - 0) +407 


2 
Moyo Peo Ei oat 
Q(Gg - 01)? + 4x” 2 


Vlog - 0) y +4” 


(oy - 6)? +40? 


i 
it 


I 
I+ 


(OD max = 


(8.18) 


ul 


hie pote 


The planes on which maximum shear stress is acting, are obtained after finding the two 
values of 6 from equation (3.17). These two values of 6 will differ by 90°. ee 

The second method of finding the planes of maximum shear stress is to find eee at 
pal planes and principal stresses. Let 9, is the angle of principal plane with plane BC 2 ig. . = 
(a). Then the planes of maximum shear will be at 0, + 45° and 6, + 135 with the plane 
shown in Fig. 3.12 (a). 











Fig. 3.12 (a) 


Note. The above relations hold good when one or both the stresses are compressive 
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Problem 3.11. At a point within a body subjected to two mutually perpendicular direc- 
tions, the stresses are 80 Nimm? tensile and 40 Nimm? tensile. Each of the above stresses is 
accompanied by a shear stress of 60 Nimm2. Determine the normal stress, shear stress and 
resultant stress on an oblique plane inclined at an angle of 45° with the axis of minor tensile 
stress. 

Sol. Given : 

Major tensile stress, 0, = 80 N/mm? 

Minor tensile stress, 0, = 40 N/mm? 

Shear stress, + = 60 N/mm? 

Angle of oblique plane, with the axis of minor tensile stress, 

6 = 45°. 
() Normal stress (0,,) 
Using equation (8.12), 


GO, +0n 0,-G . 
haa cos 20 ++ sin 26 





S 
ait 2 
Pe i 
= ae 2 cos (2 x 45°) + 60 sin (2 x 45°) 


= 60 + 20 cos 90° + 60 sin 90° 
=60+20x0+60x1 
= 60+ 0+ 60= 120 N/mm, Ans. 


(." cos 90° = 0) 


40 Némm? 





Axis of minor 
tensile stress 







80 Nam? 80 Nimm? 











40 Nimm? 
Fig. 3.13 
(i) Shear (or tangential) stress ( o,) 
Using equation (3.13), 
6, = a2 sin 26 — t cos 20 
ane ; 20 sin (2 x 45°) - 60 x cos (2 x 45°) 


= 20 x sin 90° — 60 cos 90° 
=20x1-60x0 
= 20 N/mm?. Ans. 


(iii) Resultant stress ( Gp) 


Using equation, Op = 40,7 +6/2 
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= 120? +20? = [14400 + 400 


= 414800 = 121.655 N/mm?2. Ans. 

Problem 3.12. A rectangular block of material is subjected to a tensile stress of 110 
Nimm? on one plane and a tensile stress of 47 Nimm? on the plane at right angles to the former. 
Each of the above stresses is accompanied by a shear stress of 63 Nimm? and that associated 
with the former tensile stress tends to rotate the block anticlockwise. Find : 


() the direction and magnitude of each of the principal stress and 

(ii) magnitude of the greatest shear stress. (AMIE, Summer 1983) 
Sol. Given : 

Major tensile stress, 6, = 110 N/mm” 

Minor tensile stress, 0, = 47 N/mm? 

Shear stress, t= 63 N/mm? 

(i) Major principal stress is given by equation (3.15). 


2 
0,+0 o,-G. 2 
-. Major principal stress = ——* 2 2 [Sat 3 2) 2. 


47 Némm? 









110 N/mm* 


47 Nita? 


Fig. 3.14 


2 
( 7 1) +632 


110 +47 m 
> 2 


2 


2 
_ 7, (2) (63)? 
2 2 


= 78.5 + 431.5" +63? = 785 + (992.25 + 3969 
= 78.5 + 70.436 = 148.986 N/mm. Ans. 
Minor principal stress is given by equation (3.16). 


Bo 
: erhes 01 + 02 GO, - Oz 2 
-. Minor principal stress, a _ SS +t 
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_110+47 {110-47 
7 2 ; 2 
= 8.064 N/mm?, Ans. 


The directions of principal stresses are given by equation (3.14). 
“. Using equation (3.14), 


2 
} +63" = 78.5 ~ 70.436 





2x 2x 63 
tan 26% ee Oe 
ca NS Tar 

2x 63 
- = 2.0 
63 


26 = tan“! 2.0 = 63° 26’ or 243° 26' 
fs 0 = 31° 43' or 121° 48°. Ans. 
Gi) Magnitude of the greatest shear stress 
Greatest shear stress is given by equation (3.18). 


Using equation (3.18), 
yo; - oy)? + 47? 
(100 - 47)? 4 4 x 632 
632 +463? — 5 x 63x V5 


= 70.436 N/mm”. Ans. 


Problem 3.13. Direct stresses of 120 Nimm? tensile and 90 Nimm? compression exist on 
two perpendicular planes at a certain point in a body. They are also accompanied by shear 
stress on the planes. The greatest principal stress at the point due to these is 150 Nimm?. 


(a) What must be the magnitude of the shearing stresses on the two planes ? 
() What will be the maximum shearing stress at the point ? 

Sol. Given : 

Major tensile stress, 
Minor compressive stress, 
Greatest principal stress = 150 N/mm? 

(a) Let t = Shear stress on the two planes. 
Using equation (3.15) for greatest principal stress, we get 


‘ ; 
Greatest principal stress = a2 + (52) +t" 
| 2 
oe 150 = 120 , 7 +) ene 


120 - 90 (eeey 
=o Pall | ee 


bo | 


(Op) nax = 


N 


Nie mle 





o, = 120 N/mm? 


Oy = — 90 N/mm? (Minus sign due to compression) 





2 
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. Major tensile stress, o, = 20 N/mm? 

Minor tensile stress, ©, = 10 N/mm? 

Shear stress, t= 10 N/mm? 

Location of principal planes 


The location of principal planes is given by equation (3.14). 
Using equation (3.14), 


=15 + 105? +2? 
ay 150-15 = fio5? +7? 
or 185 = L057 + < 


ane both sides, we get 
1352 = 1052 + +? 
or : v2 = 135? — 105? = 18225 — 11025 = 7200 - 
. = 47200 = 84.853 N/mm?. Ans. 
() Maximum shear iniveas at the point 
Using equation (3.18) for maximum shear stress, 


2c 2X 2x10 2x10 
6, -, 20-10 oe 
eR 20 = tan“! 2.0 = 63° 26' or 243° 26° 
or 8 = 31° 43’ or 121° 43’. Ans. 
Magnitude of principal stresses 
\ The major principal stress is le by equation (3,15) 
Major principal stress 


tan 26 = 


lt 
(ODmax * 5 > (oy = 62)” = 4x” 


= = — {120 - (-90)]? +4 x 7200 Cs += 7200) 
2 = — 210? + 28800 = = 5 V4a500 + 28800 = — 5% 270 


epee eee As he two planes, at 
rtain point i , ial, the stresses on tw 2 OE 
lem 3.14. At a certain point in a strained material, , , 
right phi . each other are 20 Nimm? and 10 Nimm? both tensile. They are Bee by 
ahae stress of a magnitude of 10 Nimm?. Find graphically or otherwise, fae ae of, ihe fea) 
planes and evaluate the principal stresses. ( , Summ 


Sol, Given : 


= 





. ; 
_ +O 01 - Gy 2 _ 20+10 20-10 2 
= Q + ( 3 ] +t = 2 + 3 +10 
= 15+ 5? +100 =15 + [25 +100 =15+ /195 = 154+11.18 
= 26.18 Nimm?. Ans, 


The minor principal stress is given by equation (3. is). 
Minor principal stress 


2 
_ +0, fo, -o pea 
2 2 


MGs) 


ei 





40 Nimm? 





_ 20410 {f20-10\? 
t=10Nimm" a ZS 


0? 
5 9 } +1 
= 15- 11.18 = 3.82 N/mm?2. Ans, 


Problem 3.15. A point in a strained material is subjected to the stresses as shown in 


“Fig. 3.15. 


Locate the principal planes, and evaluate the principal stresses. 


40 Niam? 


60 Nimm? 





10 Nim? 
Fig. 3.14 (a) 





Fig. 3.15 
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Sol, Given : 

The stress on the face BC 0 
BC or AD. This stress can be reso 
and along the face BC (or AD). 


Stress normal to the face BC or AD 
= 60 x sin 60° = 60 x 0.866 = 51.96 Ninm? ¢ 


ed at an angle of 60° with face 


1 AD is not normal. It is inclin 
face BC (or AD) 


Ived into two components Z.e., normal to the 


Stress along the face BC or AD 
. = 60 x cos 60° = 60 x 0.5 = 30 Némm? 


AD is known as shear stress. Hence t = 30 N/mm2, Due 
face AB and CD will also be subjected to shear stress 
the material are shown in Fig. 3.16. 


The stress along the face BC or 
to complementary shear stress the 
of 30 N/mm?. Now the stresses acting on 


40 Nim 
30 Nim” 
E £ 
2 zZ 
8 & 
ib in 

2 
30 Nimm 
40 Nerarn’ 
Fig. 3.16 


Major tensile stress, 0, = 51.96 N/mm? 
Minor tensile stress, 0, = 40 Nim? 
Shear stress, +t = 30 N/mm? 
Location of principal planes 
Let 6 = Angle, which one of the principal planes make with the 
The location of the principal planes is given by the equation (3.14). 
Using equation (3.14), we get 
24 2x30 
tan 20= Fo, 61.9640 
29 = tan“! 4.999 = 78° 42’ or 258° 42’ 
9 = 39° 21' or 129° 21’. Ans. 


stress of 40 N/mm’. 


= 4.999 


or 


Principal stress 
The major principal stress is given by equation (3.15). 


Major principal stress 


2 

0, +9, 0, -9 

_ Sut oa G 1792) , 2 
2 2 


An \2 
2 a 40 és es #) +302 
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= 45.98 + 30.6 
= 76.58 Nimm?, Ans. 
The minor principal stress is given by equation (3.16). 
Minor principal stress 


2 
aE Sa (5) qi? 


2 2 
_ 5196440 /(51.96-40) 5 
tte S) 
= 45.98 - 30.6 


= 15.88 N/mm”. Ans. 
Problem 3.16. The normal stress in two mutuall: i 
0 ly perpendicular directions are 600 Nimm? 
ies a ete ae peciie sae pela sreed shear stresses in these directions are of one 
2 e normal an tangential stresses on the two pi i incli: 
to the planes carrying the normal stresses mentioned above. Ope ae  eaee 


Sol. Given : 

Major tensile stress, 6, = 600 N/mm? 
Minor tensile stress, 0, = 300 N/mm? 
Shear stress, t= 450 N/mm? 


The normal and tangential stresses are t 

1 ni 0 be calculated on the two pl i 

equally inclined to th j i in fle stress. 1 ee 

a aes 0 the planes of major tensile stress and of minor tensile stress. This means 
x Angle 6 = 45° and 135°. 

(t) Normal stress (c,,) is given by equation (3.12). 
O01, -O2 0, - Og 
2° 2 
(a) When 6 = 45°, the normal stresses (o,,) becomes as 


600 +300 . 600-300 
Go, aj op 
2 2 
= 450 + 150 cos 90° + 450 sin 90° 
= 450+ 150x0+450x 1 (.- cos 90° = 0 and sin 90° = 1) 
= 900 N/mm”. Ans. 
(6) When 6 = 135°, the normal stress (c,,) becomes as 


600 + 300 ‘ 600 - 300 
nh 2 2 
= 450 + 150 cos (270°) + 450 sin 270° 
= 450+ 150x0+450x(-1)( cos 270° = 0 and sin 270° =— 1) 
= 450—450=0. Ans. 
(zi) Tangential stress (o,) is given by equation (3.13) 


9, = cos 26 + + sin 20 


cos (2 x 45°) + 450 sin (2 x 45°) 


cos (2 x 185) + 450 sin (2 x 135°) 


01 ~ 92 





a, = sin 26 —+ cos 28 


t 
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(a) When 6 = 45°, the tangential stress (c,) becomes as 


600 - 
o,= ae sin 90° — 450 cos 90° 


t 


= 150 x 1-450 x 0= 150 N/mm”, Ans. 
(6) When 8 = 135°, the tangential stress (o,) becomes as 


= sndeent sin 270° — 450 cos 270° 
= 150 x (- 1)- 450 x 0 =- 150 N/mm2, Ans. 

Problem 3.17. The intensity of resultant stress on a 
plane AB [Fig. 3.16 (a)] at a point in a material under stress ts 
800 Nicm? and it is inclined at 30° to the normal to that plane. 
The normal component of stress on another plane BC at right 
angles to plane AB is 600 Nicm?. 

Determine the following : 

(i) the resultant stress on the plane BC, 

(ii) the principal stresses and their directions, 





(iii) the maximum shear stresses and their planes. , 
(AMIE, Summer 1989) nee) 
Sol. Given : 
Resultant stress on plane AB = 800 N/em? 
Angle of inclination of the above stress = 30° 
Normal stress on plane BC = 600 N/cm? 


The resultant stress 800 N/cm? on plane AB is resolved into normal stress and tangential 
stress. 


oz = 600 Nicm’ 
t= 400 Nie? 











+= 400 Nicm™ 
5, = 692.82 Nicem™ 


6, = 692.82 Niem* 


+= 400 Nicm* 





1 = 400 Niom* 


= 600 Niom 
Fig. 3.16 () 


The normal stress on. plane AB 

= 800 x cos 30° = 692.82 N/cm?. 
The tangential stress on plane AB 

= 800 x sin 30° = 400 N/em?. 
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PS 


The shear stress on plane AB is, i.e., = 400 N/em?, then to maintain the equilibrium 
on the wedge ABC, another shear stress of die same magnitude, i.e., gg = 400 N/cm? must act 
on the plane BC. The free body diagram of the element ABCD is shown | in Fig. 3.16 (a), showing 
normal and shear stresses acting on different faces. 


(i) Resultant stress on plane BC 
On plane BC, from Fig. 3.16 (@), 
0, = 600 N/em? 
Shear stress, + = 400 N/em? 
Resultant stress on plane BC 


tree as = (oo? +0 
= (600? + 400? = 721 N/em*. Ans. 


The resultant will be inclined at an angle 6 with the horizontal given by, 


400 ~ 
@= tan! 1.5 = 56.3°. Ans. 


(ii) Principal stresses and their directions 
The major principal stress is given by equation (3.15). 
Major principal stress 


2 

O,+90 o,-o 

2 Spray 1~02! 12 
2 2. 





_ 692.82 + 600 | (28 - 600 y Je 
2 2 
= 646.41 — 402.68 
= 1049.09 N/em? (Tensile). Ans. 
The minor principal stress is given by equation (3.16) 
Minor principal stress 


ig Orta, =a - (e oe 
_ 692.82 + 600 oe a ee oo0 + 400? 


= uaan ~ 402.68 
= 243.73 N/em? (Tensile). Ans. 
The directions of principal stresses are given by equation (3.14), as 
2t 2 x 400 800 
tan 20= (FG) (692.82 600) 92.82 — 8.618 
26 = tan“ 8.618 = 83.38° or 263.38° 
6 = 41.69° or 131.99°. Ans. 
(iii) The maximum shear stress and their planes. 


The maximum shear stress is given by equation (3.18). 
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2 
(max = ; lo, 0)? +40? = [egey = 


2 : 
_ [ea + 4002 


= 402.68 N/em?. Ans. 

Problem 3.18. At a certain point in a material under stress the intensity of the resultant 
stress on a vertical plane is 1000 Nicm? inclined at 30° to the normal to that plane and the 
stress on a horizontal plane has a normal tensile component of intensity 600 N/cm? as shown in 
Fig. 3.16 (c). Find the magnitude and direction of the resultant stress on the horizontal plane 
and the principal stresses. (AMIE, Winter 1990) 





600 N/cm* 






1000 N/om” 





A 
Fig. 3.16 (c) i 
Sol. Given : : 
Resultant stress on vertical plane AB = 1000 Nem? 
Inclination of the above stress = 30° 
Normal stress on horizontal plane BC = 600 N/cm? 
The resultant stress on plane AB is resolved into normal and tangential component. 
The normal component 
= 1000 x cos 30° = 866 N/cm? 
Tangential component 
= 1000 x sin 30° = 500 N/em?. : 
Hence a shear stress of magnitude 500 N/em? is acting on plane AB. To maintain the 
wedge in equilibrium, another shear stress of the same magnitude but opposite in direction 


must act on the plane BC. The free-body diagram of the element ABCD is shown in Fig. 3.16 (d), 
showing normal and shear stresses acting on different faces in which : 


GO, = 866 N/cm?, 
6, = 600 N/em? 
and + = 500 N/em? 
(i) Magnitude and direction of resultant stress on horizontal plane BC. 
Normal stress on plane BC, G, = 600 N/em? : 





pan ieee 
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Tangential stress on plane BC, v = 500 N/em? 


6, = 600 Nfom 










+= 500 Nic” 


©, = 866 N/cm* 


3, = 866 Nrom 


D 
+= 500 Nom 
52 = 600 Niom? 


Fig. 3.16 (d) 


Resultant stress = of ae 


= Jeo02 +5002 = 781.02 N/em?. Ans. 


6 = tan7 1.2 = 50.19°. Ans. 


(ii) Principal stresses 
The major and minor principal stresses are given by equations (3.15) and (3.16). 


2 
0, +0 o,-9 2 
a 1 + Og 1792 
Principal stresses = oe aoe +7 





2 
_ 866+ 600 i (5 oon 4.5002 


2 
= 738 + 517.38 . 
= (788 + 517.38) and (733 — 517.38) 
= 1250.38 and 215.62 N/cm?. 


Major principal stress = 1250.88 N/em?. Ans. 
Minor principal stress = 215.62 N/em?. Ans. 

Problem 3.19. At a point in a strained material, on plane BC there are normal and 
shear stresses of 560 N/mm? and 140 N/mm? respectively. On plane AC, perpendicular to plane 
BC, there are normal and shear stresses of 280 Nimm? and 140 Nimm? respectively as shown in 
Fig. 3.16 (e). Determine the following : 

(i) principal stresses and location of the planes on which they act, 
Gi) maximum shear stress and the plane on which tt acts. (AMIE, Summer 1990) 
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280 Nimm* 










2 
(G2 max = (5%) +t 


2 
(- a $80) or 


= 420? +140? = 442.7 N/imm2, Ans. 


The plane on which maximum shear stress acts is given by equation (3.17) as 


140 Nimm” 


146 Nénm* 





04-95 
560 Nimm sats 1= : 
Fig. 3.16 (e) aaa 
Sol. Given : - so 20 : 20 oe 
=~ 2 a ‘ ; a 
On plane AC, °: : ak ors (- ve sign due to compressive stress) ee ae: 
. ; 6 = 35.78° or 125.78°. Ans. 
On plane BC, o, = 560 N/énm? nf : ircle of diameter 50 mm is drawn. before the 
3.20. On a mild steel plate, a circle of dia " 
ses id plate . aes as shown in Fig. 3.17, Find the lengths of the major and minor axes of an 


@) Principal stresses and location of the planes on which, they act. 
Principal stress are given by equations (3.15) and (3.16) 


ellipse formed as a result of the deformation of the circle marked. 


20 Nimm* 


2 
40 Nimm 





inci 71+ Oo; -o3 
Principal stresses = ; 24 [S522 +0" 





280 + 560 | [2-500 
p= ee 2 


2 
3 ) +140? 


= 140 + 442.7 
= 582.7 and (140 ~ 442.7) N/mm? 
= 582.7 and — 302.7 N/mm2 
Major principal stress = 582.7 N/mm? (Tensile). Ans. 





Minor principal stress = _ 302.7 N/émm2. Ans. 
The planes on which principal stresses act, are given by equation (3.14) as 
Qu 2x140 280 | 


tan29=—2t___2x140 ey 
cee Gi = og 2280 —B60 ~ gap 77 038 | 


= 20 = tan™! — 0.33 = -18.262 
— ve sign shows that 20 is lying in 2nd and 4th quadrant t, 
., 20 = (180 - 18.26°) or (360 — 18.26°) | 
= 161:34° or 341,34° 
8 = 80.67° and 170.67°. Ans. ‘ 
(it) Maximum shear stress and the plane on which it acts. | 
Maximum shear stress is given by equation (3.18). 





Take E = 2 x 10° Nimm? and 


Sol. Given : ‘ 
Major tensile stress, o, = 80 N/mm 


NX 
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Minor tensile stress, o, = 20 N/mm? 

Shear stress, t = 40 N/mm? 

Value of =2 x 10° N/mm? 

Major principal stress is given by equation (3.15), 
Major principal stress 


2 
oO, +o O1- 
: 7 2+ (zee) +72 | 
_ 80+20 jfgo-20)" _, 
at ( 2 } + 40 


= 50 + 30? + 40? = 50 + 50 = 100 N/mm? (tensile) 
Minor principal stress 


2 
= ae a [ 522) +o 
80 + 20 80-20)? 
So Oe: (2) + 408 


= 50-50=0. 
From Fig. 3.17, it is clear that dia ) wi 
» it gonal BD will be elongated and di 1 i 
shortened. Hence the circle will become an ellipse whose major axis Sil pe ans ao ed 


minor axis along AC as shown in Fig. 3.17.Th. j inci 
sncealerde ie g -+e major principal stress acts along BD and minor 


Strain along BD 











é Major principal stress Minor principal stress 
SL SeOF principal Stress 





E mE 
__100 0 i 4 
2x10" 2x10 x4 (. 2-3) 
4d 
~ 2000 


Increase in diameter along BD 
= Strain along BD x Dia. of hole 


1 
Span * 50 = 0.025 mm 


~ 2000 
Strain along AC 
_ Minor principal stress Major principal stress 
3 = SIO principai stress 
E mE 
0 100 





210° 4x2x108 


jg ppt iene 
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= 1 
~~ 8000 
Decrease in length of diameter along AC 

= Strain along AC x Dia. of hole 


(— ve sign shows that there is a decrease in length) 


x 50 = 0.00625 mm 





1 
* "8000 
The circle will become an ellipse whose major axis will be 50 + 0.025 = 50.025 mm 
and minor axis will be 
50 — 0.00625 = 49.99375 mm. 


3.5. GRAPHICAL METHOD FOR DETERMINING STRESSES ON OBLIQUE SECTION 


Two cases are considered : 

(i) A body is subjected to direct stresses in two mutually perpendicular directions whe 
the stresses are unequal and alike. ; 

(iz) A body is subjected to direct stresses in two mutually perpendicular directions when 
the stresses are equal and alike. 

3.5.1. A body is Subjected to Direct Stresses in two Mutually Perpendicular 
Directions when the Stresses are Unequal and alike. Fig. 3.18 shows a rectangular bar 
of uniform cross-sectional area A. The bar is subjected to two tensile stresses. It is required to 
find the normal and tangential stresses graphically on the oblique plane FC. 


Sa 





Oblique 
section 





oy 


93 


Fig. 3.18 
Let o, = Major principal tensile stress, 
G, = Minor principal tensile stress, and 
@ = Angie made by the oblique section with the axis of minor principal stress. 
Procedure. 
. 1. Draw two mutually perpendicular lines meeting at O. 
2. Take OA = Stress o, and OB = o, to some scale. 


4 
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es : Draw two concentric circles with centre O and radii equal to OA and OB as chew in 
ig. 3.19. 





G2 


Fig. 3.19 


4, I hrough O,drawa line MN. makin an an, le i i i i i 
: : ? 1 gz & 6 with the axls of OF rin 
( ) minor P cipal stress 


5. Through O, draw a line ODC at right angles to MN, meeting the two circles at D and C. 
6. From C, draw a line CE perpendicular to OA. 

7. From D, draw a line DF perpendicular to CE. 

8. Join OF. Then OF represents the resultant stress on the oblique plane. 


9. From F, draw a line FG perpendicular to OC. Then OG represents the normal stress 
on the oblique plane. And GF represents the tangential stress. 


Normal stress = OG and 
Tangential stress = GF. 
Proof. (See Fig. 3.19). 

CD=O0C~ OD 


=0,-0,(. OC =OA =a, and OD = OB = o,) 
In right angled triangle OFC, ZEOC = 86. 


Ke LOCE = 90° - 8. 
in right angled triangle DCF, 2DCF = 90° — 0. 
: LCDF = 8 
DF = CD cos @ = (0, — a) cos @ . ( CD=a,~6,) 


CF = CD sin 6 = (0, — o,) sin 6. 
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In right angled triangle CGF, GCF = 90 - 8 
f CG = CF cos (90 ~ 6) = CF sin 8 
=(o,- G,) sin 8. sin 8 [-- CF =(o,- G,) sin 6} 
= (0, - 5.) sin? 9 
OG = OC - CG = «, - (, ~ 95) sin? 6 
{< OC =0,,CG=(0,~ Gp) sin? @] 
= 0, — G, sin? 6 + a, sin? 6 = o,[1 ~ sin? 0} + o, sin? @ 


= 6, cos? 0 +0, sin? 6(  1- sin? § = cos? 6) (i) 
But from equation [8.5 (A)], normal stress across the oblique section is given by 
6, = 9, cos? 6 + G, sin? 8 (ii) 


Equating equation (z) and @), we get 
OG = o,, = Normal stress 
Tangential stress, o, = GF = CF sin (90 - @) = CF cos 8 
= (o, — 6,) sin 8 cos 8 


= 2 sin @ cos 0 


2 ae sin 20. 


GF represents the tangential stress. 


3.5.2. Important Points. The normal stress tangential stress and resultant stress on 
the oblique plane by the above method (if any one or both of o, and 6,,.are compressive) are 
obtained in the same manner. Only the position of point F will change. The position of point F 
will be as follows : 

(Z) The point F will be in first quadrant if 0, and o, are tensile stresses (i.e., 6, and Oo, 

are +ve). : 
(ii) The point F will be in second quadrant if o, is compressive and g, is tensile (2.e., 0, is 
— ve and G, is +ve). = 

(iii) The point F will be in third quadrant if o, and o, are compressive (i.e., 6, and o, are 
~ve). : 

(iv) The point F will be in fourth quadrant if c, is tensile and o, is compressive (i.e., 0, is 
+ve and 0, is —ve). 

Problem 3.21. Solve the problem 3.5 by graphical method. 

Sol. The data given in problem 3.5, is 

o, = 120 Ninm?, 0, = 60 N/mm, @ = 30°. 


Scale 
Take 1 cm = 20 N/mm? 
120 s 60 
Then 0, = Sy = 6 em and o, = 55 = 3 em. 


G) Draw two mutually perpendicular lines meeting at O as shown in Fig. 3.20. 
(ii) Take OA = 6 cm and OB = 3 cm. 
(iii) Draw two concentric circles with centre O and radii equal to OA = 6 em and 
OB =3cm. ~ : 
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Fig. 3.20 


(iv) Draw a line MN through O, making an angle 30° with OB. 
(v) Through O, draw a line OC at right angles to MN, cutting the two circles at D and C. 
From C, draw a line CE perpendicular to OA. 
(vi) From D, draw a line DF parallel to OA, meeting the line GE at F. 
(vii) Join OF. Then OF represents the resultant stress on the oblique plane. 


(viii) From F, draw a line FG perpendicular to line OC. Then FG represents the tangential 
stress and OG represents the normal stress. 


(ix) Measure the lengths OF, FG and OG. 
By measurements, we get 
Length OF = 5.411 cm 
.Length FG = 1.30 em 
Length OG = 5.25 em. 
Resultant stress, op = Length OF x Scale 
= 5.41 x 20 («1 em = 20 N/mm?) 
= 108.2 N/mm”, Ans. 
Normal stress, 6, = Length OG x 20 N/mm? = 5.25 x 20 = 105 Nimm?, Ans. 
Tangential stress, o, = Length FG x 20 N/mm? = 1.30 x 20 = 26 N/mm?. Ans. 
Problem 3.22. Solve the problem 3.6 by graphical method. 
Sol. Given : 
The data given in problem 3.6, is 
G, = 200 N/mm? 
GO, =— 100 N/mm? 
@ = 30° 
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As o, is + ve and o, is ~ ve, the point F will be in fourth quadrant (see Art. 3.5.2) on 


page 125). 
Scale. Take 1cm=20 N/mm? 
200 100 
Then 0, = Gp = 10 cmanda, = Gy = Som. 


(i) Draw two mutually perpendicular lines meeting at O as shown in Fig. 3.21. 





oe 


Fig. 3.21 


(ii) Take OA = 10 cm and OB = 5 cm. 
(iii) Draw two concentric circles with centre O and radii equal to OA = 10, em and 
OB = 5 cm. 
(iv) Draw a line MN through O at an angle of 30° with the line OB. 
(v) Through O, draw a line OC at right angles to MN, cutting the two circles at C and D. 
(vi) From C, draw a line CE perpendicular to OA. Produce the line CE upto C’. Join the 
line OC’, cutting the circle of radius OB at D’. 
(vii) As the point F will lie in the fourth quadrant, the point F will be obtained by drawing 
a line D‘F parallel to OA. 
(viii) Jom OF. Then OF represents the resultant stress. 
(ix) From F, draw FG perpendicular to line OC. Then OG represents the normal stress, 
and GF represents the tangential stress on the oblique plane. 
_ (x) Measure the lengths OF, OG and GF. 
From Fig. 3.21, by measurements, 
Length OF = 9.0 cm 
Length OG = 6.25 cm 
Length GF = 6.50 cm. 
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Resultant stress = Length OF x Scale 


= 9.0 x 20 (. lem = 20 N/mm?) 
= 180 Ninm?. Ans. : 
Normal stress = Length OG x Scale = 6.25 x 20 = 125 N/mm”. Ans. 
Tangential stress = Length GF x Scale = 6.50 x 20 = 180 N/mm’. Ans. 


3.6. MOHR’S CIRCLE 


Mohr’s circle is a graphical method of finding normal, tangential and resultant stresses 
on an oblique plane. Mohr’s circle will be drawn for the following cases - 
: (i) A body subjected to two mutually perpendicular principal tensile stresses of unequal 
intensities. : 

Gi) A body subjected to two mutually perpendicular principal stresses which are un- 
equal and unlike (i.e., one is tensile and other is compressive). 

k (iii) A body subjected to two mutually perpendicular principal tensile stresses accompa- 

nied by a simple shear stress. 


: 3.6.1, Mohr’s Circle when a Body is Subjected to two Mutually Perpendicular 
Principal Tensile Stresses of Unequal Intensities. Consider a rectangular body subjected 
to two mutually perpendicular principal tensile stresses of unequal intensities. It is required 
to find the resultant stress on an oblique plane. 

Let o, = Major tensile stress . 
0, = Minor tensile stress, and 
6 = Angle made by the oblique plane with the axis of minor tensile stress. 
Mohv’s circle is drawn as : (See Fig. 3.22). 
Take any point A and draw a horizontal 
line through A. Take AB =o, and AC =o, towards 
right from A to some suitable scale. With BC as 
diameter describe a circle. Let O is the centre of 
the circle. Now through O, draw a line OE 
marking an angle 20 with OB. 

From £, draw ED perpendicular on AB. 
Join AE. Then the normal and tangential stresses 
on the oblique plane are given by AD and ED 
respectively. The resultant stress on the oblique 
plane is given by AE, 

From Fig. 3.22, we have 

Length AD = Normal stress on oblique plane 

Length ED = Tangential stress on oblique plane 

Length AF = Resultant stress on oblique plane. 
G1 ~ G2 








Radius of Mohr’s circle = 
Angle @ = obliquity. 
Proof. (See Fig. 3.22) 


— Og 





CO = OB = OE = Radius of Mohr’s circle = 91 2 
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AO=AC+CO .... ee 

= G1 - Gg _ 262+ 01—- G2 _ 9, + 92 

“at 2 2 2 
OD = OE cos 28 

— cos 28 (- OB = 21 =] 
AD =A0O+0OD 

_ G1 + S2 O; — Gg 

= to a cos 20 


= 9, or Normal stress 
and ED = OE sin 26 








= 215 sin 20 
= 9, or Tangential stress. 

Important points. (See Fig. 3.22) 

(i) Normal stress is along the line ACB. Hence maximum normal stress will be when 
point E is at B. And minimum normal stress will be when point Eis at C. Hence maximum 
normal stress = AB = o, and minimum normal stress = AB = 9,. 

(ii) Tangential stress (or shear stress) is along a line which is perpendicular to line CB. 
Hence maximum shear stress will be when perpendicular to line CB is drawn from point 0. 
Then maximum shear stress will be equal to the radius of the Mohr’s circle. 

Cua 
(iii) When the point E is at B or at C, the shear stress will be zero. 

(iv) The angle (which is known as angle of obliquity) will be maximum, when the line 
AE is tangent to the Mohr’s circle. 

Problem 3.23. Solve problem 3.5 by using Mohr’s circle method. 

Sol. The data is given in problem 3.5, is 

6, = 120 N/mm? (tensile) 
0, = 60 N/mm? (tensile) 


8 = 30°. 
Seale. Let 1com = 10 N/mm? 
Th = = =12 
en = Gq =12em 
60 
and Oy = q0> 6cm 


Mohr’s circle is drawn. as : (See Fig. 3.23). 
Take any point A and draw a horizontal 
line through A. Take AB = o, = 12 cm and AC = 
0, = 6 em. With BC as diameter (Ze., BC =12-6 
= 6 cm) describe a circle. Let O is the centre of 
the circle. Through O, draw a line OF making an 
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angle 26 (i.e., 2 x 30 = 60°) with OB. From £, draw ED perpendicular to CB. Join AE. Measure 
lengths AD, ED and AE. 

By measurements : 

Length AD = 10.50 cm 
Length ED = 2.60 cm 
Length AE = 10.82 cm 

Then normal stress = Length AD x Scale : 

. = 10.50 x 10 = 105 Niémm?. Ans. 

Tangential or shear stress = Length ED x Scale 

= 2.60 x 10 = 26 N/mm?. Ans. 
Resultant stress = Length AE x Scale 
= 10.82 x 10 = 108.2 N/mm? Ans. 

3.6.2. Mohr’s Circle when a Body is Subjected to two Mutually Perpendicular 
Principal Stresses which are Unequal and. Unlike (i.e., one is Tensile and other is 
Compressive). Consider a rectangular body subjected to two mutually perpendicular princi- 
pal stresses which are unequal and one of them is tensile and the other is compressive. It is 
required to find the resultant stress on an oblique plane. 

Let o, = Major principal tensile stress, 

0, = Minor principal compressive stress, and 
6 = Angle made by the oblique plane with the axis 
of minor principal stress. 

Mohr’s circle is drawn as : (See Fig. 3.24) 

Take any point A and draw a horizontal line through A 
on both sides of A as shown in Fig. 3.24. Take AB = 0,(+) towards 
right of A and AC =a,(~) towards left of A to some suitable scale. 
Bisect BC at O. With O as centre and radius equal to CO or OB, 
draw a circle. Through O draw a line OF making an angle 20 
with OB. 


From £, draw ED perpendicular to AB. Join AE and CE. 

Then normal and shear stress (i.e., tangential stress) on the 

oblique plane are given by AD and ED. Length AE represents 
- the resultant stress on the oblique plane. 


.. From Fig. 3.24, we have 
Length AD = Norma! stress on oblique plane, 
Length £D = Shear stress on oblique plane, 
Length AF = Resultant stress on oblique plane, and 
Angle $ = Obliquity. 


Radiue of Mohr’s cirle =CO or OB = 22 


Proof. (See Fig. 3.24). 

CO = OB = OE = Radius of Mohr’s circle 
0, +O, 
oo 
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A i SSS shir Seen, 
AO =O0OC-AC 
_Oy+Gn _ 1 + 92 -202 G,~92 
2 : 2 2 
AD =AO+0OD 
= AO + OB cos 28 (- OD = OF cos 26) 
= E82 NASD cog 09 iE OF = Radius =“1-522.) 
=o, or Normal stress 
and ED = OE sin 20 
= SEP Oe 5, (: On = S152) 
2 2 


= G, or Tangential (or shear) stress. : 
Problem 3.24. Solve problem 3.6 by using Mohr’s circle method. 
Sol. Given : The data given in problem 3.6, is 
0, = 200 N/émm? ~ 
0, = — 100 N/mm? (compressive) 
8 = 30°. 
It is required to determine the resultant stress and the maximum shear stress by Mohr’s . 
circle method. First choose a suitable scale. 
Let 1 cm represents 20 N/mm?. 


200 
Then oO, = 30. =10cm 
— 100 
and Oy = opt 5cem 


Mohr’s circle is drawn as given in Fig. 3.25. 

Take any point A and draw a horizontal line through 
Aon both sides of A. Take AB = o, = 10 cm towards right of 
Aand AC = o, = — 5 cm towards left of A. Bisect BC at O. 
With O as centre and radius equal to CO or OB, draw a 
circle. Through O draw a line OF making an angle 26 (.e., 
2 x 30° = 60°) with OB. From E, draw ED perpendicular to 
AB. Join AE and CE. Then AZ. represents the resultant 
stress and angle » represents the obliquity. 
: By measurement from Fig. 3.25, we have 

Length AE# = 9.0 cm 
Length AD = 6.25 cm and length ED = 6.5 cm 
Angle o = 46° 
Resultant stress = Length AE x Scale 
= 9,0 x 20 = 180 N/mm”. Ans. 
Angle made by the resultant stress with the normal of the inclined plane =$ = 46°. Ans. 
Normal stress = Length AD x 20 
= 6.25 x 20 = 125 N/mm? 
Shear stress = Length ED x 20 
= 6.5 x 20 = 180 N/mm?. 
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Maximum shear stress. Shear stress is along a line which is perpendicular to the line 
AB. Hence maximum shear stress will be when perpendicular to line AB is drawn from point O. 
Then maximum shear stress will be equal to the radius of Mohr’s circle. 


*. Maximum shear stress = Radius of Mohr’s circle 


— =e = 150 Nimm?, Ans. 

3.6.3. Mohr’s Circle when a Body is Sub- 
jected to two Mutually Perpendicular Principal 
Tensile Stresses Accompanied by a Simple Shear 
Stress. Consider a rectangular body subjected to two 
mutually perpendicular principal tensile stresses of 
unequal intensities accompanied by a simple shear 
stress. It is required to find the resultant stress on an 
oblique plane as shown in Fig. 3.26. 

“Let o, = Major tensile stress 
6, = Minor tensile stress 
+t = Shear stress across face BC and AD : 
6 = Angle made by the oblique plane with Fig. 3.26 
the plane of major tensile stress. : 

According to the principal of shear stress, the faces AB and CPD will also be subjected to 
a shear stress of t. 

Mohr’s circle is drawn as given in Fig. 3.27. 

Take any point A and draw a horizontal line through A. 

Take AB = o, and AC = o, towards 
right of A to some suitable scale. Draw per- 
pendiculars at B and C and cut off BF and 
CG equal to shear stresst to the same scale. 
Bisect BC at O. Now with O as centre and 
radius equal to OG or OF draw a circle. 
Through O, draw a line OF making an an- 
gle of 20 with OF as shown in Fig. 3.27. 
From #, draw ED perpendicular to CB. 
Join AZ. Then length AE represents the 
resultant stress on the given oblique plane. 
And lengths AD and ED represents the 
normal stress and tangential stress respec- 
i Fig. 3.27 

Hence from Fig. 3.27, we have 

Length AE = Resultant stress on the oblique plane 

Length AD = Normal stress on the oblique plane 

Length ED = Shear stress on the oblique plane. 

Proof. (See Fig. 3.27). 








1x, 1 
CO= 5 CB=5 


1 
AO = AC + CO = 0, + 5 [o,- 0] 


(o, =A Og] Ge CB = Oy - Oy) 
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TC i 
202 +0, -G_g G1 + Oe 





2 2 
AD =AO+0OD 
6, +O, 

Sag + OE cos (26 - a) (- OD = OE cos (28 - «)] 
2 a + OE [cos 20 cos « + sin 26 sin al 
i a + OE cos 20 cos o. + OF sin 26 sin a 
= at + OF cos a. cos 20 + OF sin a. sin 20 
=a + OF cos a. cos 20 + OF sin o . sin 20 

, (~ OE = OF = Radius) 
= “ute + OB cos 20 + BF sin 26 

(. OF cosa = OB, OF sin a = BF) 
3 aera + CO'cos 20 +t sin 20 (: OB=CO, BF =) 
- ; O,-0 
= oat + a cos 24+ t sin 26 (: CO = o=02) 
2 2 2 
=o, or Normal stress 
Now ED = OB sin (20 - a) = OE (sin 20 cos a — cos 26 sin «) 

= OF sin 20 cos-a — OF cos 26 sin a 
= OF cos o.. sin 20 — OE sin a . cos 20 
= OE cos a. sin 20 —- OF sin @ . cos 26 (- OE = OF = Radius) 
= OB . sin 20 — BF cos 20 (. OF cos a= OB, OF sin a = BF) 
= CO . sin 20 - cos 20 ( OB = CO, BF =*) 


= S1=S2 sin 20 + c0s 20 


ats 2 Gio 
(: co Poo } 


= g, or Tangential stress. 


Maximum and minimum value of normal stress. In Fig. 3.27, the normal stress is 
given by AD. Hence the maximum value of AD will be when D coincides with M and minimum 


value of AD will be when D coincides with L. 
Maximum value of normal stress, 
(S,)max = AM = AO + OM 


~ Fit G2 +OF ie AO = 21*22, OM = OF = Radius 
2 


=o +jOB?+BF? (- Intriangle OBF, OF = \OB? + BF?) 


2 
-¢6 
yo D1 OB, Oo) 2 pig? 
2 











i OB = 2192 5 _BF -*| 
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Minimum value of normal stress, 
(G,,min = AL = AO - LO 


“ oases _OF (: LO = OF = Radius) 


2 
PEESs - & =| ee 
2 2 
G) For maximum normal stress, the point D coincides with M. But when the point D 
coincides with M, the point E also coincides with M. Hence for maximum value of normal 
stress, 
(Line OE coincides with line OM) 








Angle 28 = o 
a 5 
6= 5 .-e(d) 
BF t i Oi - 92 ) 
) ae . BF =t,0B =——+ 
Also tan 20 = tan a= OB ” G,-3, ( ; 2 
2 
_ at 
7 G1 - 52° 


(ii) For maximum and minimum normal stresses, the shear stress is zero and hence the 
planes, on which maximum and minimum normal stresses act, are known as principal planes 
and the stresses are known as principal stresses. 


(ii) For minimum normal stress, the point D coincides with point L. But when the point 
DP coincides with L, the point E also coincides with L. Then 


Angle 2=n+a (- Line OE coincides with line OL) 
mm o oy 
0 = 3 + g «-(Zi) 


From equations (i) and (ii), it is clear that the plane of minimum normal stress is in- 
clined at an angle 90° to the plane of maximum normal stress. 


Maximum value of shear stress. Shear stress is given by ED. Hence maximum value 
of ED will be when £ coincides with G, and D coincides with O. 


Maximum shear stress, 


(0,) max = OH = OF (. OH = OF = radius) 
= JOB? + BF? (. In triangle OBF, OF = OB? + BF?) 

2 -“ 
[s2| +? (- op = 1-2 2, BF -«) 

2 2 


Probiem 3.25. A point in a strained material is subjected to stresses shown in Fig. 3.28. 
Using Mohr’s circle method, determine the normal and tangential stresses across the oblique 
plane. Check the answer analytically. 
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25 Nimm” 


65 Nim? 65 Nimm 


25 Nimm” 
35 N/mm? 
Fig. 3.28 
Sol. Given : 
Major principal stress, G, = 65 N/mm? 
Minor principal stress, 0, = 85 N/émm? 
Shear stress, t= 25 N/mm? 
Angle of oblique plane, 6 = 45°. 
Mohr’s circle method : 
Let lem = 10 N/mm? 
65 
Then =— =6., 
: oO; 10 6.5 cm, 
35 25 
On = 10 = 3.5 cm andt= io = 2.5 em 


Mohr’s circle is drawn as given in Fig. 3.29. 





Fig. 3.29 


Take any point A and draw a horizontal line through A. Take AB = 0, = 6.5 em and 
AC = o, = 3.5 om towards right of A. Draw perpendicular at B and C and cut off BF and CG 
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equal to shear stress t = 2.5 cm. Bisect BC at O. Now with O as centre and radius equal to OF 
(or OG) draw a circle. Through O, draw a line OE making an angle of 26 (i.e., 2 x 45° = 90°) with 
OF as shown in Fig. 3.29. From E, draw ED perpendicular to AB produced. Join AE. Then 
length AD represents the normal stress and length ED represents the shear stress. 
By measurements, length AD = 7.5 cm and 
length ED = 1.5 cm. 
.. Normal stress (o,) = Length AD x Scale = 7.5 x 10 = 75 Nimm?, Ans. 
(. lem=10 N/mm?) 
And tangential stress (o,) = Length ED x Scale = 1.5 x 10= 15 N/mm?. Ans. 
Analytical Answers : 
Normal stress (0,,) is given by equation (3.12). 
.. Using equation (3.12), 
i Oy + Og 0, -59g 
0, = =a - 
2 a + ee cos (2 x 45°) + 25 sin (2 x 45°) 
= 50 + 15 cos 90° + 25 sin 90° 
=504+15x0+25x1 G5 
=§0+0+25=75 N/émm2, Ans. 
Tangential stress is given by equation (3.13) 
Using equation (3.13), 


cos 20 + + sin 26 





cos 90° = 0; sin 90° = 1) 


1 — 02 





O,= sin 26-1 cos 20 


= ss 2 = sin (2 x 45)— 25 cos (2 x 45) 
= 15 sin 90° - 25 cos 90° = 15 x 1- 25x 0=15-0 
= 15 N/mm”, Ans. 

Problem 3.26. Aé a certain point in a strained material, the intensities of stresses on two 
planes at right angles to each other are 20 Nimm? and 10 N/mm? both tensile. They are accom- 
panied by a shear stress of magnitude 10 Nimm?. Find graphically or otherwise, the location of 
principal planes and evaluate the principal stresses. 

Sol. Given : 





Major tensile stress, 0, = 20 N/mm? 
Minor tensile stress, 6, = 10 N/mm? 
Shear stress, t= 10 N/mm? 


This problem may be solved analytically or graphi- 
cally. Here we shall solve it graphically (.e., by Mohr's 
circle method). 

Scale. Take 1 cm = 2 N/mm? 


10 
=10cm, o,= 3 =5cem 


20 
Then o, = 3 


2 
10 


and t= = 6 em. 





Mohr’s circle is drawn as given in Fig. 3.30. 








id, 


ee 
nn co 26, 
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Take any point A and draw a horizontal line through A. Take AB = a, = 10 cm and AC = 
o, = 5 em towards right side of A. Draw perpendiculars at B and C and cut off BF = CG =1=5 
cm. Bisect BC at O. Now with O as centre and radius equal to OG (or OF), draw a circle cutting 
the horizontal line through A, at L and M as shown in Fig. 3.30. Then AM and AL represent the 
major principal and minor principal stresses. 

By measurements, we have 

Length AM = 13.1 cm and Length AL = 1.91 cm 

f ZFOB (or 28) = 63.7°. 

= Length AM x Scale 
= 13.1 x 2 N/mm? Ce 
= 26.2 N/imm?. Ans. 
= Length AL x Scale. 
= 1.91 x 2= 3.82 N/mm”. Ans. 


Major principal stress 
1 cm = 2 N/mm?) 


Minor principal stress 


Location of principal planes 





26 = 63.7° 
63.7° 
Q= SF 31.85°. Ans. 


The second principal plane is given by 
6 + 90° or 31.85° + 90° or 121.85°, Ans. 
Problem 3.27. An elemental cube is subjected to tensile stresses of 30 N/mm? and 
10 Nimm? acting on two mutually perpendicular planes and a shear stress of 10 N/mm? on 
these planes. Draw the Mohr’s circle of stresses and hence or otherwise determine the magnitudes 
and directions of principal stresses and also the greatest shear stress. 
Sol. Given : 


Major tensile stress, 0, = 30 N/mm? 
Minor tensile stress, 0, = 10 N/mm? 
Shear stress, t= 10 N/mm? 
Scale. Take 1 cm = 2 N/mm? 
Then o,= o =15cm 
10 10 
= 5 =5em and t=-5 =5cm 
Mohr’s circle of stresses is drawn as given.in 
Fig. 3.31. 


Take any point A and draw a horizontal line 
through A. 

Take AB = 0, = 15 cm and AC = o, = 5 em to- 
wards right side of A. Draw perpendiculars at B and C 
and cut off BF = CG =1 = 5 cm. Bisect BC at O. Now 
with O as centre and radius equal to OG (or OF), draw 
a circle cutting the horizontal line through A at L and 
M as shown in Fig. 3.31. Then AM and AL represents 
the major and minor principal stresses respectively. 
And OH represents the maximum shear stress. 
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By measurements, we have 
Length AM = 17.1 cm 
Length AL = 2.93 em 
Length OH = Radius of Mohr’s circle 
= 7.05 cm 
ZFOB (or 26) = 45°. 
Major principal stress 
: = Length AM x Scale 
=17.1%x2 ~ Gs: Lem.= 2 N/mm?) 
= 34.2 Nimm?. Ans. 
Minor principal stress = Length AL x Scale 
: =2,938.x2 (- lem = 2 N/mm?) 
+ 5.86 N/mm?. Ans. 
ZFOB or 26 = 45° 
= . = 22.5°, Ans. | : 
The second principal plane is given by 6 + 90°. 
Second principal plane = 22.5 + 90 = 112.5°.. Ans. 
The greatest shear stress = Length OH x Scale 
= 7.05 x 20 = 14.1 N/mm”. Ans, 


| HIGHLIGHTS 


~ 
1. The planes, which have no shear stress, are known as principal planes. 
2. The stresses, acting on principal planes, are known. as principal stresses. 
8. Analytical and graphical methods are used for finding the stresses on an oblique section. 


4. When a member is subjected to a direct stress (c).in one plane, then the stresses on an oblique 
plane (which is inclined at an angle 6 with the normal cross-section) are given by’: 


Normal stress, o,=¢ cos? 6 
. o. 
Tangential stress, o,= 2 sin 20 
Max. normal stress _=0 
o 


Max. shear stress ar 


5. When a member is subjected to two like direct stresses in two mutually perpendicular direc- 
tions, then the stresses on an oblique plane inclined at an angle 6 with the axis of the minor 
stress (or with the plane of major stress) are given by : 


O,+0g 01-6 
Normal stress, 3, = = + a ead cos 20. 
: O,-02 . 
Tangential stress, o,= aera sin 20 


Resultant stress, Gp = Jo,” + of” . 


6. The angle made by the resultant stress with the normal of the oblique plane, is known as obliquity. 


it is denoted by 9. Mathematically, tan 6 = st. 


n 
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7, When a member is subjected to a simple shear stress (t), then the stresses on an oblique plane 


are given as: 
Normal stress, o, = T sin 26 
Tangential stress, G, =— T cos 26. 


8. When a member is subjected to two direct stresses (o,, 0,) in two mutually perpendicular directions 
accompanied by a simple shear stress (t), then the stresses, on an oblique plane inclined at an 
angle 6 with the axis of minor stress, are given by : 


4 SiO) 2 OL— 02 


Normal stress, cos 20 + t sin 20. 





a 2 
; o1- , 
Tangential stress, Oo, = S122. sin 26 - ¢ cos 20 
agis 8 ae 2t 
(a) Position of principal planes is given by tan 26 = ae 
17 92 


2 

arta Oo, -o 

= M149 , 91-92) , 2 
2 2 


2 
= M1702 _ Oi“ oa) 2 
2 2 
yo, - 6)” + Axe 


9g - Of 


(6) Major principal stress 


(c) Minor principal stress 


(d) Maximum shear stress = 


Nle 


(e) Condition for maximum shear stress, tan 26 = 


9. Mohr’s circle of stresses is a graphical method of finding normal, tangential and resultant stresses 
on an oblique plane. 


10. Maximum shear stress by Mohr’s circle method, is equal to the radius of the Mohr’s circle. 
11. The planes of maximum and minimum normal stresses are at an angle of 90° to each other. 


EXERCISE 3 


(A) Theoretical Questions 


1. Define the terms : Principal planes and principal stresses. 


2. A rectangular bar is subjected to a direct stress (c) in one plane only. Prove that the normal and 
shear stresses on an oblique plane are given by 


3, =ocos?@ and o,=% sin 26 
2 


where 6 = Angle made by oblique plane with the normal cross-section of the bar, 
o,, = Normal stress, and 
o, = Tangential or shear stress. . 


3. Arectangular bar is subjected to two direct stresses (o, and o,) in two mutually perpendicular 
directions. Prove that the normal stress (o,) and shear stress (o,) on an oblique plane which is 
inclined at an angle @ with the axis of minor stress are given by 


Oo Gy -G. 
o, = TLE G2 , S1-~ 92 ogs 96 
2 2 


and o, = “122 sin 26. 


4. Define the term ‘obliquity’ and how it is determined. 


10. 


STRENGTH OF MATERIALS 


oui 


Derive an expression for the stresses on an oblique plane of a rectangular body, when the body is 
subjected to a simple shear stress. 

A rectangular body is subjected to direct stresses in two mutually perpendicular directions 
accompanied by a shear stress. Prove |that the normal stress and shear stress on an oblique 
plane inclined at an angle § with the plane of major direct stress, are given by 


=~ Dit 02 , Ti - 62 


o, 3 rie cos 20 + t sin 26 
Ay-G) , 
and 0,5 AS sin 26-11 cos 20, 


Derive an expression for the major and minor principal stresses on an oblique plane, when the 
bady is subjected to direct stresses in two mutually perpendicular directions accompanied by a 
shear stress. 
Write a note on Mohr’s circle of stresses. 
A body is subjected to direct stresses in two mutually perpendicular directions accompanied by a 
simple shear stress. Draw the Mohr’s circle of stresses and explain how will you obtain the princi- 
pal stresses and principal planes. 
A body is subjected to direct stresses in two mutually perpendicular directions. How will you 
determine graphically the resultant stress on an oblique plane when : 

(i) the stresses are unequal and unlike, and 


4 


(it) the stresses are unequal and like. \ 


(B) Numerical Problems 


A rectangular bar of cross-sectional area 12000 mm? is subjected to an axial load of 360 N/mm”. 
Determine the normal and shear stresses on a section which is inclined at an angle of 30° with the 
normal cross-section, of the bar. \ {Ans. 9.25 N/mm, 1.3 N/mm?) 
Find the diameter of a circular bar which is stibjected to an axial pull of 150 kN, if the maximum 
allowable shear stress on any section is 60 N/mm. {Ans. 3.989 em} 
A rectangular bar of cross-sectional area 10000 mm? is subjected to a tensile Joad P as shown 
in Fig. 3.32. The permissible normal and Shear stresses on the oblique plane BC are given 
as 8 N/mm? and 4 N/mm? respectively. Determine the safe value of P. fAns. 92.378 kN} 
\ 





8 


Fig. 3.22 

The principal tensile stress at a point across twa mutually perpendicular planes are 100 N/mm? 
and 50 N/mm, Determine the normal, tangential ‘and resultant stresses on a plane inclined at 30° 
to the axis of the minor principal stress. (Ans. 0.875 N/émm?, 21.65 N/mm?, 90.138] 
The principal stresses at a point in a bar are 160 N/mm? (tensile) and 80 N/mm? (compressive). 
Determine the resultant stress in magnitude and direction on a plane inclined at 60° to the axis of 
the major principal stress. Also determine the maximum intensity of shear stress in the material 
at the point, {Ans. 144.22 N/mm, » = 46° 5.7, 120 N/mm?} 
‘At a point in a strained material, the principal stresses are 140 N/mm? (tensile) and 60 N/mm? 
(compressive). Determine the resultant stress in magnitude and direction on a plane inclined at 
45° to the axis of the major principal stress. What is the maximum intensity of shear stress in 
the material at the point ? 





{Ans. 107.7 Ninm? , $ = 61° 11.9, 100 N/mm?! 
( 


l 
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10. 


11. 
12, 
13. 
14. 
15. 


16. 


17, 


At a point within a body subjected to two mutually perpendicular directions, the stresses are 
100 N/mm? (tensile} and 75 N/mm2 (tensile). Zach of the above stresses, is accompanied by a 
shear stress of 75 N/mam®. Determine the normal, shear and resultant stresses on an oblique 
plane inclined at an angle of 45° with the axis of minor tensile stress. 


tAns. 150, 25, 152.07 N/mra?] 


For the problem 7, determine : (i) the direction and magnitude of each of the principal stress and 
(iz) magnitude of the greatest shear stress. 

: tAns. 154.057, ~ 4.057 W/mm?, @ = 35°, 468’ and 125° 46.8' N/imm?} 
Direct stresses of 160 N/mm? tensile and 120 N/mm? compressive exist on two perpendicular 
planes at a certain point in a body. They are also accompanied by shear stresses on the planes. 
The greatest principal stress at the point due to these is 200 N/mm?. 
@) What must be the magnitude of the shearing stresses on the two planes ? 
Gi) What will be the maximum shearing stress at the point ? : 

(Aus. (2) 113.187 N/mm? (ii) 180 N/mm?} 

At a certain point in a strained material, the stresses on the two planes at right angles to each 
other are 40 N/mm? and 20 N/mm? both tensile. They are accompanied by a shear stress of 
magnitude 20 N/mm?. Find graphically or otherwise, the location of principal planes and evaluate 
the principal stresses. {Ans. 6 = 31° 43’, 121° 43’ and 52.36, 7.44 N/mm} 
Solve problem 4, by graphical methad. 
Solve problem 5, by graphical method. 
Solve problem 4, using Mohr’s circle of stresses. 
Salve problem 5, using Mohr’s circle of stresses. 
A point in a strained material is subjected to stresses shown In Fig. 3.33. 
Using Mohr’s circle method, determine the normal and tangential stresses across the oblique 
plane. Check the answer analytically. fAns. 105 Nfnam?, 15 Nfwm?] 





40 Néamn” 






Oblique 






80 Nim? 


Fig. 3.33 

An elemental cube is subjected to tensile stresses of 60 N/mm? and 20 N/m? acting on two 
mutually perpendicular planes and a shear stress of 20 N/mm? on these planes. Draw the Mohr’s 
circle of stresses and hence or otherwise determine the magnitudes and directions of principal 
stresses and also the greatest shear stress. 

{Ans. 68.214, 11.72 N/mm?, @ = 25.5° and 112.5°, 28.28 N/mm?J 
A strained material is subjected to two dimensional stresses. Prove that the sum of the normal 
components of stresses on any two mutually perpendicular planes is constant. 
{Hint. Normal stresses on a plane inclined at 6 with major principal plane is given by 


o,= tO MHA 9F pos 96 wi) 
2 2 
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err PA PC PDD ACEO CO SIL OIE LD Oa 
Normal stress on a plane inclined at (@ + 90°) is given by 


Gone ee cos [2(8 + 90°)] 


a 


= SLESR 4 SLPE cos (180 + 28) 


2 
— Sut 02 NB ooo 96 Gt) 
2 


Adding (i) and (ii}, u, + 6,* = 0, + dg = constant]. 
18. Ata point in a two dimensional system, the normal stress on two mutually perpendicular planes 
are o, and o, (bath alike) and shear stress is t. Show that one of the principal stresses is zero if 


t= fo, x ay. 


2 
: +0 6, - 6 2 
(Hint. Principal stresses = aL 3 2 (5% a 2) +t 


2 
= At Se +82 = O17 Se aS + 010g 
2 2 


3 
61+ 02 , aes 2 Sit 92 , 814+ 99 
2 7 2 2 2 





=O, + Gy and zero}. 

19. A rectangular block of material is subjected to a tensile stress of 100 N/mm? on one plane and a 
tensile stress of 50 N/mm? on a plane at right angles, together with shear stresses of 60 Nimm? 
on the faces. Find : 

(2) the direction of principal planes, 
(iii) raagnitude of the greatest shear stress. 
[Ans. (2) 33° 41' or 123° 41 G2) 140 Nino? and 10 N/mm tensiles Gii) 65 Néum?] 


(ii) the magnitude of principal stresses and 
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Strain Energy and Impact Loading 






















4.1, INTRODUCTION 


Whenever a body is strained, the energy is absorbed in the body. The energy, which is 
absorbed in the body due to straining effect is known as strain energy. The straining effect may 
be due to gradually applied load or suddenly applied load or load with impact. Hence the strain 
energy will be’stored in the body when the load is applied gradually or suddenly or with an 
impact. The strain energy stored in the body is equal-to the work done by the applied load in 
stretching the body. ’ 





4.2. SOME DEFINITIONS 
.4 _ Before deriving the expressions for the strain energy stored in a body due to gradually 
applied load er suddenly applied load or load with an impact, the following terms will be defined : 
_ 1. Resilience 
2, Proof resilience, and 
8. Modulus of resilience. : 
4.2.1. Resilience. The total strain energy stored in a body is commonly known as resil- 
ience, Whenever the straining force is removed from the strained body, the body is capable of 


doing work. Hence the resilience is also defined as the capacity of a strained body for doing 
work on the removal of the straining force. 


x 


4.2.2. Proof Resilience. The maximum strain energy, stored in a body, is known as 
proof resilience. The strain energy stored in the body will be maximum when the body is * 
stressed upto elastic limit. Hence the proof resilience is the quantity of strain energy stored in 

a body when strained upto elastic limit. : 


4.2.3. Modulus of Resilience. It is defined as the proof resilience of a material per 
unit volume. It is an important property of a material. Mathematically, 


Proof resilience 


Modulus of penitence = Vohina of the body’ 
4.3, ‘EXPRESSION FOR STRAIN ENERGY STORED IN A BODY WHEN THE LOAD IS 
APPLIED GRADUALLY 


In Art. 4.1, we have mentioned that the strain energy stored in a body is equal to the 
work done by the applied load in stretching the body. 
Fig. 4,1 shows load extension diagram of a body under tensile test upto elastic limit. The 
tensile load P increases gradually from zero to the value of P and the extension of the body 
increases from zero to the value of x. : 
: 143 
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The load P performs work in stretching the body. 
This work will be stored in the body as strain energy which 
is recoverable after the load P is removed. 
Let P= Gradually applied load, 
x = Extension of the body, 
A = Cross-sectional area, 
L = Length of the body, 
V = Volume of the body, 
E = Young’s modulus, 
U = Strain energy stored in the body; and 
o = Stress induced in the body. —» Extension 
Now work done. by the load = Area of load ex- 








tension curve (Shaded area in Fig. 4.1) Fig. 4.1 
= Area of triangle ONM , 
= + xPXx. . : wi) 
But load, P = Stress x Area=aoxA 
and extension, x = Strain x Length E Strain = Saas “. Extension = Strain x 1} 
= — xL (: Strain = Sees) 
=o KL, (41) 
Substituting the values of P and x is equation (i), we get : 
F t lo 2 
Work done by the load ag MOKA G KLa SS KARL . 
0? : 
=o *¥ (. Volume V=A x LD) 


But the work done by the load in stretching the body is equal to the strain energy stored 
in the body. 
Energy stored in the body, 


& , 
U=—xV. , (4,2) 
2E 
Proof resilience. The maximum energy stored in the body without permanent defor- 
mation (i.e., upto elastic limit) is known as proof resilience. Hence if in equation (4.2), the 
stress o is taken.at the elastic limit, we will get proof resilience. 





*2-- 
Proof resilience = OF * Volume (4.3) 
where o* = Stress at the elastic limit. 
Modulus of resilience = Strain energy per unit volume 
oe -V 
_-Totalstrainenergy 96" _ 07 (4:4) 
3 Volume VY ok i 
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’ 4.4, EXPRESSION FOR STRAIN ENERGY STORED IN A BODY WHEN THE LOAD IS — 


APPLIED SUDDENLY 


When the load is applied suddenly to a body, the load is constant throughout the proc- 
ess of the deformation of the body. 
Consider a bar subjected to a sudden load. 
Let - P = Load applied suddenly, 
’ L = Length of the bar, 
A= Area of the cross-section, 
V.= Volume of the bar = A x L, 
E = Young’s modulus, 
x = Extension of the bar, 
o = Stress induced by the suddenly applied load, and 
U = Strain energy stored. 
As the load is applied suddenly, the load P is constant when the extension of the bar 
takes place. . 
Work-done by the load = Load x Extension = P x x, : 
The maximum strain energy stored (i.e., energy stored upto elastic limit) i ina peas is 
given by 


2 
U= a x Volume of the body 


: 
= op x AXE. J (-: Volume = A x £) 


Equating the strain energy stored in the body to the work done, we get 


2 
Se Pee POE, ie From equation (4.0, =< «| 








2E E 
Cancelling oe to both sides, we get 
oxA P ; 
9 =P or o=2x A: Af4.5) 


From the above equation it is clear that the maximum stress induced due to suddenly 
applied load is twice the stress induced when the same load is applied gradually. 

After obtaining the value of stress (0), the values of extension {x) and the strain energy 
stored in the body may be calculated easily. 

Problem 4.1. A tensile load of 60°RN is gradually applied to a circular bar of 4 em 
diameter and 5 m long. If the value of E = 2.0 x 105 Nimm?, determine : 

(i) stretch in the rod, 

(ii) stress in the rod, 

(iii) strain energy absorbed by the rod. 


Sol. Given : 
Gradually applied load, 
P=60KN =60 x 1000 N 
Dia. of rod, d=4cem=40 mm 
Area, A= — x 40? = 400 2 mm? 


Length of rod, Le= 7 m = 500 cm = 5000 mm 
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Volume of rod, V=AxL=400 xx 5000 = =2x 10° x mm? 
“Young’s modulus, E = 2x 10° N/mm?. 
Let = stretch or extension in the rod, 
; iB o = stress in the rod, and 
U = strain energy absorbed by the rod. 
Load : 60000 ‘ 
Now stress, 0 = Aa A ae 47.746 N/mm*. Ans. 
The stretch or extension is a We equation (4.1), 
47.746 
x= = KE ae ES. 5000 = 1.19 mm. Ans. ' 


The strain energy absorbed by the rod is given by equation (4.2), 
a xV= 47.476" ‘ 
2k 2x2 10° 

Problem 4.2. [fin problem 4.1, the tensile load of 60 RN is applied suddenly determine : 

(i) maximum instantaneous stress induced; 

Gi) instantaneous elongation in the rod, and 

iii) strain energy absorbed in the rod. © 

Sol. Given : 

The data given in problem 4.1 isd = 40 mm, Area = 400 xn mm?, L = 5000 r mm, Volume = = 
“2 x 108 x mm3, F = 2 x 105 N/mm? and suddenly applied load, P = 60000 N, 


(¢) Maximum instantaneous stress induced 
Using equation (4.5), 


x 2x 108x = 35810 N-mm=35.81 N-m. Ans. 


2 60000 
= —_— = eS en ee. 2 

7 o=2x 7 2x 2000 95.493 N/mm”, Ans. 

(ii) Instantaneous elongation in the rod 

Let x = Instantaneous elongation 

Then nee Dm 95.498 

E 2x 10° 
= 2.38 mm. Ans. 


(iii) Strain energy is given by, 


x 5000 [see equation (4,1)] 





2 2 
o 95.493 
= Vo See 6 cs 
U 3 x geet x 2x 10° a = 148238 N-mm 


= 148.238 N-m. Ans. : 
Problem 4.3. Calculate instantaneous stress produced in a bar 10 cm? in area and 3m 
long by the sudden application. of a tensile load of unknown magnitude, if the extension of the 


bar due-to suddenly applied load is 1.5 mm. Also determine the suddenly applied load. Take 


£=2x 10° Nimm?. 


Sol. Given : 

Area of bar, A=10cm? = 1000 mm? 
Length of bar, £=3m = 3000 mm 
Extension due to suddenly applied load, 


x=15mm _ 
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Young’s modulus, EF =2 x 10° N/mm?. 
Let o = Instantaneous stress.due to sudden load, and 
P = Suddenly applied load. ; 1 
‘The extension x is given by equation (4.1), 


Go Go 
x= xb or 15 = 37108 x 3000 





ee X53 
: py Ean oe 100 N/mm”. Ans. 

3000 
ee applied lead 
The instantancous stress produced — a sudden load is given by equation 4. 5) as 

P P 

=2x a or 100=2x—— 1000 
P= pio 10 = 50000 N= 50 KN. Ans. 


Probiem 4.4. A steel rod is 2 m long and 50 mm in diameter. An axial pull of 100 kNi is 


. suddenly applied to the red. Calculate the instantaneous stress induced and also the instanta- 


neous. elongation produced in the rod, Take E = 200 GN/m?. 


Sol. Given : 
Length, _ L=2m=2~x 1000 = ae mm 
Diameter, _ @=50mm 
Area,” (“Az ; x 50? = 625.0 mm? 
Suddenly applied load, 
P=100kN = 100 x 1000N 
Value of E = 200 GN/m? = 200 x 10° N/m? (-  G= Giga = 10% | 
: es 
= ee N/mm? (. 1m=1000mm_.. m? = 10° mm?) 


= 200 x 103 N/mm? 
Using equation (4. 5) for suddenly applied load, . 


P 00 x.1000 
o=2x 7 =2x ne SONU Nl m? = 101.86 N/mm?, Ans. 
Let di = Elongation 
P 101.86 
Then aL = E xLh= 200 x 10° x 2000 = 1.0186 mm. Ans. 


Problem 4.5. A uniform metal bar has a cross-sectional area of 700 mm? and a length of 

L5 m. If the stress at the elastic limit is 160 N/mm?, what will be its proof resilience ? Determine 

also the maximum value of an applied load, which may be suddenly applied without exceeding 

. the elastic limit. Calculate the value of the gradually applied load which, will produce the same 
extension as that produced by the suddenly Gppte’ load above: 


Take E = 2x 10° id 


Sol. Given : 
Area, A = 700 mm? 
Length, - B=1.5m=1500 mm 


Volume ofbar, V=AxL=700 x 1500 = 1050000 mm? 


148 STRENGTH OF MATERIALS 





Stress at elastic limit, o* = 160 N/imm? 
Young’s modulus, E =2x 10° N/mm? 
@) Proof resilience is given by equation (4.3), as 





apes "ot 160? 
Proof resilience = x Volume = —~————. x 1050000 
2E 2x2x10° 
= 67200 N-mm = 67.2 N-m. Ans. 
(ii) Let P = Maximum value of suddenly applied load, and 


P, = Gradually applied load. 
Using equation (4.5) for aeadanls applied load, 
P 


orale T : . (change p to p*) ° 
*xA 160 x 700 
= =. a — = 56000 N=56KN.. Ans. 
For gradually applied load, 
' gt = F, 
or . P,=o0*xA= 160 x 700 = 112000 N= 112kKN. Ans. 


Problem 4.6. A tension bar 5 m long is made up of two parts; 3 metre of its length has a 
cross-sectional area of 10 cm? while the remaining. 2 metre has a cross-sectional area of 20 cm?. 
An axial load of 80 kN is gradually applied. Find the total strain energy produced in the bar 
and compare this value with that obtained in a uniform bar of the same length and having the 
same volume when under the same load, Take E = 2 x 10° Nimm?. 

Sol. Given : 

Total length of bar, L=§5m-=5000 mm 

Length of 1st part, L, =3m = 3000 mm 

Area of 1st part, ae = 10 cm? = 10 x 100 mm? = 1000-mm? 

Volume of 1st part, 
is =A, x L, = 1000 x 3000 = 3 x 108 mm? 
Length of 2nd part, = 2 m= 2000 mm 
Area of 2nd part, . = 20 cm? = 20 x 100 mm? = 2000 ‘nim? 
Volume of 2nd part, vs = 2000 x 2000 = 4 x 10° mm! 
Axial gradual load, P = 80 KN = 80 x 1000 = 80000 N 
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Young’s modulus E=2~ 105N/mm? 
' Load 80000 


; ss 2 
Stress in lst part 9, = A, ~ 2000 80 N/mm: 
P 80000 
Se Se 2 
Stress in 2nd part =a, = A, ~ 2000 40 Ninm 
Strain energy in 1st part, 
U2 She ye 8 x 108 = 48000 Nein 648 Nan 
1° OE "1" Ox2x 10° = aoe 
Strain energy in 2nd part, 


2 
U,= se x V2 = ark ‘x 4000000 = 16000 N-mm = 16 N-m 
.. Total. strain energy produced in the bar, 
Oo U=U,+U,=48+16=64N-m. Ans. 
Strain energy stored ina waiform bar 
Volume of uniform bar, V= V, + V, = 3000000 + 4000000 = 7000000.mm? 


Length of uniform bar, L=5m = 5000 mm 


Let A= Area of uniform bar 
Then V=AxL or 7000000=A x 5000 
7000000 2 
A= 50007 1400 mm’ 
P _ 80000 ; 
Stress in uniform bar, o = a Roa 57.143 N/mm 
Strain energy stored in the uniform bar, 
2 2 
o 57.143 
=— = ———— x 7000000 
OU og <¥ Qx2x10 
= §7148 N-mm = 57,143 N-m 
Strain energy in the givenbar_ __§4 _ 40 ans. 





Strain energy in the uniform bar. 57.148 
Problem 4.7. A bar of uniform cross-section ‘A’ and length ‘L’ hangs vertically, sub- 


. jected to its own weight. Prove that the strain energy stored within the bar is given by 


Axp? x 1? 
U= —_— 
: 6E 
where E = Modulus of Elasticity, 
p = Weight per unit volume of the bar. 


Sol, Given : 


(AMIE, Summer 1989) 


A = Cross-sectional area, 
L = Length of bar, 
E = Modulus of Elasticity, 
p = Weight per unit volume. 
Consider an element at a distance ‘x’ from the, lower end of the bar as shown in 
Fig. 4.2 (a). Let ‘dx’ be the thickness of the element. 
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\ 
The section x-x will be acted upon by the weight of the bar 
of length x. 
Let W,, = Weight of the bar of length x 
: = (Volume of the bar of length x) 





. x Weight of unit Volume 
: =(A xx) x p= pAx , 
As a result of this weight, the portion dx will experience a 
oe elongation dé. Then 
Elongation in dx 


Strain in portion dx = Length of dx 


&|& 


. Weight acting on section x-x 


Stress in portion dx = 
: Area of section 





“ px Axx a Fig. 4.2 (a) 


Also £- ——— 





dé = 


by 


Now the strain energy stored in portion dx is given by, 
d U = Average Weight x Elongation of dx 


($< We} a9 
2 


1 dx 
~ (Expax), xz de d (Wx = pAx) 


= 5x pean? x 


Total strain energy stored within the bar due to its own weight W is obtained by inte- 
grating the above equation from 0 to L. 


Us= [av 
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ia 3 i 
1 pxA DB 
=—x x*— 
2 E 3 
Axp? xD nas 
6E 


Problem 4.8. The maximum stress produced by a pull in a bar of length 1 m is 
150 N/mm?. The area of cross-sections and length are shown in Fig. 4.3. Calculate the strain 
energy stored in the bar if E = 2 x 10° Nimm’. 





475 mm 50mm 475 mm 


Fig. 4.3 
Sol. Given : : 
Length of bar, ‘L=1m=1000 mm 
Max. stress, o = 150 N/mm?" 
Part AB : Length, £, = 475 mm 
; Area, i = 200 mm? 
* Part BC : Length, L, = 50 mm 
Area, A, = 100 mm? 
Part CD : Length, L, = 475 mm 
Area, A, = 200 mm? , : | 
Value of E=2x 10° N/imm? 


In this problem, maximum stress is given. Axial pull. Pi is not known. But stress in equal 
to load/area. As load (or axial pull) for the bar is same, hence stress will be maximum, when 
area will be minimum. Part BC is having less area and hence stress in part BC will be maxi- 
mum. As parts AB and CD are having same areas, hence stresses in them will be equal. 


Let 0, = Stress in part BC = 150 N/mm? 
= Stress in part AB or in part CD . 
Now load = Stress x Area 
or load = 0, x A, = 0, A, 
o,= Bate 0s ne 75 N/mm? 
Ay 200- 


Now strain energy stored in part AB, 


of | 
U,= SEV, aa) 
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where V, = Volume of part AB 
=A, x L, = 200 x 475 
= 95000 mm? 


Substituting this value in equation (i), we get 


2 
U,= oe x 95000 


2 ’ 
5 ho5000 
2x2x 10° 
= 1835.938 N-mm 
Strain energy stored in part BC, 
2 x 
o 
U, = ae x Vo 
150? 


~ Ox2xlo® x Ag x Lg nos (vs 


_ 150? 
2x2 108 
Energy stored in part CD, 


x 100 x 50 = 281.25 N-mm 


2 
U,= = x V, = 1335.938N-m 


«. Total strain energy stored, / 
U=U, + U, + Uy = 1835.938 + 281.25 + 1335.938 N-mm 
=.2953.126 N-mm. Ans. 


V, = Vy, 0,206, -.U,=U,) 







~ 4,5, EXPRESSION FOR STRAIN ENERGY STORED a: 
IN A BODY WHEN THE LOAD IS APPLIED —_We"tcal 
WITH IMPACT 


The load dropped from a certain height before the 
. load commences to stretch the bar is a case of a load ap- 
~~ plied with impact. Consider a vertical rod fixed at the up- 
~ per end and having a collar at the lower end as shown in 
Fig. 4.4. Let the load be dropped from a height on the col- 
“lar, Due to this impact load, there will be some extension 
“in the rod. _ a 
Let P = Load dropped (i.e., load applied with impact) Coltar 
EL = Length of the rod, : : 
A = Cross-sectional area of the rod, 
V = Volume of rod =A x L, : 1 
h = Height through which load is dropped, sides falk seal octal 
- &L = Extension of the rod due to load P, 
E = Modulus of elasticity of the material of rod, 
o = Stress induced in the rod due te impact load. Fig. 4.4 
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The strain in the bar is given by, 
.. Stress 
Strain ae 
6b a 


Le, - LE 
we 8L = Z x L 
Work done by the load = Load x Distance moved 
+ Pth + 6L) 
The strain energy stored by the rod, 





2 2 
o o 
fe = cAL 
U on * V SE x 
- Equating the work done by the load to the strain energy stored, we get 


. gt ae 
P(h + 8L)= 5 


i 2 
ee e eet 
a = => .AL 
or Ph+P. E LZ oR 
2 
2 ALS?) 2 EPs d 
or oF AL re 
Multiplying by 2E to both sides, we get 
, AL 
o 2E 2E © 
-P.s — - Ph. —— =0 
Co Rea AL 
9 2P 2PEh 
or Oa Oe ae 
The above equation is a quadratic equation in ‘c?, 


2P (2) 2PEh 
—+ Ae +4. 


= 0. 
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After knowing the value of ‘o’, the strain energy can be obtained. 


i 
nw 
iS 

ras 

‘3 
a 
i 


153 


(4.6) 


fd) 


«-.(di) 


0 Go . ~ 6Le—. 
S pels Ab ( } 
or P(asg 1} 2E on eS 


A4.7) 
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Important Conclusions 

(i) If 8L is very small in comparison with h. 

The work done by load =P. A 

Equating the work done by the load to the strain energy stored ‘in the rod, we get 


2 
P.h= 2 AL 
| QE ; 
9 2&.P.h 2EPA é 
of= aoe and o= aE (4.8) 


(ii) In equation (4.7), if h = 0, we get : 
. P ; a oP 2P 
. o= 4 A+ f+ 097 += 7- 
which is the case of suddenly applied load. . . 
Once the stress p is known, the corresponding instantaneous. extension (8) and the 
strain energy (U) can be obtained. 
Problem 4.9. A weight of 10 kN falls by 30.mm ona collar rigidly attached to a vertical 
bar 4 m long and 1000 mm? in section. Find the instantaneous expansion of the bar. Take 
E = 210 GPa. Derive the formula you use. (Bhavnagar University, Feb. 1992) 


Sol. Given : 
Falling weight, P=10kN = 10,000N 
Falling height, hk =30mm 
Length of bar, L=4m = 4000 mm 
Area of bar, A = 1000 mm? : 
Value of & = 210 GPa = 210 x 10° N/m? 
(- G= Giga = 10° and Pa = Pascal = 1 N/m?) 
. 9 
a a ies (> Lm = 1000 mm and m? = 10° mm?) 
10° mm* | 
= 210 x 103 N/mm? = 2.1 x 105 N/mm? 
Let ' dL = Instantaneous elongation due to falling weight 


o = Instantaneous stress produced due to falling weight , 
Using equation (4.7), we get = 


eee i+ jet 
“A PxL 


_ 10000 ba [yg 2% 21% 10? x 1000 x 30 

= Gee 
4000 10000 x 4000 

=10 (1+ /1+ 315) = 10 (14 316) 


= 10 x 18.77 = 187.7 N/mm? 
Now Ex Stress og 

















o 
” Strain (=) a LE g 
7 : 
oO 187.7 x 4000 : 
6b =—>—xDe= = ie 
E 21% 10° 3.575 mm. Ans. | 





STRAIN ENERGY AND IMPACT LOADING Bes 155 





Problem 4.10. A load of 100 N falls through a height of 2 cm on to a collar rigidly 
attached to the lower end of a vertical bar 1.5 m long and of 1.5 em? cross-sectional area. The 
upper end of the vertical bar is fixed. ‘ : : 

Determine : 

(i) maximum instantaneous stress induced in the vertical bar, 

(ii) maximum instantaneous elongation, and 

(iii) strain energy stored in the vertical rod. 


Take E=2x 16° Nimm?. 
Sol. Given : 
Impact load, P=100N 


Height through which load falls, 
h=2cm=20mm 


Length of bar, £L=1.5m = 1500 mm 
Area of bar, A=1.5 cm? =1.5 x 100 mm? = 150 mm? 
Volume, V=AxL=150 x 1500 = 225000 mm. 
Modulus of elasticity, H = 2 x 105 N/mm? 
Let ‘ o = Maximum instantaneous stress induced in the vertical bar, 


SL = Maximum elongation, and 
U = Strain energy stored. 
(i) Using equation (4.7), | 


ip ~ 2AEh) 100 2 x 180 x 2x 10° x 20 
elas pr SARE = 100 emoune evs 
o z{ | 150|7*¥'*~— q00x 1500 

100 


a (14 1+ 8000) = 60.23 N/imm”. Ans. 


(iz) Using equation (4.6),. 


Mp 60.23 «x 1500 


co = 0.452 mm. Ans. 


E 2x 10° 
(iii) Strain energy is given by, 
2 2 SS 
U = Sx yu O28 _ ¢ 295000 = 2045 N-mm 
2E 2x 2x10 : 


= 2.045 N-m. Ans. 

Problem 4.11. The maximum instantaneous extension, produced by an unknown fall- 
ing weight through a height of 4 cm in a vertical bar of length 3 m and of cross-sectional area 
5 cm?, is 2.1 mm. 

Determine : : 

(@) the instantaneous stress induced in the vertical bar, and 

(ii) the value of unknown weight. Take E = 2 x 10° Nimm?. 


Sol. Given : 

Instantaneous extension, 62 = 2.1mm 

Length of bar, L=3m = 3000 mm 
Area of bar, ~ - ; A=65cm? = 500 mm? 


Volume ofbar, = = _V=500 x 3000 = 1500000 mm3 
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Height through which weight falls, A = 4'em = 40 mm ; 
Modulus of elasticity, E = 2 x 10° N/mm? 

Let o = Instantaneous stress produced, and 
P = Unknown weight. 





We know E= tiene or Stress = E x Strain 
Strain 
Instantaneous stress =H x Instantaneous strain = E x = 
2:1 , 
= 103 2 2, : 
2x 10° x 3000 N/m? = 140 N/mm: Ans. 


Equating the work done by the falling weight to the strain energy stored, we get 


2. 
Ph + 8L)= 2 xV 





2E 
140? - 
or P(40 +.2.1) = Soar & 1500000 = 73500 
2x2 10 
73500 
or P= i= 1745.8 N. Ans. 


Note. The value of P can also be obtained by using equation (4.7). 

Problem 4.12. An unknown weight falls through a height of 10 mm on a collar rigidly 
attached to the lower end of a vertical bar 500 cm long and 600 mm? in section. ifthe maximum 
extension of the rod is to be 2 mm, what is the corresponding stress and magnitude of the 


unknown weight ? Take EB = 2.0 x 105 Nimm?. (AMIE, Winter 1984) 
Sol. Given : 
Height through which the weight falls, A = 10 mm 
Length of the bar, LE = 500 cm = 5000 mm 
_ Area of the bar, A= 600 mm? 

Maximum extension, 6£ = 2 mm 
Young’s modulus, E = 2.0 x 105 Niémm? 
Let co = Instantaneous stress produced in the bar, and 

| P = Weight falling on the collar. 
We know - | E= ese | 

Strain , 
| Stress =E x Strain = E x a (: Strain = *} 


Substituting the known values, we get 





| 2 5 
| o= 2.0 x 10° x 5000 


Value of weight falling on thé collar 
Using equation (4.7), 


= 80 N/mm?.. Ans. 


Pla, fe PA EA) 
Ae BB he A 
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Ps 2 x 600 x 2.0 x 10° x 10 
_ von Fie no eS age) 
48000 _, , {, , £80000 
on pty P 
46000 1. 1 + 280000 
or P p> 
Squaring both sides, 
48000 \* 2x 48000 ., 480000 
——} 41-14 
P P P 
or ae - ~ = 480000 (cancelling 1 to both sides) 
a ~ 2804000000 _ 480000 96000 _ 576000 
| ene P P 
or ell = 576000 (cancetting 4 to both sides} 
2304000000 
=— = =4kN. : 
or 576000 4000 N kN. Ans. 


Problem 4.13. A bar 12 mm diameter gets stretched by 3 mm under a steady load of 
8000 N. What stress would be produced in the same bar by a weight of 800 N, which falls 
vertically through a distance of 8 cm on to a rigid collar attached at its end ? The bar is initially © 


unstressed. Take E = 2.0 x 10° Nimm?. (AMIE, Winter 1986) 
Sol. Given : 
Dia. of bar, : d=12mm 
Area of bar, As z (12)? = 113.1 mm? 
Increase in length, 6£=3mm 
Steady load, W = 8000 N 
Falling weight, P=800N 
Vertical distance, h=8cm=80mm 
Young’s modulus, E = 2.0 x 10° N/mm? 
Let E = Length of the bar, and 
o = Stress produced by the falling weight. 
With steady load 
Geers ee 
Stress Area ~ 
We know E= Sain Oa 3 
L 
(iis) 
or 2.0 x 105 = a XS 
() 
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_ 20x10° x1131x3 


L = i 
8000 8482.5 mm 


Now using equation (4.7), we get 


P 2AEh 
on 51s L+ PL. } 


800 | _. 2x1181x 2.0x10° x 80 
ep ees. f ee ee eee ee 2. 
1134 7 8.0 x 84825 ] Nia: 


"= 7.073401 + f+ 533.33) = 7.0734 x 24.1155 
= 170.578 Nimm?, Ans. 





Problem 4.14. A rod 12.5 mm. in diameter is stretched 3.2 mm under a steady load _ 


of 10 kN. What stress would be produced in the bar by a weight of 700 N, falling through 
75 mm before commencing to. stretch, the rod. being initially unstressed ? The value of E may 
be taken as 2.1 x 10° Nimm?. : (AMIE, Winter 1988) 


‘Sol. Given : 
Dia. of rod, d=12.5mm 
.. Area of rod, - = ; x 12.5? = 122.72 mm? 
Increase in length, 6h = 3.2 mm. 
Steady load, W = 10 kN = 10,000 N 
Falling load, P=700N 
Falling height, h=75 mm 
Young’s modulus, # = 2.1 x 10° N/mm? 
Let i= Length of the rod, 
o = Stress produced by the falling weight. 
We know E= pees 
Strain 
Sae ead) 
8 Area 
: aL 
L 
( ar 
or 2.1 x 198 = 4122.72) 


(2) 


_ (10,000) | ( L 
~ (499.72) (32 
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21x 105-x 122.72 x 3.2 
10,000 


Now using equation (4.7}, we get 


G= z 1+ .jl+ h 
“A PxL 
_ 100 |, , |, , 2%12272x 21x 10° x 75 
* y22.72|°* 700 x 8246.7 


= 153.74 N/mm?, Ans. 

Problem 4.15. A vertical round steel rod 1.82 metre long is securely held at its upper 
end. A weight can slide freely on the rod and its fall is arrested by a stop provided at the lower 
end of the rod. When the weight falls from a height of 30 mm above the stop the maximum stress 
reached in the rod is estimated to be 157 N/mm. Determine the stress in the rod if the load had 
been applied gradually and also the minimum stress if the load had fallen from a height of 
47.5 mm. 

Take E = 2.1 x 10° Nimm?. 


= 8246.7 mm 








Sol. Given : 

Length of rod, ; L=182m = 1.82 x 1000 = 1820 mm 

Height through which load falls, A =30mm 

Maximum stress induced in the rod, o = 157 N/mm? 

Modulus of elasticity, E = 2.1 x 10° N/mm? 

Let - 0, = Stress induced in the rod if the load is applied gradually and 


0, = Maximum stress if the load had fallen from a height of 47:5 mm. 
Strain energy stored in the rod when load falls through a height of 30 mm, 


2 
U= ©”. Nolunies <3 28 eV 
2E 2x2ix10 
= 0.05868 x V N-m 
The extension of the rod is given by equation (4.6), 


é8L = gre 


_ 187 

~ 21x108 
.. Total distance through which load falls 

=h+ 8L = 30 + 1.36 = 31.36 mm 
.. Work done by the falling load = Load x Total distance 

=P x 31.36 
Equating the work done by the falling load to the strain energy stored, we get . 
P x 31.36 = 0.05868 x V 


x 1820 = 1.36 mm 
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P 0.05868 
or v7 31367 0.001871 
: _ .0.001871 (: VeAL) 
01 AL / z =A, 
or = 0,001871 x Z = 0.001871 x 1820 = 3.4 
Ast Case. If the load had been applied gradually, the stress induced is given by, 
S _ Load _ P 
1“ “Area A 


= 3.4 N/mm’, Ans. 
2nd Case. If the load had fallen from a height of 47.5 mm. 





Let o, = Maximum stress induced. 
Using equation (4.7), we get 
P 2AEh 
= ts 1.247 [Here o = 02] 


5 
= aalta fg 2x 21x10" x 475 (: Ena pe 475 
3.4 x 1820 A 


=34 (1 ++ 3219.24) 


= 196.64 N/mm?. Ans. 


Problem 4.16. A vertical compound tie member fixed rigidly at its upper end, consists of 
a steel rod 2.5 m long and 200 mm in diameter, placed within an equally long brass tube 21 mm 
in internal diameter and 30 mm external diameter. The rod and the tube are fixed together at 
the. ends. The compound member is then suddenly loaded in tension by a weight of 10 kN 
falling through a height of 3 mm on to a flange fixed to its lower end. Calculate the maximum 
stresses in steel and brass. Assume E, = 2 x 10° Nimm? and E, = 1.0 x 10° Nimm?. 


Sol. Given : 
Length of steel rod, L = 2.5 m = 2500 mm 
Dia. of steel rod, d, = 20 mm 


Area of steel rod, A,= ; x 202 


= 100 x mm? 
Internal dia. of brass tube =21 mm 
External dia. of brass tube = 30 mm 


Area of brass tube, A, = z (30? — 212) 


= 114.75 n mm? 
Length of brass tube, =250cm . 
= 2500 mm 
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Weight, P=10KN = 10,000 N 
Height through which weight falls, 
h=3mm _ 


Young’s modulus for steel, E, = 2 x 10° N/mm? 
Young’s modulus for brass, EZ, = 1.0 x 10° N/mm? 
Let o, = Stress in steel tube, and 

o, = Stress in brass tube. 
As both the ends are fixed together, 
Strain in steel rod = Strain in brass tube 

















Le, . = = |. Strain = a) 
5 
or o,= Bh B, = oy xO =2xay w.(é) 
Now volume of steel rod, V, = Area x Length 
=A, x L = 100 x x 2500 
wo, = 250000 x mm? 
Volume of brass tube, V, =A, x L = 114.75 x x 2500 = 286875 x mm® 
Strain energy stored in steel rod, 
. 2 
; oe eS ess x 250000 x (. G, = 20,) 
= 7.854 0}. 
and strain energy stored in brass tube, 
y, = 2b nV, = Sb x 986875 2 
"9B, © 2x1x10° 
= 4.506 o?. 
Total strain energy stored in the compound bar; 
U=U,+U, 
= 7.854 6. + 4.506 oF 
= 12.36 of. ..-(éi) 
Work done by the falling weight = Weight (2 + 6L) 
= 10000 (3 + 5L) (iit) 
As both the ends are fixed, 
The strain in steel rod = Strain in brass rod 
But strain in brass rod = e (: Strain = ee 
b : : 
OF 28 
e L 1x108 
BL =~ og * 2500 ( L= 2500 mm) 
= 110° 
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ee  EEEEORERE 
Substituting this value of 5Z in equation (ii), we get ‘ 
Work done by falling weight = 10000 (3.0 + 0.025 o,) (iv) 
Now equating the work done by the falling weight to the total strain energy stored 
[i.e., equating equations (iv) and (ii)], we get 
10000 [ 3 + 0.025 ,] = 12.36 o} 
or 30000 + 250 o, = 12.36 of 
or 12.36 of - 250 aj — 30000 = 0 
og? _ 250, _ 30000 
% >” 7936 >” 1236 
or of — 20.226 o, ~ 2427.18 = 0 
The above equation is a quadratic equation. 


_ 20.226 + ¥ 20.226" +4 x 242718 








G, = 5 
SS 20.226 = (409.09 + 9708.72 
- 2 
_ 20,226 + 100.587 
~ 2 
= Aaa (Neglecting — ve root) 


= 60.4 N/imm?, Ans. 
From equation (i), we get 0, = 2x o,=2 x 60.4 
= 120.8 N/émm?, Ans. 

Problem 4.17. A vertical bar 4 metre long and of 2000 mm? cross-sectional area is fixed 
at the upper end and has a collar at the lower end. Determine the maximum stress induced 
when a weight of : 

(i) 3000 N falls through a height of 20 cm on the collar, 

Gi) 30 REN falls through a height of 2 cm on the collar. 

Take E = 2.0 x 10° Nimm?. 

Sol. Given : 

Length of bar, L=4m= 4000 mm 

Area of bar, A = 2000 mm? 

Volume of bar, V=AxL = 2000 x 4000 = 8000,000 mm? 

Ist Case. Falling weight, P, = 3000 N 

Height, h,=20cem = 200mm 

Let o, = Maximum stress induced. 

In this case the falling weight is small as compared to second case. The small weight will 
produce a small extension of the bar. Hence the extension in the bar will be negligible as 
compared to the height of 20 cm through which the weight falls. 

-, Using equation (4.8), we get 

2EPh 


A.L 
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2EP A, 
or oO; = AL 


2x 2x 10° x 3000 x 200 
GF “= | 2000 x 4000 
‘ (- A= 2000 mm?, 1 = 4000 mm) 
= 173.2 N/mm2, Ans. 
2nd Case. Falling weight, P, = 30 kN = 30000 N 
Height, ; ho =2em = 20mm 
Let 6, = Maximum stress induced. 
In this case falling weight is having a large value. Hence the extension produced by a 
large weight will be large. Moreover the height through which this weight falls is 2 cm only. 


Hence the extension in the bar, in comparison to the height through which werghe falls, is not 
negligible. 





Using equation (4.7), we get 


o= 5/1 1) 








A PL 
o oy Flas fe Aa 


_ 80000), , |, , 2% 2000 x 2x 10° x 20 
~ 2000 30000 x 4000 
= 15 (1 + 11.590) = 188.85 N/imm”. Ans. 
Problem 4.18. A crane-chain whose sectional area is 6.25 cm? carries a load of 10 RN. 
As it is being lowered at a uniform rate of 40 m per minute, the chain gets jammed suddenly, at 
which time the length of the chain unwound is 10 m. Estimate the stress induced in the chain 
due to the sudden stoppage. Neglect the weight of the chain. Take E = 2.1 x 10° Nimm?. 
(AMIE, Summer 1989) 


Sol. Given : 
Area, A =6.25 cm? = 625 mm? 
Load, W=10kKN = 10,000 N 
Velocity, V = 40 m/min = = m/s = : m/s 
iis ion of chain unwound = 10 m = ie x ae mm 

L=10, 000 mm 
Vals of E=2.1 x 105 N/mm? 
Let o = Stress induced in the chain due sudden stoppage. 
K.E. of the crane se eyie o xV? 

2 2g 
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110000) (2\" 


= 226.5 x 1000 N mm = 226500 N mm i). 


When the chain gets jammed suddenly, the whole of the KE. of the crane is absorbed in 
the chain. But the energy stored or absorbed in the chain 


2 


o 
= op XAxL 


Se 
2x 21x 10° 


Now K.E. of crane = Energy stored in the chain 


x 625 x 10,000 N mm -.. (i) 


2 


or 226500 = 08 x 625 x 10,000 


pat 
2x21ixl 

9 _ 226500 x 2x 2.1x 10° 
re 625 x 10,000 


226500 x 2 x 2.1 x 10° 
°= ¥ 625 x 10,000 
= 123.37 N/imm?. Ans. 
Problem 4.19. A cage weighing 60 kN is attached to the end of a steel wire rope. It.is 
lowered down a mine shaft with a constant velocity of 1 m/s. What is the maximum stress 
vroduced in the rope when its supporting drum is suddenly jammed ? The free length of the 


‘ope at the moment of jamming is 15 m, its net cross-sectional area is 25 em? and E 
=2x 10° Nimm?. The self-weight of the wire rope may be neglected. (AMIE, Winter 1990) 








Sol. Given : 
Weight, W = 60 KN = 60,000 N 
Velocity, V=im/’s 
Free length, £=15 m= 15,000 mm 
Area, A = 25 cm? = 25 x 100 mm? 
Value of E=2x 105 N/imm? 
K.E. of the cage 2 mV2= a We x V2 
2 2\g 
1 {60,000 30000 | 
i 2 2 - 
=5*( 981 }ea NE gaE es 
= SOOO) 1000 enn N mm AZ) 


9.81 
This energy is to be absorbed (or stored) by the rope. 


Let o = Maximum stress produced in the rope when its supporting drum is suddenly 
jammed. 
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aR ew ee i cs 
But the maximum énergy stored 


as Spo anne 15000 N 
=— x x = x x 2 
2E 2x 2x 10° ae ce 
But K.E. of the cage = Energy stored in the rope . 
30000 x 1000 o 
"981. 2x2x10° x 2500 x 15000 
- 30000 x 1000 x 2x 2x 10° 
eS = "9.81 x 2500 x 15000 


30000 x 1000 x 2x2x 10° , 
. aren SION = 180.61 N/mm?. : 
OF ‘i 9.81 x 2500 x 15000 M Ans 


4.6, EXPRESSION FOR STRAIN ENERGY STORED IN A BODY DUE TO SHEAR 
STRESS 


Fig 4.6 shows a rectangular block of length 2, 
height A and breadth 6, fixed at the bottom face AB. 
Let a shear force P is applied on the top face CD and 
hence the top face moves a distance equal to CC;. 

Let + = Shear stress produced, 

o = Shear strain, and 
C = Modulus of rigidity. 

Now shear stress, 

Shear force 











v=" Area 
( Area of top face =i x b) 
uP 
~ Lx b 
P=txlxb 
dsh : _ Cy 
and shear strain, >= CB 
CC, = CB. 6 


If the shear force P is applied gradually, then average load will be equal to = 


Work done by gradually applied shear force 
= Average load x Distance 


= 5 x 00, = 5 (ext xb). (CB. 4) 
(. p=txlxband CC, =CB. ) 
=5.t xb Kh§ (: CB =h) 
Lebo = sae =o Volmiseh block 
gee ees xbx Bay FE olume of bloc! ate, 
(: ¢ = Shear strain = Shear stn ) 
Cc 
2 ; 
gx axv Go Velxb xh) 
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But the work done is equal to the strain energy stored. 
2 
ac * V (4.9) 


Problem 4.20. The shear stress in a material at a point is given as 50 N/mm?. Deter- 


Strain energy stored = 


Mine the local strain energy pei unit volume stor ed in the 
, ? muater tal due to shear stress. Take 


2. 


Sol. Given : 

Shear stress, 
Modulus of rigidity, 
Using equation (4.9), 


+= 50 N/mm? 
C =8 x 10¢ Nimm?. 


Strain energy = a x Volume = she % Volume 
2C 2x8 x 104 
= 0.015625 x Volume 
Strain energy per unit volume 
_ 9.015625 x Volume 2 : 
= Sea 0.015625 N/mm?*, Ans. 


HIGHLIGHTS 


The energy stored in a body due to straining effect is known as strain energy. 


Resilience is the total strain energy stored in a body ili i 
e ‘ ly. Resilience is also defined as th i 
a strained body for doing work on the removal of the straining force. : ee 


a ee strain energy stored in a body is known as proof resilience. The proof resilience is 
? 


Proof resilience = x Volume 


o& 
2E 
where o = Stress at the elastic limit. 

The proof resilience of a body per unit volume is known as modulus of resilience. 


The maximum stress induced in a body is given by 


OR es if the load P is applied gradually 


P 
=2 Ac if the load P is applied suddenly 


ae 1+ j1l+ ae i i 
oA PoLio if the load P is applied with impact 


where A = Cross-sectional area of the body, 
h = Height through which load falls, 
E = Modulus of rigidity, 
E = Length of the body. 


The maximum stress uced in a body due to sudd ly a load s twice the stress induced 
induce y en pplied 1 


If the extension produced in a rod due to im i 
s pact load is very small in comparison with i 
through which the load falls, then the maximum stress induced in body is veut meee 


ona [2e.P oh ‘ 
AL | x 








i 
§ 
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where P = Impact load, 
h = Height through which load falls. 
Yo find the expression for the stress induced in a body either by suddenly applied load or by an. 
impact load, the strain energy stored in a body is equated to the work done by the load. 
The energy stored in a body due to shear stress {(t) is given by 
on , 
U= oC xV 


whereV = Volume of the body, and 


C = Modulus of rigidity. 
EXERCISE 4 


(A) Theoretical Questions 


Define the following terms : 
(i) Resilience Gi) Strain energy 

(ii) Impact loading, and (iv) Spring. 

Define resilience, proof resilience and modulus of resilience. 

Find an expression for the strain energy stored in a body when 
(i) the load is applied gradually Gi) the load is applied suddenly and 

Gii) the load is applied with an impact.. 

Prove that the maximum stress induced in a body due to suddenly applied load is twice the 
stress induced when the same load is applied gradually. : 
Derive an expression for the stress induced in a body due to suddenly applied load and hence 
find the value of extension produced in the body. 

Prove that the maximum strain energy stored in a body is given by, 


2 
U= SE x Volume 


where o = Stress at the elastic limit. 
Explain the terms : Gradually applied load, suddenly applied load, and load applied with an 


impact. 
Prove that the stress induced in a body when the load is applied with impact is given by, 
P 2AEh 
o= A [ + fl+ a 


where P = Load applied with impact, A= Cross-sectional area of the body, 
h = height through which load falls, Z = Length of the body, and 
E = Modulus of elasticity. 


If the extension produced in a rod due to impact load is very small in comparison with the height 
through which the load falls, prove that stress induced in the body will be given by 


2QEPh 
C= 1A EL 
Prove that the strain energy stored in a body due to shear stress is given by, 
2 
tc 
U=—xVvV 
2C 
where t = Shear stress, 


C = Modulus of rigidity, and 
V = Volume of the body. 
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a i brass. 
Nt . Calculate the maximum stresses 11 steel and 
. ne 108 kefiom?. [Ans. 1173.5 kgf/icm?, 586.76 pase 
i d has a collar secure 
i in diameter and 3 metre long hangs vertically and ha 
= on ed Find the maximum stress jogaeee : 2 ia a selene . a bead a : 
ii 1 f 2500 ‘alls 1.5 cm ol a 
through 15 cm on the collar, {ii) when a weight o' ve fae ketem?, i) 1761 Sect 


5mm eas to a flange fixed to its low 


11. Explain the following terms : (i) Proof stress, (ii) Proof resilience, and (iii) Modulus of resilience. Assume H, = 2 x 10° kgf/cm? and E, 


(Bhavnagar University, Feb. 1992) 


(B) Numerical Problems 


1. A tensile load of 50 KN is gradually applied to a circular bar of § cm diameter and 4 m long. If the E=2.1x 10° kgfem’, Stes 2 : Jocal strain energy 
value of E = 2.0 x 105 N/mm?, determine : () stretch in the rod, (ii) stress in the rod, and 18, The shear stress in a material at a point is given as ae seen uae i Nia”: 
(iii) strain energy absorbed by the rod. [Ans. () 0.0509 cm, (ii) 25.465 N/mm? (iii) 12.73 Nm] per unit volume stored in the material due to shear stress. (Ans. 0.01265 Nfnm?] 


2. If in question 1, the tensile load of 50 KN is applied suddenly, determine : (¢} maximum instanta- 
neous stress induced, (ii) instantaneous elongation in the rod, and (iii) strain energy absorbed in 
the rod. : (Ans, (i) 50.93 N/mm2, (iz) 0.1018 cm (ii) 50.93 Nm] 

8. Calculate instantaneous stress produced in a bar 10 cm? in area and 4 m long by the sudden 
application of a tensile load of unknown magnitude, if the extension of the bar due to suddenly 
applied load is 1.35 mm. Also determine the suddenly applied load. Take E = 2 x 10° N/nm?. 

: ; {Ans. 67.5 N/mm?, 33.75 kN] 


4, A uniform metal bar has a cross-sectional area of 6 cm? and a length of 1.4 m. If the stress at the 
elastic limit is 1.5 tonne/cm?, find the proof resilience of the bar. Determine also the maximum 
value of an applied load, which may be suddenly applied without exceeding the elastic limit. 
Calculate the value of the gradually applied load which will produced the same extension as that 
produced by the suddenly applied load above. Take F = 2000 tonnes/cm?. 

5. A tension bar 6 m long is made up of two parts, 4 metre of its length has a cross-sectional area 
12.5 cm? while the remaining 2 m length has a cross-sectional area of 25 cm*. An axial load of 
5 tonnes is gradually applied. Find the total strain energy produced in the bar and compare this 
value with that obtained in a uniform bar of the same length and having the same volume when 
under the same load. Take E = 2 x 10° kef/cem?. fAns, 242 kef/em, 1.054] 

6. A load of 200 N falls through a height of 2.5 em on to a collar rigidly attached to the lower end. of 
a vertical bar 2 m long and of 3 cm? cross-sectional area. The upper end of the vertical bar is 
fixed. Determine : {i) maximum instantaneous stress induced in the vertical bar, (it) maximum 
instantaneous elongation, and (ii) strain energy stored in the vertical rod. Take E 
= 2x 108 kgf/em?. fAns. (i) 58.4 N/mm? (2) 0.0584 cm (iz) 511.5 Nm] 

7. The maximum instantaneous, produced by an unknown falling weight through a height of 4 cm 
in a vertical bar of length 5 m and of cross-sectional area 5 cm?, is 1.80 mm. Determine : (i) the 
instantaneous stress induced in the vertical bar and (ii) the values of unknown weight. 

Take E = 2 x 108 kgf/em?. (Ans. (i) 72 N/mm? and (i) 775.1 N] 

8. An unknown weight falls through a height of 20 mm on a collar rigidly attached to the lower end 
of a vertical bar 5 m long and 800 mm? in section. If the maximum extension of the rod is to be 
2.5 mm, what is the corresponding stress and magnitude of the unknown weight ? Take 
E = 2.0 x 106 kgf/em?. [Ans. 1000 kgffem?, 444.44 kef] 

9. A bar 1.5 cm diameter gets stretched by 2.5 mm under a steady load of 100 kgf. What stress 
would be produced in the same bar by a weight of 120 kgf, which falls vertically through a 
distance 5 cm on to a rigid collar attached at its end ? The bar is initially unstressed. Take 
E = 2.0 x 108 kgffem?. [Ans, 1309.44 kgffcem?} 

10, A vertical round steel rod 2 m long is securely held at its upper end. A weight can slide freely on 
the rod and its fall is arrested by a stop provided at the lower end of the rod. When the weight 
falis from a height of 2.5 cm above the stop, the maximum stress reached in the rod is estimated 
to be 1450 kgf/cm”. Determine the stress in the rod if the load had been applied gradually and 
also the maximum stress if the load had fallen from a height of 4.5. Take E = 2.0 x 108 kgf/em?. 

/ [Ans. 39.743 kgf/em?, 193.42 kgf/em?} 

11. A vertical compound tie member fixed rigidly at its upper end, consists of a steel rod 3 m long 
and 20 mm diameter, placed within an equally long brass tube 20 mm internal diameter and 
20 mm external diameter. The rod and the tube are fixed together at the ends. The compound 
member is then suddenly loaded in tension by a weight of 1200 kef falling through a height of 
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Centre of Gravity and Moment of Inertia 








5.1. CENTRE OF GRAVITY 


Centre of gravity of a body is the point through which the whole weight of the body acts. 


A body is having only one centre of gravity for all positions of the body. It is represented by 
C.G. or simply G. 


5.2. CENTROID 


The point at which the total area of a plane figure (like rectangle, square, triangle, 
quadrilateral, circle etc.) is assumed to be concentrated, is known as the centroid of that area. 


The centroid is also represented by C.G. or simply G. The centroid and centre of gravity are at 
the same point. 


5.3. CENTROID OR CENTRE OF GRAVITY OF SIMPLE PLANE FIGURES 


(t} The centre of gravity (C.G.) of a uniform rod lies at its middle point. 
(ii) The centre of gravity of a triangle lies at the point where the three medians* of the 
triangle meet. 2 
(zii) The centre of gravity. of a rectangle or of a parallelogram is at the point, where its 


diagonal meet each other. It is also the point of intersection of the lines joining the 
middle points of the opposite sides. 


(iv) The centre of gravity of a circle is at its centre. 


5.4. CENTROID (OR CENTRE OF GRAVITY) OF AREAS OF PLANE FIGURES BY 
THE METHOD OF MOMENTS 


Fig. 5.1 shows a plane figure of total area A whose centre of . 
gravity is to be determined. Let this area A is composed of a number 
of small areas By, Ay, Ay, Ay, ....-. Ct, 

es A=G,+G,tGg+a,+... 

Letx, = The distance of the C.G. of the area a, from axis OY 
x, = The distance of the C.G. of the area a 2 from axis OY 
x, = The distance of the C.G. of the area a 4 from axis OY 
x, = The distance of the C.G. of the areaa «from axis OY 





and so on. oO = x 
The moments of all small areas about the axis OY %—+| 


= OyXy + Oghy + Agry + Oyey +... i) Fig. 5.1 





*The line connecting the vertex and the middle point of the opposite side of a triangle is known 
as median of the triangle. 
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Let G is the centre of gravity of the total area A whose distance from the axis OY is z : 
x wd 
ent of total area about OY = Ax 
ieee of all small areas about the axis oY must be eae the moment of total 
area about the same axis. Hence equating equations (i) and (ii), we ge 
Aly + Agha + Agts + Uqe4 t =Ax 


yey + Apiy + Oghg + ahs + ABA) 
A 


or 5 


=O, $A + Gg t Ayo : 
mee oe the pieeeuts of the small areas about the axis OX and also the moment of 


total area about the axis OX, we will get 


oa ay41 + ago + 2343 + ag¥4 Fase ¢ 5.2) 
y= a TE ey ae 
where % = The distance of G from axis OX 


i from axis OX 
= The distance of C.G. of the area a, , az 
= The distance of C.G. of area @, 43, %% from axis OX respectively. sien 
a Gace of Gravity of Areas of Plane Figures by Integration Method. The 
equations (5.1) and (5.2) can be written as 


a; . 
Xi and FH ya 


where i=1, 2,3, 4, ..... 
x, = Distance of C.G. of area a; from axis 4a and 
i 0 . 
= Distance of C.G. of area a; from axis OA. 7 
The salu of i depends upon the number of small areas. If the ae ae — — 
ber (mathematically speaking infinite in number), then the ao a oe Ame 
pias oe be replaced by integration. Let the small areas are represented by : 
ions ¢ ; 
then the above equations are written as : 





oe A5.2.A) 
eo TGA 
yatta (5.2 B) 
and as SdA 
where fx* dA = 2x; 
fdA =a; 
*qA = Ly a; ; 
Also - x = Distance of C.G. of area dA from axis OY 


j _of area dA from axis OX. 
y* = Distance of C.G. 0 i ae 
i Line. The centre of gravity of a lin! 
id (or Centre of Gravity) of a : centt 
hich ae aan - curve, is obtained by dividing the given line, into a large number e 
wv . 
hs as shown in Fig. 9.1 (a). 
a ee of gravity is obtained by replacing dA by dL in equations (5.2 A) and (5.2 B) 
jet dh |. (5.2 C) 
fdL 





Then these equations become x = 


“and 
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Fig. 5.1 (a) 


and ie ly* dL (5.2 D) 
. Tal 
.. where x* = Distance of C.G. of length dL from y-axis, and 
y* = Distance of C.G. of length dL from x-axis. 
If the lines are straight, then the above equations are written as : 





gw Lata t Lot + Ugty tn 5.2 E) 
Ty + Ly + Ly FE vcosies : 
5m Lat Lode + Leyg + noe A52-F) 
Ey + Lg + Lg + cree 
~ §.5. IMPORTANT POINTS 


st (t) The axis, about which moments of areas are taken, is known as axis of reference. In 
the above article, axis OX and OY are called axis of reference. a 
, (ii) The axis of reference, of plane figures, is generally taken as the lowest line of the 
' figure for determining j, and left line of the figure for calculating x. 
(iii) If the given section is symmetrical about X-X axis or Y-Y axis, then the C.G. of the 
section will lie on the axis is symmetry. 

5.5.1. Centre of Gravity of Composite Bodies. The centre of gravity of composite 
~ bodies or sections like T-section, J-section, L-sections etc. are obtained by splitting them into 
_ rectangular components. Then equations (5.1) and (5.2) are used. 

Problem 5.1. Find the centre of gravity of the T-section shown in Fig. 5.2 (a). 

7 Sol. The given T-section is split up into two rectangles ABCD and EFGH as shown in 
' Fig. 5.2 (6). The given T-section is symmetrical about Y-Y axis. Hence the C.G. of the section 

will lie on this axis, The lowest line of the figure is line GF. Hence the moments of the areas are 
taken about this line GF, which is the axis of reference in this case. 

: Let ¥ = The distance of the C.G. of the 7-section from the bottom line GF 

(which is axis of reference) _ 
a, = Area of rectangle ABCD = 12 x 3 = 36 cm? ; 


¥, = Distance of C.G. of area a, from bottom line GF = 10 + 3 = 11.5 cm 
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a, = Area of rectangle EFGH = 10 x 3 = 30 em? 


: 10 
¥q = Distance of C.G. of area a, from bottom line GF = Sars 5 cm. 





j«—_— 12 cem————1 
j<—— 12. om ——1 A ~ 5 
Aen : ‘ 3m 
D a Cc 
10 cm : 10cm 
® 
glitr 
p13 cme wis ies 
Fig. 5.2(a) ~ Fig. 5.2 (6) 
Using equation (5.2), we have 
—_ 41 + Pag _ U1 t+ Ie (+ Aza, +a) 
“Ais A a, + Ag 
s 36 x 11.5+30«5 ¥ 414+ 150 <gkas Gun ane: 
= 36 +30 66 


L L -section shown in Fig. 5.3 (a). 
Problem 3.2. Find the centre of gravity of the I-section s 
Sol. The I-section is split up into three rectangles oe ee - ee = 
; i ion i i Y-Y axis. Hence the ©.G. 
ig. 5.3 (b). The given I-section 15 symmetrical about } 
ott ii Sa nn ‘The lowest line of the figure line is ML. Hence the moment of areas are 
taken about this line, which is the axis of reference. 





. K-10 cm me a 
'<-10 cm ->l Lt A__Y x, 
2cm ee t 
| 15¢em 
cm 
2cm 
2 2cm 
cm 
ea aa 
{a} ‘ (b) 


Fig. 5.3 
Let ¥ = Distance of the C.G. of the Lsection from the bottom line ML. 
a, = Area of rectangle ABCD = 10 x 2 = 20 em? 


2 
é i =24154+>5=18em 
y, = Distance of C.G. of rectangle ABCD from bottom line ML 9 
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a, = Area of rectangle EFGH = 15 x 2 = 30 cm? 


¥2 = Distance of C.G. of rectangle EFGH from bottom line ML = 2+ 2 =2+7.5=9.5cem 
a; = Area of rectangle JKLM = 20 x 2 = 40 cm? 


: 2 
43 = Distance of C.G. of rectangle JKLM from bottom line ML = 27 1.0 cm 
Now using equation (5.2), we have ¥ = wi tale + Ca¥ 


~ L101 + Aa ¥2 + 393 (eZ 
a, +g + a3 
_ 20x 184+30x9.5+40x1 


A=4a, +4, +a,) 


20 + 30 + 40 
_ 360+ 285+ 40 685 
mA 90 90 


= 7.611 cm. Ans, 


Problem 5.3. Find the centre of gravity of the L-section shown in Fig. 5.4. 
Sol. The given L-section is not symmetrical about any — 12 cmie— 
section. Hence in this case, there will be two axis of references. 
The lowest line of the figure (i.e., line GF) will be taken as axis 
of reference for calculating ¥. And the left line of the L-section. 
(Z.e., line AG) will be taken as axis of reference for calculating 
x. 7 
The given L-section is split up into two rectangles ABCD 
and DEFG, as shown in Fig. 5.4. . 
To Find ¥ 
Let ¥ = Distance of the C.G. of the L-section from bottom 
line GF : 
a, = Area of rectangle ABCD = 10 x 2 = 20 cm? Hig. ba 
¥, = Distance of C.G. of rectangle ABCD from bottom line GF 





F 
ae cm——»| 


=2+ 0 =245=7em 

a, = Area of rectangle DEFG = 8 x 2 = 16 cm? 

Yo = Distance of C.G. of rectangle DEFG from bottom line GF 
= : = 1.0 em. . 

Using equation (5.2), we have 


yu 11 +22 where A=4, +a, 


_ 2191 + Ag¥e _20x7+16x1_ 140+16 


@1 + Gy 20+16 36 
156 13 
= 36 7 3 = 4338 cm 
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To Find ¥ 
Let x = Distance of the C.G. of the L-section from left line AG 
x, = Distance of the rectangle ABCD from left line AG 
= - = 1.0 cm 


2%, = Distance of the rectangle DEFG from. left line AG 
= 2 = 4.0 cm. 


Using equation (5.1), we get 
AX, + AgXg 





X= where A=a, +4, 
7 — GX + Ga%q _ 20x1+ 16x4 (a, =20 and a, = 16) 
ay + a, 20+ 16 
20+64 84 7 
= =~ =~ = 2, : 
> 66 Se 


Hence the C.G. of the -section is at a distance of 4.33 cm from the bottom line GF an 
2.33 em from the left line AG. Ans. 


Problem 5.4. Using the analytical method, determine the centre of gravity of the plane 
uniform lamina shown in Fig. 5.5. (U.P. Tech. University, 2001-2002 ; AMIE, Summer 1975) 


Sol. Let ¥ be the distance between c.g. of the lamina and the bottom line AB. 








Area 1 
a, = 10x 5 =50 cm? 
y= ; =2.5 em 
Area 2 
a= = xa t x 2.5? = 9.82 em? 
5 
4 3- 2.5 cm 
Area 3 
dy = one = 12.5 cm? 
5 
y=5+5 = 6.67 cm 
Using the relation, 
Fe 2191 + Ga¥o + Aso 
a + ag + Gg 
_ 50x 2.5 + 9.82 x 2.5 + 12.5 x 6.67 ia 232.9 Ronee 
a 50 + 9.82+12.5 72.32 
Similarly, let x be the distance between c.g. of the lamina and the left line CD. 
Areal . : 
a, = 50 cm? 


1 
m= 25+ =7.5cem 
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erp i 
Area 2 
a, = 9.82 cm? 
4r 4.25 
Xq = 2.5 - an = 2.5- 3x cm = 1.44 cm 
Area 3 


a, = 12.5 cm? 
X_ = 2.54 5+2.5 = 10cm. 
Now using the relation, 


za Gata t Mote + Agty _ 50x 7.5 + 9.82 1.44 + 12.5 10 bat 


G1 + ag + a3 50 + 9.82 + 12.5 
514.14 
= 7o99 = 7.11 cm. 


Hence the C.G. of the uniform lamina is at a distance of 3.22 cm from the bottom line AB 


and 7.11 cm from the left line CD. Ans., 


Problem 5.5. From a rectangular lamina ABCD 
10cm x 12 em a rectangular hole of 3 em x 4 em is cut as 
shown in Fig. 5.6. 

Find the c.g. of the remainder lamina. 

Sol. The section shown in Fig. 5.6, is having a cut 
hole. The centre of gravity of a section with a cut hole is 
determined by considering the main section first as a com- 
plete one, and then subtracting the area of the cut-out hole, 


__ ie., by taking the area of the cut-out hole as negative. 


Let ¥ is the distance between the C.G. of the section 
with a cut hole from the bottom line DC. 

a, = Area of rectangle ABCD = 10 x 12 = 120 cm? 

¥, = Distance of C.G. of the rectangle ABCD from bot- 
tom line DC 


12 
==> =6cm 


2 


a, = Area of cut-out hole, i.e., rectangle EFGH, 


=4x3=12 cm? 


yy = Distance of C.G. of cut-out hole from bottom line DC 


=2452242=40m 


Now using equation (5.2 ) and taking the area (a,) of the cut-out hole as negative, we get 


y= (2g ~ O2y2 }: where A=a,- a, 


A 





— ayy, +a 

*y = Soi * Saye but for cut-hole area a, is taken — ve. Hence 
ay + A 

_— Gyy-@ 

ye 14 — Cayo | 


a ~ a 
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- a 
= “11 = Fa¥a (— ve sign is taken due to cut-out hole) 


— 211 

ay - ag 

120x6-12x4 720-48 
“420-12 108 


To Find # . 
Let x = Distance between the C.G. of the section 


with a cut hole from the left line AD 


x, = Distance of the C.G. of the rectangle ABCD from the left line AD 


1 
= =5em 


x, = Distance of the C.G. of the cut-out hole from the left line AD 


=5+1+5=750m. 


Using equation (5.1) and taking area (a,) of the cut hole as negative, we get 


1X1 — ApXo 
@ — Ay 


x= 


(2 A=a,- a) 


120x5-12x7.5 600-90 510 


Sn PP Aa can 


120 - 12 108 108 
Hence the C.G. of the section with a cut hole will be at a distance of 6.22 cm from bottom 


line DC and 4.72 cm from the line AD. Ans. 


Problem 5.5 (A). Determine the co-ordinates 
X, and Y_ of the centre of a 100 mm diameter circular 
hole cut in a thin plate so that this point will be the 
centroid of the remaining shaded area shown. in Fig. 
5.6 (a). (U.P. Tech. University, 2001-2002) 
Sol. The given shaded area is equal to area of a 
thin rectangular plate of size 200 mm x 150 mm minus 
the area of a triangle of length 100 mm and height 75 mm 
minus the area of circular hole of dia. 100 mm as shown 
in Fig. 5.6 (8). 
Let A, = Area of rectangular plate 
= 200 x 150 = 30000 mm? 
A, = Area of triangle 
= pet = 8750 mm? - 


A, = Area of hole 


2 ; (1002) = 2500x mm? 


- The centre of hole is the centroid of the shaded 
area. Hence X, and Y, is the co-ordinates of the cen- 
tre of the hole and also the co-ordinates of the centroid 
of the shaded area. 

For area Aj, 
200 


15 
x,= — > =100 mm, y, = —>~ = 7 mm 





Fig. 5.6 (a) 


100 mm—>i—100 mm->} 





Fig. 5.6 (8) 
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Sip SSS ft 
For area Ap, 


2 
Xx, = 100 + 3 * 100 = 166.67, 


yy = 75 + = x75 = 125 mm 
For area A,, %3 =X, andy, = Yo 
Now using equation (5.1) and taking areas A, and A, as negative, we get 
Fax Ayx%1 - Ag%g ~Agxz3 — 30000 x 100 - 3750 x 166.67 - 25002 x Xp 


Ap = Ag =A; (30000 - 3750 - 2500x) 
or X, (30000 — 3750 - 2500) = 30000 x 100 - 3750 x 166.67 — 2500x x X,, 
_ X¢ (30000 ~ 3750) - 2500x x Xq = 30000 x 100 ~ 3750 x 166.67 — 2500x x Xp 
or X,, (30000 - 3750) = 80000 x 100 — 3750 x 166.67 


(Cancelling 2500 x x x X,, on both sides) 
26250 X,, = 8300000 - 625012.5 = 2374987.5 


2374987.5 
Xo= sheen = . . 
| or gegay. ee ae ans 
Similarly, ¥=Yo= Aun ut =e 
1 QZ — 443 


_ 30000 x 75 - 3750 x 125 — 2500x x ¥p 
(80000 - 3750 — 2500s) 


or Y, (30000 - 3750 — 2500) = 30000 x 75 -— 3750 x 125 — 2500n x Yo 
. or ¥,, (30000 — 3750) = 30000 x 75 — 3750 x 125 
(Cancelling 2500x x Y,, on both sides) 
or 26250Y,, = 30000 x 75 - 3750 x 125 
~= 225000 — 468750 = 1781250 
Yor ee = ore mm. Ans. 


Problem 5.5 (B). A semi-circular area is 
removed from the trapezoid as shown in Fig. 5.6 (c). Y. 
Determine the centroid of the remaining area. 

(U.P. Tech. University, 2000-2001) 

Sol. The given shaded area is equal to the 
area of a thin rectangular plate of size 100 mm x 
(150 + 100) mm plus the area of the triangle of 
length a mm pe of height (150 — 100) = 50 mm " 100 
minus the area of semi-circular area o' min 
100 mm as shown in Fig. 5.6 (c). ass oa ae 

Let A, = Area of rectangular plate _ Fig. 5.6 (c) 

= 100 x 250 = 25000 mm? 


}—100 mm—»} 








2 2 
A, = Area of semi-circle = er ae > = 12502 mm? 
A, = Area of the triangle = a 6250 mm? 
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Co A 


: 250 
= Distance of C.G. of area A, from y-axis = = 125 mm 


0 
y1 = Distance of C.G. of area A, from x-axis = —[— = 50 mm 


2 
100 
= Distance of C.G. of area A, from y-axis = 150 + 73 = 200 mm 


4r_ 4x50 _ 200 
3x Sn 


—Q. 500 
= Distance of C.G. of area A, from y-axis = 250 x 3° 3) 
: 50 350 
= Distance of C.G. of area A, from x-axis = 100 + Sa gee mm 


%, ¥ = Distance of C.G. of the shaded area from y and x-axis. 
Now using equation (5,1) and taking area A, as negative, we get 
es a = AgXe + Ax; 








- Ag + Ag 

500 
25000 x 125 ~ 1250x x 200 + 6250 x =~ 

ave 25000 — 1250x + 6250 

_ 3125000 - 785398 + 1041666 _ yen i Ans, 
27323 
Similarly, 
oo 200 350 
00 x 50 - 1250x x + 6250 x 
se Ayy, ~ Aoye + A3¥3 a anne ig 3x 
2 ee he A 27323 


1250000 - 83333'+ 729166 
~ 27323 
«. Centroid of the given section = (¢, ¥) = (123.75 mm, 69.38 mm). 
5.5.2. Problems of Finding Centroid or Centre of Gravity of Areas by Integration 
Method. 
Problem 5.6. Determine the co-ordinates of the C.G. of the area OAB shown in Fig. 5.7, 
if the curve OB represents the equation of a parabola, given by 


= 69.38 mm. Ans. 


y = hx? 
in which OA = 6 units 
and AB = 4 units. : 
Sol. The equation of parabola is y = kx? ..i) 


First determine the value of constant k. The point B is lying on tha curve and having co- 
ordinates 
x=6andy=4 
. Substituting these values of equation (i), we get 
4=kx 6 =36k 
4 1 


180 - 
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Substituting the value of & in equation (i), we get 
-1 2 
y= 9* 5 8 (di) 
or xe = 9y ‘ 
or x=3/y ...(iii) 


Consider a strip of height. i i 
y and width dx as sh 
Fig. 5.7. The area dA of the strip is given by ieee 


dA=yx dx 


The co-ordinates of the C.G. of this area dA are x and a 
. 2 


“. Distance of C.G. of area dA from yraxis = x. 


and distance of C.G. of area dA from X-axis = 


“2 po Jee 


x*=x and y* ig 
Let x = Distance of C.G. of total area OAB from axis OY 


¥ = Distance of C.G. of total area OAB from axis OX. 
Using equation (5.2 A), we get 
: sot 
: f axe dA iE xx y dx : , 
(. dA = ydx, x* = x) 








2 
x 
Buty = > from equation (ii). 


6 2 
[xxsxde é x? dx 














x= 20 9 —- 240 
6 x 1/8 
co “9d” a 
6 3 (| Long 
esha 
[eae fe] ; 6° 
3 J 
1. 3 
= 4% 7 %8=45 Ans. 
Using equation (5.2 B), we get 
__ ja . 
y= 
Jas , 


where. y* = Distance of C.G. of area dA from x-axis 


a - (here) 
dA = ydx 
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Be gee e ar 
fmane| Prahefi day dee fF a 
2 2 
168 5 1 p6f x? (: =< ) 
= =— See , are 
2Jo” de are a : 
6 
166 x4 1 1/6 1 1}x$ 
= —dx=— = * dx=— Qi] 
“Odo 81 a” eile” as | 
1 tA 6 ee 
StxXe KS ee 
2 81 5 8t0 
6 6 2 1] x3 . 1 6 6 
Also faa-Pydee [ede He] 3S 
6 


27 
1 36 6 
(ees es ae ey Ans. “ 
Bi “age 


Problem 5.7. Determine the co-ordinates of the C.G. 


2 
of the shaded area between the parabola y = a and the 


straight line y = x as shown in Fig. 5.8. 
Sol. The equations of parabola and straight line are 
2 


yee £6) 
icy Adi) 


The point A is lying on the straight line as well as on 
the given parabola. Hence both the above equations holds 
good for point A. Let the co-ordinates of point A are x, y. 

Substituting the value of y from equation (ii) in equation (1), we get 
2 2 

x 
x=— or 4=—=x 
4 x 





Substituting the value of x = 4, in equation (ii), 
yo 
Hence the co-ordinates of point A are 4, 4. 
Now divide the shaded area into large small areas each of height y and width dx as 
shown in Fig. 5.8. Then area dA of the strip is given by 
dA = ydx = (y, — y_) dx (itt) 
where y, = Co-ordinate of point D which lies on the straight line OA 
Yq = Co-ordinate of the point E which lies on the parabola OA. 
The horizontal co-ordinates of the. points.D and E are same. 


a 
10. STRENGTH OF MATERIALS 


The values of y, and y, can be obtained in terms of x from equations (ii) and (i), 
S z 
, ¥,)=x and y,= a 


Substituting these values in equation (iz), 
2 
x 

dA = (« - =] dx iv) 
The distance of the C.G. for the area dA from y-axis is given by, 

x*=x , 
And the distance of the C.G. of the area dA from x-axis is given by, 
Yi- Ye 
| 2. (Ce YI, ~- Hq) 
7 292 + 91 - Je ~21t¥2 
2 2 





y 
= Iq tf =I + 





see y ae 
9 . eee ee 


eH, # 
ae ; (v) 


Now let % = Distance of C.G. of shaded area of Fig. 5.8 from y-axis 
¥ = Distance of C.G. of shaded area of Fig. 5.8 from x-axis. 
Now using equation (5.2 A), 











a 
gaia where x* =x 
dA x 
| : ela2s- dx [See equation (iv)] 
frraa-['le—-* Jae } 
=} Te. (x varies from 0 to 4) 
ie dx = Ris xt f 
0 4 8 4x4 
42 44 64 
~a tea ge 
x4 3 
_ 64-48 16 
~ 3 8 
and , faa- -5 Jae 
0 
7 x x . 4? 48 
2 3x4], 2 3x4 


_16 16 _ 48-32 -16 


9 eae z w(vi) — 





| 
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* ‘ . Jy*dA 
Now using equation (5.2 B), ¥= [aA 
1 x 
where ais 3 xt oe [From equation (v)] 
2 

dA = (. = =) dx 
41 x? x? 

aK a st ae = 

J» dA=[ sles | 7 | 
4 
1r4{ . x! 1| x* x? 
=—} - = |dx =~|—- 

zfs 5 AE 5x 16|, 





14? 4 3%) 
“913 5x16] 213 5 


a2 x 2 ~ 54 
SSE gis 
and J dA= . [From equation (vi)] 


yl Te 64 6 8. Ane 
oe Jaa a6 46." 16 36. 
; 6 

5.5.3. Problems of Finding Centroid or Centre of Gravity of Line-Segment by 
Integration Method 

Problem 5.8. Determine the centre of gravity of a 
quadrant AB of the arc of a circle of radius R as shown. in 
Fig. 5.9 (a). 

Sol. The centre of gravity of the line AB, which is an 
arc of a circle radius R, is obtained by dividing the curved 
line AB into a large number of elements of length dL as 
shown in Fig. 5.9 (a). 

The equation of curve AB is the equation of circle of 
radius R. 

“. The equation of curve AB is given by 

x2 + y? = R2 
Differentiating the above equation, 
2x dx + 2y dy =0 [v 





Fig. 5.9 (a) 


R is constant] 
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or Qy'dy = — 2x dae ' 
at -2Qxdx -xdx 
or dy = = = } 
yy 2y - w(t) 


Consider an element of length dL as shown in Fig. 5.9 
a distance x* from y-axis and y* from x-axis. il a ated ara 


Now using equation (5.2 D) for ¥, we get 

__ jxtat 

y= if aE -..(at) 
Let us express dL in ee of dx and dy. 
But | diz 2 4 dy? 


i ae? a (: =28) 
= + ° From (2), dy = 
-y ¥ 











= te? «ae? 


on 


= dx ae (e x? 4 y? = R2) 


sat 





=— .dx. 
Substituting the value of dL in equation (z2), 


te | by 


a fae 


(- fb is total length of arc of one quadrant of a circle) 








_RxR oR 
= Bak Dae Ans. 
4 


Similarly, the value of ¥ can be calculated. Due to symmetry this value will also be 


2R 
wt equal to — . 
: x 





9 ee pat ran see 
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2nd Method 
Here dL=R dé 

y*=Rsin 6 

x* = R cos 6 

fo dL ( (R sin 8) x (R d8) 
Now y= =, 
aL Rade 





m/2 o.. 2 nf 2 
[ R*sinode R [ sin 6 d6 
T= Sena os 0/2 


f Rdé R i dé Fig. 5.9 (6) 
ui2 
re - cos | es Ros (z) ~ cos 0 
nye 2 ANS bo Ne ee 


EA 


10 


_ HOT gay 
x x 
2 
Similarly, 
j x* di a (Rcos6)x(R dé) R i cos 6 dé 
> = ald > nid 
aL Rde R\ de 
0 0 


a/2 
R ls | 
= o _ Aisin90°-sin0°]  R 2k 
mz m2 a mar oS 
a [9| GG 0 (5) 

Problem 5.9. Determine the centre of gravity of the area of the circular sector OAB of 
radius R and central angle a as shown. in Fig. 5.10. 

Sol. The given area is symmetrical about x-axis. Hence 
the C.G. of the area will lie on x-axis. This means ¥ = 0. To 
find <, the moment of small areas are to be taken along y-axis. 
Divide the area OAB into a large number of triangular ele- 
ments each of altitude R and base Rd@ as shown in Fig. 5.10. 
Such triangular element is shown by OCD in which altitude 
OC = R and base CD = Rd®. The area dA of this triangular 
element is given by, 

OCxCD Rx Rdd 
Sg PGE 
_ R? da 

i “og 


dA= 
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The C.G, of this triangular element is at G 
where 0G=Fx0C= 2 xR 
The distance of C.G. of area dA from y-axis is given by, 


x= 0G x cos 8 = = R x-cos 6 
Now using equation (5.2 A), 








dA on/2 Re 
J 2 {, 5 40 
5 eet 
RY pas sin | 
_ a) cos 6 dé _2R i 
ma R? pai2 ~ 83 1/2 
zhoe  * [of 
sin (g | 
2R 2) 4R . fa 
ae € - 5a (3). Ans. 
2 
The area OAB is symmetrical about the x-axis, hence 
¥ =0. Ans. 


For a semi-circle, a = a = 180°, hence 


- 4k, ( = 
x =— sin| — 
3a 2 
4k. (72°) 4R 
> sin j —— | =—— , 
3x x 2 3x 

Problem 5.10. Determine the centre of gravity of a semi-circle of radius R as shown in 
Fig. 5.10 (a). 

Sol. This problem can aiso be solved by the 
method given in problem 5.9. The following other 
methods can also be used. Due to symmetry, ¥ = 0. 
The area AOB is symmetrical about the Y-axis, hence 
x% = 0. The value of ¥ is obtained by taking the mo- 
ments of small areas and total area about x-axis. 

1, Considering the strip parallel to Y-axis 

Area of strip, dA = y. dx . - 

The distance of the C.G. of the area dA from 


x-axis is equal to . 


Moment of area dA about x-axis 


=dA. > : Fig. 5.10 (a) 
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y 
== .dA 
2 
¥ . (: dA=y.dx) 
=~ .ydx ‘ : 
2 ¥y 
ee 
2 : - 


Moment of total area A about x-axis is obtained by integrating the above equation. 
«. Moment of total area A about x-axis 


={ 2 de 

2 

=f" Ie («. x varies from — R to R) 
JR 2 


But equation of semi-circle is 

x?+y?=R2 or yy? = R2- x? 
Substituting this value of y? in the above equation, we get 
Moment of total area A about x-axis , 





1/2R? oR*| 1 = 4R° 2R® 

+a 

38 3 2 3 3 

Let ¥ = Distance of C.G. of the total area of semi-circle from x-axis. 
mR? 

The total area of semi-circle is also equal to a 


.. Moment of this total area about x-axis 





xR? 
= ¥ x 2 
Equating the two values given by equations () and (it), we get 
aR” _2R* 





oe a 


GZ) 


(ii) 
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Hence the location of C.G. of semi-circle is (0 =) . Ans, 
FC 


2. Considering the strip parallel to x-axis 
Area of strip, dA = 2x . dy 
The distance of the C.G. of this area from x-axis is y 
eo “. Moment of this area about x-axis 

=y. dA 

= y. Indy 

= 2xy dy «.(i) 
But, we know x2 oy =F? 

= R2- y? 


OF x= VR? -y¥" 
: Substituting the above value of x in equation (i), we get 
Moment of area dA about x-axis, 
= 2YR? - y? -y. dy 


7 Moment of total area A about x-axis will be obtained by integrating the above equation 
‘from O to R. 


*. Moment of area A re x-axis 


= i af R® — y?  y dy es 

=- [RP 9? 2y) d (eee) 
0 

0 









CLL L 


+— X —>| 






Fig. 5.10 (6) 


y varies from O to R) 


3/2 


2 3 
=+3 (0- R= = (di) 


Also the moment of total area A about x-axis = A x y 
aR? 

-~- where A = Total area of semi-circle = a 
¥ = Distance of C.G. of area A from x-axis 


mR? _ 
Moment of total area A about x-axis = zT xy ... (iii) 


Equating the two values given by equations (ii) and (iid), 


xR? 3 
2 


No 








x 





Sey 
It 


te 






Ht 
i) 


Ans. 


Say 
i 
|i 





2 
aR? 
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Problem 5.11. To determine the centre of 
gravity of the area shown in Fig. 5.10 (c) given by 
: 2 2 
zy +25 2, 
a 
Sol. Consider a small strip of thickness dx 


parallel to y-axis at a distance ofx from the y-axis. 
Area of the strip, dA = y.dx 


The C.G. of area dA is at a distance 3 from 
x-axis. 
Moment of the area dA about x-axis 





Jy 
=5 dA 
= : yd (2 dA =y.dx) 
2 
= dx 
2 ‘ . 
.. Moment of the total area about x-axis 
2 
= t Ben dx GC 
0 2 
Let us substitute the value of y? in terms of x. 
FA Adee y 
The given equation is a pent 3 =1 
y? x? - atx? : 
= a ae 
: B2 
or ye a (a? — x) 


Substituting the value of y? in equation (2), we get 
Moment of total area about x-axis 


3 
17 B7 gn b? | 2 5 | 
eh 2 Goede Slee 
=3), 2% x*) Oat 3 


Bf is _a°|_ 8? | 2a* ab? 
“gael | Bae ee 


The total area A of the given figure is given by 
A=| dA=[ y.de 


v2 
3 b? bp 2_ p22 
From equation (ii), y= fe me a (a? — x?) 
a 


V2 
Now equation (iv) is, A= [2c ~x7)¥? dx 


Fig. 5.10 (c) 


x varies from O to a) ... 


a 


0 





(é) 


«(id) 


(iii) 


..{iv) 


wv) 


190 a4 et 2 : . STRENGTH OF MATERIALS 








2yu2 | bf aa?) 
4 

ie - a [: [ a? ~ x? a) (vi) 
Let ¥ = the distance of C.G. of the total area A from x-axis. 
Then moment of total area A about x-axis 

- =Axy 
mab _ ; 
Sr ae ; .(vii) 


The equations (iii) and (vii) give the moment of total area about x-axis. Henve equating 
these equations, we get 


nab =_ ab" 
i ae 
2 
ee 4 ats cab Ans. 
3 ‘nab 3x 


To find x, take the moment of small area dA about y-axis. 
The C.G. of area dA is at a distance of x from y-axis. 
Moment of area dA about y-axis = x.dA 
= x.y.dx (. dA =ydx) 
Moment of total area A about y-axis is obtained by integration 
Now moment of total area A about y-axis 


a 

= f x.y.dx (x varies from O to a) 
a 6 

= it x. = (a ~2?)¥? dx i ye 2@ ~ x")? from equation | 


Oo Ft kaa yb pe (-2) 2)¥2 
=~ [" x.(q? x") Soha y¥? de 


(- 2) 
b [(ar—x2)82 7 _a co? 
a Oe oo? a ba® 23 
2a 3/2 |, 3a ee “S ee 
Also the moment of total area A about y-axis 
=AxX .-(ix) 


where x = Distance of C.G. of total area A from y-axis. 
Equating the two values given by equations (viii) and (ix), 


2 
Ax 02% 
3 


*Please refer some standard TextBook of Mathematics. 


[ve? = 2? ax - [pales a det sit 2 


-[0 + 2 a” sing? co] 
lo 2 
(2) _ mat 

2 4 


Ne 


“+ volume is having three dimensions i.e., length, 
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a ba? a ba® E = see equation wa] 
3 3x nab . ; 
: 4 
= 1 
~ Bx" ° 
The co-ordinates of the C.G. of given area are 
. 4 
x on and yo 4b 
3x 


5.5.4. Centroid of Volume. Centroid of 
volume is the point at which the total volume 
of a body is assumed to be concentrated. The 


width and thickness. Hence volume is meas- 
ured in [Iength}’. The centroid [z.e., or centre of 
gravity] of a volume is obtained by dividing the 
given volume into a large number of small vol- 
umes as shown in Fig. 5.10 (d). Similar method 
was used for finding the centroid of an area in 
which case the given area was divided into large 
number of small areas. The centroid of the vol- 








ume is hence obtained by replacing dA by dv in Fig. 5.10 :(¢) 
equations (5.2A) and (5.28). 
Then these equations becomes as 
a fxtav A5.3.A) 
J du 
oe 
and 7 (5.8 B) 





fetav | 58 C) 





where x* = Distance of C.G. of small volume dv from y-2 plane (i.e., from axis oy) 
7 y* = Distance of C.G. of small volume dv from x-z plane (i.e., from axis ox) 
z* = Distance of C.G. of small volume du from x-y plane 
and x, ¥, Z = Location of centroid of total volume. 


Note. If a body has a plane of symmetry, the centre of gravity lies in that plane. If it has two 
planes of symmetry, the line of intersection of the two planes gives the position of centre of gravity. If it 
has three planes of symmetry, the point of intersection of the three planes gives the position of centre of 


ee 
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Problem 5.12. A right circular cone of radius R at the base and of height h is placed as 
shown in Fig. 5.10 (e). Find the location of the centroid of the volume of the cone. 


Sol. Given : 
Radius or cone = R 
Height of cone = h 





Fig. 5.10 (e) 


in the Fig. 5.10 (e), the axis of the cone is along x-axis. The centroid will be at the x-axis. 
Hence, y =O and % = 0. 
To find x, consider a small volume dv. For this, take a thin circular plate at a distance 
x from O. Let the thickness of the plate is dx as shown in figure and radius of the plate is r. The™ 
centroid of the plate is at a distance ‘x’ from O. Hence x* = x. 
Now volume of the thin plate, 
du = nr? x dx w.E) 
Let us find the value of r in terms of x. 
From similar triangles, we get 
Roh 
Tx 
Rxx 
h 
Substituting the value of r in equation (7), we get 


ie = (2x2) dz (di) 





or r= 





Now x is given by equation (5.3A) as 


{- Here x* =x] 














2 
F dv = (2 =) dx from equation (iz) 
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nx R? ch 
“5 i x3 dx 


2 
nx Ef” x? de 
h* 4o 


i 


2 


[.- Limits of integration are w.r.t. x. And x varies from 0 to 4] 
4 


A. 
4 
ae _ Sh Ans. 


x3 ~ 4 


3 


0 


é Problem 5.13. A hemisphere of radius R is placed as shown in Fig. 5.10 (f). The axis of 
symmetry is along z-axis. Find the centroid of the hemisphere. 


Sol. The hemisphere is placed as shown in z 
Fig. 5.10 (f). The axis of symmetry is taken as Z-axis. 
The centroid wili be at the Z-axis. Hence ¥ = 0 and 


y=0. © we 
Radius of hemisphere = R. ( ‘ 


To find Zz, consider a small volume dv of the ag A\ 


hemisphere. For this, take a thin circular plate at a 









dz 






height z and thickness dz. Let ‘y’ is the radius of this 
plate. 


Then dv = Area of section x thickness 
= ny? x dz «) 
(- Area of any section for sphere 


a _ 8 Aa 
or hemisphere = nr”, Here r= y) Fig. 5.10 (f) 


The centre of gravity of the small volume is at 
a distance z from O. ; 


Let us now, find the value of y in terms of z. 
From Fig. 5.10 (), we have 
Re = 22 +4? 
or y? = R2 — 2 
Substituting the value of y? in equation (i), we get 
dv = n{R? ~ 27] x dz wdb) 
As in this case, the axis of symmetry is Z-axis. Hence x and ¥ are zero. The distance of 
the centroid from x-y plane is given by equation (5.3C) as 


fz dv 
[ao 


where z* = Distance of centroid of the small volume dv from x-y plane. 
= z {In the present case] 


Z= 
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is 


7 fea 
fo 

fe x a(R? - 2”) de 
[acr? - 2?) dz 





[.. From equation (ii), du = n(R? - 22) x dz] 


[ n(R®2 - 2°) dz 


fc n(R? - 2”) dz 
[The limits of integration are according to dz. Here z varies sean 0 to RJ 


Z ie ee . R? xR? Rt Rt 
2 4 ji 2 4 4 


3 
TT. lop coe) 2s =3 Rk Ans, 
x|Re-4 | : Rix R--~- 3 
0 


5.6. AREA MOMENT OF INERTIA 


Consider a think lamina of area A as shown in Fig. 5.11. 
Let x = Distance of the C.G. of area A from the axis OY. 
y = Distance of the C.G. of area A from the axis OX. 
Then moment of area about the axis OY 
= Area x perpendicular distance of C.G. of area from 








axis OY 
= Ax (5.3D) 

Equation (5.3D) is known as first moment of area about 
the axis OY. This first moment of area is used to determine the 
centre of gravity of the area. 

If the moment of area given by equation (5.3D) is again multiplied by the perpendicular 
distance between the C.G. of the area and axis OY (.e., distancex), then the quantity (Ax). x = Ax? 
is known as moment of the moment of area or second moment of area or area moment of inertia 
about the axis OY. This second moment of area is used in the study of mechanics of fluids and 
mechanics of solids. 

Similarly, the moment of area (or first moment of area) about the axis OX = 

And second moment of area (or area moment of inertia) about the axis OX = (Ay) . y = Ay”. 

If, instead of area, the mass (m) of the body is taken into consideration then the second 
moment is known as second moment of. mass. This second moment of mass is also known as 
mass moment of inertia. 


Hence moment of inertia when mass is taken into consideration about the-axis OY = mx? 
and about the axis OX = my”. 


Hence the product of the area (or mass) and the square of the distance of the centre of 
gravity of the area (or mass) from an axis is known as moment of inertia of the area (or mass) 
about that axis. Moment of inertia is represented by I. Hence moment of inertia about the axis 

' OX is represented by I, whereas about the axis OY by ie 





Fig: 5.11 





GENTRE OF GRAVITY AND MOMENT OF INERTIA 195 
DONO 
The product of the area (or mass) and the square of the distance of the centre of gravity 
of the area ‘or mass) from an axis perpendicular to the plane of the area is known as polar 
moment of inertia and is represented by ¢/. 
Consider a plane area which is split up into small areas a,, dg, dy, ... etc. Let the C.G. of 
the small areas from a given axis be at a distance of r,, ro, rg, ... etc. as shown in Fig. 5.12. 
Then the moment of inertia of the plane area about the given axis is given by 


I= ayr,? + agr,? + agrg” + «.. (5.4) 
or I = ar?. ..(5.5) 
7. RADIUS OF GYRATION 
Radius of gyration of a body (or a given lamina) about an axis Given 
is a distance such that its square multiplied by the area gives mo- axis 


ment of inertia of the area about the given axis. 

For the Fig. 5.12, the moment of inertia about the given axis is 
given by equation (5.4) as 

Tsay? + agro? + agrs? ton wd) 

Let the whole mass (or area) of the body is concentrated at a 
distance k from the axis of reference, then the moment of inertia of 
the whole area about the given axis will be equal to Ak?. 

If Ak? = I, then & is known as radius of gyration about the 
given axis. 





bitte (5.6) 
A 


8. THEOREM OF THE PERPENDICULAR AXIS 

Theorem of the perpendicular axis states that if I,, and Iyy be the moment of inertia of 
a plane section about two mutually perpendicular axis X- ax and Y3 Y in the plane of the section, 
then the moment of inertia of the section I,, about the axis Z-Z, perpendicular to the plane 
and passing through the intersection of X-X and Y-Y is given by 

Tog = Lye + Tey 

The moment of inertia Z,, is also known as polar moment of inertia. 

Proof. A plane section of favcaA and lying in plane x-y is z 
shown, in Fig. 5.13. Let OX and OY be the two mutually per- 
pendicular axes, and OZ be the perpendicular axis. Consider a 
small area dA. 

Let x = Distance of dA from the axis OY 

y = Distance of dA from axis OX 
r = Distance of dA from axis OZ 
Then 7? =x? + y?. 
Now moment of inertia of dA about x-axis Fig. 5.13 
= dA x (Distance of dA from x-axis)? 
=dA xy’. 







Plane 
section 
of area A 
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Moment of inertia of total area A about x-axis, Ly = Ed Ay". 
Similarly, moment of inertia of total area A about y-axis, Tyy = Td Ax” 
and moment of inertia of total area A about z-axis, Tyg = EdAr? 
= IdA [x? + y?] Gi ast ey) 
= SA x? + XdA y? 
= Ty + Ley 
or Loz = Lyy + Ey. 5.7) 


The above equation shows that the moment of inertia of an area about an axis at origin 
normal to x, ) plane is the sum of moments of inertia about the corresponding x and y-axis. _ 


In equation (5.7), J,, is known as Polar Moment of Inertia. 


5.9. THEOREM OF PARALLEL AXIS 
It states that if the moment of inertia of a plane area about an Plane | 


axis in the plane of area through the C.G. of the plane area be repre- area A ps 
. sented by J, then the moment of the inertia of the given plane area : 
about a parallel axis AB in the plane of area atadistanceh fromthe x _ oN 
C.G. of the area is given by 
Igy = Ig + AR? h 


where I,, = Moment of inertia of the given area about AB 
I, = Moment of inertia of the given area about C.G. 
A = Area of the section ; 
h = Distance between the C.G. of the section and the axis AB. 
Proof. A lamina of plane area A is shown in Fig. 5.14. 
Let X-X = The axis in the plane of area A and passing through the C.G. of the area. 
AB = The axis in the plane of area A and parallel to axis X-X. 
h = Distance between AB and X-X. 
Consider a strip parallel to X-X axis at a distance y from the X-X axis. 
Let the area of the strip = dA 
Moment of inertia of area dA about X-X axis = dAy?. 
Moment of inertia of the total area about X-X axis, 
Iyy or Ig = EdAy? +2) 
Moment of inertia of the area dA about AB 
= dA(h + y)? 
= dA[h? + y? + 2hyl. 
Moment of inertia of the total area A about AB, 
Igy = XdA[h? + y? + Qhy] 
= YdAh? + EdAy? + TdA Qhy. 
As h or h? is constant and hence they can be taken outside the summation sign. Hence 
the above equation becomes , , 
I jp = APSA + SdAy? + 2hIdAy. 
But 3dA = A. Also from equation (i), EdAy? = Ig. Substituting these values in the above 
equation, we get 


Fig. 5.14 


Typ =h?. A+Ig+ 2h SdAy. «(di) 
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But dA. y represents the moment of area of strip about X-X axis. And =dAy represents 
the moments of the total area about X-X axis. But the moments of the total area about X-X axis 
is equal to the product of total area (A) and the distance of the C.G. of-the total area from X-X 
‘axis. As ‘the distance of the C.G. of the total area from X-X axis is zero, hence ZdAy will be 
equal to zero. : 

Substituting this value in.equation (ii), we get 


Iypah?.A+Ig+0 


ve oe haae (5.8) 


Thus if the moment of inertia of an area with respect to an axis in the plane of area 
(and passing through the C.G. of the area) is known, the moment of inertia with respect to any 
parallel axis in the plane may be determined by using the above equation. 


5.10. DETERMINATION OF AREA MOMENT OF INERTIA 


The area moment of inertia of the following sections will be determined by the method 
of integration: — : 

1. Moment of inertia of a rectangular section, 

2. Moment of inertia of a circular section, 

3. Moment of inertia of a triangular section, 

4. Moment of inertia of a uniform thin rod. 

5.10.1. Moment, of Inertia of a Rectangular Section 

1st Case. Moment of inertia of the rectangular section about the X-X axis pass- 
ing through the C.G. of the section. 

Fig. 5.15 shows a rectangular section ABCD having width = 6 and depth = d. Let X-X is 
the horizontal axis passing through the C.G. of the rectangular section. We want to deter- 
mined the moment of inertia of the rectangular section about X-X axis. The moment of inertia 
of the given section about X-X axis is represent by Iyy. 

Consider a rectangular elementary strip of thickness dy at 
a distance y from the X-X axis as shown in Fig. 5.15. 

Area of the strip =). dy. 

Moment of inertia of the area of the strip about X-X axis = 
Area of strip x y* 

: = (b. dy) x y? = by*dy. 
Moment of inertia of the whole section will be obtained by 
d 


. pide d 
integrating the above equation between the limits — 2 to 3 





12 di2 
= aye 2 
Tyy = ieee by*dy = 6 ie y’dy 
( bis. constant and can be taken outside the integral sign) 


EL Cy 


-d/2 


ale-(s}ile- 
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6 2d? ba? 
= 3°38.) 20 ; (5.9) 


Similarly, the moment of inertia of the rectangular section about Y-Y axis passing through 
the C.G. of the section is given by 


Pees (6.10) 


12° 
Refer to Fig. 5.15 (¢) 
Area of strip, dA =d x dx 
M.O.I. of strip above Y-Y axis = dA x x? 
= (d x dx) x x2 Ce 
=dxx?x dx 


-b/2 3 


-b/2 
_@ (ty by 
~ 32 2 
d|b® 83] d b3 - ab 
=>|—+—f=—.— =. 
3]}8 8/ 3 4 12 
2nd Case. Moment of inertia of the rectangular section about a line passing 
through the base. 


Fig. 5.16 shows a rectangular section ABCD having width = 6 
and depth = d. We want to find the moment of inertia of the rectangu- 
lar section about the line CD, which is the base of the rectangular 
section. 


Consider a rectangular elementary strip of thickness dy ata 
distance y from the line CD as shown in Fig. 5.16. 
Area of strip = 6. dy. 
Moment of inertia of the area of strip about the line CD 
= Area of strip . y? 
=b .dy.y? = by? dy. 
Moment of inertia of the whole section about the line CD is ob- 
tained by integrating the above equation between the limits o to d. 
Moment of inertia of the whole section about the line CD. 


Sf by®dy = b [rw 


-,/x° | _a* 
3 |, 3° : 


3rd Case, Moment of inertia of a hollow rectangular section. 


Fig. 5.17 shows a hollow rectangular section in which ABCD is the main section and 
EFGH is the cut-out section: 


a 3/2 
Ly= f dxatxdena| S| 





. Fig. 5.15 (a) 


k¢——b—» 
A B 





.-(5.11) 





Tap ose ree teen emer In ET 
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The moment of inertia of the main section ABCD aboutX-X axis is given by equation (5.7), 





12 : , 
where b = Width of main section d 
d = Depth. 
The moment of inertia of the cut-out section EFGH about x! 
X-X axis 
a b,d,° 
~ 12 e 





where 6, = Width ofthe cut-out section, and 
d, = Depth of the cut-out section. 
Then moment of inertia of hollow rectangular section about X-X axis, 
Iyy = Moment of inertia of rectangle ABCD about X-X axis— moment of inertia of rectangle 
EFGH about X-X axis . ‘ : 
_ bd? bd 
7 ie dee 
_ 5.10.2. Moment of Inertia of a Circular Section. Fig. 5.18 
shows a circular section of radius R with O as centre. Consider an 
elementary circular ring of radius ‘r’ and thickness ‘dr’, Area of cir- 








cular ring X 
=2nr.dr. ° 
In this case first find the moment of inertia of the circular 
section about an axis passing through O and perpendicular to the ¥ 
plane of the paper. This moment of inertia is also known as polar Fig. 5.18 


moment of inertia. Let this axis be Z-Z. (Axis Z-Z is not shown in 
Fig. 5.18). Then from the theorem of perpendicular axis, the moment of inertia about X-X axis 
or Y-Y axis is obtained. 
Moment of inertia of the circular ring about an axis passing through O and perpendicu- 
lar to the plane of the paper 
= (Area of ring) x (radius of ring from O)? 
= (Qur. dr). r? 
= 2nr-dr ) 
Moment of inertia of the whole circular section is obtained by integrating equation {Z) 
between the limit O to R. 
Moment of inertia of the whole section about an axis passing through O and perpen- 
dicular to the plane of paper is given as 


Inn = i Qnr3 dr = Qn ic radr 





200 STRENGTH OF MATERIALS 
> D 


But ‘ = 2 
where D = Diameter of the circular section 
x (D\* xp4 
Ing = = x|—=j = (5. 
aa x > } 39 (5.12) 


. D4 
or Polar moment of inertia = Ta 


But from the theorem of perpendicular axis given by equation (5.7), we havel,, =Iyy + Ly. 
But due to symmetry, Dox = ly 


ive y= 2 
nD* 1 xpt 
Cae eo Ra (5.18 
32 *2 64 (5.13) 


Moment of Inertia of a hollow circular section 
Fig. 5.19 shows a hollow circular section. 
Let D = Diameter of outer circle, and 
d = Diameter of cut-out circle. 1 





Then from equation (5.18), the moment of inertia of the outer 
a 





circle about X-X axis = aE Dt, os XK 
And moment of inertia of the cut-out circle about X-X axis 
Xx i 
=— dt, me 
64 Fig. 5.19 
Moment of inertia of the hollow circular section, about X-X axis, 
Ty = Moment of inertia of outer circle—moment of inertia of cut-out circle 
x x m 
= — Dt. — d+=— [pt_ ga 
6 64 64 L J 
Similarly, = aw [Dt - 4}, 
5.10.3. Moment of Inertia of a Triangular Section 
1st Case. Moment of inertia of a triangular section about its base. 
Fig. 5.20 shows a triangular section ABC of base Se te 
width = 6 and height = A. Consider a small strip of thickness t. y 
dy ata distance y from the vertex A. ay. DHT. - 
Area of the strip, = DE. dy (i) ho F 
The distance DE in terms of y, 6 and h is obtained from i 
two similar triangles ADE and ABC as 
: ; Cc 
DE y b —————» 
se Fig. 5.20 
DE =BC. . 
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eid (- BC =6) 
Oh 
Substituting this value of DE in equation (i), we get 
by 
Area of strip geet dy. 


Distance of the strip from the base = (h — y) 
Moment of inertia of the strip about the base ‘ 
= Area of strip x (Distance of strip from base) 


by _ ee OY h~ yy? . dy. 
=5 uy. yy » y 


The moment of inertia of the whole triangular section about the base (I,,,) is obtained by 
integrating the above equation between the limits O to h. ; 


h 
Ino = [2th - 91? dy 


= e ” yh - 9 dy 
° . : 
(. band Fh are constants and can be taken outside the integral sign) 














A B.ph:. 2 3_ 2) of 
=< fy G2 +92 ahyydy = 7 fon + y° — 2hy*) dy 
A 
b oe 2B") 
“AL 2 4 Boe 
b{h?.h? h4 2h.h®]_ bf at ee] 
7A) 2 4 Bl ale ws 
b 4 a 73 i ; 
ee | ef” ag 
bh? (5.14) 


through the C.G. and parallel to the base. 
Consider a triangular section of base = 6 and height = A 

as shown in Fig. 5.21. Let X-X is the axis passing through the 

C.G. of the triangular section and parallel to the base. 
The distance between the C.G. of the triangular section 


h 
and base AB = 3° 
Now from the theorem of parallel axis, given by equa- 
tion (5.8), we have 
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Moment of inertia about 
BC = Moment of inertia about C.G. + Area x (Distance between X-X and BC)? 


h 2 
‘or lac =Iq+ Ax (2) 


h 2 
Te=lac~Ax(5] 








“_bh* (bh) (hy bh’ bxh 
= 2 ( 2 }-(3) . Tne * 5 and Area = 3 
_ bh? bh? _ bhS(B~2) 
12 18 36 
bh? 
| ane , ..-(5.15) 
Problem 5.13 (A). Determine the moment of iner- A 
tia of the section about an axis passing through the base 
BC of a triangular section shown in Fig. 5.21 (a). 
(U.P. Tech. University, 2002-2003) 90 mm 
Sol. Given : . 
Base, 6 = 100 mm; height, A = 90 mm. 
Moment of inertia of a triangular section about an Pig >| Cc 
axis passing through the base is given by equation (5.14) as oom 
ae bn? Fig. 5.21 (a) 
BC 12 
3 
= aoe = 6.075 x 106 mm‘, Ans. 
5.10.4. Moment of Inertia of a Uniform Thin Rod. Y 
Consider a uniform thin rod AB of length L as shown in dx 
Fig. 5.22. aS 
Let m = Mass per unit length of rod, and A B 
M = Total mass of the rod L—— 
=mxL , wd) 
Suppose it is required to find the moment of inertia of Fig. 5.22 


the rod about the axis Y-Y. Consider a strip of length dx ata 
distance x from the axis Y-Y. 
Mass of the strip = Length of strip x Mass per unit length 

=dx.m or om. dx. 
Moment of inertia of the strip about Y-Y axis 

= Mass of strip x x? 

=(m. dx). x? 

= mx?dx. 











-in which 
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ets 


‘ Moment of inertia of the whole rod (Z,,) will be: obtained by integrating the above equa- 
tion between the limits O to L. : 


y= fim? dx=m [# dx (" m is.constant) 
L ‘ | 
- | _ md 
3), 3 
_ mit? MP? 


[-- m.L=M from equation (7)] 








8 3 
5.10.5. Moment of Inertia of Area Under a Curve of given Equation. Fig. 5.22 (a) 
shows an area under a curve whose equation is parabolic and is given by 
x= ky? ¥ 
y=6 when x=a 
Suppose it is required to find the moment of . 


inertia of this area about y-axis. Consider a strip of 
thickness dx at a distance x from y-axis. 


The area of strip, dA = y dx wd) 
Let us substitute the value of in terms ofx in 
the above equation. The equation of curve is 
x = Ry? ii) 
First find the value of z. 
When y = 6, x-= a. Henge above equation 
becomes 





a= kb? 
a 
or k= Be 
Substituting the value of ‘k’ in equation (ii), we get 
bx 
=2e 2 Bok 
Fogg eG 
v2 
bx bk af 
= |— =—=Vx . (dit) 
or ¥ ( é ) da : “ 
Substituting this value of y in equation (), we get 
‘ , 
dA = vx . dx 
Va 


The moment of inertia of elemental area (dA) about y-axis 


: a0 
=x? dA =a? Vx dx 
- Je 
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“. Moment of inertia of the total ; ‘axis is obtai i , 
equation between the limits O to a. ee eae ve es sues oe @) 
5 ‘om a. 


3 erate . 
Ti fx? ogee 
dy [= Te x .dx =| dx 


b | x7 2 6b 


= 2|2 | 2 6 7 2 
le T lq * = 7 ba’. Ans. 


To find the moment of inertia of the gi i 
é given area about x-axis, the element shown i 
ae = = can be considered to be a rectangle of thickness dx. The moment of inertia of this 
ment about x-axis is equal to the moment of inertia of the rectangle about its base 
Moment. of inertia of the element about x-axis , 
_ dx. “a. bd? 
Be * ie F whereb ar andd- 9] 
The moment of inertia of the given are: is i i i i 
ie ae a bi area about x-axis is obtained by integrating the 








the £8 dic y? . pa y8 
“ np =f 2 
4: i, 3 ie 
b 3 
= .vx| dx 
ple a b 
i 3 s y= eve from equation cio] 





23 f on. Be [5/2 bg 
= EO ae a a 
_ a 3a°/? 5 | 
Be 2 572 2 
= 3 qin 5% e450 oo a5 ab?. Ans, 


a Problem 5.14. Fig. 5.23 shows a T-section of dimensions 
x 10x 2 em. Determine the moment of inertia of the section A ee 
ad the horizontal and vertical axes, passing through the cen- oe 
ve of gravity of the section. Also find the pola nertic <a 
of the given T-section. ‘ : Rhee eae : 7 
Sol. First of all, find the location of centre of gravity of the 
given T-section. The given section is symmetrical about the axis 





me ae ae C.G. of the’ section will lie on Y-Y axis. The ie 
ven section is split up into two rectangles ABCD 
calculating the C.G. of the section. ‘ ee 
; | re 
ae Let ¥ = Distance of the C.G. of the section from the bot- ee 
tom line GF : Fig. 5.28 


a, = Area of rectangle ABCD = 10 x 2 = 20 cm? 
Yq = Distance of C.G. of the area a, from the bottom line GF = 8 + 1=9 em 
a, = Area of rectangle EFGH = 8 x 2 = 16 em? 


¥_ = Distance of C.G, of rectangle EFGH from the bottom line GF = 8 - 4em 
2 








.-E@ENTRE OF GRAVITY AND MOMENT OF INERTIA : - 205 
9 : ; 491+ Gn¥q_ 20x9+16x4 180464 244 
Using the relation, ¥ = = 20316 “36 “ae = 6.777 cm. 


G1 + dy 
Hence the C.G. of the given section lies at a distance of 6.777 cm from GF. Now find the 
moment of inertia of the T-section. 
Now, Let Ig = Moment of inertia of rectangle (1) about the horizontal axis and passing 
' through its C.G. 
Ig, = Moment of inertia of rectangle (2) about the horizontal axis and passing 
through the C.G. of the rectangle (2) 
h, = The distance between the C.G. of the given section and the C.G. of the 
rectangle (1) 
=9,— ¥ =9.0~6.777 = 2,223 em 
hy= The distance between the C.G. of the given section and the C.G. of the rec- 








tangle, (2) 
= ¥ —¥q = 6.777 — 4.0 = 2.777 cm. 
* 10 3 
Now Ig, = 5 2 = 6.667 cmt 
2x 88 
m aa 4 
Ig, = tg ~ = 85.333 m4. 


From the theorem of parallel axes, the moment of inertia of the rectangle (1) about the 
horizontal axis passing through the C.G. of the given section 
= Ig, + a,h,” = 6.667 + 20 x (2.223) 
= 6.667 + 98.834 = 105.501 cm‘. 
Similarly, the moment of inertia of the rectangle (2) about the horizontal axis passing 
through the C.G. of the given section 
= Ig, + agh,” = 85.333'+ 16 x (2.777) 
= 85.338 + 123.387 = 208.72 cm*. 
“. The moment of inertia of the given section about the horizontal axis passing through 
the C.G. of the given section is, 
I, = 105.501 + 208.72 = 314.221 cm*. Ans. 
The moment of inertia of the given section about the vertical axis passing through the 
C.G. of the given section is, ; 








2x10% 8x2? 
i= ; + 
wv 12 12 

= 166.67+5.88=172cm*. Ans. 

Now the polar moment of inertia (Z,,) is obtained from 
equation (5.7) as 

£70, +1, ay . 

= 314.221 + 172 = 486.221 cm*. Ans. 

Problem 5.15. Find the moment of inertia of the section 

shown. in Fig. §.24 about the centroidal axis X-X perpendicular 

to the web. ; (AMIE, Summer 1977) 

Sol. First of all find the location of centre of gravity of the 

given figure. The given section is symmetrical about the axis 
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Y-Y and hence the C.G. of the-section will lie on Y- Y axis. The given section is split up into 
three rectangles ABCD, EFGH and JKLM. The centre of gravity of the section is obtained by 
using 
y= 2191 + Go¥g + A3¥g 
Gy + Gy + Gg 
where y = Distance of the C.G. of the section from the bottom line ML 
= Area of rectangle ABCD = 10 x 2 = 20 cm? 
y, = Distance of the C.G. of the rectangi@ ABCD from the bottom line ML 


wd) 


2241045 =12+1=130m 
a, = Area of rectangle EFGH = 10 x 2 = 20 cm? 
Yq = Distance of the C.G. of rectangle EFGH from the bottom line ML 
fn 
= Area of rectangle JKLM = 20 x.2 = 40 cm? 
42 = Distance of the C.G. of rectangle JKLM from the bottom line ML 
Substituting the above values in equation (z), we get 


z= 20x134+20x7+40x1 


= 5 = 1.0 cm. 


20 + 20+ 40 
_ 260 + 140+ 40 440 
80 =30° = 5.50 em. 


The C.G. of the given section lies at a distance of 5.50 cm from the bottom line ML. We 
want to find the moment of inertia of the given section about a horizontal axis passing through 
the C.G. of the given section. 

Let Ig, = Moment of inertia of rectangle (1) about the horizontal axis posing through 

its C.G. 


Ig, = Moment of inertia of rectangle (2) about the horizontal axis passing through 
the C.G. of rectangle (2) 

Ig, = Moment of inertia of rectangle (3) about the horizontal axis passing through 
the C.G. of rectangle (3) 

h,= The distance between the C.G. of the rectangle (1) and the C.G. of the given 


section 
=9,- ¥ =13.0- 5.50 = 7.50 cm 
h. = The distance between the C.G. of rectangle (2) and the C.G. of the given 
section 


=¥.—- ¥ = 7.0-5.50 = 1.50 em 


h, = The distance between the C.G. of the rectangle (3) and the C,G. of the given 
section 


= ¥ ~y,=5.50-1.0 = 4.5 om 
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_ 10x 2° 
fee 

10° 

Ig, = ae = 166.667 cm! 

_ 20x 2° 
37 12 





= 6.667 cm* 





= 13.333 emé. 


From the theorem of parallel axes, the moment of inertia of the rectangle (1) about the 


horizontal axis passing through the C.G. of the given section 
sig + a,h,? = 6.667 + 20 x (7.5)? 
= 6.667 + 1125 = 1181.667 cmt. 


Similarly, the moment of inertia of the rectangle (2) about the horizontal axis passing 


through the C.G. of the given section 
= Ig, + agh,? = 166.667 + 20 x 1.5? 
= 166.667 + 45 = 211.667 cm‘. 


And moment of inertia of the rectangle (3) about the horizontal 
the C.G. of the given section 


= Ig, + ahs? = 13.383 + 40 x 4.5? 
= 13.333 + 810 = 823.333 cm? 


Now moment of inertia of the given section about the horizontal 
the C.G. of the given section 


axis, passing through © 


axis, passing through 


= Sum of the moment of inertia of the rectangles (1), (2) and (3) about 


the horizontal axis, passing through the C.G. of the given section 


= 1131.667 + 211.667 + 823.333 = 2166.667 cm‘. Ans. 


Problem 5.15(A). Determine the polar moment of inertia of I-section shown in 


Fig. 5.24 (a). (All dimensions are in mm). 
Sol. Let us first find the location of C.G. of the given 
section. It is symmetrical about the vertical axis, hence C.G. 
lies on this section. 
Now, A, = Area of first rectangle 
= 80x 12=960 mm? « 
A, = Area of second rectangle 
[(150 - 12 - 10) x 12] 
= 128 x 12 = 1536 mm? 
A, = Area of third rectangle 
= 120 x 10 = 1200 mm? 
¥, = Distance of C.G. of area A, 
from bottom line 


= 150 ~ = = 144 mm 
¥_ = Distance of C.G, of area A, from bottom. line 


= 104225 = 74mm 






(U.P. Tech. University, 2001-2002) 


}*+— 80 —>| t 


\¢«—— 129 >} t 
Fig. 5.24 (a) 
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yg = Distance of C.G. of area A, from 
bottom line = ” =5cm. 
¥ = Distance of C.G. of the given section 
from bottom line. 
The C.G. of the section is obtained by using, 
Azy1 + Agia + Agia 
Ay + Ag + Ag 
960 x 144 + 1536 x 744+1200 x5 
960+ 153641200 — 
138240 + 113664 +6000 257904 


3696 ~ 3696 
= 69.779 = 69.78 cm 


Location of centroidal axis is shown in Fig. 5.24 (6). 
(i) Moment of inertia of the given section about X-X 
M.O.L of the rectangle ® about centroid axis X-X is given by, 


Ty, = lay + Ay x 242 where h,=(,- 9) 


yu 


_ 80x12" 
v 12 
M.O.I. of rectangle © about centroid axis X-X is given by, 


+ 960(144 — 69.78)? = 5.3 x 10° mm* 1-80 


Lexy = La, by + Ag X hg? where hy=()~ ¥) 


12 7 x x 
12x 128" 1536 x (74 ~ 69.78)? 


69.78 mm 
= 2.12 x 10° mm4 
and Ty, = (Ig, Jy + Ag x hg? where hg =(y3- ¥) 
120 x 10° ¥ 
= a + 1200 x (5 — 69.78)? = 5.04 x 10° mm? Fig. 6.24 (6) 


Dy = Lyx + Lye + Lax 
= 5.3 x 108+ 2.12 x 10° + 5.04 x 10° mmf? 
= 12.46 x 10° mm‘* 

(ii) M.O.I. of the given section about Y-Y 


12 x 808 

Tyy, = Ua y = ae = 521 x 10% mm? = 0.521 x 10° mm4 
128 x 12° 

Tyg = Ue, )y = a5 = 18.432 x 10? mm¢ = 0.018432 x 106 mm! 
10 x 120° 

Tyg = la, )y = yg = 144 x 108 mmt 


Ty = Tey t Lyye + Luvs 
= 0.521 x 10° + 0.018432 x 10° + 1.44 x 10° mm! = 1.979 x 10° mm4 
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Polar moment of inertia (I,,) is given by, 
Tog = Igy + Lyy 
= 12.46 x 10° + 1.979 x 10° mm# 
= 14.439 x 106mm‘. Ans. 


Problem 5.16. Find the moment of inertia of the area shown Cc 
shaded in Fig 5.25, about edge AB. 


D 
Sol. Given : \ | 
Radius of semi-circle, R = 10 cm \ 25cm 
Width of rectangle, 6=20cm — 
Depth of rectangle, d=25cm \ 
Moment of inertia of the shaded portion about AB : AN Be 
=M.O.L. of rectangle ABCD about AB he— 20 cm —> 


i 


ca 


— M.O.L. of semi-circle on DC about AB Fig. 5.25 
M.O.L of rectangle ABCD about AB 
3 < 
= ee {see equation (5.11)] 
= 20 x 25° = 104.167 4 
= aS = : cm 


M.O.1. of semi-circle about DC 


A 
=5 x [M.O.L of a circle of radius 10 cm about a diameter] 


2 [64 | 2 64 
Distance of C.G. of semi-circle from DC 


4r 4x10 
Fee ae = 4,24 em 


=3+|2 at|-30% x 204 = 3.925 cm? 


Area of semi-circle, A = —— =. = 157.1 em? 


M.O.L. of semi-circle about a line through its C.G. parallel to CD 
= MOL of semi-circle about CD — Area x [Distance of C.G. of semi-circle from DcP 
= 3925 — 157.1 x 4.24? 
= 3925 — 2824.28 = 1100.72 cm? 
Distance of C.G. of semi-circle from AB 
= 25 -— 4,24 = 20.76 cm 
M.O.L of semi-circle about AB = 1100.72 + 157.1 x 20.76” 
= 1100.72 + 67706.58 = 68807.30 cm* 
.. M.O.1. of shaded portion about AB 
"= 104.167 — 68807.30 = 35359.7 cm‘. Ans. 
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Problem 5.16 (A). Find the moments of inertia about the centroidal XX and YY axes of 
the section shown in Fig. 5.25 (a). (U.P. Tech. University, 2002-2003) 
Sol. First find the location of the C.G. of the given figure: 
Let a, = Area of complete rectangle 
=BxD 
a, = Area of removed rectangle portion 


by 
S 
& 
S 


x 


& 
nN 
il 
[yy wie wilt 
+ 
{ pole 
fa 
bo | by 
eel 
il 
a|§ 


‘Il 


R 
Il 





Wills X 


D\ 3D 
wots (F) ees Fig. 5.25 (a) 
where (x,, ,) and (x,, 7.) are the co-ordinates of the C.G. of the complete rectangle and cut out 
rectangle respectively. Area a, is negative. 








B_BxD, 3B 
Now Sc oh EA 
ne 3 Bp 
4 
Bre. Bo Sk 
-=B’D = BD 
ae 1G ie <a 
= BD + BD 7 
_D_ BD 3D 
Similarly, Fy a TY “Saye foe eee 
a1 a2 32 pp 
4 
BO: Bet OB aa 
“BD? —BD 
ge yp a Ds 
23 3 12 
= BD 8 
i 7 BD 


Now draw the centroidal axes XX and YY as shown in Fig. 5.25 (8). 
Let I,,, = M.O.L. of complete rectangle ® about centroidal axis X-X 
= M.O.I. of complete rectangle © about horizontal axis passing through its C.G. 
+ Area of complete rectangle © 
x Distance between X-X axis and horizontal axis passing through the C.G. of 
rectangle ® (By theorem of parallel.axis) [- Ly, = Tee + A,h,7] 
43 


BD = 
75 +(Bx D) fy, - ¥P 


3 2 
ane S| 
12 2 12 
3 2 
-= +Bp| 2] 
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BD BD O18 


“T2 * 144 ~ 144 
Similarly, yy. = UIgoy) + Ay x Ae? 


B (py 
2 2 BD 


a aa ar ee 
|v 42-22 =n -3)| 
_ BD® , BD| sD SB] 


=o + ies Sa, ee 


192 4,4 12 


: 3D 2 

" Yo Q°> 1 

_ BD BB ,(BY _BD* | 16BD* 
192 4 (42) 192 °4x144 


_ BD® _ BD* _3BD°+16BD* 19BD* 
~ 192° 36 576 576 
Now I, = M.O.L. of given section about centroidal axis X-X 
= Ta ~ Lexe 
13BD* 19BD*® 52BD°-19BD* 33BD° 
Se SS SSS ES 3 
144 «B76 576 Bigs eee 
Similarly, the M.O.I. of the given section about centroidal axis Y-Y is given by 
Tyy = Tyy, - Lyys 
where Iyy = M.O.L. of rectangle @ about centroidal axis Y-Y 
ale, +A, x fx,- xP 
3 2 
_ DB +BDx [= say i DB _BDxe 1 
12 2 12 12 [44 144 
and Tyye = Lao, + Aglx, - FP 





Fig. 5.25 (6) 








23 pps 





2*(3) 
Lk BD /aB SB) DB®  DB* _19DB° 


12 4|4 12] * 192 36 576 


13. 535° WODB® - 908 cs 
Sp = pB . 8 
ly = Faq ae eae 0.0573 DB*. Ans. 





5.11. MASS MOMENT OF INERTIA 


Consider a body of mass M as shown in Fig. 5.26. 

Let x = Distance of the centre of gravity of mass M from axis OY 
‘y = Distances of the C.G. of mass M from axis OX 

Then moment of the mass about the axis OY = M.x 
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Body of 


The above equation is known as first moment of 
Mass M 


mass about the axis OY. 

If the moment of mass given by the above equa- 
tion is again multiplied by the perpendicular distance 
between the C.G. of the mass and axis OY, then the 
quantity (Mf .x).x=M.x? is known as second moment 
of mass about the axis OY. This second moment of the 
mass (i.e., quantity M .x*) is known as mass moment of 
inertia about the axis ‘OY. 







Centroid 
° 


1 
1 
1 
1 
' 
a 
i 
t 
‘ 
+ 





Similarly, the second moment of mass or mass Oo x 
moment of inertia about the axis OX rs 
=(My).y = My? Fig. 5.26 


Hante the product of the mass and the square of 
the distance of the centre of gravity of the mass from an 
axis is known as the mass moment of inertia about that 
axis. Mass moment ofinertia is represented byJ,,. Hence 
mass moment of inertia about the axis OX is represented 
by (Z,,),, Whereas about the axis OY by Cay’ 

Consider a body which is split up into smail 
MASSES My, Mg, Mg :.... etc. Let the C.G. of the small 
areas from a given axis be at a distance of Ti, To Tg 
sosee etc. as shown in Fig. 5.27. Then mass moment of 
‘inertia of the body about the given axis is given by 

LS Myr? + mel g? + teal ys? + oe 
= Xmr? 

Ifsmall masses are large in number then the sum- 
mation in the above equation can be replaced by inte- 
gration. Let the small masses are replaced by dm in- Fig. 5.27 
stead of ‘m’, then the above equation can be written as 


T,2[ dm 5.16) 


Given axis 


Massm, Mass m, 


5.12. DETERMINATION OF MASS MOMENT OF INERTIA 
The mass moment of inertia of the following bodies will be determined by the method of 
integration : 
1. Mass moment of inertia of a rectangular plate, 
2. Mass moment of inertia of a circular plate, 
8. Mass moment of inertia of a hollow circular cylinder. 
5.12,1, Mass Moment of Inertia of a Rectangular Plate 


(a) Mass moment of inertia of a rectangular plate about X-X axis passing gilieough 
the C.G. of the plate. 

Fig. 5.28 shows a rectangular plate of width b, depth ‘d’ and uniform thickness ‘t’. Con- 
sider a small element of width ‘’ at a distance ‘y’ from X-X axis as shown in Fig. 5.29. 

Here X-X axis is the horizontal line passing through the C.G. of the plate. 

Area ofthe element =b x dy 


wt d 
’ between the limits — = to 3° 
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' Fig. 5.28 Fig. 5.29 


. Mass of the element = Density x Volume of element 
='p x [Area x thickness of element] 
=p x[bx dy xt] [.: p = Density and ¢ = thickness} 
= pbt dy 

Mass moment of inertia of the element about X-X axis 

: = Mass of element x y” 

= (pbt dy) x y? = pbt y? dy 

Mass moment of inertia of the plate will be obtained by integrating the above equation 

d 
2 


a/2 d/2 
= 2 dy =p bt 2 of 
Under = |, Pot dy =P ae 9 dy -_ 
{-- p, 0, ¢ are constant.and can be taken outside the integral sign] 


-ou[2]” (8-3) 


d/3 
_pbt{a® ( d®\)_ pbt/d® a? ]_ pdt, 2d? 
“3 | 8) s}| 3/8. 8 3 «8 
_ bt 3, Od? (5.17) 
7g ° = PR ae 


2 . . 
But oe is the moment of inertia of the area of the rectangular section about X-X axis. 
1 


This moment of inertia of the area is represented by ,.. 
Cade [OX EX 1, ... (5.18) 
where (J,,)., = Mass moment of inertia of the plate about X-X axis passing through.C. G. of the 


plate. 
I, = Moment of inertia of the area of the plate about X-X axis. 


214 STRENGTH OF MATERIALS 





Again from equation (5.5), we have 
bd’ 


Updex = PEs 


2 


aisha ee 12 


(.: M = Mass of the plate = p x Volume of the plate = p x [b x d x ¢)) 
=~ Md? .{5.19) 


Similarly, the mass moment of inertia of the rectangular plate about Y-Y axis passing 
‘through the C.G. of the plate is given by 
1 
Cidyy = Db Mb, 5.20) 

(6) Mass moment of inertia of the rectangular 
plate about a line passing through the base. 

Fig. 5.30 shows a rectangular plate ABCD, having 
width = b, depth = d and uniform thickness = ¢. We want to 
find the mass moment of inertia of the rectangular plate 
about the line CD, which is the base of the plate. Consider 
a rectangular elementary strip of width b, thickness ¢ and 
depth ‘dy’ at a distance y from the line CD as shown in 
Fig. 5.30. 

Area of strip, dA=b.dy 

Volume of strip =dAxt=6.dy.t=6b.t.dy 

Mass of the strip, dm = Density x Volume of strip 

=p(b.t.dyj=p.b.t.dy 

Mass moment of inertia of the strip about the line CD 

= Mass of strip . y? 
=dm.y? =y*.dm 
Mass moment of inertia of the whole rectangular plate about the line CD is obtained by 
integrating the above equation between the limits 0 to d. 
.. Mass moment of inertia the rectangular plate about the line CD 


Alt———_ b ——>I 








d d 

=I y.dm= [ y?.(p.b.t. dy) [es dm=p.b.t.dyl 
a 

=p.b.t ff vy? dy [.° p, 6 and ¢ are constant] 
372 3 2 ~ 
¥ d d i 

=p.b.¢.{—]| =p.b.¢.—=p.6.t.d.— ee 

p = p.b.¢ 3 7?P b.t.d 3 

M.d? 

2M. (5.21) 


[- p.6.,t¢.d= Mass of rectangular plate = M] 


section. 
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(c) Mass moment of inertia of a hollow rectangular piate. 
Fig. 5.81 shows a hollow rectangular plate in b : 


which ABCD is the main plate and EFGH is the cut-out al iy) i 


The mass moment of inertia of the main plate ' 
ABCD about X-X is given by equation 






1 
Sing aa 
= 79 Md x z xX 
The mass moment of inertia of the cut-out sec- 
tion EFGH about X-X axis : 
! by Uh i 
eager 2 
= To md, 
where M = Mass of main plate ABCD A 
=p.b.d.t Fig. 5.31 
m = Mass of a cut-out section HFGH 
=p.b,.d,. 
Then mass ok . inertia of ee rectangular plate about X-X axis is given by 
ee 20 a - 
Lex “Md 3 a md; (5.22) 


5.12.2. Mass Mone of Inertia of a Circular Plate 

Fig. 5.32 shows a circular plate of radius R and thick- 
ness t with O as centre. Consider an elementary circular 
ring of radius ‘r’ and width dr as shown in Fig. 5.32 (a). 

Area of ring, dA = 2zr.dr 

Volume ofring . = Area ofringxt=dA.t 

=2nr.dr.t 

Mass of ring, dm = Density x Volume of ring 

= p(2nr.dr.t) 

In this case first find the mass moment of inertia 
about an axis passing through O and perpendicular to the 
plane of the paper i.e., about axis Z-Z. 

.. Mass moment of inertia of the circular ring about 
axis Z-Z 





= (Mass of ring) x (radius of ring)” 
=dmxr=(p.2nrdr.i)xr=ap.t. 2ar3 dr 
The mass moment of inertia of the whole circular plate will be obtained by.integrating 
the above equation between the limits O to R. ; 
.. Mass moment of inertia of circular plate about Z-Z axis is given by 


R R 
Cree = p.t. 2nr8 dr =2n.p.t f r3 dr 


[s 0 
Pp. | 
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_ R4 R‘* 
san. p.¢.—7 =m. pit. o 


Now mass of circular plate, 
M =p x Volume of plate 
=p xn? xt 
[Volume of plate = Area x t = nR? x ¢] 
Substituting this value in above equation, we get 


R? MR? 


Linder =pxaR?xtx = 2 (5.28) 


But from the theorem of perpendicular axis aves by equa- 
tion (5.7), we have 








Fig. 5.32 (a) 


I=L +1, 
or Cinder = Carce + Fra dyy 
And due to symmetry, we have (Z,,),. = En)yy 
Dadar = Lmdyy = Tidee 2 


2 2 
(i |p - (5.24) 








5.12.3. Mass Moment of Inertia - a Hollow Circular Cylinder 
Let 2, = Outer radius of the cylinder 
R, = Inner radius of the cylinder 
LE = Length of the cylinder 
M = Mass of cylinder 
= Density x Volume of cylinder 
=px mR? - R2Z1xL «{t) 
dm = Mass of a circular ring of radius ‘r’ width ‘dr’ and length L [Refer to Fig. 5.32] 
= Density x Volume of ring = p x Area of ring x L 
=px 2nrdrxL 
Now mass moment of inertia of the circular ring about Z-Z axis 
= Mass of ring x (radius)? 
= (p x 2urdr x L) x r? 


The mass moment of inertia of the hollow circular cylinder wit be obtained by integrat- 
ing the above equation between the limits R, to Ro. 


«. Mass moment of inertia of the hollow dendae cylinder about Z-Z axis is given by, 
Ro ; 
iad = ‘ (p x Qardr.L)r? © 


Ro 
Fy r4 
=px2nxL J, Bare pxznxt| =| 


4_p4 
=p x2nxh eR] 


R, 


i 


4 
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R,? -R?2 : 
=p xtnxb| A |emaaa 
[tv Rot ~R4=(R2- BPR? + BR) 
=pxalR,?-RZ]xLx (y+ BD 
2 2 
- MOR" + BM) [ px xx (Ry? ~ R7) = M] 
Ip, M(R? +R? 
Now Cree = Tn)yy = mes Me se 


5.12.4. Mass Moment of Inertia ofa Right Gieoulite Cone of base Radius R, Height 
H and Mass M about its Axis 
Let R= Radius of the base of the cone, 
H= Height of the cone, 
M = Mass of the cone 


i 
= Density x Volume of cone = p x 3 mR? x H 

Consider an elemental plate of thickness dy and of radius 

x at a distance y from the vertex (as shown in Fig. 5.32 (6). 
RR R 
We have, tana = =F Sa XY H 
Mass of the elemental piate, 
dm = p x Volume 


= p x (nx? x dy) x ae 
2 2 
-0x|.2oay a] . ne Reel Fig. 5.32 (b) 


The mass moment of inertia of the circular elemental-plate about the axis of the cone 
(here axis of the cone is Z-Z axis of the circular elemental plate) is given by equation (5.23) as 











Mass of plate x radius” 
(Lee = Ae erga 
2 


= (dm)xr? | dmx x! (si 
ees 2 


2 2 2 xR 
-|p» at nay [- dm=px a ay] 
px aR? y* R?y? 1 . As ; _ Ry 
= A ay x ay fe H 
dy 


Now the total mass moment of inertia of the aieuias cone will be obtained by integrat- 
ing the above equation between the limits O to H. 
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But mass of cone, M= ——— 


_omR? xH | R? x3 


Unndee = 10 
=Mx — R2= > ype : (5.25) 
7 10° ~ 10 * ¢ 


5.13. PRODUCT OF INERTIA 


The Fig. 5.33 shows a body of area A. Consider a 
small area dA. The moment of this area about x-axis is 
y . dA. Now the moment of y. dA about y-axis is xy dA. 
Then xy dA is known as the product of inertia of area dA 


. with respect to x-axis and y-axis. The integral fo dA is 

known as the product of inertia of area A with respect to x 

and y axes. This product of inertia is represented by Ly 
33 I, =Sxy dA (5.26) 
Hence the product of inertia of the plane area is ob- 

tained if an elemental area is multiplied by the product of 

its co-ordinates and is integrated for entire area. Fig. 5.33 
The product of inertia (Z,,) can also be written math- 

ematically as 





te = Ex, yAj = 2yV A + XQVoAg + oe .(5.26A) 
where x,y, = co-ordinates of the C.G. of area A,. 

Note. (i). The product of inertia may be positive, nega- Y 
tive or zero depending upon distance x and y which could be 
positive, negative or zero. 

Gi) If area is symmetrical with respect to one or both 
of the axes, the product of inertia will be zero as shown in 
Fig. 5.34, The total area A is symmetrical about y-axis. The 
small area dA which is symmetrical about y-axis has co-ordi- 
nates (x, y) and (-.x, y). The corresponding product of inertia 
for small area are xydA and — xydA respectively. Hence prod- 
uct of inertia for total area becomes zero. 

(iii) The product of inertia with respect’ to centroidal Fig. 5.34 
axis will also be zero. : 

Problem 5.17. Fig. 5.35 (a) shows a plane area. Determine the product moment of iner- 
tia of the given area, All dimensions are in mm. 

Sol. Divide the given area into two parts. The first part is a rectangle and second part is 
4 right angled triangle. Take x-axis and y-axis as. shown in the Fig. 5.35 (5). The areas and 
location of their C.G. are given below : : 
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Y 
«————— 40 ——-»| 
C.G, @) 
e 
= (20, 45) eee 
(50, 30) 
—S a Oe 4p ea — aa’ * 
«79 ————_»} 
@ (6) 


Fig. 5.35 


Area of rectangle, A, = 90 x 40 = 3600 mm’. 
The co-ordinates of C.G. of rectangle © are : x, = 20 mm, y, = 45 mm. 


90 x 30 
Area of triangle, A,= a 8 1350 mm2. 





The co-ordinates of C.G. of triangle @ are : 


i 
m= 404 5 x 80= 40 +10= 50mm; 9 = 5 x 90 = 30 mm. 


The product of inertia of given area is given by equation (5.26A) as 
<2 Ly =X yAy + Xp oAs 
=A,xy, +Agrgs 
= 8600 x 20 x 45 + 1850 x 50 x 30 
= 3240000 + 2025000 = 5265000 mm*. Ans. 


5.14. PRINCIPAL AXES 
The principal axes are the axes about which the product of inertia is zero. 
The product of inertia (Z,,) of plane area A with respect to x and y axes is given by 
equation (5.26) as 
Ly= J xy dA 
But the moment of inertia of plane areaA aboutx-axis [/,,] or abouty-axis [Z,,]is given by 
L,=f yds and L,=[ x2dA 
The moment of inertia is always positive but product of inertia may be positive (if both 
x and y are positive), may be negative (if one co-ordinate is positive and other is negative) or 
may be zero (if any co-ordinate is zero). 
Fig. 5.36 (a) shows a body of area A. Consider a small area dA, The product of inertia of 
the total area A with respect to x and y-axes is given as 


ey = | xy dA wey: 


220 STRENGTH OF MATERIALS 





y Total area A * 
dA dA 
x 41 
: [Here x’ is + ve, but y’ is ~ve] 
(a) (6) 
Fig. 5.36 


Let now the axes are rotated anticlockwise by 90° as shown in Fig. 5.36 (6) keeping the 
total area A in the same position. Let x, and y, are the new axes. The co-ordinates of the same 
small area dA with respect to new axes are x’ and y’. : 

Hence the product of inertia of the total area A with respect to new axes x, and y, 

-becomes as 
Tey, 2 J x'y' dA ...{ii) 
Now let us find the relation between old and new co-ordinates. From Figs. 5.36 (a) and 
5.36 (6), we get 
x=-y andy=x' 
or yi =-xands’ =y 
Substituting the values of x' and y’ in equation (zi), we get 


lay, =] dA =~ | xy dA =-1, (: [ vaa=ty) 


The above result shows that by rotating the axes through 90°, the product of inertia has 
become negative. This means that the product of inertia which was positive previously has 
now become negative by rotating the axes through 90°. Hence product of inertia has changed 
its sign. It is also possible that by rotating the axes through certain angle, the product of 
inertia will become zero. The new axes about which product of inertia is zero, are known as 
principal axes. 

Note. (i) The product of inertia is zero about principal axes. 

(ii) As the product of inertia is zero about symmetrical axis, hence symmetrical axis is the princi- 
pal axis of inertia for the area. 

(iii) The product of inertia depends upon the orientation of the axes. 


5.15. PRINCIPAL MOMENTS OF INERTIA 


¥ig. 5.37 (a) shows a body of area A with respect to old axes (x, y) and new axes (x,, y,). 
The new axes x, and y, have been rotated through an angle 6 in anticlockwise direction. Con- 
sider a small area dA. The co-ordinates of the small area with respect to old axes is (x, y) 
whereas with respect to new axes, the co-ordinates are x' and y'. The new co-ordinates (7’, y’) 
are expressed in terms of old co-ordinates (x, y) and angle 9’as (Refer to Figs. 5.37 (6) and 
5.37 (c)] 
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Total area A 





Smali area dA 


(2) 





Fig. 5.37 


x'=ysinO0+x cos 6. w(8) 

and y' =y cos 0-x sin @ . .a(Gi) 
The moment of inertia and product of inertia of area A with respect to old axes are 

I,=f y2dA, Ly= J 22dA and L,= fay dA. AB.21) 


Also the moment of inertia and product of inertia of area A with respect to new axes 
will be 


Tey =| Gy’? dA, Ly 43 = i} (x)? dA and Ty, — J x'y' dA 
Let % is substitute the values of x’, y' from equation (i) and (di) in the above equations, 
we get 


Ing, =] O'R dA 
=f (ycos@-xsin6)?dA - {- y' =y cos 8-x sin 6] 
=| (y? cos? @ + x? sin? 6 — xy cos 6 sin 6) dA 


=| y?cos? 0 dA + | x? sin? @ dA - | 2Qxy cos 6 sin 6 dA 
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eS 
= cos? 8 j y? dA +sin?6 f x* dA - 2 cos @ sin 0 f ay dA 

(: After rotation, the angle 9 is constant and hence 

cos? 6, sin? @ and 2 cos @ sin @ are constant) 

= (cos? @)f,, + (sin? 6), — (2 cos 6 sin 8), .(5.27A) 


(. [ x aaar,, | x? dA=1,, and f xy db =I, 
Similarly, Jy, =f (x? dA 
=| (y sin 6 +x cos 0)? dA [. x’ =ysin 6+<x cos 6] 
=| (y? sin? 6 + x? cos? 6 + Qxy sin 8 cos 0) dA 
=| y?sin? 0 dA + f x? cos? 0 dA + f 2Qxy sin 6 cos 6 dA 


= sin?@ | y2dA + cos? 0 f x2 dA +2sin 0 cos 0 | xy dA 
(~ 6 is constant and hence sin 6 and’cos @ are constants) 
=sin? 6.1, + cos? 67, +2 sin 0 cos 61, ..(5.27B) 


(- fo%dd-t J x? dA=1, and | my dA- is 
Adding equations (5.27A) and (5.27B), we get 
Tx, tLyy, =1,, (sin? 6+ "e087 6] +Z,, [sin? 6 + cos? 6] 
+ 2sin 6 cos 6 J, — 2 sin @ cos 6 J, 
=1, +1, [~ sin? 6+cos*6=1] ...5.27C) 
The equation (5.27C) shows that sum of moments of inertia about old axes (x, i and new 


axes (x,, y,) are same. Hence the sum of moments of inertia of area A is independent of orien- 


tation of axes. Now let us find the value of Fed, ad: ‘pe 


Substracting equation (5.27B) from equation (5.27A), we get 
Lyx, ~ Tyy, = 008? OL,, + sin? 01, - 2 cos @ sin 6 L,, 
- (sin? 6 1, + cos? 6 J, + 2 cos. 6 sin OL] 
= I, (cos? @ ~ sin? 8) + I, (sin? 6 — cos? 8)— 4 cos @ sin 6. I,, 
=I, (cos? 6 ~ sin? 6) - a (cos? 0 — sin? @)- 4 cos 8 sin 8 es 
=, ~ ,,) (cos? @ — sin® 6} ~ 2 x 2 cos 0 sin 0 x J, 
=(,.- Ly) cos 20 — 21, sin? @ .({5.27D) 
(= cos? § = L208 26 dnc 1-cos 20 
2 
cos? 6 ~ sin? @ = cos 26 and 2 sin @ cos 6 = sin 26 } 


Now let us find the values of I,,,, and J,,, in terms of I, Ly and 6. 
Adding — (5.27C) and (5.27D), we get 
200, =, + 1) + (@,, — Fy) cos 26 — 21, sin 26] 
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or ele tty), Fax =I) cos 20 - 1,, sin 20 A5.27E) 
3 


yx, * 2 


To find the values of J,,,,, substract equation (5.27D) from (5.27C). Now substracting 


pees (5.27D) Dey equation (5.27C), we get 


2l,y, = Z,, +1,,) — (Z,. - £,) cos 20 - 21,, sin 26] 
(Le. + iy) (I. 7 LA 
ge 

Product of Inertia about New Axes 


cos 20 + I sin 20 A(5.27F) 


Let us now find the value of J,,,, in terms of ts and angle @. 
We know that on -f (ny) dA 
Substituting the values of x‘ and y', we get 

Ty, = j (& sin 6 + x cos 6)(y cos 6 — x sin 0) dA 


(« x’ =y sin @+x cos 6 andy’ =y cos 6- x sin 8) 
or tae J (y? sin 6 cos 6 — xy sin? @ + xy cos? 6— x? cos @ sin 6) dA 
= | y2 sin 8 cos 6 dA ~ [ ay sin? dA. + [ xy cos? dA ~ | x* cos @ sin dA 


= sin 6 cos 0 | 9? dA — sin? | xy dA + cos? @ [ xy dA ~ cos 6 sin 6 f x2 dA 


(“ @ is constant and hence sin 4, cos 6 are constants) 





2sin 8 cos 8 2cos @ sin 6 
oy i 9? dA — sin? @L,, + cos? 0 1, — = J x2dA 
bE J »da=1,) 
sin 20 sin 28 
é 2 2 
= re es (cos* 8 - sin* 8) - —>~ 5 a 


ie J y dA =I,.,| x? dA=Iyy | 


Ts I 
oo, ee 26 ain?) —™ ai 
="9 sin 26 + ts (cos? @ — sin? 8) 2 sin 9 


(he - Ey) 
= gr sin 20+1,, (cos? 6 — sin? 8) 


Poet 
2 en sin20+I,cos20 ..(5.27G) 


(cos? 6 - sin? 6 = cos 20) 
Direction of Principal Axes 


We have already defined the principal axes. Principal axes are the axes about which the 
product of inertia is zero. Now the new axes (x,, y,) will become principal axes if the product of 


inertia given by equation (5.27G) is zero (i.¢., Z.,y, = 0). 
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cre A si SSS Ss SS 
For principal axes, [,,,, = 0 , 


or Cae ~ Ty) sin 26 + I, cos 20 = 0 


2 
or Gse = Ty) sin 26 =—- i cos 26 
2 
S sin 20 _ a Bday 7 21,y 
cos 20 ne Ta —Lyy Ty — Lee 
21, 
or tan 29 = ——_— (5.278) 
Ly ~ Lx 


The above equation will give the two vaiues of 26 or 6. These two values of 6 will differ 
by 90°. By substituting the values of 6 in equations (5.27) and (5.27/), the values of principal 


and I ” ) can be obtained. If from equation (5.27H), the values of 
and I, are substituted in equation (5.27), we get 


letly hey) 


moments of inertia (J,,., 
sin 20 and cos 26 in terms of Lyf -1e 


as Bo 

These are the values of principal moment of inertia. 

Problem 5.18, For the section shown in Fig. 5.38 (a) determine : 

(i) Moment of inertia about its centroid along (x, y) axis. 

(it) Moment of inertia about new axes which is turned through an angle of 30° prc loek: 
wise to the old axis. 

(iii) Principal moments of inertia about its centroid. 

All dimensions are in cm. 

Sol. Given : 

The Fig. 5.38 (a) shows the given weceiaa: It is symmetrical about x-axis. The C.G. of the 
section lies at O (origin of the axes). To find moment of inertia of the given section, it is divided 
into three rectangles as shown in Fig. 5.38 (6). First the moment of inertia of each rectangle 
about its centroid is calculated. Then by using parallel axis theorem, the moment of inertia of 
the given section about its centroid is obtained. 


xy = 


—>| 10 e— 


‘ 
t 
t 
1 
1 
’ 
' 
' 
' 








{a) 


Fig. 5.38 
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(a) Consider rectangle (1) , : 
ie The C.G. of rectangle (1) is at a distance of 20 cm from x-axis and at a distance of 25 cm 

- from y-axis. 
CD, = Ig), + Ay)? 

where (I he M.O.1. of rectangle (1) about x-axis passing through the centroid of the given 
figure of the given section. 

(q),, = M.O.L of rectangle (1) about an axis passing through C.G. of rectangle (1) and 
parallel to 

a3 

x-axis = —— 


12 


3 
= ae (Here b = 10 and d = 30) 
= 2.25 x 104 cm# 
A, = Area of rectangle (1) = 10 x 30 = 300 

(kx) = Distance of C.G. of rectangle (1) from x-axis 

= 20 
Substituting the above values in equation (1), we get 

(Z,,)1 = 2-25 x 104 + 300 x 20? 
= 2.25 x 104+ 12 x 104 
= 14.25 x 104 emé 7 fA) 


Similarly, the M.O.1. of rectangle (1) about y-axis passing through the centroid of the 
given.figure is given by, 


Opi = Igy + Ak y? 
bd* 30x 103 


Cay = ae 0.25 x 104 em4 


where 


(k,y) = Distance of C.G. of rectangle (1) from y-axis = 25 

Cay = 0.25 x 104 + 300 x 25 (. A, = 300) 
= 0.25 x 104 + 18.75 x 104 
= 19x 104 cmé ..(B) 


(6) Consider rectangle (2) 
The C.G. of this rectangle coincides with the C.G. of the given section. Hence 


bd® 60x 103 
I = ee Se 4 4 
(Lodo = 3 5 = 0.5 x 10* cm AC) 
ss : 10 x 60? 
7 and Ce = “7 = 18 x 10+ cm*4 ...(D) 


(c) Consider rectangle (3) 

The C.G. of rectangle (3) is at a distance of 20 cm from x-axis and at a distance of 25 cm 
from y-axis. Hence k,x = 20 em and kay = 25 cm. 

Now Cs = Tala, + Aglegx)? 


_ 10x 30° 


4 a4 
2 14.25 x 10* cm 


+ (10 x 3020)? = 2.25 x 104 + 12 x 10*+= 
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ie a 
and Zy)s = Cgay + Aglegy)” 


30 x 103 

FD 

(i) Moment of inertia of complete section about its centroid 

Ln Ss Ca + Cede . Cong 
= 14.25 x 104 + 0.5 x 104 + 14.25 x 10* cm# 
= 29 x 104 cm‘*. Ans. 
and Ly= G1 + Dye + G,,)s 

=19x 104+18 x 104+19 x 104 
= 56 x 104 cm*. Ans. 

Gi) Moment of inertia of complete section 
about new axes which is turned through an angle 
of 30° anticlockwise. 

Here 6 = 30°. 

Let us first calculate the product of inertia of 
whole area about old axes x, y. 

(a) Consider rectangle (1) 

A, = 10 x 30 = 300. 

_ The C.G. of rectangle (1) is ata distance of 20 cm 
above x-axis and at a distance of 25 cm from y-axis. 
Hence co-ordinates of this C.G. are 

x, =— 25cm and y, = 20 cm. 
(6) For rectangle (2) 
A, = 10 x 60 = 600 cm”. The C.G. of rectangle (2) lies on the origin (O). Hence x, = 0 and 


+ 800 x 257 = 0.25 x 104 + 18.75 x 104 = 19 x 104 em4. 


Fig. 5.38 (c) 


¥_ = 0. 
(c) For rectangle (3) 

A; = 10 x 30 = 300 cm? 

The C.G. of rectangle (3) is at a distance of 20 cm below x-axis and at a distance of 25 cm 
from y-axis. 

Hence co-ordinate of this C.G. are : x, = 25 cm and y, = (— 20 cm). 

The product of inertia (Z,,) of the whole figure is given by equation (5.26A) as 

Ty = Aye, + Apt ay + Ast sys 
= 800 = (— 25) x 20 + 600 x 0 x 0 + 800 x 25 x (- 20) 
=-15x 104+0+(€ 15 x 104) 
=- 30x 104 cm* 

Now the moment of inertia of the complete section 
about the new axes (x,, ,) can be obtained from equations 
(5.27E) and (5.27F) as 

Lie (Day + Ly) A (F,, Ly) 
yxy 2 2 
where I, = 29x 104 cm4, I, = 56 x 104 em!, 

I, =~ 30x 104 em‘ and 6 = 30° 


cos 26 — Ie. sin 26 





Fig. 5.38 (d) 
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29 x 104 +56x 104 | 29x 104 -56x 10° 


i 5 os 60° — (~ 30 x 104) sin 60° 
1 
= 42.5 x 104- 13.5 x 10 x 2 + 80 x 104 x 0.866 
= 35.75 x 104 + 26 x 104 = 61.75 x 104 cm*. Ans. 
Lye tT D-f . 
“and Ly, =e 008 0 + Fin 28 


_ 29x10 +56x10* 29x 104 - 56 x 10° 
2 2 
= 42.5 x 104 + 6.75 x 104 ~ 26 x 104 = 23.25 x 10*cem*, Ans. 
(ii) Principal moments of inertia about the centroid 
. The principal moments of inertia are the moments 
of inertia about the principal axes. 
The direction of principal axes is given by equa- 
tion (5.277) as 


cos 60° + (— 30 x 104) sin 60° 


25, 
tan 20 = ——— 


xy ie 
_ 2x 30x 10*) 
56 x 104 - 29 x 104 


_ —60~x 104 
~ 27x 104 
As 20 is negative, henée it lies in 2nd and 4th quadrant. 
. 20 = tan! (— 2.222) 
=~ 65.77° and 114.23° 
or 6 = — 32.88° and 57.12° 
The +ve angle is taken anti-clock and — ve angle is taken clockwise to the existing axes 
x and y. The principal axes are shown asx, and y, in Fig. 7.38 (¢). The moment of inertia along 
these axes is the principal moment of inertia. Hence by substituting 9 = — 32.88° and 57.12°, in 
equations (5.272) and (5.27F), we get principal moment of inertia. 





=~ 2.222 


Fig. 5.38 (e) 


niax, 
L +I LoL ; 
[iu ) = “ae + Thy cos 26 - £, sin 26 


_ 29x10*+56x104 | 29x 10° - 56 x 104 
2 2 
x cos (- 2 x 32.88)— (~ 30 x 104) sin (— 2 x 32.88) 
[- 0 =—32.88°] 
= 42.5 x 104— 18.5 x 104 x 0.41 + 30 x 10 x (- 0.912) 
= 42.5 x 104 ~ 5.535 x 104 — 27.36 x 104 
= 9.605 x 104 cm4 
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and T _ fax thyy dey - Ly ‘i 
[ | ei eae acer cos 28+ 1, sin 20 
min, 


= 42.5 x 104 + 5.535 x 104 4+. 27:36 x 104 = 75.395 x 104 cm4 
Hence principal moment of inertia are 
Inox, = 15.395 x 104 em*, Ans, 
Z nin, = 9-605 x 10+ cm*. Ans, 


Alternate Method 
The principal moments of inertia can also be obtained by 


L nto ~ tty 2 <n): +1,,7 
min. Zz 2 ay 
_ 29x10*+56x104 — {(29.x 104 56x 104) | 
2 Fe pO 10h y+ (80x 104)? 


= 42.5 x 104 y(- 13.5 x 104)? + (— 30 x 104)? 


= 42.5 x 104 + 104 x 32.89 
= (42.5 + 32.89) x 104 and (42.5 — 32.89) x 104 
= 75.39 x 104 and 9.61 x 104 em 
= Lax, = 15.389 x 104 em? and T nin, = 9-61 x 104 em! 
Now J, and Lain, axe the required principal moment of inertia. Ans. 


HIGHLIGHTS 


The point, through which the whole weight of the body acts, is known as centre of gravity. 


2. es ae at which the total area of a plane figure is assumed to be concentrated, is known as 
centroid of that area. The centroid and centre of gravity are at the same point. ; 


2. The centre of gravity of a uniform rod lies at its middle point. 
4. The C.G. of a triangle lies at a point where the three medians of a triangle meet. 


5. The C.G, of a parallelogram or a rectangle i i its di 
gle is at 2 point where its diagonal t 
6 The C.G. of a circle lies at its centre. , aoe on 


7. The C.G. of a body consisting of different areas is given by 


z= MUA t BaXy + Agag +... and 7 = 211 + Gaye + Ogyg t...... 
4, +09 +03 +005... Gy +a9+ ag +...... 
where x and 7 = Co-ordinates of the C.G. of the body from axis of reference 
By, Ag, Bg, vrsere = Different areas of the sections of the body 
B ys FQs Hy, vreaes = Distances of the C.G. of the areas By) Ags Bey sisese from Y-axis 
Yur Yor Vy, +... = Distances of the C.G. of the areas @y, Ay, Ag, ws. from X-axis. 


8. Ifa given section i i i i i 
canes is symmetrical about X-X axis or Y- Y axis, the C.G. of the section will lie on the 


9. The moment of inertia of an area (or mass) about an axis is the product of area (or mass) and 
square of the distance of the C.G. of the area (or mass) from that axis. It is represented by J. 
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10. Radius of gyration of a body (or a given lamina) is the distance from an axis of reference where 
the whole mass (or area) of the given body is assumed to be concentrated s0 as not to after the 


moment of inertia about the given axis. It is represented by k. Mathematically, & - fF : 


11. According to theorem of perpendicular axis Ip, = Ly + Iyy where Iyy and yy = Moment of inertia 
of a plane section about two mutually perpendicular axes X-X and Y-Y in the plane of the section, 
Iz = Moment of inertia of the section perpendicular to the plane and passing through the inter- 
section of X-X and Y-Y axes. ‘ 
12. According to the theorem of parallel axis I,, = Ig + Ah®, where 
Ig = Moment of inertia of a given area about an axis passing through C.G. of the area 
I,3 = Moment of inertia of the given area about an axis AB, which is parallel to the axis passing 
through G 
h = Distance between the axis passing through G and axis AB 
A = Area of the section. 
43. Moment of inertia of a rectangular section : 
: : : : bd? 
(@) about an horizontal axis passing through C.G. a 


tt 


bd® 
(ii) about an horizontal axis passing through base aged 


4 
14, Moment of inertia of a circular section = “64 ‘ 


15. Moment of inertia of a triangular section : 
3 


bh 
(i) about the base = a 


3 < 


(ii) about an axis passing through C.G, and parallel to the base = 36 


where 6 = Base width, and h = Height of the triangle. 
16. The C.G. of an area by integration method is given by 


zg leda and 5~igtda 
[dA dA 
where x* = Distance of C.G. of area dA from y-axis 
y* = Distance of C.G, of area dA from x-axis. 
17. The C.G. of a straight or curved line is given by 
Jx* dL Jy* ab 
Jal [db 


EXERCISE 5 


(A) Theoretical Questions 











and j= 





x= 


1. Define centre of gravity and centroid. 
2. Derive an expression for the centre of gravity of a plane area using methed of moments. 
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a de 


3. 
4, 
5. 
6. 
7. 


10. 
il. 
12, 
13. 
14, 


15. 


16, 
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What do you understand by axes of reference ? 
Define the terms : moment of inertia and radius of gyration. 
State the theorem of perpendicular axis. How will you prove this theorem ? 
State and prove the theorem of parallel axis. ; 
Find an expression for the moment of inertia of a rectangular section : 
(2) about an horizontal axis passing through the C.G. of the rectangular section, and 
(i) about an horizontal axis passing through the base of the rectangular section. 
(AMIE Summer, 1985) 
Prove that the moment of inertia of'a circular section about an horizontal axis (in the plane of 


4 


7 nD 
the circular section) and passing through the C.G. of the section is given by a 


Prove that moment of inertia of a triangular section about the base of the section 
bh 


“12 
where 6 = Base of triangular section, and 
A = Height of triangular section. 


Derive an expression for the moment of inertia of a triangular section about an axis passing 
through the C.G. of the section and parallel to the base. 

Show that J, = I, + Ah?, where J,,is the moment of inertia of a lamina about an axis through its 
centroid and lying in its plane and A is the distance from the centroid to a parallel axis in the 
same plane about which its moment of inertia is I, A being the area of the lamina. 

State and prove the parallel axes theorem on moment of inertia for a plane area. 

Prove that the moment of area of any plane figure about a line passing through its centroid is 
zero. 

Show that the product of inertia of an area about two mutually perpendicular axis is zero, if the 
area is symmetrical about one of these axis. (UP. Tech. University, 2002-2003) 


. Determine an expression for mass moment of inertia of hollow steel cylinder of mass M, outer 


radius Ro, inner radius R, and length L about its axis. The hole in the cylinder is concentric. 
(U.P. Tech. University, 2002-2003) 


Derive an expression for mass moment of inertia of a right circular cone of base radius R, height 
#H and mass M about its axis. (OP. Tech. University, 2001-2002) 


(B) Numerical Problems 


Find the centre of gravity of the T-section shown in Fig. 5.39, (Ans. 8.272 cm] 
lt——— 12 cm ———_»} 


fe " 


12cm 


Fig. 5.39 





CENTRE OF GRAVITY AND MOMENT OF INERTIA 


2. Find the centre of gravity of the I-section shown in Fig. 5.40. 
[Ans. 6.44 cm] 
{Hint. a, = 8 x 2 = 16 cm’, a, = 12 x 2 = 24 cm, 
@,=16x2=32;y¥,=2+12+1= 15, 
Yo =24+6=8, y,=1 
ayy, + A2¥2 t A3y3 
Qj + a) + ag 
16x 15+ 24x84+32x1 
= 16 + 24 + 32 


240+ 192492 464 gy 
72 e092 


3. (a) Find the centre of gravity of the L-section shown in Fig. 5.41. 
—p{2 CMhqe— 


| 


gem 


y= 


100m 


adm 
x 
+— 6cm —>| 
Fig. 5.41 


in Fig. 5.41 (@). 





i¢——— 75 mm ———>| ¥ 
Fig. 5.41 (a) 


(Hint. Locate first 7 and first y 

a, = 100 x 6 = 600 mm’, x, = 3 mm, y, = 50 

69 

dy = 69 x 6 = 414 mm?, x, = 6+ “gy = 40.5 

y2g=3 mm 

gz = SAL Gore 600. x 3 +414 x 40.5 = 18.31 mm 

a + ag 600 + 414 

_ 291+ ay 600 x 50+ 414 x3 
~ ~~ 600+ 414 


¥ = 30.81 mm 


ay + do 





}@——_ 16 cm ——>| - 
Fig. 5.40 


(Ans. % = 1.857, ¥ = 3.857] 


(6) Find the moment of inertia of ISA 100 x 75 x 6 about the centroidal XX and YY axis, shown 
' (U.P. Tech. University, 2001-2002) 
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re 
Now find the moment of inertia about centroidal X-X axis : 


Tye = FG), + ary? 





100° 1003 
= 8X10" 600 xy, — FP = Se + 600(60 ~ 80.81)" 
12 12 
= 720.95 x 10 mm‘. 
69 x 6° 
Lee = (Le, ), + ghg? = . + 414(y, - 7 


69 x 6°. 
= = + 414(3 ~ 30.81) = 321.428 x 108 


Lox = Toa + Tyg = 720.95 x 10? + 821.428 x 10° = 1042.378 x 10% mm‘, Ans. 
To find M.O.1. about centroidal axis Y-Y , 


100 x 6° 
12 


6x 69° 





Dy = Ca), + a - 7? = + 600(3 - 18.31) = 142.437 x 10° mm* 


+ 414(40,5 - 18.31)? = 368.1 x 10? mm? 





Tye = UG, ), + Agltg- F)= 


Tey = Tyy, + Lpys = (142.487 + 368.1) x 103 mm? = 510.537 x 10° mm*, Ans.} 


4. From a rectangular lamina ABCD 10 cm x 14 cma rectangular hole of 3 cm x 5 cm is cut as 
shown in Fig. 5.42. Find the centre of gravity of the remainder lamina. 


(An&. % =4.7 cm, ¥ = 6.444 cm] 


#—— 10 cm ——+ 





Fig. 5.42 
5. For the T-section shown in Fig. 5.39, determine the moment of inertia of the section about the 
horizontal and vertical axes, passing through the centre of gravity of the section. 
{Ans. 567.38 em‘, 294.67 cm*] 


6. For the I-section shown in Fig. 5.40, find the moment of inertia about the centroidal axis X-X 
perpendicular to the web. [Ans. 2481.76 cm‘] 


7. Locate the C.G. of the area shown in Fig. 5.43 with respect to co-ordinate axes. All dimensions 
are in mm. 


(Hint. a, = 10 x 30 = 300 mm?, x, = 5 mm, y, = 15. 
dy = 40 x 10 = 400 mm?, x, = 10 + 20 = 30 mm, 


y= 5 mm 
a, = 10 x 20 = 200 mm’, x, = 5 mm, 
¥3=-10mm 







GENTRE OF GRAVITY AND MOMENT OF INERTIA 233 
a, = 10x 10 = 100 mm?, x, = 45 mm, 
¥q=10+5=15 mm 
=< CEL 4 GaXy + 09% + O4t4 
(a, + ag + a3 +44) - 
1500 + 12000 + 1000 +.4500 
"a 1000 
=15+ 12+1+45=19 mm. Ans. 


— Uy + Gaye + 4399 + G44 
(a, + Gg + Gg + a4) 
_ 4500 + 2000 - 2000 + 1500 
= 1000 
=45+2-2+15=6mm. Ans.] 


8. A thin homogeneous wire is bent into a triangular shape ABC such that AB = 240 mm, BC = 
260 mm and AC = 100 mm. Locate the C.G. of the wire with respect to co-ordinate axes. Angle at 


Se] 





Fig. 5.43 
















A is right angle. . 
{Hint. First determine angles a and B. Use sine rule Y 
BC AC __ AB , 
sin90° sina sin B t\ > 
1 \S 
_ AC xsin 90° _ 100 , 
at > Be 260 i BA 
D Gc xX 


240 


. o }¢——— 260 mm —-——>} 
x sin 90° = 260 


; AB 

es = 22.62°. Also sin 8 = => 
a so sin f BC 

B = 67.38° Pig. 5.44 


Using equation 5.2 (c) and 5.2 (d) 
Lyx, + Lgxe + Lgxg 
(Ly + Lg + Lg) 
x, = distance of C.G. of AB from y-axis 


Xa 


, where LE, = AB = 240, 


= = x cos @ = 120 x cos 22.62° = 110.77 mm 


L, = BC = 260 mm, x, = Distance of C.G. of BC from y-axis = 130 
L,=AC = 100 mm, x, = Distance of C.G. of AC from y-axis 


100 
= BD + ~~ cos B = 240 cos a + 50 cos f 


==: 240 x cos 22.62° + 50 cos 67.38° = 240.77 


_ 240 x 110.77 + 260 x 130 + 100 x 240.77 


= x . Ans. 
240 + 260 + 100 tee Cas 





Bl 


240 
Lyy1 + Enya + Lays, where y, = “5— sin a = 120-x sin 22.62° = 46.154 
I, +Iy+Ls = 


100 
oq = 0, 93 = “3. sin § = 50 sin 67.38° = 48.154 


yr 


_ 240 x 46.154 + 260 x 0 + 100 x 46.154 
oe 600 
= 26.154 mm. Ans.] 
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9. Determine the C.G. of the uniform plane lamina shown in Fig. 5.45, Ali dimensions are in em, 
{Hint. The Fig is symmetrical about y-y axis. 


G91 + Aoy2 + A393 + Ca¥4 
ay + G9 + a3 + Ay 


y= 


30 
where a, = 40 x 30 = 1200 cm’, ¥, = 5 = 15 em 


30 
a, = 30 x 20 = 600 cm’, y, = 30+ > = 45cm 











2 
nx 107 4r 4x10 40 
Bee aR ae Bx 
20 x 10 10 170 
a,=~ —— =~ 100, 9, = 60- =~ 
1200 x 15 + 600 x 45 ~ 50x x 2° ~ 100 x 422 
mat 5 
e 1200 + 600 — 50x - 100 
_ 18000 + 27000 - 666.7 - 5666.7 
ca 1700 - 50x 


_ 386666 
~ 1542.92 


10. From a circular plate of diameter 100 mm a circular part of diameter 50 mm is cut as shown in 
Fig. 5.46. Find the centroid of the remainder. (U.P. Tech. University, 2002-2003) 


= 25.06 cm from Origin 0. Ans.] 





_ Fig. 5.46 
{Hint. Fig. 5.46 is symmetrical about +-axis. Hence centroid Hes on x-axis. 
¥ = 0.6. The value of x is given by ¢ = Shi + Cea 
ay ~ ag 


x 
But @,= 4% 100? = 7853.98 mm2, x= = = 50 mm, 


x 
Qy)=— (3 x 50? =~ 1963.5 mm’, x, = 100 - 25 = 75 mm 


7853.98 x 50 - 1963.5 x 75 
7853.98 — 1963.5 Salers 
Hence centroid is at (41.67 mm, 0). Ans.] 
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Shear Force and Bending Moment 








1. INTRODUCTION. 


The algebraic sum of the ugar forces at any section of a beam to the right or left of the 
section is known as shear force. It is briefly written as S.F. The algebraic sum of the moments 
of all the forces acting to the right or left of the section is known as bending moment. It is 
written as B.M. In this chapter, the shear force and bending moment diagrams for different 
types of beams (.e., cantilevers, simply supported, fixed, overhanging etc. ) for different types 
of loads (.e., point load, uniformly distributed loads, varying loads etc.) acing on the beams, 
will be considered. 


6.2. SHEAR FORCE AND BENDING MOMENT DIAGRAMS 


A shear force diagram is oné which shows the variation of the shear force along the 
length of the beam. And a bending moment diagram is one which shows the variation of the 
bending moment along the length of the beam. 

Before drawing the shear force and bending moment? ‘diagrams, we must know the 
different types of beams and different types of load acting-on the bea: ue 


6.3. TYPES OF BEAMS 


The following are the important types of beams : 
1. Cantilever beam, 2. Simply supported beam, 
3. Overhanging beam, © 4, Fixed beams, and ee 
5. Continuous beam. 
6.3.1. Cantilever Beam. A beam which is fixed at one end and free at the other end, is 
known as cantilever beam. Such beam is shown in Fig. 6.1. 


— 


Fig. 6.1 Fig. 6.2 


6.3.2. Simply Supported Beam. A beam supported or resting freely on the supports at 
its both ends, is known as simply supported beam. Such beam is shown in Fig. 6.2. 


235 
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6.3.3. Overhanging Beam. If the end portion of a beam is extended beyond the support, 
such beam is known as overhanging beam. Overhanging beam is shown in Fig. 6.3. 
portion portion 


5 D a Q - 


Fig. 6.3 : Fig. 6.4 


6.3.4. Fixed Beams. A beam whose both ends are fixed or built-in walls, is known as fixed 
beam. Such beam is shown in Fig. 6.4. A fixed beam is also known as a built-in or encastred beam. 


6.3.5. Continuous Beam. A beam which is pro- 
vided more than two supports as shown in Fig. 6.5, is 
known as continuous beam. 


Fig. 6.5 


Simply supported  Overhanging 


6.4. TYPES OF LOAD 

A beam is normally horizontal and the loads acting on the beams are generally vertical. 
The following are the important types of load acting on a beam : 

1. Concentrated or point load, 

2. Uniformly distributed load, and 

3. Uniformly varying load. 


6.4.1, Concentrated or Point Load. A concentrated load is one which is considered to 
act at a point, although in practice it must really be distributed over a small area. In Fig. 6.6, 
W shows the point load. 


ie wNim 
: Fig. 6.6 . Fig. 6.7 


6.4.2. Uniformly Distributed Load. A uniformly distributed load is one which is spread 
over a beam in such a manner that rate of loading w is uniform along the length (Z.e., each unit 
length is loaded to the same rate) as shown in Fig. 6.7. The rate of loading is expressed as 
w N/m run. Uniformly distributed load is, represented by u.d.l. 

For solving the numerical problems, the total 
uniformly distributed load is converted into a point load, 
acting at the centre of uniformly distributed load. 

6.4.3. Uniformly Varying Load. A uniformly vary- 
ing load is one which is spread over a beam in such a man- 
ner that rate of loading varies from point to point along the 
beam as shown in Fig. 6.8 in which load is zero at one end 
and increases uniformly to the other end. Such load is known Fig. 6.8 
as triangular ioad. 
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pe A 


For solving numerical problems the total load is equal to the area of the triangle and 
this total load is assumed to be acting at the C.G. of the triangle i.e., at a distance of ord of 
total length of beam from left end. 


'§.5. SIGN CONVENTIONS FOR SHEAR FORCE AND BENDING MOMENT 


(i) Shear force. Fig. 6.9 shows a simply supported beam AB, carrying a load of 1000 N 


“at its middle point. The reactions at the supports will be equal to 500 N. Hence R, = Rp 


500 N. 

Now imagine the beam to be divided into two portions by the section X-X. The resultant 
of the load and reaction to the left of X-X is 500 N vertically upwards. (Note in this case, there 
is no load to the Jeft of X-X). And the resultant of the load and reaction to the right of X-X is 
(1000 } — 500 t = 500 | N) 500 N downwards. The resultant force acting on any one of the parts 
normal to the axis of the beam is called the shear force at the section X-X. Here the shear force 
at the section X-X is 500 N. , 

The shear force at a section will be considered positive when the resultant of the forces 
to the left to the section is upwards, or to the right of the section is downwards. Similarly the 
shear force at a section will be considered negative if the resultant of the forces to the left: of 
the section is downwards, or to the right of the section is upwards. Here the resultant force to 
the left of the section is upwards and hence the shear force will be positive. 


x 1000 N 


c 








: Convexity 
Concavity 
; Concavity 
Convexity ; 
500 N {a) Positive B.M. (b} Negative B.M. 
Fig. 6.9 Fig. 6.10 


Gi) Bending moment. The bending moment at a section is considered positive if the 
bending moment at that section is such that it tends to bend the beam to a curvature having 
concavity at the top as shown in Fig. 6.10 (a). Similarly the bending moment (B.M.) at a section 
is considered negative if the bending moment at that section is such that it tends to bend the 
beam to a curvature having convexity at the top as shown in Fig. 6.10 (6). The positive B.M. is: 
often called sagging moment and negative B.M. as x 1000 N 
hogging moment. 

Consider the simply supported beam AB, 
carrying a load of 1000 N at its middle point. 
Reactions R, and R, are equal and are having 
magnitude 500 N as shown in Fig. 6.11. Imagine 
the beam to be divided into two portions by the 
section X-X. Let the section X-X is at a distance of 
1 m from A. 
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The moments of all the forces (i.e., load and reaction) to the left of X-X at the section 
X-X is R, x 1 = 500 x 1 = 500 Nm (clockwise). Also the moments of all the forces (.e., load and 


reaction) to the right of X-X at the section X-X is R, x 3 (anti-clockwise)— 1000 x 1 (clockwise} ~ 


= 500 x 3Nm-— 1000 x 1 Nm = 1500 — 1000 = 500 Nm (anti-clockwise). 
Hence the tendency of the bending moment at X-X is to bend the beam so as to produce 
concavity at the top as shown in Fig. 6.12. 


ox xX 
Clockwise | Anticlockwise | 


cp 


Anticlockwise x Clockwise 





Fig. 6.12 Fig. 6.13 


The bending moment at a section is the algebraic sum of the moments of forces and 
reactions acting on one side of the section. Hence bending moment at the section X-X is 500 Nm. 

The bending moment will be considered positive when the moment of the forces and 
reaction on the left portion is clockwise, and on the right portion anti-clockwise. In Fig. 6.12, 
the bending moment at the section X-X is positive. 

Similarly the bending moment will be considered negative when the moment of the 
forces and reactions on the left portion is anti-clockwise, arid on the right portion clockwise as 
shown in Fig. 6.13. In Fig. 6.18, the bending moment at the section X-X is negative. 


6.6. IMPORTANT POINTS FOR DRAWING SHEAR FORCE AND BENDING MOMENT 
DIAGRAMS 


In Art. 6.2, it is mentioned that the shear force diagram is one which shows the varia- 
tion of the shear force along the length of the beam. And a bending moment diagram is one 
which show the variation of the bending moment along the length of beam. In these diagrams, 
the shear force or bending moment are represented by ordinates whereas the length of the 
beam represents abscissa. 

The following are the important points for drawing shear force and bending moment 
diagrams : 

1. Consider the left or the right portion of the section. 

2. Add the forces (including reaction) normal to the beam on one of the portion. If right 
portion of the section.is chosen, a force on the right portion acting downwards is positive while 
a force acting upwards is negative. 

If the left portion of the section is chosen, a force on the left portion acting upwards is 
positive while a force acting downwards is negative. 

3. The positive values of shear force and bending moments are plotted above the base 
line, and negative values below the base line. ; 

4, The shear force diagram will increase or decrease suddenly i.e., by a vertical straight 
line at a section where there is a vertical point Joad. : 

5. The shear force between any two vertical loads will be constant and hence the shear 
force diagram between two vertical loads will be horizontal. 
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‘ 6. The bending moment at the two supports of a simply supported beam and at the free 
end of a cantilever will be zero. 


6.7. SHEAR FORCE AND BENDING MOMENT DIAGRAMS FOR A CANTILEVER 
‘WITH A POINT LOAD AT THE FREE END 


“, Fig. 6.14 shows a cantilever AB of length L fixed at A and free at B and carrying a point 
load W at the free end B. ‘ 











$.F. diagram 
Base fine 





Cc B.M. diagram 


Fig. 6.14 


_ F, = Shear force at X, and 
M,, = Bending moment at X. 


Take a section X at a distance x from the free end. Consider the right portion of the 
section. F 


; The shear force at this section is equal to the resultant force acting on the right portion 
‘at the given section. But the resultant force acting on the right portion at the section X is W 
and acting in the downward direction. But a force on the right portion acting downwards is _. 
considered positive. Hence shear force at X is positive. 


Fl=+W 


The shear force will be constant at all sections of the cantilever between A and B as 
there is no other load between A and B. The shear force diagram is shown in Fig. 6.14 (6). 


Let 


Bending Moment Diagram 
The bending moment at the section X is given by 

; : M,=-Wx«x AZ) 
(Bending moment will be negative as for the right portion of the section, the moment of 


W.at.X is clockwise. Also the bending of cantilever will take place in such a manner that 
convexity will be at the top of the beam). 
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From equation (i), it is clear that B.M. at any section is proportional to the distance of 
the section from the free end. 

Atx=Oie., atB, BM. =0 

Atx=Lie, atA, BM.=WxL 

Hence B.M. follows the straight line law. The B.M. diagram is shown in Fig. 6.14 (¢). At 
point A, take AC = Wx L in the downward direction. Join point B to C. 

The shear force and bending moment diagrams for several concentrated loads acting on 
a cantilever, will be drawn in the similar manner. 


Problem 6.1. A cantilever beam of length 2 m carries the point loads as shown in - 


Fig. 6.15. Draw the shear force and B.M. diagrams for the cantilever beam. 
Sol. Given : 
Refer to Fig. 6.15. 


800-N 


(a) 








Base line 


c) 
é 2350'Nm 





Fig. 6.15 


Shear Force Diagram 

The shear force at D is + 800 N. This shear force remains constant between D and C. 
At C, due to point load, the shear force becomes (860 + 500) = 1300 N. Between C and B, the 
shear force remains 1300 N. At B again, the shear force becomes (1300 + 300) = 1600 N. The 
shear force between B and A remains constant and equal.to 1600 N. Hence the shear force at 
different points will be as given below : 


‘SHEAR FORCE AND BENDING MOMENT 244 
ss A EE RRL 
: SF.atD, Fp=+800N 













SF. atC, Fy = +800 +500=+1300N 
- &F.atB, F, =+ 800 + 500 + 300 = 1600 N 
S.F.atA, F,=+1600N. 


The shear force, diagram is shown in Fig. 6.15 (6) which is drawn as : 
Draw a horizontal line AD as base line. On the base line mark the points B and C below 
‘the point loads. Take the ordinate DE = 800 N in the upward direction. Draw a line EF parallel 
to AD. The point F is vertically above C. Take vertical line FG = 500 N. Through G, draw a 
horizontal line GH in which point H is vertically above B. Draw vertical line HJ = 300 N. 
‘From I, draw a horizontal line IJ. The point J is vertically above A. This completes the shear 
force diagram. 
Bending Moment Diagram 
The bending moment at D is zero : 
(i) The bending moment at any section between C and D at a distancex and Dis given by, 
M,, =~ 800 x x which follows a straight line law. 
At C, the value of x = 0.8 m. 
B.M. at C, M, =~ 800 x 0.8 = - 640 Nm. 
: Gi) The B.M. at any section between B and C at a distance x from D is given by 
(At C, x = 0.8 and at B, x = 0.8 + 0.7 = 1.5 m. Hence here x varies from 0.8 to 1.5). 


M,, = ~ 800 x — 500 (x — 0.8) wa {Z) 
Bending moment between B and C also varies by a straight line law. 
B.M. at B is obtained by substituting x = 1.5 m in equation (Z), 
: M, =— 800 x 1.5 — 500 (1.5 ~ 0.8) 
= — 1200 - 350 = - 1550 Nm. 


(ii) The B.M. at any section between A and B ata distance x from D is given by 
(At B, x = 1.5 and at A, x = 2.0 m. Hence here x varies from 1.5 m to 2.0 m) 


M,, = - 800 x ~ 500 (a — 0.8) - 300 (x — 1.5) 
Bending moment between A and B varies by a straight line law. 
B.M. at A is obtained by substituting x = 2.0 m in equation (zi), 
M, =~ 800 x 2 — 500 (2 — 0.8) — 300 (2 - 1.5) 
=- 800 x 2- 500 x 1.2 - 300 x 0.5 
=~ 1600 - 600 — 150 = -— 2350 Nm. 
Hence the bending moments at different points will be as given below : 


-.(iz) 


M,=0 

M, =- 640 Nm 

M, = - 1550 Nm 
and M, = — 2350 Nm. 


The bending moment diagram is shown in Fig. 6.15 (c) which is drawn as. 

Draw a horizontal line AD as a base line and mark the points B and C on this line. Take 
vertical lines CC’ = 640 Nm, BB’ = 1550 Nm and AA’ = 2350 Nm in the downward direction. 
-Join points D, C’, B' and A’ by straight lines. This completes the bending moment diagram. 
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6.8. SHEAR FORCE AND BENDING MOMENT. DIAGRAMS FOR A CANTILEVER 
WITH A UNIFORMLY DISTRIBUTED LOAD 


Fig. 6.16 shows a cantilever of length L fixed at A and carrying a uniformly distributed 
load of w per unit length over the entire length of the cantilever. 


w Per unit length 


S.F. diagram 





Base line 





AN B.M. diagram 
Fig. 6.16 
Take a section X at a distance of x from the free end B. 
Let F, = Shear force at X, and 


M. = = Bending moment at X. 
Here we have considered the right portion of the section. The shear force at the section 
X will be equal to the resultant force acting on the right portion of the section. But the result- 
ant force on the right portion = w x Length of right portion = w.x. 


This resultant force is acting downwards. But the resultant force on the right portion 


acting downwards is considered positive. Hence shear force at X is positive. 
: Fle + wx 
The above equation shows that the shear force follows a straight line law. 
AtB,x=Oandhence F,=0 
AtA,x=Landhence FL=wL 
The shear force diagram is shown in Fig. 6.16 (6). 


Bending Moment Diagram 
It is mentioned in Art. 6.4.3 that the uniformly distributed load over a section is con- 
verted into point load acting at the C.G. of the section. 
The bending moment at the section X is given by 
M,, = - (Total load‘on right portion) 
x Distance of C.G. of right portion from X 


sw. 2). few. eee ws Ai) 
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(The bending moment will be negative as for the right portion of the section, the moment 
of the load at x is clockwise. Also the bending of cantilever will take place in such a manner 
that convexity will be at the top of the cantilever). : 


From equation (2), it is clear that B.M. at any section is proportional to the square of the 


| distance of the section from the free end. This follows a parabolic law. 


AtB,x=Ohence M,=0 


Lv 

AtA,x=Lhence M,=-w. 7° 
The bending moment diagram is shown in Fig. 6.16 (ce). 

Problem 6.2. A cantilever of length 2.0 m carries a uniformly distributed pan of i kNim 

run over a length of 1.5 m from the free end. Draw the shear force and penis moment diagrams 





_ for the cantilever. 
Sol. Given : 
U.D.L., w=1kN/m run 
Refer to Fig. 6.17. 
1 kN/m Run 
(a) 
E D | 1.5 KN 
(b):1.5 kN | 
A Cc S.F. diagram 5 
A Cl. 











(c) 1.875 
Parabolic 


A’ — Straightline B.M. diagram 
Fig. 6.17 


Shear Force Diagram 
’ Consider any section between C and Ba distance of x from the free end B. The shear 
force at the section is given by 
Flo=w« (+ve sign is due to downward force on right portion of the section) 
=10xx (w= 1.0.KN/m run) 
‘At B, x = 0 hence F=90 

AtC,x=L5hence FL=10x15=15KN. 

The shear force follows a straight line law between C and B. As between A and C there 


a . is no load, the shear force will remain constant. Hence shear force between A and C will be 
represented by a horizontal line. 


244 STRENGTH OF MATERIALS 
A SL 


The shear force diagram is shown in Fig. 6.17 (6) in which 
F,=0, Fy =1.5 KN and F, =F, =1.5 KN. 


Bending Moment Diagram 


(i) The bending moment at any section between C and B at a ans x from the free 
end B is given by 


2 2 
M,=~(ws) 2 = -[2 =)- i fi) 


(The bending moment will be negative as for the right portion of the section the moment 
of load at x is clockwise). 


2 
AtB,x=Ohence M,= -o =0 


AtC,x=1.5hence M,= ie =~ 1.125 Nm 

From equation (i) it is clear that the bending moment varies according to parabolic law 
between C and B. 

i) The bending moment at any section between A and C at a distance x from the free 
end B is obtained as: (here x varies from 1.5 m to 2.0 m) 

Total load due to U.D.L. = w x 1.5 = 1.5 KN. 


This load is acting at a distance of Ae = 0.75 m from the free end B or at a distance of 


(x — 0.75) from any section between A and C. 
«. Moment of this load at any section between A and C at a distance x from free end 
= (Load due to U.D.L.) x @ ~ 0.75) : 
M, =~ 1.5 x &« — 0.75) ..(Et) 
(— vé sign is due to clockwise moment for right portion) 

From equation (ii) it is clear that the bending moment follows straight line law between 
Aand C. 

AtC,x=1.5mhence M,=- 1.5 (1.5- 0.75) =- 1.125 Nm 

AtA,x=2.0mhence M,=- 1.5 (2~ 0.75) =— 1.875 Nm. 

Now the bending moment diagram is drawn as shown in Fig. 6.17 (c). In this diagram 
line CC’ = 1.125 Nm and AA’ = 1.875 Nm. The points B and C’ are ona parabolic curve whereas 
the points A’ and C’ are joined by a straight line. 

Problem 6.3. A cantilever of length 2.0 m carries a uniformly distributed load of 
2 kN/m length over the whole length and a point load of 3 kN at the free end. Draw the S.F. and 
B.M. diagrams for the cantilever. 


Sol. Given : 
Length, L=2.0m 
U.D.L., w = 2 kN/m length 


Point load at freeend =3kN 





:. SHEAR FORCE AND BENDING MOMENT ? 245° 





Refer to Fig. 6.18. 








A SF. diagram Base line 


Base line 





AY . B.M. diagram 


Fig. 6.18 


Shear Force Diagram 

The shear force at B = 3 KN 

Consider any section at a distance x from the free end B. The shear force at the section 
is given by, 


Fi=3.0+ wx (+ve sign is due to downward force on 
right portion of the section) 
=8.0+2xx C: w=2kKN/m) 


The above equation shows that shear force follows a straight line law. 

At B, x = 0 hence F,=3.0kN 

AtA,x=2mbhence F,=3+2x2=7KN. 

The shear force diagram is-shown in Fig. 6.18 (6) in which F, = BC = 3 kN and F, = AD 
= 7 KN. The points C and D-are joined by a straight line. 


Bending Moment Diagram 
The bending moment at any section at a distance x from the free end B is given by, 


M, = - (s+ um.) 


--[3» ri =) (: w=2kN/n) 


=— (8x +x”) @) 
(The bending moment will be negative as for the right portion of the section, the moment 


_ of loads at x is clockwise). 
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The equation (i) shows that the B.M. varies according to the parabolic law. From 
equation (i), we have 

At B, x =0 hence M,=-(8x0+0%)=0 

At A, x = 2 m hence M,=-(3x 2+ 2?)=-10kN/m 

Now the bending moment diagram is drawn as shown in Fig. 6.18 (c). In this diagram, 
AA’ = 10 kNm and points A’ and B are joined by a parabolic curve. 

Problem 6:4. A cantilever of length 2 m carries a uniformly distributed load of 1.5 kNim 
run over the whole length and a point load of 2 RN at a distance of 0.5 m from the free end: Draw 
the S.F. and B.M. diagrams for the cantilever. 


Sol. Given : 

Length, L=2m 

U.D.L., w = 1.5 kN/m run 
Point load, W=2kN 


Distance of point load from free end = 0.5 m 
Refer to Fig. 6.19. 


1.5 kNém 


(2) 








A S.F. diagram c B 
Base line 


Base line 
A Cc 





A’ B.M. diagram 


Fig. 6.19 


’ Shear Force Diagram / 
(t}) Consider any section between C and B at a distance x from the free end. The shear 
force at the section is given by, 
Flat+wx - (+ve sign is due to downward 
force on right portion) 
=lixe . old) 
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In equation (i), x varies from 0 to 0.5. The equation (i) shows that shear force varies by 
a straight line law between B and C. 
At B, x = 0 hence Fz,=15x0=0 
AtC,x=O0.5hence  Fy=1.5x 0.5 = 0.75 kN 
Gi) Now consider any section between. A and C at a distance «x from free end B. The 
shear force at the section is given by 
Pl=+wx«+2kN (+ve sign is due to downward force 
on right. portion of the section) - 
=1be+2 f ..-(é2) 
In equation (ii), x varies from 0.5 to 2.0. The equation (iz) also shows that shear force 
varies by.a straight line law between A and C. 
At C, x = 0.5 hence Fo=15x 0.5+2= 2.75 KN 
At A, x = 2.0 hence Fy,=15.x 2.0+2=5.0kKN 
Now draw the shear force diagram as shown in Fig. 6.19 () in which CD = 0.75 KN, 
DE = 2.0 KN or CE =-2.75 kN and AF = 5.0 KN. The point B is joined to point D by a straight 
line whereas the point £ is also joined to point F by a straight line. 


Bending Moment Diagram 


() The bending moment at any section between C and B at a distance x from the free 
end B is given by 


M, =—(w.x). fad 
2 
=-(1.5 xx). - (w= 1.5 kN/m) 
=—0.75x2 ...(dii) 


(The bending moment will be negative as for the right portion of the section the moment — 
at the section is clockwise). ; 
In equation (iiz), x varies from 0 to 0.5. Equation (iii) shows that B.M. varies between 
C and B by a parabolic law. 
AtB,x=Ohence M,=~0.75x0=0 
AtC,x=0.5 hence M,=- 0.75 x 0.5? =— 0.1875 kNm. 
_ Gi) The bending moment at any section between A and C at a distance x from the free 
end B is given by 
M, = -(w.x.). 5 — 2x - 0.5) =— (1.5 xx). 3 — 2x - 0.5) 
: ¢: w= 1.5 kN/m) 
=— 0.75 x? — 2(x — 0.5) ..(iv) 
In equation (iv), x varies from 0.6 to 2.0, Equation (iv) shows that B.M. varies by. a 
parabolic law between A and C. ; 
At C,x=0.5 hence M, =- 0.75 x 0.5? — 2(0.5 — 0.5) = - 0.1875 kN/n 
AtA,x=2.0hence M, =- 0.75 x 2? - 2(2.0 - 0.5) kNm = - 3.0~ 3.0 =~6.0 kNm 


Now the bending moment diagram is drawn as shown in Fig. 6.19 (¢). In this diagram 
line CC’ = 0.1875 and AA’ = 6.0. The points A’, C' and B are on parabolic curves. 


248 ; STRENGTH OF MATERIALS 





Problem 6.5, A-cantilever 1.5 m long is loaded with a uniformly distributed load of 


2 kNim run over.a length of 1.25 m from the free end. It also carries a point load of 3kN at a 


distance of 0.25 m from the free end. Draw the shear force and bending moment diagrams of the 
cantilever. 


Sol. Given: 

Length, L=1i5m 
U.D.L., w= 2kN/m 
Point load, W=3kN 


Refer to Fig. 6.20. 


@) 








D 
| SF. diagram 





Base fine 





Parabolic 


“ Straight fine B.M. diagram 
Fig. 6.20 


Shear Force Diagram 

The shear force at B is zero. : 

The shear force increases to 2 x 0.25 = 0.5 KN by a straight line at C. Due to point load 
of 3 kN, the shear force suddenly increases to 0.5 + 3 = 3.5 KN at C. 


The shear force further increases to 3.5 + 2 x 1 = 5.5 KN by a straight line at D. The 
shear force remains constant between A and D’as there is no load between A and D. 


Now the shear force diagram is drawn as shown in Fig. 6.20 (0). In this diagram line 


CE = 0.5 KN, CF = 3.5 kN, DG = 5.5 kN and AH = 5.5 KN. The point B is joined to E by a 


" straight line. The point F is also joined to G by a straight line. Line GH is horizontal. 
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* Bending Moment Diagram 


B.M. at B=0 


B.M. at D =-2x 0.25 x ea = — 0.0625 kNm 


B.M. at D =- 2 x 1.25 x 428 _ (3 x 1) =~ 4.563 Nm 


B.M. at A =~ 2x 1.25 x (= + 025) -—8x (1+ 0.25) =— 5.94 kNm. 


The bending moment between B and C and between C and D varies by a parabolic law. 


' But B.M. between A and D varies by a straight line law. 


Now. the bending moment diagram is drawn as shown in Fig. 6.20 (c). In this diagram 
line CC" = 0.0625, DD’ = 4.563 and AA’ = 5.9. The points B, C’ and D’ are on parabolic curve 
whereas points A’ and D’ are joined by a straight line. - 

Problem 6.6. A cantilever of length 5.0 m is loaded as shown in Fig. 6.21. Draw the 
S.F. and B.M. diagrams for the cantilever. , 

Sol. The shear force at B is 2.6 kN and remains constant between B and C. 

The shear force increases by a straight line law to 2.5 + 2 x 1 = 4.5 KN at D. The shear 
force remains constant between D and E. At point E, the shear force suddenly mcreases to 
4.5 4+3=7.5 KN due to point load at /. Again the shear force remains constant between A and £. 
Now the shear force diagram is drawn as shown in Fig. 6.21 (8). 


(a) 





8.25 kNm 







Straight fines 


15 kNm 


B.M. diagram 


Fig. 6.21 
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Bending Moment Diagram 
B.M. at B=0 
B.M. at C =- 2.5 x 0.5 =- 1.25 kNm 
B.M. at D=-2.5x2.5-2x1x1=-8.25kNm 
B.M. at =-2.5x4-2x1x(15+1.0)=-10-5=-15kNm 
B.M. atA =-2.5x5~2x1x(1+154+1.0)-3x1 
=~ 12.5~ 7.0-3 =- 22.5 kNm. 
Now the bending moment diagram is drawn as shown in Fig. 6.21 (c). In this diagram, 
the B.M. varies according to parabolic law between points C and D only. Between other points 
B.M. varies according to straight line law. 


6.9. SHEAR FORCE AND BENDING MOMENT DIAGRAMS FOR A CANTILEVER CAR- 
RYING A GRADUALLY VARYING LOAD 


Fig. 6.22 shows a cantilever of length Z fixed at A and carrying a gradually varying load 
from zero at the free end to. w per unit length at the fixed end. 





Load diagram 


Parabolic curve 





S.F. diagram . | 








Base line 
t B 
(c) wx io 
6 
p Cubic curve B.M. diagram 
Fig. 6.22 

Take a section X at a distance x from the free end B. 
Let F’, = Shear force at the section X, and 


M,, = Bending moment at the section X. 


; Let us first find the rate of loading at the section X. The rate ofloading is zero at B and 
is w per metre run at A. This means that rate of loading for a length L is w per unit length. 


Hence'rate of loading for a length of x will be s x x per unit length. This is shown in Fig, 6.22 (a) 


by CX, which is also known as load diagram. Hence CX = — 


SHEAR FORCE AND BENDING MOMENT 251 





The shear force and the section X at a distance x from free end is given by, 
F, = Total load on the cantilever for a length x from the free end B 
= Area of triangle BCX 


fe eee 
_ XB.XC "UL 
~  Q@ 9 


w.x 


= OF, wad) 


The equation (i) shows that the S.F. varies according to the parabolic law. 
wx 0? 

2L 
w.D? wb 


2b 2 
The bending moment at the section X at a distance x from the free end B is given by, 


M,, = ~ (Total load for a length x) x Distance of the load from X 
= — (Area of triangle BCX) x Distance of C.G. of the triangle from X 


__ (we?) = wx® 
2b 3 6L 


The equation (ii) shows that the B.M. varies according to the cubic law. 





~ XB= .xc- 42) 
( L 








AtB,x=OQOhence F,= =0 





At A, x = L hence Fy,= 


(di) 


wx0 9 








AtB,x=Ohence M,=- 
6L 
: 3 2 
At A, x = L hence ie kee 
6L 6 : 






Problem 6.7. A candilever of length 4 m carries a gradually varying load, zero at the 
free end to 2 RN/m at the fixed end. Draw the S.F. and B.M. diagrams for the cantilever. 


Sol. Given : 
Length, L=4m 
Load at fixed end, w=2kN/m 


Shear Force Diagram 
The shear force is zero at B. The shear force at C will be equal to the area of load 
diagram ABC. , 


4x2 


Shear force at C = =4kN 





The shear force between A and B varies according to parabolic law. 
.. Bending Moment Diagram =. 
: w.L? 





The B.M. at B is zero. The bending moment. at A is equal to — 


The B.M. between A and B varies according to cubic law. 
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eT 
Cc 
% 
2 kNim 
¥ 
{a} 
A B 
4m 
D Load diagram 
() 4kN 
B 
A S.F. diagram 
B 
(c} 5.33 
A B.M. diagram 


Fig. 6.23 


6.10. SHEAR FORCE AND BENDING MOMENT DIAGRAMS FOR A SIMPLY 
SUPPORTED BEAM WITH A POINT LOAD AT MID-POINT 


: Fig. 6.24 shows a beam AB of length Z simply supported at the ends'A and B and carry- 
ing a point load W at its middle point C. 

The reactions at the support will be equal to - as the load is acting at the middle point 
of the beam. Hence R, = Ry = * 

. Take a section X at a distance x from the end A between A and C. 
Let F,, = Shear force at X, 

and M, = Bending moment at X. 

Here we have considered the left portion of the section. The shear force at X will be 
equal to the resultant force acting on the left portion of the section. But the resultant force on 

gee AW st , 
the left portion is — acting upwards. But according to the sign convention, the resultant force 
on the left portion acting upwards is considered positive. Hence shear force atX is positive and 
its magnitude is e é 
Ww 
F a m+ 3 
Hence the shear force between A and C is constant-and equal to + Oe 






SHEAR FORCE AND BENDING MOMENT 253 








B.M. diagram Base line 


Fig. 6.24 — 
Now consider any section between C and B at distance x from end A. The resultant force 
on the left portion will be 
(= = w) No 
2 2 
This force will also remain constant between C and B. Hence shear force between C and B 


Ww 
J 1 to -—. 
is equal to - > 
. ; Ww Ww 
At the section C the shear force changes from + - to - a 


The shear force diagram is shown in Fig. 6.24 (0). 


Bending Moment Diagram 
(i) The bending moment at any section betweenA and C at a distance ofx from the end A, 


is given by 
M,=Rgx or M.=+ >. wd) 


(B.M. will be positive as for the left portion of the section, the moment of.all forces at X 


“:! dg clockwise. Moreover, the bending of beam takes place in such a manner that concavity is at 





: the top of the beam). 
At A, « = 0 hence M,=~ x0=0 
L . WL Wx 
At C, x = “5 hence Mo=-—*9" a 
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From equation (i), it is clear that B.M. = according to straight line law between 
E at Cc. 





A and C. B.M. is zero at A and it increases to Wx 


(ii) The bending moment at any section between C and B at a distance x from the end A, 





is given by 
Ww L Ww L WEL 2x 
tas al x( ~F)- Gx Wer wah ES 
L WL W L Wx 
==—h Mista yee 
At C,x 2 ence Cc 3 a 7 
At B, x = L hence My= Me -E xn 0. 


Hence bending moment at C is WE and it decreases to zero at B. Now the B.M. diagram 
can be completed as shown in Fig. 6.24 (c). 
Note. The bending moment is maximum at the middle point C, where the shear force changes its 
sign. 
6.11. SHEAR FORCE AND BENDING MOMENT DIAGRAMS ‘FOR A SIMPLY 
SUPPORTED BEAM WITH AN ECCENTRIC POINT LOAD 


Fig. 6.25 shows a beam AB of length L, simply supported-at the ends A and Band 
carrying a point load W at C at a distance of ‘a’ from theend A. — 





A B.M. diagram e e 
Fig. 6.25 
Let R, = Reaction at the support A, and 


R, = Reaction at the support B. 
First calculate the reactions, by taking moments about A or about B. 
Taking moments of the forces on the beam about A, we get 
RzxL=Wxa 


W.a 
ee 
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ieee ame 


anil Ry=W-R,=W- “t 


a L-a) Wxb ip es ox 
= w(1-2)-w/ L }- ZL (. L~a=b) 


Consider a section X at a distance x from the end A between A and C. 
The shear force F, at the section is given by, 


FP, =+Ry=+ 8 .@) 








(The shear force will be positive as the resultant force on the left portion of the section is 
acting upwards). : 


The shear force between A and C is constant and equal to me 


Now consider any section between C and B at a distance x from the end A. The result- 
ant force on the left portion will be R, — W 


W.b b-L L-b W.a 
——~-We=W. SaW pe leac v. pebs 
or Z (7* ZL *-*) Ww ( 7 } L ( a) 
The shear force between C and B is constant and equal to - ‘ee At the section C, the 
shear force changes from = to - me The shear force diagram is shown in Fig. 6.25 (6). 
Bending Moment Diagram 
(i) The bending moment at any section between A and C at a distance x from the end A, 
is given by 


M,=R,xx=+ me x (Plus sign due-to sagging) 


At A, x = 0 hence M,= "2? x0= 0 
W.b W.a.b 
(enah M, = —.a=—— 
At C,x =a hence c= a L 


b 





Hence the B.M. increases from zero at A to ee at C by a straight line law. The B.M. 


: at C to zero at B following a straight line 





is zero at B. Hence B.M. will-decrease from 


law. The B.M. diagram is drawn in Fig. 6.25 (c). : 

From the shear force and bending moment diagrams, it is clear that the B.M. is maximum 
at C where the 5.F. changes its sign. 

Problem 6.8. A simply supported beam of length 6 m, carries point load of 3 kN and 6 RN 
at distances of 2 m and 4 m from the left end. Draw the shear force and bending moment 
diagrams for the beam. 

Sol. First calculate the reactions R, and R,. 

Taking moments of the force about A, we get 

Rzx6=3x2+6x4=30 
R= o =5 kN 


R, = Total load on beam ~ Ry = (3 + 6)-5=4 kN 
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3 kN -6KN 





eye ine | S.F. diagram 


( 





A pk B 
B.M. diagram Base line 
Fig. 6.26 
Shear Force Diagram 
Shear force at A, F,=+R,=+4kKN 


Shear force between A and C is constant and equal to + 4 kN 
Shear force at C, Fo=+4-30=+1kN 

Shear force between C and D is constant and equal to + 1 KN. 
Shear force at D, F)=+1-6=-5kN 

The shear force between D and B is constant and equal to — 5 KN. 
Shear force at B, F,=-5kKN 

The shear force diagram is drawn as shown in Fig. 6.26 (0). 


Bending Moment Diagram 
B.M. at A, M,=0 
B.M. at C, Mo=R,x2=4x2=4+8kNm 
B.M. at D, My=R,x4-3x2=4x4-3x2=+10kNm 
B.M. at B, M,= 


The bending moment diagram is drawn as shown in Fig. 6.26 (c). 


6.12. SHEAR FORCE AND BENDING MOMENT DIAGRAMS FOR A SIMPLY 
SUPPORTED BEAM CARRYING A UNIFORMLY DISTRIBUTED LOAD 


Fig. 6.27 shows a bear AB of length L simply supported at the ends A and B and 
carrying a uniformly distributed load of w per unit length over the entire length. The reac- 
tions at the supports will be equal and their magnitude will be half the total load on the 
entire length. 





2 (ie, F,) is given by, 
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c 
8M, diagram Base line 
Fig. 6.27 
Let R, = Reaction at A, and 
R, = Reaction at B 
wb 


Ry,=hg= — 
2 
Consider any section X at a distance x from the left end A. The shear force at the section 


FlL=+R,-w. at 2h ow. x veal) 


From equation (i), it is clear that the shear force varies according to straight line law. 
* "Phe values of shear force at different points are : 
wb wd wh 


At A, x = 0 hence Pat tage Aa 
L 

AtB,x=Lhence Fp= +22 w, bess 

AtC, x =< hence Fo= + 4h -w.Z =0 


The shear force diagram is drawn as shown in Fig. 6.27 (6). 
The bending moment at the section X at a distance x from left end A is given by, 


M,=+R,.x-w.x. 5 


2 - 

= wt wx (« Ras ef) ._{d) 
2 2 . 

From equation (ii), it is clear that B.M. varies according to parabolic law. 
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The values of B.M. at different points are : 
w.L w.0 


.0-—— =0 
“a 2 


wi w 
Mg=~5--L-5 2 =0 


At A, x = 0 hence M,= 
At B, x =L hence 





AtC,x= 2 hence Me= 3-3: 





Thus the B.M. increases according to parabolic law from zero at A to + = at the 
middle point of the beam and from this value the B.M. decreases to zero at B according to the 
parabolic law. 

Now the B.M. diagram is drawn as shown in Fig. 6.27 (c). 

Problem 6.9. Draw the shear force and bending moment diagram for a simply supported 
beam of length 9 m and carrying a uniformly distributed load of 10 kN/m for a distance of 6 m 
from the left end. Also calculate the maximum B.M. on the section. 

Sol. First caleulate reactions R, and Ry. 


10 kN/m 


Cc 
A B 
@ 2 6m ——~——> 
‘A - gm Re 
40 kN 20 kN 







Base line 


S.F. diagram 


} Parabolic 






Parabolic Straight 


line 


{co} 


B.M. diagram Base line 


Fig. 6.28 
Taking moments of the forces about A, we get 
Ryx9=10x6x 5 = 180 


Ry = +5 = 20 KN 


R, = Total load on beam — R, = 10 x 6— 20 = 40 KN. 
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' Shear Force Diagram 


Consider any section at a distance’x from A between A and C. The shear force at the 

section is given by, 
Fi=+R,-10x=+40-10x ..(@) 

Equation (i) shows that shear force varies by a straight line law between A and C. 

AtA, x = 0 hence F,=+40-0=40kN 

At C, x = 6m hence Fo=+40-10x 6=-20kN 

The shear force at A is + 40 kN and at C is — 20 KN. Also shear force between A and C 
varies by a straight line. This means that somewhere between A and C, the shear force is zero. 
Let the S.F. is zero atx metre from A. Then substituting the value of S.F. (.e., F,,) equal to zero 
in equation (z), we get 


0 = 40 - 10x 
40 

x=— = 
10 


Hence shear force is zero at a distance 4 m from A. 

The shear force is constant between C and B. This equal to — 20 KN. 

Now the shear force diagram is drawn as shown in Fig. 6.28 (6). In the shear force 
diagram, distance AD = 4 m. The point D is at a distance 4 m from A. 


B.M. Diagram 
The B.M. at any section between A and C at a distance x from A is given by, 
M,=R,xx~10.x. 5 = 40m — 5x2 (ti) 
Equation Gi) s shows that B.M. varies according to parabolic law between A and C. 
At A, x = 0 hence M,=40x0-5x0=0 
At C, x =6 m hence Mz = 40 x 6-5 x 6? = 240 - 180 = + 60 kNm 
At D, x = 4m hence M, = 40x 4-5 x 4% = 160- 80 = + 80 kNm 
The bending moment between C and B varies according to linear law. 
B.M. at B is zero whereas at C is 60 kNm. 
The bending moment diagram is drawn as shown in Fig. 6.28 (c). 


Maximum Bending Moment 


The B.M. is maximum at a point where shear force changes sign. This means that the 
point where shear force becomes zero from positive value to the negative or vice-versa, the 
B.M. at that point will be maximum, From the shear force diagram, we know that at point D, 


. the shear force is zero after changing its sign. Hence B. M. is maximum at point D. But the 
BM. at D is + 80 kNm., 


fy Max. B.M.=+80KN. Ans. 

Problem 6.10. Draw the shear force and B.M. diagrams for a simply supported beam of 
length 8 m and carrying a uniformly distributed load of 10 kN/m for a distance of 4m as shown 
in Fig. 6.29. 

Sol. First calculate the reactions R, and Ry. 

Taking moments of the forces about A, we get 


Ryx8=10x4x(1+2) = 120 


1 
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E 
S.F. diagram 1S | 








Parabolic 
Straight 


Parabolic 
Straight 


line line 








(¢) 


BONG E 
B.M. diagram 


Fig. 6.29 


R 2 =15kN 
R, = Total load on beam — Ry 
=10x4-15=25 kN 


Shear Force Diagram 

The shear force at A is + 25 kN. The shear force remains constant between A and C and 
equal to + 25 kN. The shear force at B is — 15 KN. The shear force remains constant between 
B and D and equal to - 15 KN. The shear force at any section between C and D at a distance 
x from A is given by, 

Fo=+ 25-10@-1) ---(@) 

At C,x = 1 hence Fo=+ 25-100 -1)=+25 kN 

At D, x = 5 hence Fy = + 25-106 -1)=-15 kN 

The shear force at C is + 25 kN and at D is — 15 KN. Also shear force between C and D 
varies by a straight line law. This means that somewhere between C and D, the shear force is 
zero. Let the S.F. be zero at x metre from A. Then substituting the value of S.F. (i.e., F,) equal 
to zero in equation (i), we get 

0 = 25 - 10 - 1) 


or 0 = 25 —- 10x + 10 or 10x = 35 
35 
x= oo 


oe Hence the shear force is zero at a distance 3.5 m from A. 
Hence the distance AE = 3.5 m in the shear force diagram shown in Fig. 6.29 (5). 
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B.M. Diagram 
B.M. at A is zero 
B.M. at B is also zero 
B.M. at C=R,x1=25 x 1=25 kNm 
The B.M. at any section between C and D at a distance x from A is given by, 


M,=R,.#~ 10-1), S—2 295 xx 5-1? i) 
AtC,x=1 hence M, = 25 x 1- 5(1 - 1)? = 25 kNm 
AtD,x=5 hence Mp = 25 x 5 - (5 - 1)? = 125 - 80 = 45 kNm 


At E, x = 3.5 hence M, = 25 x 3.5 — 5(3.5 - 1)? = 87.5 — 31.25 = 56.25 kNm 
B.M. will increase from 0 at A to 25 kNm at C by a straight line law. Between C and D 


_the B.M. varies according to parabolic law as is clear from equation (ii). Between C and D, the 


B.M. will be maximum at EZ. From D to B the B.M. will decrease from 45 kNm at D to zero at B 
according to straight line law. 


Problem 6.11. Draw the S.F. and B.M. diagrams of a simply supported beam of length 
7 m carrying uniformly distributed loads as shown in Fig. 6.30. 





A B.M.diagram  & Cc D 3 


Fig. 6.30 


Sol. First calculate the reactions R, and Ry. 
Taking moments of all forces about A, we get 


Ry x7 =10x3x 245% 2x (34242) =45 460 105 


105 


Ry = 222 = 15 KN 
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and 


R, = Total load on beam ~ Ry 
=(10x3+5x2)-15=40-15=25 kN 


S.F. Diagram 


The shear force at A is + 25 kN 
The shear force at C= R,-3 x 10 = + 25- 30 =-5kN 
The shear force varies becca Aand C by a straight line law. 


The shear force between C and D is constant and equal te- 5 KN . 


The shear force at B is -- 15 kN 

The shear force between D and B varies by a straight line law. 

The shear force diagram is drawn as shown in Fig. 6.30 (5). 

The shear force is zero at point E between A and C. Let us find the location of E from A. 


Let the point # be at a distance x from A. 


The shear force at E = R,-10x x = 25 - 10x 
But shear force at H = 0 


25-10%=0 — : or LOx = 25 
25 
=— =2. 
or x 10 5m 
BM. Diagram 


B.M. at Ais zero 
B.M. at B is zero 


BM. at C, Mo =R,X 8-103 x 5 =25 x8 - 45 = 75-45 = 30 kNm 
At E, x = 2.5 and hence 
B.M. at E, My= Ry x 2.5~ 10x25 x 22 = 25 x 2.5-5x 6.25 
= 62.5 — 31.25 = 31.25 kNm 
BM. at D, My=25(3 + 2) 10%3 x (2+2) = 125— 105 =20 kNm 
The B.M. between AC and between BD varies according to parabolic law. But B.M. 


between C and D varies according to straight line law. Now the bending moment diagram is 
drawn as shown in Fig. 6.30 (c). 


Problem 6.12. A simply supported beam of length 10 m, carries the uniformly distrib- 


uted load and two point loads as shown in Fig. 6.31, Draw the S.F. and B.M. diagram for the 
. beam. Also calculate the maximum bending moment. 


and 


Sol. First calculate the reactions R, and Ry. 
Taking moments of all forces about A, we get 


Ry x10 = 50x24 10x 4x (245) 44012 +4) 
= 100 + 160 + 240 = 500 
500 
R, = — =50kN 
3’ 10 


R, = Total load on beam — Ry 
= (50+ 10 x 4+ 40) ~ 50 = 180-50 =80 KN 
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50 kN 40 kNiém 40 kN 


(a) 
, Ra =80 


(b) 


() 





B.M. diagram 


Fig. 6.31 
S.F. Diagram 
The S.F. at A, F,=R,=+ 80 kN 


The S.F. will remain constant between A and C and equal to + 80 kN 
The S.F. just on R.H.S. of C = R, -— 50 = 80-50 = 30 kN 
The S8.F. just on L.H.S. of D =R,-50~10x4= 80-50-40 =- 10 kN 
The S.F. between C and D varies according to straight line law. 
The S.F. just on R.HLS. of D = R, - 50~ 10x 4- 40 = 80 - 50 - 40- 40 =— 50 kN 
The S.F. at B =- 50 kN 
The S.F. remains constant between D and B and equal to — 50 kN 
The shear force diagram is drawn as shown in Fig. 6.31 (8). 
The shear force is zero at point E between C and D. 
Let the distance of EF from point A is x. 
Now shear forceat E=R,- 50-10 x (x- 2) 
= 80 - 50 - 10x + 20 = 50 - 10x 
But shear force at E=0 


50 
50-10x = =—s kes 
Ox=0 or x 10 5m 4 
B.M. Diagram 


B.M. at A is zero 
B.M. at B is zero 
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B.M. at C, M,=R,x2= 80x 2=160kNm 


B.M. at D, My =R,x6-50x4-10x4x 4 
= 80 x 6 - 200 - 80 = 480 — 200 — 80 = 200 kKNm 


At E, x =5 m and hence B.M. at EZ, 
M, =F, x 5 ~50(5 - 2)- 10 x (5 - 2) x (F-?) 


: =80x5-50x3-10x3x 3 = 400 — 150 - 45 = 205 kNm 
The B.M. between C and D varies according to parabolic law reaching a maximum value 
at E. The B.M. between A and C and also between B and D varies according to linear law. The 
B.M. diagram is shown in Fig. 6.31 (c). 


Maximum B.M. 
The maximum B.M. is at E, where S.F. becomes zero after changing its sign. 
Max. B.M. = M, = 205kNm. Ans. . 





6.13. SHEAR FORCE AND BENDING MOMENT DIAGRAMS FOR A SIMPLY SUP- 
PORTED BEAM CARRYING A UNIFORMLY VARYING LOAD FROM ZERO AT 
EACH END TO w PER UNIT LENGTH AT THE CENTRE 


Fig. 6.32 shows a beam of length L simply supported at the ends A and B and carrying a 
uniformly varying load from zero at each end to w per unit length at the centre. The reactions 
at the supports will be equal and their magnitude will be half the total load on the entire 
length, as the load is symmetrical on the beam. 





But total load on the beam = Area of load diagram ABO 

2 ABxCO_Lxw - wl 

2 2 2 
R, =Rz = Half the total load 

1 (4 wl 

a a Sb 
Consider any section X between A and C at a distance x from end A. 
The rate of loading at X 


= Vertical distance XD in load diagram 








x CO xD xxCO 2x.w 
2 ° Eye . AD= () age 
2 2 2 
2w 
Soe 
Now load on the length AX of the beam = Area of load diagram AXD 
ge 
=2:4D UL ( xp= 22.2) 
2 2 L 


2 


mls 


+X 
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A , B.M.diagram © 6 


Fig. 6.32 


This load is acting at a distance of z from X 


Now S.F. at X is given by, 
F,, = R, — load on the length AX 


wl wis (: R, = 7) wi) 


4 Lb 4 
L w.b w(L\Y_w.L wh 
al = eS ee [| | oe ee ee 
At C,x 3 hence Fo 4 *(5) 7 a 
w.L 


The shear force at B =— Ry = - oF 


. The shear force is shown in Fig. 6.32 (b). The shear force between A and C and also 
between C and B is parabolic. 
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B.M. Diagram . 

The bending moment is zero at A and B. 

The B.M. at X is given by, 


M, = Ry. x— Load of length AX . > 
owl ws 2 wb! Ati) 
= 4 — Xx i 3 4 Xt ie 


Equation (ii) shows that B.M. between A and C varies according to cubic law. 
AtA,x=Ohence M,=0 
wb L w (LY 
AtC,x=> = hence Mo= wi £2 (5) 
wD? wl? _3w.L?-wi? _ wi? 
8 24 20”~*«wS 
Th.e maximum B.M. occurs at the centre of the beam, where S.F. becomes zero after 
changing its sign. 





a 
Max. B.M. is at C, Mo= ae 
: EL 
But total load on the beam, = a 
bo w. 
os Max. B.M. = ~~. 5 =——— 


6.14. SHEAR FORCE AND B.M. DIAGRAMS FOR A SIMPLY SUPPORTED BEAM 
CARRYING A UNIFORMLY VARYING LOAD FROM ZERO AT ONE END TO w 
PER UNIT LENGTH AT THE OTHER END 


Fig. 6.33 shows a beam AB of length L simply supported at the ends A and B and carry- 
ing a uniformly varying load from zero at end A to w per unit length at B. First calculate the 
reactions R, and Rp. 

Taking moments about A, we get 


R,xL= [Bs 4).2 =L ota load (- a is acting 2 ZL from 4 
2 3 2 3 
w.L 
R, = —— 
eee 
and R, = Total load on beam - Ry = ne = wk = eh 


Consider any section X at a distance x from end A. The shear force at X is given by, 


wil wx x 
| 1 WANs So 
FP, = R,~- load on lengt 


(tea on AX = 


AX.CX. x.w.x 
2 > OL 


2 
: we - ae li) 


Equation (¢) shows that S.F. varies according to parabolic law. 
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w.L/6 
® fe coe iris : 
wb 
e 


S.F. diagram 





A B.M. diagram Cc B 
Fig. 6.33 
At A,x = 0 hence, F,= WE #9 Wh 
6 2b 6 
; 2 
WEB Sa ienee: i el ele ee a Bd 
6 2L 6 2 6 6 3 


The shear force is + we at A and it decreases to — ee at B according to parabolic law. 


Somewhere between A and B, the S.F. must be zero. Let the S.F. be zero to a distance x from A. 
Equating the S.F. to zero in equation (i), we get 





wh wx" ae wx wb 
~ 6 2b “OL. O68! 
or ee WL wh 
ee w 3 
x= =0577L 
V3 


B.M. Diagram 
The B.M. is zero at A and B. 
The B.M. at the section X at a distance x from the end A is given by, 


M,, = R,.x — Load on length AX . . a Load on AX is acting at 3 from x} 


s 
ty 
§ 
R 
s 
i& 
§ 
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Equation (it) shows the B.M. varies between A and B according to cubic law. 
Max. B.M. occurs at a point where S.F. becomes zero after changing its sign. 


L L, be ede 
That point is at a distance of 7B from A. Hence substituting x = B in equation (ii), we 


get maximum B.M. 


3 

ted OE 
Max. BM. = =:= = -— ||: 
Ce 6 V3 6L (%] 


wh wi 3w.P-wl? wi? 


Problem 6.13. A simply supported beam of length 5 m carries a uniformly increasing 
load of 800 Nim run at one end to 1600 Nim run at the other end. Draw the S.F. and BLM. 
diagrams for the beam. Also calculate the position and magnitude of maximum bending moment. 

Sol. The loading on the beam is shown in Fig. 6.34. The load may be assumed to be 
consisting of a uniformly distributed load of 800 N/m over the entire span and a gradually 
varying load of zero at A to 800 N/m at B. 

Then load on beam due to uniformly distributed load of 800 N/m = 800 x 5 = 4000 N 


Load on beam due to triangular loading = ; x 800 x 5 = 2000 N 









Load diagram 


S.F. diagram 






: | 


B.M. diagram 


Fig. 6.34 
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Now calculate the reactions R 4 and Rp. 
Taking the moments about A, we get 


Ry x8 = 4000 x 3 + 2000 x(2of 6) 


* Rz = 2000 + 1333.33 = 3333.33 N 
and R, = Total lead ori beam - R, 
= (4000 + 2000) - 3333.33 = 2666.67 N 
Consider any section X-X at a-distance x from A. 
Rate of loading at the section X-X 
= Length CE = CD + DE 


= 800 + . x 800 = 800 + 160x 


Total load on length AX 
= Area of load diagram ACDEF 
= Area of rectangle + Area of ADEF F; ~ 


= 800 x. + EX - goo: + 80x? 


Now the S.F. at the section X-X is given by, . 
F,, = R4 - load on length AX 

= 2666.67 — (800x + 80x?) = 2666.67 — 800x — 80x? ..G@) 
Equation (i) shows that shear force varies between A and B according to parabolic law. 
AtA,x=Ohence F, = 2666.67 — 800 x 0 - 80 x 0 = + 2666.67 N 
AtB,x=5hence F, = 2666.67 — 800 x 5— 80 x 5? 

= 2666.67 — 4000 - 2000 = — 3333.33 N 
Let us find the position of zero shear, Equating the S.F. equal to zero in equation (i), we get 

0 = 2666.67 ~ 800x — 80x? 


2666.67 _ 0 
80 


or x? 4 10x - or x? + 10x — 33.33 = 0 





The above equation is a quadratic equation. Its solution is given by, 


x= 7102107 +4% 3333-10 + 233.33 


2 2 
= aed (Neglecting — ve root) 


= 2.637 m 


B.M. Diagram 


The B.M. at the section X-X is given by 
1 x 
M,=R, xx — 800 ==. x.160x.~ 
ER, xx Ree a°* ar 


= 2666.67x — 400x? - = x3 (ti) 
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Equation (ii) shows that B.M. between A and B varies according to cubic law. 

AtA,x =0, M,=90 

At Bx =5, M,=0 

Maximum B.M. occurs where S.F. is zero. But S.F. is zero at a distance of 2.637 m 
from A. Hence maximum B.M. is obtained by substituting x« = 2.637 m in equation (z). 


Max. B.M. = 2666.67 x 2.687 ~ 400 x 2.6377 - = x 2.6379 = 8761.5 Nm. Ans. 


6.15. SHEAR FORCE AND BENDING MOMENT DIAGRAMS FOR OVER-HANGING 
BEAMS 


If the end portion of a beam is extended beyond the support, such beam is known as 
overhanging beam. In case of overhanging beams, the B.M. is positive between the two sup- 
ports, whereas the B.M. is negative for the over-hanging portion. Hence at some point, the 
B.M. is zero after changing its sign from positive to negative or vice-versa. That point is known 
as the point of contraflexure or point of inflexion. 

6.15.1. Point of Contraflexure. It is the point where the B.M. is zero after changing 
its sign from positive to negative or vice-versa. 

Problem 6.14. Draw the shear force and bending moment diagrams for the over-hanging 
beam carrying uniformly distributed load of 2 kNim over the entire length as shown in Fig. 6.35. 
Also locate the point of contraflexure. 

Sol. First calculate the reactions R, and R, 

Taking moments of all forces about A, we get 


Ryx4=2x6x2=36 (+ Total load on beam =2 x 6 = 12 KN. This 
= load is acting at a distance 3 m from A) 


2 kN/m 





B.M. diagram 


Fig. 6.35 
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; Rg = = =9kN 
and R, = Total load - Rp = 2x 6-9=3kN 
Shear Force Diagram 
Shear force at A =+R,=+3kN 


() The shear force at any section between A and B at a distance x from A is given by, 
F,=R,- 2x (- Ry = 3) 
=3-2x i) 
AtA,x=Qhence F,=3kN 
AtB,x=dhence Fp=3-2x4=-5kN 
The shear force varies according to straight line law between A and B, At A, the shear 
force is positive whereas at B, the shear force is negative. Between A and B somewhere S.F. is 
zero. The point, where S.F. is zero, is obtained by substituting F, = 0 in equation (i). 


0=3-2x or x=S=15m 


Hence 5.F. is zero at a distance of 1.5 m from A (or 8.F. is zero-at point D). 
(it) The 8.F. at.any section between B and C at a distance x from A is given by, 
Fl=+R,-4x2+Rg-(@-4)x2=3-84+9- 24-4) 
= 4-2-4) w.(Et) 
AtB,x=4mbhence F,=4-2(4-4)=+4kN . 
At C,x =6 m hence Fo=4~2(6-4)=0 
_ Between B and C also S.F. varies by a straight line law. At B, S.F. is + 4 KN and at C, 
S.F.is zero. 
The S.F. diagram is shown in Fig. 6.35 (5). 


B.M. Diagram 
_ The B.M. at A is zero. 

(i) The B.M. at any section between A and B at a distance x is given by, 
x 
2 

= 3x ~ x? ..(Eti) 

AtA,x=QOhence M,=0 
AtB,x=4hence M,=3x4-4%=—-4kNm 
Max. B.M. occurs at D, where S.F. is zero after changing its sign. 
AtD,x=1.5 hence Mp=3x1.5-15=4,5- 2.25 = 2.25 kNm 
The B.M. between A and B varies according to parabolic law. 
(it) The B.M. at any section between B and C at a distance x is given by, 


M,=R,xx-2xxx 


M,=R,xx-2x2x 5 +Ryx(e-4) : 
= Bx — x2 + O(x — 4) liv) 
At B, x = 4 hence Mp =3x 4-4? +9(4- 4)=4kNm 
AtC,x=6hence M,=3x6-6?+9(6-4)=18-36+18=0 
The B.M. diagram is shown in Fig. 6.35 (c). 
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Point of Contraflexure 
This point will be between A and B where B.M. is zero after changing its sign. But B.M. 
at any section at a distance x from A between A and B is given by equation (zz) as 
M,, = 8x - x? 
Equation M, to zero for point of contraflexure, we get 
0 = 8c — x? = x(3 - x) 
or 3~-x=0 (x cannot be zero as B.M. is not 
changing sign at this point) 
s x=3 
Hence point of contraflexure will be at a distance of 3 m from A. 
Problem 6.15. Draw the S.F. and B.M. diagrams for the overhanging beam carrying 
. uniformly distributed load of 2 kN/m over the entire length and a point load of 2 kN as shown 
in Fig. 6.36. Locate the point of contraflexure. 
Sol. First calculate the reactions R, and R,. 
Taking moments of all forces about A, we get 
Rgx4=2x6x3+2x6=36 + 12=48 


_Ry= > = 12 KN 


and R, = Total load ~ Ry = (2x 6 + 2)- 12 =2 kN 





S.F. diagram 





&) 


B.M. diagram 





Fig. 6.36 
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S.F. Diegram 
SF. atA=+R,=+2kN 
() The S.F, at any section between A and B at a distance x from A is given by, 
Pl=+R,-2xx 

=2~2%% w(Z) 
AtA,x=QOhence F,=2-2x0=2kN 
AtB,x=4hence F,=2-~2x4=-6kN 
The S.F. between A and B varies according to straight line law. At A, S.F. is positive 


‘and at B, S.F. is negative. Hence between A and B, S.F. is zero. The point of zero S.F. is 
obtained by substituting F, = 0 in equation (Z). 


Q0=2-2x or x=Z-1m 


The S.F. is zero at point D. Hence distance of D from A is 1 m. 
(ii) The S.F. at any section between B and C at a distance x from A is given by, 
Flo=+R,-2x4+R,- 2-4) 
=2-84+12-2%-—4)=6-2x-4) «Aat) 
AtB,x=4hence F,=6-2(4-4)=+6kN 
AtC,x=6hence Fo =6-2(6-4)=6-4=2kN 
The S.F. diagram is drawn as shown in Fig. 6.36 (5). 


B.M. Diagram 
B.M. at A is zero 
() B.M. at any section between A and B at a distance x from A is given by, 


M,=Ryxx~2xxx% 5 =~ x? (EEE) 
The above equation shows that the B.M. between A and B varies according to parabolic 
law. 
AtA,x=Ohence M,=0 
AtB,x=4hence M,=2x4-4%=-8kNm 
Max. B.M. is at D where S.F. is zero after changing sign 
AtD,x=1hence M,=2x1-1?=1kNm 


The B.M. at C is zero. The B.M. also varies between B and C according to parabolic law. 
Now the B.M. diagram is drawn as shown in Fig. 6.36 (c). 


Point of Contraflexure 
This point is at E between A and B, where B.M. is zero after changing its sign. The 


: distance of E from A is obtained by putting M, = 0 in equation (iii). 


0 = 2x — x? = x(2-x) 
2-x=0 
and x=2m. Ans. 


Problem 6.16. A beam of length 12 m is simply supported at two supports which are 8 m 
apart, with an overhang of 2 m on each side as shown in Fig. 6.37. The beam carries a concen- 
trated load of 1000 N at each end. Draw S.F. and B.M. diagrams. 
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. Sol. As the loading on the beam is symmetrical. Hence reactions R, and R, will be equal 
and their magnitude will be half of the total load. 
(1000 + 1000) 
2 


R,=Ry= = 1000 N 






4000 N 1000 N 


S.F. diagram | , 
| | 
* & 
() 2000 Nm - 2000 Nm 
B.M. diagram 
Fig. 6.37 
S.F. at C =~1000N 
S.F. remains constant (7.e., = — 1000 N) between C and A 
S.F. atA =—- 1000 + #,=- 1000 + 1000 = 0 


S.F. remains constant (i.e., = 0) between A and B 

S.F. at B = 0+ 1000 = + 1000 N 

8.F. remains constant (2.e., = 1000 N) between B and D 
S.F. diagrams is drawn as shown in Fig. 6.37 (6). 


BLM. Diagram 
B.M. atC =0 
B.M. at A =— 1000 x 2 =-— 2000 Nm (- ve sign is due to hogging moment) 
B.M. between C and A varies according to straight line law. 
The B.M. at any section in AB at a distance of x from C is given by, 
M,=- 1000 xx + Ry(x ~ 2) 
=~ 1000 x « + 1000(@ — 2) = - 2000 Nm 
Hence B.M. between A and B is constant and equal to ~ 2000 Nm. 
B.M. at D = 0. 
B.M. diagram is shown in Fig. 6.37 (c). 


Note. In this particular case, the S.F. is zero between AB and B.M. is constant. Hence length AB 
is subjected to only constant B.M. The length between A and B is absolutely free from shear force. 


ii eae eee ptt rpg a ee ip i rt et ATCT 
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Problem 6.17. Draw the S.F. and B.M. diagrams for the beam which is loaded as shown 
in Fig. 6.38. Determine the points of contraflexure within the span AB. 
Sol. First calculate the reactions R, and Rp. 
Taking moments about A, we have 
Ry, x 8 + 800 x 3 = 2000 x 5+ LOOO(S + 2) 


or 8R, + 2400 = 10000 + 10000 
Ry ae 2400 _ oe = 2200 N 
and R, = Total load ~ Rg = 8800 — 2200 = 1600 





B.M. diagram 
Fig. 6.38 
S.F. Diagram 
S.F at C =~ 800N 
S.F. between C and A remains — 800 N 
S.F. atA =— 800+ R, =— 800 + 1600 =+ 800 N 


S.F. between A and D remains + 800 N 

S.F. at D = + 800 — 2000 = - 1200 N 

S.F. between D and B remains — 1200 N 

S.F. at B = - 1200 + Ry =- 1200 + 2200 = + 1000 N 
S.F. between B and EF remains + 1000 N ‘ 

S.F, diagram is shown in Fig. 6.38. 
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BLM. Diagram 
B.M. at C =0 
B.M. atA =~ 800 x 3 =~ 2400 Nm 
B.M. at D =~ 800 x (3+ 5)+R,x5 
=— 800 x 8+ 1600 x5 
= — 6400 + 8000 = + 1600 Nm 
B.M. at B =-— 1000 x 2 = -— 2000 Nm 
B.M. at E . =O 


The B.M. diagram is drawn as shown in Fig. 6.38 (c). 


Points of Contraflexure 

There will be two points of contraflexure O, and Q,, where B.M. becomes zero after 
changing its sign. Point O, lies between A and D, whereas the point O, lies between D and B. 

@) Let the point O, is x metre from A. 

Then B.M. at O, =— 8003 +x) +R, xx =- 800(3 + x) + 1600x 

= — 2400 — 800x + 1600x =~ 2400 + 800x 

But B.M. at O, is zero 

2400 


=o = . Ans. 
00 3m s 


0 =— 2400 + 800x or 


(ii) Let the point O be x metre from B. 
Then B.M. at O, = 1000@ + 2)— Ry, x x = 1000x + 2000 — 2200 x x = 2000 ~ 1200x 


But B.M. at O, =0 
: O = 2000 — 1200x 
2000 5 
— =— = 1.67 m fr . B 
x= 1200 73 m from B. Ans 


Problem 6.18. A horizontal beam 10 m long is carrying a uniformly distributed load of 
LkNim. The beam is supported on two supports 6 m apart. Find the position of the supports, so 
that B.M. on the beam is as small as possible. Also draw the S.F. and B.M. diagrams. 


Sol. The beam CD is 10 m long. Let the two supports 6 m apart are at A and B. 
Let x = Distance of support A from C in metre 
Then distance of support B from end D 
=10-(6+x)=(4-x)m 
First calculate the reactions R, and Rp. 
Taking moments about A, we get 





ixxx = 4R,x6=(10—x) xix GO-2) 
2 
x2 (10 - x)? 2 2 2 
or 9 tog or =x? + 12R, = (10 x x)? = 100 + x* - 20x 
or ‘{2R, = 100 + x? — 20x - x? = 100 - 20x 
100- 20% 4(@5-5x) _ 1 
Reo ees = 26- 
'B 2 D g 25- 5x) (5 — x) 
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and Ry = Total load ~R, 
=10x1-36-x)= ee 
_ ot5K a+ x) 
3 


In the preserit case of overhanging oa: the maximum negative B.M. will be at either 
of the two supports and the maximum positive B.M. will be in the span AB. If the B.M. on the 
beam is as small as possible, then the length of the overhanging portion should be so adjusted 
that the maximum negative B.M. at the support is equal to the maximum positive B.M. in the 
span AB. 

: The B.M. will be maximum in thé span AB at a point where 8.F. is zero. 
Let B.M. is maximum (or S.F. is zero) at a section in AB at a distance of y m from C. 


1 kN/mn 
Cc : D 


B 


Ra Ra 
10m 





Fig. 6.39 


But S.F. at this section = y x 1-R, 
oo R,=0 


or yx1-2(+x)=0 


ye ; (L+x) i) 


Now B.M. at the support A 


x 
2 


=~Ixxx 


ALR 


+--{it) 
and B8.M. at a distance y from C 
=-1Ixyx 5 FRX OH 


5 
pine 2 +x)9~-2) E Ry =F +a] 


2 
2 5 
--4/F a+] +8a+a[Sa+0--] E y-Zdea] 


o~ 
jt 
+ 
a 





| SEP Fae -s| 
3x2 3 

~5- (0 + 10x - 6. 
asa] 5 ore Ie x. "| 


~ 
_ 
+ 
& 
Need 


li 
colon aajor cola 


[P| s = (x2 + dec +5) Ai) 
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For the condition that the B.M. shall be as small as possible, the hogging moment at the 
support A and the maximum sagging moment in the span AB should be numerically equal. 


. Equating equations (ii) and (iii) and ignoring the — ve sign of B.M. at A, we get 
5 2 
ae = 
18 (a? + doc + 5) 5 


or ~ Bx? + 20x + 25 = 9x? or 14x? — 20x — 25 = 0 
The above equation is a quadratic equation. Hence its solution is given by 


sat 20 + (207 +4 14x 25 _ 20+ [400 + 1400 _ 20 + 42.42 
2x14 28 28 
= eee (Neglecting ~ ve value) 
= 2.23 m 
Substituting this value of x in equation (i), we get 


= §.38 m 





os) § x 3.23 
= —(1+2.23)= 
y 3° + } 5 


Now the values of reactions R 4 and R, are obtained as : 


Ry= 2 (+x)=2 (1 + 2.28) = 5.38 kN 


and Ry = 3 (5-2)= 3 (5-2.23) = 4.62 kN 

Now the S.F. and B:M. diagrams can be drawn as shown in Fig. 6.40. 
S.F, Diagram 

S.F. at C =0 


S.F. just on L.H.S. of A =~ 1 x 2.23 =- 2.23 kN 
Shear force varies between C and A by a straight line law. 
S.F. just on LHS. of A =- 2.23 + R, 
=- 2.238 + 5.38 =+3.15 kN 
8.F. just on L.H.S. of B = + 3.15-1x6=-2.85 kN 
Shear force between A and B varies by a straight line law. 
8.F. just on R.H.S. of B =-— 2.85 + Rz 
=- 2.85 +4.62=+117kN 
S.F. at D =1.17-1x1.77=0 
S.F. between B and D varies by a straight line law. 
S.F. diagram is drawn as shown in Fig. 6.40 (ce). 
B.M. Diagram 
B.M. at C =0 


B.M. atA =- 1x 2.23 x a =~ 2.49 kNm 


eh 
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1 kN/m 





Fig. 6.40 


B.M. at E (i.e., at a distance y = 5.38 m from point C) 
=~ 1% 5.38 x mae + R, x (5.38 — 2.23) 


2 
ee 28 + 5.38 x 3.15 = 2.49 kNm 








B.M. at B =-1x1L77x =- 1,06 kNm 


The B.M. between C and A ; between A and B ; and between B and D varies according to 
parabolic law. B.M. diagram is shown in Fig. 6.40 (c). 


6.16. S.F. AND B.M, DIAGRAMS FOR BEAMS CARRYING INCLINED LOAD 


The shear force is defined as the algebraic sum of the vertical forces at any section of a 
beam to the right or left of the section. But when a beam carries inclined loads, then these 
inclined loads are resolved into their vertical and horizontal components. The vertical compo- 
nents only will cause shear force and bending moments. 
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The horizontal components of the inclined loads will introduce axial force or thrust in 
the beam. The variation of axial force for all sections of the beam can be shown by a diagram 
known as thrust diagram or axial force diagram. 

In most of the cases, one end of the beam is hinged and the other end is supported on 
rollers. The roller support cannot provide any horizontal reaction. Hence only the hinged end 
will provide the horizontal reaction. 

Problem 6.19. A horizontal beam AB of length 4 m is hinged at A and supported on 
rollers at B. The beam carries inclined loads of 100 N, 200 N and 300 N inclined at 60°, 45° and 
30° to the horizontal as shown in Fig. 6.41. Draw the S.P., B.M. and thrust diagrams for the 
beam. 

Sol. First of all, resolve the inclined loads into their vertical and horizontal components. 

The inclined load at C is having horizontal component 

= 100 x cos 60° = 100 x 0.5 = 50 N, 
whereas the vertical component = 100 x sin 60° = 100 x 0.866 = 86.6 N 


200 N 







f ° ae : 
S.F, diagram | t t 10 A + 


| 


D . E 
B.M. diagram 


an | 


259.8 





(e) 
. ‘ D 
Thrust diagram 


Fig. 6.41 
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Similarly the inclined load at D is having horizontal component 
= 200 x cos 45° = 141.4 N, 
whereas the vertical component = 200 x sin 45° = 141.4 N 
The inclined load at # is having horizontal component 
= 800 x cos 30° = 300 x 0.866 = 259.8 N, 
whereas the vertical component = 300 x sin 30° = 150 N 
The horizontal and vertical components of all inclined loads are shown in Fig. 6.41 (8). 


As beam is supported on rollers at B, hence roller support at B will not provide any 
horizontal reaction. The horizontal reaction will be only provided by hinged end A. 


Let #, = Horizontal reaction at A 
= Sum of all horizéntal components of inclined loads 
= 50 + 141.4 + 259.8 
(All horizontal components are acting in the same direction) 
; = 451.20 N 
To find the reactions R, and R,, take the moments of ail forces about A, 
: Rpyx4=86.6x 1+ 141.4 x 2+ 150 x 3 = 819.4 


or Ry= ae = 204.85 N 


R, = Total vertical load — Ry 
= (86.6 + 141.4 + 150) — 204.85 = 173.15 N 
S.F. Diagram ; oe aa 
The S.F. is due to vertical loads (including vertical reactions) only 
S.F. at A =+R,=+1738.15 N . 
S.F. remains constant between A and C and equal to 173.15 N 
S.F. suddenly changes at C due to point load and S.F. at C 
= 173.15 — 86.6 = 86.55 N 
S.F. remains constant between C and D and is equal to 86.55 N 


S.F. at D = 86.55 - 141.40 = - 54.85 N 
The §.F. remains constant between E and D and is equal to — 54.85 N 
The S.F. at B = — §4,85 — 150.00 = — 204.85 N 
The S.F. diagram is shown in Fig. 6.41 (c). 
B.M. Diagram 
The B.M. is only due to vertical loads (including vertical reactions) only 
The B.M. at A =0 
B.M. at C =R,x1=173.15.x 1=173.15 Nm 
B.M. at D =R,x 2-866 x1 
= 173.15 x 2 — 86.6 = 259.7 Nm 
B.M. at £ =R,x3-86.6x2~141.4x1 


= 173.15 x 3- 86.6 x 2- 141.4 = + 204.85 Nm 
B.M. at B =0 
The B.M. diagram is shown in Fig. 6.41 (d). 
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Thrust Diagram or Axial Force Diagram 
The thrust diagram is due to horizontal components including horizontal reaction. 


Axial force at A =+ H, = 451.20N 

The axial force remains constant between A and C and is equal to 451.20 N 
Axial force at C = H, - 50 = 451.20 - 50 = 401.2 N 

Axial force remains constant between C and D and is equal to 401.2 N 
Axial force at D = 401.2 - 141.40 = 259.8 N 

Axial force remains constant between D and E and is equal to 259.8 N 
Axial force at E = 259.8 - 259.8 =0 


Axial force between & and B is zero. 

Thrust diagram or axial force diagram is shown in Fig. 6.41 (e). 

Problem 6.20. A horizontal beam AB of length 8 m is hinged at A and placed on rollers 
at B. The beam carries three inclined point loads as shown in Fig. 6.42. Draw the S.F., B.M. 
and axial force diagrams of the beam. . 

Sol. First resolve the inclined loads into their vertical and horizontal components. 

Vertical component of force at C 

=4sin 30°=4x0.5=2kN 
Horizontal component of force at C 

= 4x cos 30° = 4 x 0.866 = 3.464 kN — 
Vertical component of force at D 

: = 8 x sin 60° = 8 x 0.866 = 6.928 kN 

Horizontal component of force at D 

=8xcos 60°=8x 0.5 =4kN <— 
Vertical component of force at # 

=6x sin 45° = 6 x 0.707 = 4.242 KN 
Horizontal component of force at E 

=6x cos 45° =6 x 0.707 = 4.242 KN <— 

The horizontal and vertical components of all inclined loads are shown in Fig. 6.42 (6). 

The horizontal reaction will be provided by.the hinged end A. 

“. Horizontal reaction at A, 





Axiat force diagram 





H,=~3.464+4+ 4,242 = 4.778 kN Fig. 6.42 
To find vertical reactions R, and Rx, take the moments of all forces about A. S.F. remains 6.0245 kN between A and C 
Rygx8=2x2+ 6.928 x 4+ 4.242 x 6 = 57,164 S.F. at C = + 6.0245 - 2= + 4.0245 kN 
57.164 S.F. remains 4.0245 kN between C and D 
se nid S.F. at D = + 4.0245 — 6.928 = — 2.9085 kN 
Now R, = Total vertical loads - Ry S.F. remains - 2.9035 kN between D and E 
= (2 + 6.928 + 4.242) — 7.1455 = 6.0245 kN SF. atE = — 2.9035 — 4.242 = — 7.1455 kN 


S.F. Diagram 
S.F. is due to vertical loads 
S.F. atA =+R,=+ 6.0245 kN 


5.F. remains constant between £ and B and equal to — 7.1455 
S.F. diagram is shown in Fig. 6.42 (c). 
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BM. Diagram 

B.M. is only due to vertical loads 

BM. atA =0 

B.M. at C = R, x 2 = 6.0245 x 2 = 12.049 kNm 

B.M. at D = 6.0245 x 4-2 x 2 = 20.098 kNm 

B.M. at E = 6.0245 x 6-2 x 4- 6.928 x 2 = 14.291 kNm 

B.MatB =0 


B.M. diagram is shown in Fig. 6.42 (@). 

Axial Force Diagram 
Axial force is due to horizontal components including horizontal reaction. 
Axial force at A =+H,=+4,778kN 
Axial force remains 4.778 kN between A and C 
Axial force at C = + 4.778 + 3.464 = + 8.242 
Axial force remains 8.242 kN between C and D 
Axial force at D = 8.242-4.0=4 4,242 
Axial force remains 4.242 kN between D and E 

“™. Axial force at E = + 4.242 - 4.242 =0 
Axial force remains zero between EF and B 
Axial force diagram is shown in Fig. 6.42 (e). 


6.17. SHEAR FORCE AND BENDING MOMENT DIAGRAMS FOR BEAMS SUB- 
JECTED TO COUPLES . 


When a beam is subjected to a couple at a section, only the bending moment at the 
section of the couple changes suddenly in magnitude equal to that of the couple. But the 5.F. 
does not change at the section of the couple as there is no change in load due to couple at the 
section. But while calculating the reactions, the magnitude of the coupie is taken into account. 

The sudden change in B.M. at the section of the couple can also be obtained by calculat- 
ing B.M. separately with the help of both the reactions. 

Problem 6.21. A simply supported beam AB of length 6 m is hinged at A and B. It is 
subjected to a clockwise couple of 24 kNm at a distance of 2 m from the left end A. Draw the S.F. 
and B.M. diagrams. 

Sol. Fig. 6.43 (a) shows the simply supported beam AB, hinged atA and B. The clockwise 
couple at C will try to lift the beam up at the support A, and to depress the beam down at the 
support B. Hence the reaction at A will be downwards and at B the reaction will be upwards as 
shown in Fig. 6.43 (5). 

To find reactions of R, and R,, take the moments about A. 

R,x6-24=0 (- Moment due to R, is anti-clockwise and moment 
at C is clockwise) 
24 
Rp= 3 =4kN f 

Since there is no external vertical load on the beam, therefore the reaction at A will be 
the same, as that of B, but in opposite direction. 

; R, = Load on beam -- Ry 

=-~R,=~4kKN. 


(- Load on beam = 0) 


Fase 
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S.F. Diagram 
S.F. atA =R,=~4kKN 
The S.F. remains constant (i.e., equal to - 4 kN) between A and B. 
The S.F. diagram is shown in Fig. 6.43 (c}. 


24 kNm 






(b) 


jt——- 2m Se = ea 4m 
Ae A Cc. Base fine at 


©) ak AkN 


7 S.F. diagram | - 





B.M. diagram 


B.M. Diagram 

B.M. atA =0 

B.M. just on the LH.S.of C =R,x2=-4x2=~8kNm 

B.M. just on the R.H.S. of C =R,x4=4x4=+16kNm 

(B.M. just on the R.H.S. of C can also be calculated as the sum of moments due to Ry 
and moment due to couple. But moment due to R, is anti-clockwise whereas due to couple is 
clockwise. Hence net B.M. on R.HLS. of C =- 8+ 24=+ 16 kNm). 

There is a sudden change in B.M. at C due to couple. 

B.M. at B =0 

B.M. diagram is shown in Fig. 6.43 (d). 

Problem 6.22. A beam 10 m long and simply supported at each end, has a uniformly 


distributed load of 1000 Nim extending from the left end upto the centre of the beam. There is 
also an-anti-clockwise couple of 15 kNm aé a distance of 2.5 m from the right end. Draw the S.F. 
and B.M. diagrams. 
Sol. The reaction at A will be upwards. To find whether the reaction at B is upwards or 
downwards, take the moments about A. 
The following are the moments at A: 


* 


(i) Moment due to U.D.L. = 1000 x 5 x 


bole 


= 12500 Nm (clockwise) 
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= 15000 Nm (Anti-clockwise) 
= 15000 — 12500 
= 2500 Nm (Anti-clackwise) 


This moment must be balanced by the moments due to reaction at B. Hence the moment 
about A due to reaction at B should be equal to 2500 Nm (clockwise), This is only possible when 
R, is acting downwards. This is shown in Fig. 6.44 (6). 


(ii) Moment of couple 
-. Net moment 


15000 Nim 
1000 N/m c 


A B 


5 
iy ee le ee 









Re 
A c ? 
(0) 
Ra 
| 
(c) 
5250 N 
{ S.F. diagram to 
Straight line 
Parabolic 
(d) 
B.M., diagram 
Fig. 6,44 
Rp x 10 = 2500 | 
2500 
R,= —— = 250N 
B10 
and R, = Total load on beam + R, 


(Here Ry is +ve as acting downwards) 
= 1000 x 5 + 250 = 5250 N. 





I 
: 
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S.F. Diagram 
SF. atA =+R,=5250N 
S.F. at C = 5250-5 x 1000 = + 250N 


S.F. between A and C varies according to straight line law. 
S.F between C and B remains constant and equal to + 250 N 
§.F. diagram is shown in Fig. 6.44 (c). 


B.M. Diagram 
BMatA =0 
B.M. at C =R,x5~1000x5x 2 


= 5250 x 5 — 12500 = 18750 Nm 
B.M. just on the left hand side of D 


5 
= 5250 x 7.5 - 1000 x 5 x (2 + 25} 


= 39375 — 25000 = 14375 Nm 
B.M. just on the right hand side of D 

=-R, x 2.5 =—- 250 x 2.5 =— 625 Nm 
B.M. at B =0 
The B.M. diagram is shown in Fig. 6.44 (d). 


6.18. RELATIONS BETWEEN LOAD, SHEAR FORCE AND BENDING MOMENT 


Fig. 6.45 shows a beam carrying a uniformly distributed load of w per unit length. 
Consider the equilibrium of the portion of the beam between sections 1-1 and 2-2. This portion 
is at a distance of x from left support and is of length dx. 





Fig. 6.45 


Let F = Shear force at the section 1-1, 
F + dF = Shear force at the section 2-2, 
M = Bending moment at the section 1-1, 
M +dM = Bending moment at the section 2-2. 
The forces and moments acting on the length ‘dx’ of the beam are : 
(i) The force F acting vertically up at the section 1-1. 
(ii) The force F + dF acting vertically downwards at the section 2-2. 
(iit) The load w x dx acting downwards. 
{iv} The moments M and (M + dM) acting at section 1-1 and section 2-2 respectively. 
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The portion of the beam of length dx is in equilibrium. Hence resolving the forces acting 
on this part vertically, we get 
F-w.dx—-(F+dF)=0 


or ~ AF = w.dx or oe =— WwW. 
The above equation shows that the rate of change of shear force is equal to the rate of 
oading. : 


Taking the moments of the forces and couples about the section 2-2, we get 


Mawde. & +4 Pie =M ede 


2 
2 
or a ee + Fide =dM 
Neglecting the higher powers of small quantities, we get 
F.dx = dM 
or : Fe oe or ane F, 
dx ax 


The above equation shows that the rate of change of bending moment is equal to the 


shear force at the section. 
HIGHLIGHTS 


1. Shear force at a section is the resultant vertical force to the right or left of the section. 

The diagram which shows the variation of the shear force along the length of a beam, is known 

as shear force diagram. 

3. Bending moment at a section is algebraic sum of the moments of all the forces acting to the left 
or right of the section. : 

4, The diagram which shows the variation of the bending moment along the length of a beam, is 
known as bending moment diagram. 

5. A beam which is fixed at one end and free at the other is known as cantilever beam. But a beam 
supported or resting freely on the supports at its both ends, is known as simply supported beam. 


6. Ifthe end-portion of a beam is extended beyond the support, such beam is known as overhanging 
beam. 





q. A load acting at a point, is known as concentrated joad cr a point load. 

8. Ifa left portion of a section is considered, then S.F will be positive at the section if the resultant 
of the vertical forces (including reactions) to the left of the section is upwards. But if the result- 
ant is acting downwards then S.F. at the section will be negative. 

9. Ifa right portion of a section is considered, the S.F. will be positive at the section if the resultant 


of the vertical forces to the right of the section is downwards. But if the resultant is acting 
upwards then S.F. at the section will be negative. : 

10. Ifa left portion of a section is considered, the B.M. will be positive at the section if the moment 
of all vertical forces and of reaction, at the section is clockwise. But if the resultant moment at 
the section is anti-clockwise, then B.M. will be negative. 

11. Ifa right portion of a section is considered, the B.M. will be positive at the section if the resultant 
moment at the section is anti-clockwise. But if the resultant moment at the section is clockwise, 
then B.M. will be positive. 


12. The shear force changes suddenly at a section where there is a vertical point load. 





| 
j 
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13. 
14. 


15. 
16. 


17. 


18. 


9. 


10. 


11. 


12. 


18. 


14. 
15. 


1. 


The shear force between any two vertical loads remains constant. 

Shear force for a uniformly distributed load varies according to a straight line law whereas BM. 
varies according to a parabolic curve. 

B.M. is maximum at a section where S.F. is zero after changing its sign. 

The point where B.M. is zero after changing its sign, is known as point of contraflexure or point 
of inflexion. 

When an inclined toad is acting on a beam, then inclined load is resolved inte two components. 
Vertical component will cause S.F. and B.M. whereas horizontal component will cause axial 
thrust in the beam. 

When a beam is subjected to a couple at a section, then B.M. changes suddenly at the section but 
S.F. remains unaltered at. the section. 


EXERCISE 6 


(A) Theoretical Questions 


Define and explain the following terms : 

Shear force, bending moment, shear force diagram and bending moment diagram. 

What are the different types of beams ? Differentiate between a cantilever and a simply sup- 
ported beam. : 

What are the different types of loads acting on a beam ? Differentiate between a point load and 
a uniformly distributed load. 

What are the sign conventions for shear force and bending moment in genera! ? 

Draw the S.F. and B.M. diagrams for a cantilever of length Z carrying a point load W at the free 
end. 

Draw the S.F. and B.M. diagrams for a cantilever of length L carrying 2 uniformly. distributed 
load of w per m length over its entire length. : 
Draw the S.F. and B.M. diagrams for a cantilever of length L carrying a gradually varying load 
from zero at the free end to w per unit length at the fixed end. 

Draw the S.F. and B.M. diagrams for a simply supported beam of length L carrying a point load 
W at its middle point. 

Draw the S.F. and B.M. diagrams for a simply supported beam carrying a uniformly distributed 
load of w per unit length over the entire span. Also calculate the maximum B.M. 

Draw the S.F. and B.M. diagrams for a simply supported beam carrying a uniformly varying load 
from zero at each end to w per unit length at the centre. 

What do you mean by point of contraflexure ? Is the point of contraflexure and point of inflexion 
different ? 

How many points of contraflexure you will have for simply supported beam overhanging at one 
end only ? 

How will you draw the S.F. and B.M. diagrams for a beam which is subjected to inclined loads ? 
What do you mean by thrust diagram ? 

Draw the S.F. and B.M. diagrams for a simply supported beam of length L which is subjected to 
a clockwise couple u at the centre of the beam. 


(B) Numerical Problems 


A cantilever beam of length 2 m carries a point load of L kN at its free end, and another load of 
2 kN at a distance of 1 m from the free end. Draw the S.F. and B.M. diagrams for the cantilever. 
(Ans. FF, = +3KN;M,,.=-4kNm] 


max 
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10. 


il. 


12, 


18. 


14. 


15. 


16, 


A cantilever beam of length 4 m carries point loads of 1 KN, 2 kN and 3 kN at 1, 2 and 4m from 
the fixed end. Draw the shear force and B.M. diagrams for the cantilever. 

[Ans. F.,,, = +6KN; M,,,, =~ 17kNm} 
A cantilever of length 2 m carries a uniformly distributed load of 3 kN/m run over a length of 1m 
from the fixed end. Draw the S.F. and B.M. diagrams. fAns. F,.=+3kN;M_,,=~- 1.5 kNm] 


max 
A cantilever of length 5 m carries a uniformly distributed load of 2 kKN/m length over the whole 
jength and a point load of 4 KN at the free end. Draw the S.F. and B.M diagrams for the cantilever. 

(Ans, Ff, = + 14 KN; M, =- 45 kNm} 


mar 
A cantilever of length 4 m carries a uniformly distributed load of 1 kN/m ran over the whole 
length and a point load of 2 KN at a distance of 1 m from the free end. Draw the S.F. and B.M. 
diagrams for the cantilever. (Ans. Fo =+14KN; M,.. =- 14kNm] 
A cantilever 2 m long is loaded with a uniformly distributed load of 2 kN/m run over a length of 
1 m from the free end. It also carries a point load of 4 kN at a distance of 0.5 m from the free end. 
Draw the shear force and B.M. diagrams. (Ans. Fo, = +6KN; MM, =- 9 kNm] 
A cantilever of length 6 m carries two point loads of 2 KN and 3 kN at a distance of 1 m and 6m 
from the fixed end respectively. In addition to this the beam also carries a uniformly distributed 
load of 1 KN/m over a length of 2 m at a distance of 3 m from the fixed end. Draw the S.F. and 
B.M. diagrams. [Ans. FF) =+7kN; M@ —- 28 kNm) 


max mide 
A cantilever of length 6 m carries a gradually varying load, zero at the free end to 2 kN/m at the 
fixed end. Draw the S.F. and B.M. diagrams for the cantilever. 
fAns. Fo. =+6kN;M_.=-12kNm) 
A simply supported beam of length 8 m carries point loads of 4 kN and 6 KN at a distance of 
2m and 4 m from the left end. Draw the S.F. and B.M. diagrams for the beam. 
[Ans. M,,,. = + 20 kNm] 
A simply supported beam of length 10 m carries point loads of 30 KN and 50 KN at a distance of 
3 m and 7 m from the left end. Draw the §.I. and B.M diagrams for the beam. 
[Ans. M_,, = + 182 kNm] 
A simply supported beam of length 8 m carries point loads of 4 kN, 10 kN and 7 KN at a distance 
of 1.5 m, 2.5 m and 2 m respectively from left end A. Draw the S.F. and B.M. diagrams for the 
simply supported beam. [Ans. M,,,, = + 90 kNm] 
A simply supported beam is ca:rying a uniformly distributed load of 2 kN/m over a length of 3 m 
from the right end. The length of the beam is 6 m. Draw the S.F. and B.M. diagrams for the beam 
and also calculate the maximum B.M. on the section. [Ans. M,,, = + 5.06 kNm] 
A beam of length 6 m is simply supported at the ends and carries a uniformly distributed load of 
1.5 kN/m run and three concentrated loads of 1 kN, 2 kN and 3 KN acting at a distance of 
1.5 m, 3 m and 4.5 m respectively from left end. Draw the S.F. and B.M. diagrams and deter- 
mine the maximum bending moment. (Ans, 12.75 kNm] 
A beam of length 10 m is simply supported and carries point loads of 5 KN each at a distance of 
3m and 7 m from left support and also a uniformly distributed load of 1 kN/m between the point 
loads. Draw S.F. and B.M. diagrams for the beam. (Ans. M,. = + 23 kNm] 


A beam of length 6 m is simply supported at its ends. It is loaded with a gradually varying load 
of 750 N/m from left hand support to 1500 N/m to the right hand support. Construct the S.F. and 
B.M., diagrams and find the amount and position of the maximum B.M. over the beam. 


{Ans. M,,,, = 5077.5 Nm at 3.165 m from left hand support] 


me 
A simply supported beam of length 8 m rests on supports 6.m apart, the right hand end is 
overhanging by 2 m. The beam carries a uniformly distributed load of 1500 N/m over the entire 
length. Draw S.F. and B.M. diagrams and find the point of contraflexure, if any. 


[Ans. M,,,,. = 5.33 kNm ; 5.33 from left hand support] 


may 
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17. Asimply supported beam of length 8 m rests on supports 5 m apart, the right hand end is 


overhanging by 2 m and the left hand end is overhanging by 1 m. The beam carries a uniformly 
distributed load of 5 kN/m over the entire length. It also carries two point loads of 4 kN and 6 kN 
at each end of the beam. The load of 4 kN is at the extreme left of the beams, whereas the load of 
6 KN is at the extreme right of the beam. Draw S.F. and B.M. diagrams for the beam and find the 
points of contraflexure. [Ans. 1.405 m and 4.955 from the extreme left of the beam] 


18. A beam is loaded as shown in Fig. 6.46. Draw the 8.F. and B.M. diagrams and find : 


(@) maximum S.F. (ii) maximum B.M. 
(tit) point of inflexion. 


5OKN 5OkN - 40 KN 40 kN 





seat 


{Ans. 56 kN ; 100 KN ; nonel 


19. A beam is loaded as shown in Fig. 6.47. Find the reactions at A and B. Also draw the S.F., B.M. 


ané thrust diagrams. 





es ba ated aig le 2m 24 


Fig. 6.47 
[Ans. R,= 2.09 KN ; Ry = 1.53 kN ; A, = — 1.893 kN] 
20. Asimply supported beam of length 5 m, carries a uniformly distributed load of 100 N/m extending 


from the left end to a point 2 m away. There is also a clockwise couple of 1500 Nm applied at the 
centre of the beam. Draw the S.F. and B.M. diagrams for the beam and find the maximum 


bending moment. [Ans. 845 Nm at a distance of 1.3 m from left end] 





7 


Bending Stresses in Beams 








7.1. INTRODUCTION © 


When some externa! load acts on a beam, the shear force and bending moments are set 
up at all sections of the beam. Due to the shear force and bending moment, the beam under- 
goes certain deformation. The material of the beam will offer resistance or stresses against 
these deformations. These stresses with certain assumptions can be calculated. The stresses 
introduced by bending moment are known as bending stresses. In this chapter, the theory of 
pure bending, expression for bending stresses, bending stress in symmetrical and unsymmetrical 
sections, strength of a beam and composite beams will be discussed. 


7.2, PURE BENDING OR SIMPLE BENDING 


If a length of a beam is subjected to a constant bending moment and no shear force 
{i.e., zero shear force), then the stresses will be set up in that length of the beam due to B.M. 
only and that length of the beam is said to be in pure bending or simple bending. The stresses 
set up in that length of beam are known as bending stresses. 






S.F. diagram 








B.M. diagram 


Fig. 7.1 


A beam simply supported at A and B and overhanging by same length at each support 
is shown in Fig. 7.1. A point load W is applied at each end of the overhanging portion. The 
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S.F. and B.M. for the beam are drawn as shown in Fig. 7.1 (6) and Fig. 7.1 (c) respectively. 
From these diagrams, it is clear that there is no shear force between A and B but the B.M. 
between A and’ B is constant. , 


This means that between A and B, the beam is subjected to a constant bending moment 
only. This condition of the beam between A and B is known as pure bending or simple bending. 


7,3. THEORY OF SIMPLE BENDING WITH ASSUMPTIONS MADE 


Before discussing the theory of simple bending, let us see the assumptions made in the 
theory of simple bending. The following are the important assumptions : 

1. The material of the beam is homogeneous* and isotropic**. 

2. The value of Young’s modulus of elasticity is the same in tension and compression. 


3. The transverse sections which were plane before bending, remain plane after bending 
also. 

4, The beam is initially straight and all longitudinal filaments bend into circular ares 
with a common centre of curvature. 

5. The radius of curvature is large compared with the dimensions of the cross-section. 


6. Each layer of the beam is free to expand or contract, independently of the layer, above 
or below it. 


Theory of Simple Bending 


Fig. 7.2 (a) shows a part of a beam subjected to simple bending. Consider a small! length 
éx of this part of beam. Consider two sections AB and CD which are normal to the axis of the 
beam N—N. Due to the action of the bending moment, the part of length x will be deformed as 
shown in Fig. 7.2 (6). From this figure, it is clear that all the layers of the beam, which were 
originally of the same length, do not remain of the same length any more. 

The top.layer such as AC has deformed to the shape A'C’. This layer has been shortened 
in its length. The bottom layer BD has deformed to the shape B'D’. This layer has been elon- 
gated. From the Fig. 7.2 (6), it is clear that some of the layers have been shortened while some 
of them are elongated. At a level between the top and bottom of the beam, there will be a layer 
which is neither shortened nor elongated. This layer is known as newtral layer or neutral 
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(6) After bending 


(a) Before bending 
Fig. 7.2 





*Homogeneous means the material is of the same kind throughout. 
** Isotropic means that the elastic properties in all directions are equal. 


294 STRENGTH OF MATERIALS 
errr 
surface. This layer in Fig. 7.2 (b) is shown by N'— N’ and in Fig. 7.2 (4) by N— N. The line of 
intersection of the neutral layer on a cross-section of a beam is known as neutral axis (written 
as N.A.). 

The layers above N — N (or N’ — N’) have been shortened and those below, have been 
elongated. Due to the decrease in lengths of the layers above N — N, these layers will be sub- 
jected to compressive stresses. Due to the increase in the lengths of layers below N — N, these 
layers will be subjected to tensile stresses. 

We also see that the top layer has been shortened maximum. As we proceed towards the 
layer N — N, the decrease in length of the layers decreases. At the layer N — N, there is no 
change in length. This means the compressive stress will be maximum at the top layer. Simi- 
larly the increase in length will be maximum at the bottom layer. As we proceed from bottom 
layer towards the layer N —N, the increase in length of layers decreases. Hence the amount by 
which a layer increases or decreases in length, depends upon the position of the layer with 
respect to N— WN. This theory of bending is known as theory of simple bending. 


7.4, EXPRESSION FOR BENDING STRESS 


Fig. 7.3 (a) shows a small length &x of a beam subjected to a simple bending. Due to the 
action of bending, the part of length &x will be deformed as shown in Fig. 7.3 (6). Let A’B’ and 
C'D' meet at O. 

Let #& = Radius of neutral layer N’N’ 

6 = Angle subtended at O by A’B’ and C’D" produced. 





() 
Stress Diagram 


Fig. 7.3 


7.4.1. Strain Variation Along the Depth of Beam. Consider a layer EF at a distance 
y below the neutral layer NN. After bending this layer will be elongated to EF". 


Original length of layer EF = &x. 
Also length of neutral layer NN = 6x. 


After bending, the length of neutral layer N'N' will remain unchanged. But length of 
layer E’F’ will increase. Hence 


N'N' = NN = &. 


pSbscctin cacao laguna 
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Now from Fig. 7.3 (0), 


N'N =Rx 8 
and EF =(R+y)x 8 (+ Radius of E'F' = R + y) 
But N'N' = NN = &x. 
Hence éx=RxO 


Increase in the length of the layer EF 


-E'F'-EF=(R+y)0-Rx9 (. BF = éx = x 8) 


=yx@ 
Strain in the layer EF 
_ Increase in length 
~ Original length 
yx8 yx 
="EF RxO (. EF =x =R x 6) 
=2 
R 


As R is constant, hence the strain in a layer is proportional to its distance from the 
neutral axis. The above equation shows the variation of strain along the depth of the beam. 
The variation of strain is linear. 

74.2. Stress Variation 

Let o = Stress in the layer EF 
E = Young’s modulus of the beam 

Stress in the layer EF 
™ Strain in the layer EF 
a 


UR) 


o=Ex2aZxy 7.1) 


Since E and R are constant, therefore stress in any layer is directly proportional to the 
distance of the layer from the neutral layer. The equation (7.1) shows the variation of stress 
aleng the depth of the beam. The variation of stress is linear. 

In the above case, all layers below the neutral layer are subjected to tensile stresses 
whereas the layers above neutral layer are subjected to compressive stresses. The. Fig. 7.3 (c) 
shows the stress distribution. 


The equation (7.1) can also be written as 


o_E (7.2) 
y R 


Then 


G Strain in EF.= x) 
R 


7.5. NEUTRAL AXIS AND MOMENT OF RESISTANCE 
The neutral axis of any transverse section of a beam is defined as the line of intersection 
of the neutral layer with the transverse section. It is written as N.A. 


In Art. 7.4, we have seen that if a section of a beam is subjected to pure sagging moment, 
then the stresses will be compressive at any point above the neutral axis and tensile below the 
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neutral axis. There is no stress at the neutral axis. The stress at 

a distance y from the neutral axis is given by equation (7.1) as 
E 


o= Rp xy. 
Fig. 7.4 shows the cross-section of a beam. Let N.A. be the 
neutral axis of the section. Consider a small layer at a distance y 
from the neutral axis. Let dA = Area of the layer. 


Now the force on the layer 


PLLPEPPILILELILT TL TTT A 


= Stress on layer x Area of layer 
=axdA 


= Z xyxdA 


Total force on the beam section is obtained by integrating the above equation. 





“. Total force on the beam section 


E 
= Is xyxdA 
E 
= s)y xdA (-- E and R is constant) 
But for pure bending, there is no force on the section of the beam (or force is zero). 
zd 
P yxdAz=0 
or Jy xdA=0 [as = cannot be zero] 


Now y x dA represents the moment of area dA about neutral axis. Hence fy x dA repre- 
sents the moment of entire area of the section about neutral axis. But we know that moment of 
any area about an axis passing through its centroid, is also equal to zero. Hence neutral axis 
coincides with the centroida! axis. Thus the centroidal axis of a section gives the position of 
neutral axis. 

7.5.1. Moment of Resistance. Due to pure bending, the layers above the N.A. are 
subjected to compressive stresses whereas the layers below the N.A. are subjected to tensile 
stresses. Due to these stresses, the forces will be acting on the layers. These forces will have 
moment about the N.A. The total moment of these forces about the N.A. for a section is known 
as moment of resistance of that section. 


The force on the layer at a distancey from neutral axis in Fig. 7.4 is given by equation (i), as 


E 
Force on layer = BR xyx dA 


‘Moment of this force about N.A. 
= Force on layer x y 


EB IA 
=m KY 
R xy xdaxy 


= xy?xaa 
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Total moment of the forces on the section of the beam (or moment of resistance) 
= E 2 = E »2 
= J xy?xdA= R j y” xdA 


Let M = External moment applied on the beam section. For equilibrium the moment of 
resistance offered by the section should be equal to the external bending moment. 


M= & fy? «dA. 


But the expression f y? x dA represents the moment of inertia of the area of the section 
about the neutral axis. Let this moment of inertia be J. 


M= a xI or 4 -3 (7.3) 
But from equation (7.2), we have 

CL EE 

y R 

Mio _E 

a F as (7.4) 


The equation (7.4) is known as bending equation. 

In equation (7.4), the different quantities are expressed in consistent units as given 
below : 

M is expressed in N mm ; Jin mm‘ 

o is expressed in N/mm?;y in mm 
and £ is expressed in N/mm?; R in mm. 


7.5.2. Condition of Simple Bending. The equation (7.4) is applicable to a member 
which is subjected to a constant bending moment and the member is absolutely free from 
shear force. But in actual practice, a member is subjected to such loading that the B.M. varies 
from section to section and also the shear force is not zero. But shear force is zero at a section 
where bending moment is maximum. Hence the condition of simple bending may be assumed 
to be satisfied at such a section. Hence the stresses produced due to maximum bending mo- 
ment, are obtained from equation (7.4) as the shear forces at these sections are generally zero. 
Hence the theory and equations discussed in the above articles are quite sufficient and give 
results which enables the engineers to design beams and structures and calculate their stresses 
and strains with a reasonable degree of approximation where B.M. is maximum. 


7.6. BENDING STRESSES IN SYMMETRICAL SECTIONS 


The neutral axis (N.A.) of a symmetrical section (such as circular, rectangular or square) 
lies at a distance of d/2 from the outermost layer of the section where d is the diameter (for a 
circular section) or depth (for a rectangular or a square section). There is no stress at the 
neutral axis. But the stress at a point is directly proportional to its distance from the neutral 
axis. The maximum stress tules place at the outermost layer. For a simply supported beam, 
there is a compressive sivess above the neutral axis and a tensile stress below it. If we plot 
these stresses, we will get a figure as shown in Fig. 7.5. 
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Stress distribution 
across a section 





ke— 5, — >| 


Fig. 7.5 


Problem 7.1. A sieei plate of width 120 mm and of thickness 20 mm is bent into a 
circular arc of radius 10 m. Determine the maximum stress induced and the bending moment 
which will produce the maximum stress. Take E = 2 x 10° Nimm?. 


Sol. Given : 
Width of plate, 6 =120 mm 
Thickness of plate, é= 20 mm 
3 3 
Moment ofinertia, [= < = ae =8 x 164mm? 


R=10m=10x10? mm 
E =2x 10° N/mm? 
Let Onax = Maximum stress induced, and 
M = Bending moment. 


Radius of curvature, 
Young’s modulus, 


Using equation (7.2), 


& 
x 


by Do] & 


o=> Xy Cd) 


By 


Equation (2) gives the stress at a distance y from N.A. 


Stress will be maximum, when y is maximum. Buty will be maximum at the top layer or 
bottom layer. 


é 20 
Ymax = 272 = 10mm. 
Now equation (z) can be written as 
E 
Sax = R XY max 
2x 10° 
=——, x10 = 200 Nimm?. Ans. 
10 x 10 
From equation (7.4), we have 
ME 
I oR 
E 2x 10° 
= — = wef") 4 
BRIS ag igh 
=16x10°Nmm=1L6kNm. Ans. 


a eA 
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Problem 7.2. Calculate the maximum stress* induced in a cast iron pipe of external 
diameter 40 mm, of internal diameter 20 mm and of length 4 metre when the pipe is supported 
at its ends and carries a point load of 80 N at its centre. 


Sol. Given: 


External dia., D=40 mm 

Interna! dia., d=20mm 

Length, L=4m=4x 1000 = 4000 mm 
Point load, W=80N 


In case of simply supported beam carrying a point load at the centre, the maximum 
bending moment is at the centre of the beam. 3 











40 mm 
20 mm 
{a) (6) Area of cross-section 
Fig. 7.6 
And maximum B.M. = = £ 
Maximum B.M. = een =8~x104*Nmm 


- M=8x 10*Nmm 
Fig. 7.6 (6) shows the cross-section of the pipe. 
Moment of inertia of hollow pipe, 


. 7 pe 4 
f= 5, 1D d4} 


= a. 4_ 9947 _ = 
= 64 {40+ — 204] = 64 {2560000 160000] 


= 117809.7 mm? 
Now using equation (7.4), 
Mia 
Ft es wd) 
when y is maximum, stress will be maximum. But y is maximum at the top layer from the N.A. 
D 40 
Vmax = “9 = “5 = 20mm \ 





*The bending stress will be maximum at the section where B.M. is maximum. This is because 
- 
i 


a or oO x 
7 ¥ 


1q 


1 


300 STRENGTH OF MATERIALS 


te PEP PTE PP SS 
The above equation (i) can be written as 
M 
I 


qQ 


Meay, 





ax 


oO = 


max a Vmax 


_ 8x 104 x 20 
~  117809.7 


Ym 
M 
I 
= 13.58 Nimm?. Ans. 


7.7. SECTION MODULUS 


Section modulus is defined as the ratio of moment of inertia of a section about the neutral 
axis to the distance of the outermost layer from the neutral axis. It is denoted by the symbol Z. 
Hence mathematically section modulus is given by, 





Z= (7.5) 
Vmax 
where I =M.O.1. about neutral axis 


and Yi, = Distance of the outermost layer from the neutral axis. 
From equation (7.4), we have 
Mis 


ry 
The stress o will be maximum, when y is. maximum. Hence above equation can be 
written as 





M SO max 
To Ymax 
M= Gnas’ ais 
J max 
But — = 
max 
M=oa Z (7.6) 


fh ai 

In the above equation, M is the maximum bending moment (or moment of resistance 
offered by the section). Hence moment of resistance offered the section is maximum when 
section modulus Z is maximum. Hence section modulus represent the strength of the section. 


7.8. SECTION MODULUS FOR VARIOUS SHAPES OR BEAM SECTIONS 


1. Rectangular Section be p : 


Moment of inertia of a rectangular section about an ft 
axis through its C.G. (or through N.A.) is given by, d/2 
bd? 
= 2 oN as 
Distance of outermost layer from N.A.-is given by, 
d 
y max = 9 


Section modulus is given by, 
Fig. 7.7 


$$ rr 
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gut ._bd?__ ba? 2b? i 
Vinee 12x($) 12 d 6 aia 
2. Hollow Rectangular Section. 
BD* bd? 
a T= 2 
1 
ane 3 begs 
13 (BD8 — bd?] 
2 
Y max = 2 
Z= : 
Ymox 


1 3 3 
—[BD° -bd 
12 iB | 


(3) 





1 
ere 3 bd 
= 6p [BD8 — bd?] (7.8) 
3. Circular Section 
For a circular section, 
_ = gs _@ 
[= ¢ and Yio. = 9 
re 
4 
-/ 64 Es 
Z= a = (2) = 39 d (7.9) 
2 


— 7 rpe_ a4 
Here T= 5, 1D d*) 
and nas = > 
x 4 4 
—[D* -d 
ae ee 
= 
2 





_ —*_pps_ 4 
= 30D [D d‘] — ..{7.10) 


Problem 7.3. A cantilever of length 2 metre fails when a load of 2 RN is applied at the 
free end. If the section of the beam is 40 mm x 60 mm, find the stress at the failure. 

Sol. Given : 

Length, L=2m=2x10%mm 

Load, W=2kN=2000N 
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Section of beam is 40 mm x 60 mm. 
Width of beam, 6=40 mm 
Depth of beam, d=60 mm 
2 kN 


'- 40 mm} 


60 
mm 


Fig. 7.10 (a) 


sn 


Fig. 7.10 


Fig. 7.10 (a) shows the section of the beam. 
Section modulus of a rectangular section is given by equation (7.7). 
bd? 40 x 60° 
G22 ee 
6 6 
Maximum bending moment for a cantilever shown in Fig. 7.10 is at the fixed end. 


M=WxL=2000x 2x10? =4 x 10°Nmm 


= 24000 mm? 


Let G,,a, = Stress at the failure 
Using equation (7.6), we get 
M = Snax * z 
4 6 
o = e410) _ 166.67 Nimm*. Ans. 


Problem 7.4. A rectangular beam 200 mm deep and 300 mm wide is simply supported 
over @ span of 8 m. What uniformly distributed load per metre the beam may carry, if the 
bending stress is not to exceed 120 Nimm?. 


Sol. Given : wim tength 
Depth of beam, d = 200 mm 
Width of beam, 6 = 300 mm 
Length of beam, L=8m L 
Max. bending stress, a ee 
Onax = 120 N/mm? 
Let w = Uniformly distributed load per Fig. 7.11 
m length over the beam 
(Fig. 7.11 (a) shows the section of the beam). Sa 
Section modulus for a rectangular section is given by equa- 7 
tion (7.7). 200 
bd? 300 x 200° li 
Z= cg. ie eee 2000000 mm? | 


Fig. 7.11 (a) 
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Max. B.M. for a simply supported beam carrying uniformly distributed load as shown in 
Fig. 7.11 is at the centre of the beam. It is given by 


wx Ll? _ wx? 





M = ——— = (. L=8m) 
8 8 
= 8w Nm = 8w x 1000 Nmm 
= 8000w Nmm («| 1m = 1000 mm) 
Now using equation (7.6), we get 
M = One -Z 
or 8000w = 120 x 2000000 
w= jee = 30 x 1000 N/m = 30 kN/m. Ans. 


Problem 7.5. A rectangular beam 300 mm deep is simply supported over a span of 

4 metres. Determine the uniformly distributed load per metre which the beam may carry, if 
the bending stress should not exceed 120 Nimm?. Take I = 8 x 10° mm‘. 

(Annamalai University, 1991) 


Sol. Given : 
Depth, d=300 mm 
Span, L=4m 


Max. bending stress, ,,,, = 120.N/mm? 
Moment of inertia, I=8x 10° mm‘* xen 

Let, w= U.D.L. per metre length over the 
beam in N/m. 

The bending stress will be maximum, where 
bending moment is maximum. For a simply 
supported beam carrying U.D.L., the bending aw 2w 
moment is maximum at the centre of the beam 
[i.e., at point C of Fig. 7.11 (6)] 

s Max. B.M. = 2w x 2- 2w x1 






MaToTeTeLereaTetoToxeTetereveretereriterereten: 

















= 4w — 2w 
wx? wx4? 16w 
= Also M = =— = =2 
2w Nm ( SO 8 8 8 | 
= 2w x 1000 Nmm 
or M = 2000w Nmm 
Now using equation (7.6), we get 
M= One XZ i) 
I 8x10° d 300 
where Z= 7 “ i SE BO 
Ymax 150 ( rego mm) 
Hence above equation (i) becomes as : 
6 
2000w = 120 x 2x18 
150 
120 x 8 x 108 
9 Se < s 
r w 3000 x 150 3200 N/m. Ans 
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Problem 7.6. A square beam 20 mm. x 20 mm in section and 2 m long is supported at the 
ends. The beam fails when a point load of 400 N is applied at the centre of the beam. What 
uniformly distributed load per metre length will break a cantilever of the same material 40 mm 
wide, 60 mm deep and 3 m long ? 


Sol. Given : . 400 N 
Depth of beam, d=20mm 
Width of beam, b=20mm - 

Length ofbeam, L=2m 
Point load, W = 400 N 


Fig. 7.12 
In this problem, the maximum stress for the * 


simply supported beam is to be calculated first. As the material of the cantilever is same as 
that of simply supported beam, hence maximum stress for the cantilever will also be same as 
that of simply supported beam. 
Fig. 7.12 (a) shows the section of beam. é 
The section modulus for the rectangular section of simply sup- . 
’ ported beam is given by equation (7.7). 20 
mm 


bd* 20x20? 4000, | 
—_ = = —— mm 
6 6 3 
Max. B.M. for a simply supported beam carrying a point load 
at the centre (as shown in Fig. 7.12) is given by, 


I#— 20mm —->| 
Za 


ma = is Fig. 7.12 (a) 
M-= Fg naar 200 Nm 


= 200 x 1000 = 200000 Nmm 
Let o,,,, = Max. stress induced 
Now using equation (7.6), we get 
M=Onax- 2 
or 200000 = o,,,, x “— 
200000 x 3 
J 2 
Snax = 4000 = 150 N/mm: 
Now let us consider the cantilever as shown in 
Fig. 7.13. 
Let w = Uniformly distributed load per m run. 


Maximum stress will be same as in case of sim- 3m 
ply supported beam. 


wN/m RUN 


max = 150 N/mm? Fig. 7.13 


Width of cantilever, 6=40 mm 
Depth of cantilever, d=60mm q 
Length of cantilever, L=3m 


Fig. 7.13 (a) shows the section of cantilever beam. oo 


K-40 mm-> 


2 
Section modulus of rectangular section of cantilever = | 


2 
_ 40x60 Fig. 7.18 (a) 


Z = 24000 mm? 
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Maximum B.M. for a cantilever 
2 2 
= ee = wee = 4.5w Nm = 4.5 x 1000w Nmm 
M=4.5 x 1000w Nmm 


Now using equation (7.6), we get 


M=0,,,,.2 
or 4.5 x 1000w = 150 x 24000 
150 x 24000 
= N/m. . 
as2100e° 


Problem 7.7. A beam is simply supported and carries a uniformly distributed load of 
40 kNim run over the whole span. The section of the beam is rectangular having depth as 
500 mm. If the maximum stress in the material of the beam is 120. Nimm? and moment of 
inertia of the section is 7 x 10° mm‘, find the span of the beam. 


Sol. Given : 
ULD.L., w = 40 kN/m = 40 x 1000 N/m 
Depth, d = 500 mm 


Max. stress, 
M.G.I. of section, 


C4 = 120 N/mm? 
I=7x.108 mm‘* 





Let L = Span of simply supported beam. 
Section modulus of the section is given by equation (7 -5), as 
I 
Z=—— 
J max 
d_ 500 
where ¥,o. = 5 ee 250 mm 
7x 108 
Z= = = 28 x 10° mm 
The maximum B.M. for a simply supported beam, carrying a U.D.L. over the whole span 
w.L? 





is at the centre of the beam and is equal to 


w.L? 40000 x L? 


8 8 
= 5000L? Nm = 5000L? x 1000 Nmm 


Now using equation (7.6), we get 


M= Ona Z 
or 5000 x 1000 x L? = 120 x 28 x 10° 
5 
ae Pe 120 x 28 x 10 = 2.4 x28 


~ 5000 x 1000 
L= /24%28 =8.197 m say 8.20m. Ans. 


Problem 7.8. A timber beam of rectangular section is to support a load of 20 kN uniformly 
distributed over a span of 3.6 m when beam is simply supported. If the depth of section is to be 
twice the breadth, and the stress in the timber is not to exceed 7 Nimm?, find the dimensions of 
the cross-section. 
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How would you modify the cross-section of the beam, if it carries a concentrated load of 
20 kN placed at the centre with the same ratio of breadth to depth ? 


Sol. Given : 

Total load, W = 20 kN = 20 x 1000 N 
Span, £=3.6m 

Max. stress, Omnax = 7 Nimm? 

Let b = Breadth of beam in mm 
Then depth, _d@=2bmm 


2 
Section modulus of rectangular beam = a 
2 3 
paver PE 
Maximum B.M., when the simply supported beam carries a U.D.L. over the entire span, 
wl? | WL 
re or 
WL 20000 x 3.6 
Mz = 
8 8 
= 9000 x 1000 Nmm 


Now using equation (7.6), we get 


mm? 





is at the centre of the beam and is equal to 


= 9000 Nm 


M= Cnax’ Zz 
3 
or 9000 x 1000 =7 x — 
or Boe NE aioe rec08 


7x2 
b = (1.92857 x 10%)3 
=12447mm say 124.45 mm. Ans. 
and d@=2b=2x124.5=249mm. Ans. 


Dimension of the section when the beam carries a point load at the centre. 





B.M. is maximum at the centre and it is equal to ee when the beam carries a point 
load at the centre. 


Wx 20000 x 3.6 





Se 4 = 18000 Nm 
= 18000 x 1000 Nmm 
Snax = 7 Nénm? 
and Z= ae (- In this case also d = 26) 
Using equation (7.6), we get 
M=6,,.2 
or 18000 x 1000 = 7 x zo 
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_ 8x 18000 x 1000 


b3 = 3.85714 x 106 
Tx2 
a b = (3.85714 x 106)8 = 156.82 mm. Ans. 
and d=2-x 156.82 = 313.64 mm. Ans. 


Problem 7.9. A timber beam of rectangular section of length 8 m is simply supported. 
The beam carries a U.D.L. of 12 kNim run over the entire length and a point load of 10 RN at 3 
metre from the left support. If the depth is two times the width and the stress in the timber is not 
to exceed 8 Nimm?, find the suitable dimensions of the section. 


Sol. Given : 
Length, L=8m 
U.D.L., w = 12 kN/m = 12000 N/m 


Point load, W=10kN = 10000 N 


Depth of beam = 2x Width of beam 
= d=2b 
Stress, Omav = 8 N/mm? 


First calculate the section where B.M. is maximum. Where B.M. is maximum, the shear 
force will be zero. Now the equations of pure bending can be used. For doing this, calculate the 
reactions R, and R, as shown in Fig. 7.14. 


10 kN 


72 kKN/m 





8m 
Ra Rp 


Fig. 7.14 


Taking moments about A, we get 
R, x 8 = 12000 x 8 x 4 + 10000 x 3 
p, - 1200082 + 30000 
Be 8 
&, = Total load - Ry / 
= (12000 x 8 + 10000) — 51750 = 54250 N 
Now S.F. atA=+R,=+ 54250 N 
S.F. just L.H.S. at C = §4250 — 12000 x 3 = + 18250 N 
S.F. just R.H.S. of C = 18250 — 10000 = 8250 N 
S.F. at B =-R, =~ 51750N 
The S.F. is changing sign between section CB and hence at some section in C and B the © 
S.F. will be zero. 
Let S.F. is zero at x metre from B. 
Equating the S.F. at this section to zero, we have 
12000 xx-R,=0 
or 12000 x x - 51750 = 0 
51750 
~ 12000 


= 51750 N 


x = 4.3125 m 
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Maximum B.M. will occur at 4.3125 m from B. 


Maximum B.M. 4.3125 





=M = Ry x 4.3125 — 12000 x 4.38125 x 


= 51750 x 4.3125 — 111585.9375 
= 111585.9375 Nm = 111585.9375 x 1000 Nmm 
Section modulus for rectangular beam is given by, 


Z = = = 
: 6 6 3 
Now using equation (7.6), we get 
M=6,..-2 
26° 
-or 111585.9375 x 1000 =8 x a 
. 3 _ 3 111585.9375 x 1000 
6? = [= 20,9223 x 108 


16 
Ss 6 = (20.9223 x 10°)8 = 275.5 mm. Ans, 
~snd d=2x275.5=55lmm. Ans. 
; Problem 7.10. A rolled steel joist of I section has the dimensions : as shown in Fig. 7.15. 
_This beam. of I section carries a u.d.l. of 40 kNim run on a span of 10 m, calculate the maximum 
tress produced due to bending. 


Sol. Given : 
ud.l, ’ w =40 kN/m = 40000 N/m le > 
Span, L=10m erste + 





Moment of inertia about the neutral axis 
_ 200 x 4007 (200 - 10) x 360° 


12 12 
= 1066666666 — 738720000 
= 327946666 mm* 


Maximum B.M. is given by, 
wx L? 40000 x 10? 


8 8 
= 500000 Nm 
= 500000 x 1000 Nmm 
=5x 10®Nmm 
Now using the relation, 
Mo 
Toy 
o= s xy 
I 
M 8 
Gag 2 5% 10 x 200 (mae = 200 mim) 


x = 
max “T “Imax ~ 357946666 ~ 
= 304.92 N/mm2. Ans. 
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Problem 7.11. An L-section shown in Fig. 7.16, is simply supported over a span of 12m. 
If the maximum permissible bending stress ts 80 Nimm®?, what concentrated load can be carried 
at a distance of 4 m from one support ? 

Sol. Given : 

Bending stress, G,,,, = 80 N/mm? 

Let W = Concentrated load carried at a distance of 4 m from support B 

in Newton 

To find the maximum bending moment (which will be 

at point C where concentrated load is acting), first calculate 
; 14.5mm 

the reactions R, and Rg. + 

Taking moments about point A, we get 

R,x12=Wx8 


td }<—— 100 mm--——>| 





= BW 2 
BU 42 3 
W 
and Ry=W-Ry=W-2W= 5 225 mm 
Ww 8 
B.M. at point C =R,x8= 4 *8=3 WNm 


But B.M. at C is maximum 
Maximum B.M., 
8 8 
M ax = 3 WNm= 3 Wx 1000 Nmm 
= “ WNmm 
Now find the moment of inertia of the given I-sec- 


tion about the N.A. 
_ 100 x 225% (100 ~ 7.5) x (225 - 2 x 11.5)" 
~ 12 12 


3 
sg4091876= = 


= 94921875 — 63535227.55 = 31386647.45 mm* 
Now using the relation, 


I 








Mo 

ioy 

M - o max 
oa TY max 
where Yo. = 2 = 112.5 mm. 

Now substituting the known values, we get 
8000 
( 3 w) _ _80 
31386647.45 112.5 
8 

or W= mn x 31386647.45 x —-— = 8369.77 N. Ans. 





112.5 8000 
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Problem 7.12. Two circular beams where one is solid of diameter D and other is a 
hollow of outer dia. D, and inner dia. D, are of the same length, same material and of same 
weight. Find the ratio of section modulus of these circular beams. 


Sol. Given : 
Dia. of solid beam =D 
Dias. of hollow beam = D, and D, 
Let L = Length of each beam (same length) 
‘W = Weight of each beam (same weight) 
p = Density of the material of each shaft (same material) 
Now weight of solid beam =p xg Area of section x L 


=pxgx + D?x LE 
Weight of hollow beam =p xg x Area of section x L 
x 
=pxgx x [De -DZ1xL 
But the weights are same 
Tt x 
pxgx 7D? xL=pxg x a ID? -~D?Z1xL 


or D2= DP acs D? w-(Z) 
Now section modulus of solid section, 


x 
Z= 3 DS {See equation (7.9)] 
And section modulus of hollow section, 
TM 
Z,= 30D, [D,* - D4] [See equation (7.10)] 
x 
= 32D, [D,? + D2] (D,? - D7] 


Section modulus of solid section 
Section modulus of hollow section 





= p3 

= 32° 
a 2 2 2 n2 
32D, [Do” + D[Dy* ~ D:7) 


_ D® x Dy - D x Dy x D® 
~ [Do” + Di? 1LDp? - D2] (Do? + DP 1LDy® — DZ] 
_ Dx Dy x{D,” - D,?) 
(Dy? + D;71(D,* - D?) 
2 DxD, 
~ (Dp? + D?) 
Also from equation (i), 
D?=D?-D? or D?=D,2-D? 





{. D® = D,?- D? from equation (i)] 


+ dt) 
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Substituting the value of D,? in equation (ii), we get 
Section modulus of solid shaft _ Dx Da _ _DxD 
Section modulus of hollow shaft D,?+D)2-D?  (2D,° - D*) 


2 2 
Section modulus of hollow shaft _ 2D," -D? _ 2Dp 7 D 





or [ode nether = = 
Section modulus of solid shaft Dx Dy DxD, DxD,y 
D, D 
=2 DD,’ Ans, 


Problem 7.13. A water main of 500 mm internal diameter and 20 mm thick is running 
full. The water main is of cast iron and is supported at two points 10 m apart. Find the maximum 
stress in the metal. The cast iron and water weigh 72000 Nim? and 10000 Nim? respectively. 

(Annamalai University, 1990) 


Sol. Given : 

Internal dia., D, = 500 mm = 0.5 m 

Thickness of pipe, = 20 mm 

-. Outer dia., Dy) =D,+2x t= 500 + 2 x 20 = 540 mm = 0.54 m 
Weight density of cast iron = 72000 N/m? 

Weight density of water = 10000 N/m? 


7 


x 
Internal area of pipe D?= q* 0.5? = 0.1960 m? 


“4 
This is also equal to the area of water section. 
Area of water section = 0.196 m? 
x 
Outer area of pipe =] D2 == x 0.54? m? 





(a) () 


Xyne ZX po 
gee 4 


= i {D,2~ D2] = > [0.542 — 0.52} = 0.0327 m2 


Moment of inertia of the pipe section about neutral axis, 


Area of pipe section = 


=~ p4_pae = 4_ 5004] = 2 mm4 
T= G4 Dy DA ga [540 5004] = 1.105 x 10° mm 


Let us now find the weight of pipe and weight of water for one metre length. 


.212 : STRENGTH OF MATERIALS 





Weight of the pipe for one metre run 
= Weight density of cast iron x Volume of pipe 
= 72000 x {Area of pipe section x Length] 
= 72000 x 0.0327 x 1 ( Length = 1 m) 
= 2354N 
Weight of the water for one metre run 
= Weight density of water x Volume of water 
= 10000 x (Area of water section x Length) 
= 10000 x 0.196 x 1 = 1960 N 
.. Total weight on the pipe for one metre run 
= 2354 + 1960 = 4314 N 
: Hence the above weight is the U.D.L. (uniformly distributed load) on the pipe. The 
iaximum bending moment due to U.D.L. is w x L?/8, where w'= Rate of U.D.L. = 4814 N per 
metre run. 
‘:. Maximum bending moment due to U.D.L., 


wx? 431410? 





M= go oe (. £L=10m) 
= 53925 Nm = 53925 x 10°N mm 
Now using = == 
foy 
_ 
o= > XY 
The stress will be maximum, when y is maximum. But maximum value of 
= Po = oan = 270 mm. 
2 2 
Ymax = 270 mm / 
M 3 
“. Maximum stress, oo =—- xy, = ese x 270 


mae fe 1105 x 10° 
= 13.18 N/mm2. Ans. 


.~9. BENDING STRESS IN UNSYMMETRICAL SECTIONS 


In case of symmetrical sections, the neutral axis passes through the geometrical centre 
*the section. But in case of unsymmetrical sections such as L, T sections, the neutral axis 
aoes not pass through the geometrical centre of the section. Hence the value ofy for the topmost 
layer or bottom layer of the section from neutral axis will not be same. For finding the bending 
....£@88 in the beam, the bigger value of y is used. As the neutral axis passes through the centre 
of gravity of the section, hence in unsymmetrical sections, first the centre of gravity is calculated 
-™ the manner as explained in chapter 5. 

Problem 7.14. A cast iron bracket subject to bending has the cross-section of I-form with 
rnequal flanges. The dimensions of the section are shown in Fig. 7.18. Find the position of the 
neutral axis and moment of inertia of the section about the neutral axis. If the maximum bend- 
ing moment on the section is 40 MN mm, determine the maximum bending stress. What is the 

ture of the stress ? 


imal 
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Sol. Given : 
Max. B.M., M = 40 MN mm = 40 x 106° Nmm 
Let us first calculate the C.G. of the section. Let ¥ is the distance of the C.G. from the 
bottom face. The section is symmetrical about y-axis and hence ¥ is only to be calculated. 


Then, 
" : — _ Ayyy + Agyo + Asy3 
os (A + Ag + Ag) 
where A, = Area of bottom flange = 130 x 50 = 6500 mm? 
y, = Distance of C.G. of A, from bottom face 
= = = 25 mm 


A, = Area of web = 200 x 50 = 10000 mm? 
Yq = Distance of C.G. of A, from bottom face 
200 
= 50+ ge 150 mm ; 
A, = Area of top flange = 200 x 50 = 10000 mm? 
¥3 = Distance of C.G. of A, from bottom face 


= 50-+200-+ 9” = 275 mm, 


k<——— 200 mm ———->| 


50 mm 


Bracket | 
200 


----—+ 1 


}<— 130 mm —>} 


Fig. 7.18 


6500 x 25 + 10000 x 150 + 10000 x 275 
nl 6500 + 10000 + 10000 
162500 + 1500000 + 2750000 
= 26500 


4412500 
=” = 51 
36500 166.51 mm 
Hence neutral axis is at a distance of 166.51 mm from the bottom face. Ans. 
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Moment of inertia of the section about the N.A. 
laf t+ L g* £ 3 
where J, = M.O.1. of bottom flange about N.A. 
= M.O.I. of bottom flange about an axis passing through its C.G. 
+A, x (Distance of its C.G. from N.A.)? 


180 x 50° 
= "Tp + 6500 x (166.51 — 25)? 


= 1354166.67 + 130163020 = 131517186.6 mm* 


}¢——— 200 mm —-—>} 


ke— 9, 





i— 130mm —>| 4 —-—____-»| 


6, = 23.377 


Fig. 7.19 
i, = M.O.1. of web about N.A. 
_ 50 x 200° 
12 


50 7 
3 oo + 10000 (166.51 ~ 150)? 


= 33333333.33 + 272580.1 
= 33605913.43 mm* 
and ; I, = M.O.L. of top flange about N.A. 
200 x 50? 
5 ie 


200 x 50° 
= Tg + 10000 x (275 - 166.51)? 


= 2083333.33 + 117700801 = 119784134.3 mm* 


T=I,+ I, + I, = 1381517186.6 + 33605913.43 + 119784134.3 
= 284907234.9 mm‘, Ans. 
Now distance of C.G. from the upper top fibre 


= 300 - ¥ = 300 - 166.51 = 133.49 mm 


Similarly 


+A,. (166.51 -y,) 


+A, . (vg ~ 166.51) 


eo 
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and the distance of C.G. from the bottom fibre 
= ¥ = 166.51 mm 
Hence-we shall take the value of y = 166.51 mm for maximum bending stress. 
Now using the equation 
M 
Tr 


1a 


M 40 x 108 


o= = xy = ————__ x 166.51 = 23.377 N/mm? 
284907234.9 


f 
Maximum bending stress 
= 23.377 N/mm”. Ans. 
This stress will be compressive. In case of cantilevers, upper layer is subjected to tensile 
stress, whereas the lower layer is subjected to compressive stress. 
Problem 7.15. A cast iron beam. is of I-section as shown in Fig. 7.20. The beam is simply 
supported on a span of 5 metres. If the tensile stress is not to exceed 20 N/mm?, find the safe 


' uniformly load which the beam can carry. Find also the maximum compressive stress. 


ee te— 80 mm—>| 
20 mm 3) 






169,34 mm 


/«———- 160 mm ——~—_> 


Fig. 7.20 


Sol. Given : 
Length of beam, L=5m 
Maximum tensile stress, o, = 20 N/mm? 
First calculate the C.G. of the section. Let ¥ is the distance of the C.G. from the bottom 
face. As the section is symmetrical about y-axis, hence ¥ is only to be calculated. 
Ayy1 + Agyo + Ags 
(A, + Ag + Ag) 
200 20 


(160 x 40). > + (200 x 20) («0 + a + (80 x 20) {40 + 200+ 2) 


Now y= 


160 x 40 + 200 x 20 + 80 x 20 
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_ 128000 + 560000 + 400000 1088000. 
6400+ 4000+1600 | 12000 ~7 °° ™™ 


N.A. lies at a distance of 90.66 mm from the bottom face or 260 — 90.66 = 169.34 mm 
_from the top face. 


Now moment of inertia of the section about N-axis is given by, 
Isi,+1,+1, 
’ where J, = M.O.I. of bottom flange about N.A. 
= M.O.1. of bottom flange about its C.G. + A, 
x (Distance of its C.G. from N.A.)? 


160 x 40° 
2 a + 160 x 40 x (90.66 — 20)2 


= 853333.33 + 31954147.84 = 32807481.17 mm*4 
I, = M.O.1. of web about N.A. 
= M.O.L. of web about its C.G. + A, 
x (Distance of its C.G. from N.A.}? 


20 x 200° 
S a ee + 200 x 20 x (140 - 90.66)? 


= 13333333.33 + 9787742.4 = 23071075.73 mm4 
= M.O.I. of top flange about N.A. 
= M.O.I. of top flange about its C.G. + A, 
x (Distance of its C.G. from N.A.)* 


80 x 20° 
= 5 + 80 x 20 x (250 - 90. 66)2 


= 53333.33 + 40622776.96 = 40676110. 29 mm+4 
I = 32807481.17 + 23071075.75 + 40676110.29 = 96554667.21 mm*. 


For a simply supported beam, the tensile stress will be at the extreme bottom fibre and 
~ compressive stress will be at the extreme top fibre. 


Here maximum tensile stress = 20 N/mm? 
Hence for the maximum tensile stress, 
y = 90.66 mm 


~ [i.e., y is the distance of the extreme bottom fibre (where the tensile stress is maximum) from 
- the N.A.J 


janet a Me 
Using the relation, rs 
M= = xl 
¥ 
so x 96554667.21 ( o=0o, = 20 N/mm?) 
~ 90.66 Me ee 


= 21300389.85 Nmm «{Z) 
Let w = Uniformly distributed load in N/m on the simply supported beam. 


2 
The maximum B.M. is at the centre and equal to a 
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2 
wx Nm = ae 1000 Nmm 


Equating the two values of M, given by equation (7) and (ii), we get 
3125w = 21300389.85 
21300389.85 


o_o ee 1 fe 7 An - 
w 3195 6816.125 Nim. Ss 


M= = 3125 w Nmm ++(iz) 





Maximum Compressive Stress 
Distance of extreme top fibre from N.A., 
y, = 169.34 mm 
M = 21300389.85 
I = 96554667.21 


Let o, = Max. compressive stress 
Mos 
Using the relation, Er = y 
ot 
oa Ky 
or g, = a xy, = a x 169.34 = 37.357 N/mm”. Ans. 


Problem 7.16. A cast iron beam is of T-section as shown in Fig. 7.21. The beam is 
simply supported on a span of 8 m. The beam carries a uniformly distributed load of LE RNim 
length on the entire span. Determine the maximum tensile and maximum compressive stresses. 


100 
mm 





67.77 mm 


os 


—>| 20 mmi#— 
Fig. 7.21 
Sol. Given : 
Length, L=8m 
U.D.L., w = 1.5 kN/m = 1500 N/m 


To find the position of the N.A., the C.G. of the section is to be calculated first. The C.G. 
will be lying on the y-y axis. 
Let ¥ = Distance of the C.G. of the section from the bottom 
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20 80 
100 x 20 0 + — | + 80 x 20 x — 
Ary +Aayn _ | i px(8 3} are 


Pe Byte (100 x 2) + (80 x 20) 
180000 + 64000 244000 
2000+1600 3600 

N.A. lies at a distance of 67.77 mm from the bottom face or 100 — 67.77 = 32.23 mm 
from the top face. 
Now moment of inertia of the section about N.A. is given by, 
I=I,+1, 
where IJ, =M.O.L of top daage about N.A. 
= M.Q.L. of top flange about its C.G. + A, x (Distance of its C.G. from N.A.?* 


_ 100 x 20° 


i} 


= 67.77 mm 





+ (100 x 20) x (32.23 - 10)? 


= 66666.7 + 988345.8 = 1055012.5 mm4 
I,=M.OL of web about N.A. 
= M.O.L of web about its C.G. + A, x (Distance of its C.G. from N.A. 2 


0? 
f a + (80 x 20) x (67.77 — 40)? 


= 853333.3 + 1233876.6 = 2087209.9 mm* 
T=1, +1, = 1055012.5 + 2087209.9 = 3142222.4 mm‘, 
Fora simaly papeerted beam, the maximum tensile stress will be at the extreme bottom 
fibre and maximum compressive stress will be at the extreme top fibre. 
Maximum B.M. is given by, 


2 150 2 
M= ext eee = 12000 Nm 


= 12000 x 1000 = 12000000 Nmm 
Now using the relation 


(i) For maximum tensile stress, 
y = Distance of extreme bottom fibre from N.A. = 67.77 mm 
12000000 
3142222.4 
(ii) For maximum compressive stress, 
y = Distance of extreme top fibre from N.A. = 32.23 mm 
M 12000000 
. T ** * 31422924 
Problem 7.17. A simply supported beam of length 3 m carries a point load of 12 kN at a 
distance of 2 m from left support. The cross-section of the beam is shown in Fig. 7.22 (6). Deter- 
mine the maximum tensile and compressive stress at X-X. 2 
Sol. Given : 
Point load, W=12kN = 12000 N 
First find the B.M. at X-X. And to do this first.calculate reactions R, and KR. 


o= x 67.77 = 258.81 N/mm?, Ans. 


O= x 32.23 = 123.08 N/mm”. Ans. 
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,=4 kN R= 8 kN 
(a) (b) 
Fig. 7.22 
Taking moments about A, we get 
Ryx3=12x2 
12x 2 
= —g =8KN and Ry=W-R,=12-8=4kN 


B.M. at X-X =R,x15=4x15=6kNm 
= 6 x 1000 Nm = 6000 x 1000 Nmm 
= 6000,000 Nmm 

M = 6000,000 Nmm 


Now find the position of N.A. of the section of the beam. This can be obtained if we know 
the position .of C.G. of the section. 


Let ¥ = Distance of the C.G. of the section from the bottom edge 
A1y1 - Aoye 


= Aen (Negative sign is due to cut out part} 
75 


(150 x 100) x75 — (75 x 50) x (s0 + 3) 
150 x 100 ~ 75 x 50 


15000 - 3750 = 11250 


Hence N.A. will lie at a distance of 70.83 mm from the bottom edge or 150 — 70.83 = 
79.17 mm from the top edge as shown in Fig. 7.23. 


Now the moment of inertia of the section about N.A. is given by, 
‘ i=1,-1, 
where I, = M.O.1. of outer rectangle about N.A. 
= M.O.1. of rectangle 100 x 150 about its C.G. + A, 
x (Distance of its C.G. from N.A.)? 


100 x 150° 
=F +100 x 150 x (75 ~ 70.83)? 


= 28125000 + :260833.5 = 28385833.5 mm?* 
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I, =M.0.1. of cut out rectangular part about N.A. 
= M.O.L of cut out part about its C.G. + A, 
x (Distance of its C.G. from N.A.)? 


|< — 100 mm —>| 
—>| 26 k— 50>} 25 |e— 










x 3 
2 OMIT BO TB y TW k ie 
12 fae 
18 2 9.17 
. (s0 re 7083) mm 
: 450 7 
= 1757812.5 + 1042083.375 caiee __mm 
= 2799895.875 mm? N A ze 
I =1, —I, = 28385833.5 — 2799895.875 z foes 
= 25585937.63 mm4 yy eh 
yy 





The bottom edge of the section will be subjected —~ 
to tensile stress whereas the top edge will be subjected 
to compressive stress. The top edge is at 79.17 mm from 
N.A. whereas bottom edge is 70.83 mm from N.A. 

Now using the relation, 
M 
i 


Fig. 7.23 


Gq=— xy 


mje 19 


(i) For maximum tensile stress, y = 70.83 mm 
Maximum tensile stress, 
6000000 


o =~. x 70.83 = 16.60 N/mm. Ans. 
25585987.63 


(it) For maximum compressive stress, 


y = 79.17 mm. 
Maximum compressive stress, 
g= Hf 6000000 _ 79.17 = 18.56 Nimm?. Ans. 


7 “> 9558593763 
7.10. STRENGTH OF A SECTION 


The strength of a section means the moment of resistance offered by the section and 
moment of resistance is given by, 


Mz=axZ > 


E Mi 2 or Mo2x1aox2-whereZ=+) 
¥ ¥ 
where M = Moment of resistance 
o = Bending stress, and 

Z = Section modulus. 

For a given value of allowable stress, the moment of resistance depends upon the section 
modulus. The section modulus, therefore, represents the strength of the section. Greater the 
value of section modulus, stronger will be the section. 

The bending stress at any point in any beam section is proportional to its distance from 
the neutral axis. Hence the maximum tensile and compressive stresses in a beam section are 
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proportional to the distances of the most distant tensile and compressive fibres from the neu- 
tral axis. Hence for the purposes of economy and weight reduction the material should be 
concentrated as much as possible at the greatest distance from the neutral axis. This idea is 
put into practice, by providing beams of I-section, where the flanges alone with-stand almost 
all the bending stress. 

We know the relation : 


Ms 
rey 


where Z= Section modulus. 

For a given cross-section, the maximum stress to which the section is subjected due to a 
given bending moment depends upon the section modulus of the section. If the section modu- 
lus is small, then the stress will be more. There are some cases where an increase in the 
sectional area does not result in a decrease in stress. It may so happen that in some cases a 
slight increase in the area may result in a decrease in section modulus which result in an 
increase of stress to resist the same bending moment. 

Problem 7.18. Three beams have the same length, same allowable bending stress and 
the same bending moment. The cross-section of the beams are a square, rectangle with depth 
twice the width and a circle. Find the ratios of weights of the circular and the rectangular 
beams with respect to square beams. 

Sol. Given : 


Fig. 7.24 shows a square, a rectangular and a circular section. 
JK] foo a 


I I 





(@) () © 
Fig. 7.24 


Let x = Side of a square beam 
5 = Width of rectangular beam 
26 = Depth of the rectangular beam 
d = Diameter of a circular section. 
The moment of resistance of a beam is given by, 
M=oxZ 
where Z = Section modulus. 


As all the three beams have the same allowable bending stress (0), and same bending 
moment (M), therefore the section modulus (Z) of the three beams must be equal. 
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Section modulus of a square beam 


ot 
al _ 12 x 2 (Cs b=d=x) 
¥ d 120 x 

(5) 
x? 
“6 


Section modulus of a-rectangular beam 
bd? b x (26) 


= ra = — ( d= 2b) 
2 (3) 
_oxapi 2 2 53 
12 2b 3 
Section modulus of a circular beam 
nd" 


Equating the section modulus of a square beam with that of a rectangular beam, we get 
3 








a 
6 3 
3 3 
$522 57 yaa 
6x2 4 
or b = (0.25)'* x = 0.63x wd) 
Equating the section modulus of a square beam with that of a circular beam, we get 
a a xd® 
6 82 
3 V3 
Gi ge dS (2) ix = 1.1927 
6x 6x : 


The weights of the beams are proportional to their cross-sectional areas. Hence 
Weight of rectangular beam Area of rectangular beam 








Weight of square beam Area of square beam 
bx2b  0.68x x 2x 0.63x 
a XXX a XXX 
= 0.7938. Ans, 


Weight of circular beam Area of circular beam 





ane Weight of square beam _— Area of square beam 
nd? 
“4. ad® xx (1.1927x)? 
o> a = 1.1927. 
x? x? 4x? 4 = 
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Problem 7.19. A beam is of square section of the side ‘a’. If the permissible bending 
stress is ‘o’, find the moment of resistance when the beam section is placed such that (i) two 
sides are horizontal, (ti) one diagonal is vertical. Find also the ratio of the moments of the 
resistance of the section in the two positions. (Bangalore University, July 1988) 


Sol. Given : 
Bending stress = o 


1st Case 
Fig. 7.25 (a) shows the square beam section when two sides are horizontal. 





Fig. 7.25 


Let M, = Moment of resistance of the square beam when two sides are horizontal. 
Moment of resistance is given by, 








M=z=oxZ 
2 M, =0 xZ, .@) 
where Z, = Section modulus , 
ax a 
oe fn IO ee 
Visas al2 12 a 6 
a? 
M,=0x c Ans, .. (ii) 
2nd Case . 
Fig: 7.25 (6) shows the square beam section when one diagonal is vertical. 
Let M, = Moment of resistance of the beam in this position 
a M,=0%xZ, 
where Z, = Section modulus for the section shown in Fig. 7.25 (6). 
bh? 
2 ees 
- “12 





= 


3 
(- M.O.I. of a triangle about its base = ~ There are two triangles 
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a x Za £) 
_ 12 Aa) i Here base = 6 = V2a and h= $s) 
a a 
(4) 
a® 
~ 6x V2 


2? 
M,= 5 . 
2 Oe cus Ans 





Ratio of moment of resistance of the section in two positions 





oxa : 
ak 6 V2 
we Fe 2=1.414. Ans. 
So 
“<n 


as! Problem 7.20. Prove that the moment of a resistance of a beam of square section, with 
its diagonal in the plane of bending is increased by flatting top and bottom corners as shown in 





Fig. 7.26 and that the moment of resistance is a maximum when yo % . Find the percentage 
increase in moment of resistance also. 
Sol. Given : 


Fig. 7.26 (a) shows a square section with diagonal AC vertical. Let the portions AEF and 
CGH be cut off. E 
Let I, = M.O.L of the square ABCD about diagonal B.D. 
Z, = Section modulus of square ABCD 
M, = Moment of resistance of the square ABCD 


I, = M.O.1. of the new section with cut off portion (.e., M.O.1 of DEFBHG about 
diagonal BD) 


Z,, = Section modulus of new section 
M, = Moment of resistance of the new section. 
In Fig. 7.26 (a), diagonal AC = 2a 


2a ~ 2y} = 2(a - 
( i (a-y) 





\ 
Big—— 
' 
' 
i 
i 
i 
i 
i 
i 
i 
i 
eee pecenweee 
rm 
m 
> 





AF 


ese" ee 
(a) (6) 
Fig. 7.26 
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Diagonal DB = AC = 2a. 
Now moment of inertia of the square ABCD about N.A. (i.e., diagonal BD) is given by 
‘ I, = M.O.I. of two triangles ABD and BCD about their base BD 











3 3 
wax aay RE (Here 6 = 2a andh =a) 
a 
3 
a 
I 3 
Section modulus, Z,= —t = (Here y,,a0 = @) 
. Jmax a 
| 
a*# 4 1 3 
—a es 
Moment of resistance is given by, 
; M=oxZ 
“| RP M,=0x Z,=0%x ; a = 0 x 0.3338a° wa (Z) 


Now the M.O.1. of the new section with cut off portion (i.e., M.O.I. of DEFBHG) about 
| the diagonal BD is given by (Refer to Fig. 7.26 (6)]. 
I, = M.O.L. of four triangles (i.e., triangles DEK, FLB, DGH and HLB) plus 
M.O.L. of rectangle EFHG about N.A. (.c., diagonal BD) 
: _4xbh®  EFxEG® _4xyxy* | 2a-y)x (29) 


12 12 12 12 
(: Hereb=y,h=y, EF = 2(a—-y) and EG = 2y) 





4 4 3 4 
PS eo yi PS AY Ps a 
= 2-+— (@- = 24-2 - == ays -y 
Gye Nore ge ge ag sg 
and section modulus of new section is given by, 
3 4 
L ay ~Y 
Z,=—2 23 2 C- Here ¥ax =) 
Ymax J 
4 
=3 ay2- y3 
Now moment of resistance of the new section is given by, 
Beto eg e 
M,=0%%_,=0%| 50 -y | (Zi) 





aM. 
The moment of the resistance of the new section will be maximum, if 7 = 0. 
Hence differentiating equation (i) w.r.t. y and equating it to zero, we get 
d 4 4 Z 
—|o} -ay” - =0 
dy | [ 3 yr omy 


or o( 4a x 2y - 39] =0 ( o and @ are constants) 
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or : a x 2y - 8y2=0 (." G cannot be zero) 
8 
3y? — 3 axy 
8 sie 
or y= 3 or = . = = «+ (EtE) 


Substituting this value of y in equation (zi), we get 


. . 2 3 
na 2] Exe (%) -(8¢) ]-0x [$2300 22.0] 
=o x [1.0535a3 — 0.7023a] = o x 0.3512 a3 ..(iv) 


But from equation (i), M, = 0 x 0.8833 a3 
M, is more than M,. And from equation (ii), it is clear that M. 9 is maximum when 


8a 
y= 9° Ans. 
Now increase in moment of resistance 
= (My) nox — My = 9 x 0.3512 a3 - o x 0.3333 a? 
=o x 0.0179 a 
Percentage increase in moment of resistance 
_ Increase in moment of resistance 


Original moment of resistance 

_ 9x 0,0719 x a? 

~ 0x 0.3338 x a? 

Probiem 7.21. Prove that the ratio of depth to width of the strongest beam that can be 


cut from a circular log of diameter d is 1.414. Hence calculate the depth and width of the 
strongest beam that can be eut of a cylindrical log of wood whose diameter is 300 mm. 


x 100 


x 100 = 5.37%. Ans. 


Sol. Given : 
Dia. of log = d + b> 
‘ Let ABCD be the strongest rectangular section which DC 
can be cut out of the cylindrical log. 

Let & = Width of strongest section. i 

ad = Depth of strongest section. : d 
Now section modulus of the rectangular section 

Cr] 
Bae eke i) Mone 
y (3) 6 
2 Fig. 7.27 


In the above equation, b and h are variable. 
From ABCD, 624+ h? = d? 
or hh? = d? ~ b? 
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Substituting the value of h? in equation (i), we get 
b 1 
= — [g2_ $2) = — fhd2 — b3 ii). 
Z= 3 [d? - 6?) 6 dd? — 5°) Gi). 


In the above equation, d is constant and hence only variable is 6. 

Now for the beam to be-strongest, the section modulus should be maximum (or Z should 
be maximum). : 

For maximum value of Z, 





az 
db ~ 
2 pa] 2 _ap2 
ei d | bd*-b =0 or 2 36 =0 
db 6 6 
or d?-3b2=0 or d? = 362 (iii) 
But from triangle BCD, 
a = b? + A? 
Substituting the value of d? in equation (iii), we get 
b? +h? = 36? or h? = 2b? 
or h=V2xb (iv) 
or oe 2 =1414. Ans. 
Numerical Part 
Given, d= 300 mm 
But for equation (iz), d? = 8b? or 362 =d? = 300? = 90000 
or bt= — = 30000 


, b = (80000)? = 173.2 mm. Ans. 
From equation (iv), 


h= V2 x6=1414x 173.2 = 249.95 mm. Ans. 


7.11. COMPOSITE BEAMS (FLITCHED BEAMS) 


A beam made up of two or more different materials assumed to be rigidly connected 
together and behaving like a single piece is known as a composite beam or a wooden ftitched 
beam. Fig. 7.27 (a) shows a wooden beam (or timber beam) reinforced by steel plates. This 
arrangement is known as composite beam or a flitched beam. The strain at the common surfaces 
will be same for both materials. Also the total moment of resistance will be equal to the sum of 
the moments of individual sections. 

When such a beam is subjected to bending, the bending stresses and hence strains due 
to bending stresses at a point are proportional to the distance of the point from the common 
neutral axis. Consider the composite beam as shown in Fig. 7.27 (a) and let at a distance y from 


. the N.A., the stresses in steel and wood are f, and f, respectively. 
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Let E, = Young’s modulus of steel plate 
I, = Moment of inertia of steel about N.A. 
M, = Moment of resistance of steel 
E, = Young’s modulus of wood 
I, = M.O.1. of wood about N.A. 
M, = Moment of resistance of wood, 
Strain in steel at a distance y from N.A. 
Stress oy 
EE, 
(- Stress in steel = 0,) 
Strain in wood at a distance y from N.A. 





ee 
em 
But strain at the common surface is same 
S1 _ G2 
BE, * chat) Fig. 7.27 (a) 
Ey 
or oO) = Ey x Og 
=MX Op, at 


i where m = Ey and is known as modular ratio between steel and wood. 


Using the relation bad ae , we get 
Toy 
a 
M=—xlI 
J 
Hence moment of resistance of steel and wood are given by, 
o 
M,=—+ x, and M,= <2 x1 
y yo sF 
-. Total moment of resistance of the composite section, 
M=M,+M, 
G) 


= +t xy (CO, = mod, from equation i) 


Go 
= ms [ml, +1} .AT.12) 


; In equation (7.12) I, + mI, can be treated as equivalent moment of inertia of the cross- 
section, as if all made of material 2 (i.e., wood) which will give the same amount of resistance 
as the composite beam. Let this be denoted by J. 


I= mi, + I, . 7.13) 
Then ie Sty . (7.14) 
¥ 
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The equivalent section is produced by using J =/, + mJ,. This can be done by multiplying 
the dimensions of the material 1 in the direction parallel to the N.A. by m. The equivalent 
figure can be used for finding the position of N.A. and equivalent moment of inertia. 

Problem 7.22. A flitched beam consists of a wooden joist 10 em wide and 20 cm deep 
strengthened by two steel plates 10 mm thick and 20 cm deep as shown in Fig. 7.28. If the 
maximum stress in the wooden joist is 7 Nimm?, find the corresponding maximum stress attained 
in steel. Find also the moment of resistance of the composite section. Take Young's modulus for 
steel =2 x 10° Nimm? and for wood = 1 x 104 Nimm?. 

Sol. Given : 

Let suffix 1 represent steel and suffix 2 repre- 
sent wooden joist. 

Width of wooden joist, b, = 10cm 

Depth of wooden joist, d,= 20cm ~ 

Width of one steel plate, 6,=icm 

Depth of one steel plate, d, = 20cm 


Number of steel plates =2 

Max. stress in wood, 0, = 7 N/imm? 

E for steel, E,=2.x 105 N/mm? 
E for wood, E, = 1x 10+ N/imm? 


Now M.O.I. of wooden joist about N.A., 


et bydy® _ 10 x 20° 
a AD 12 
= 6666.66 cm* 
= 6666.66 x 10* mm? 
M.O.L. of two steel plates about N.A., 
_ 2x bd 2x 1x 20° 
aA. a 
= 1333.33 em* = 1333.33 x 104 mmt. 
Now modular ratio between steel and wood is given by, 
Ey 2x10° 
m= E,~ 1104 
The equivalent moment of inertia (J) is given by equation (7.13). 
; I=mlI,+1, 
= 20 x 1333.33 x 104 + 6666.66 x 104 
= 104(26666.6 + 6666.66) = 104 x 33333.2 
Moment of resistance of the composite section is given by equation (7.14). 











= 20 


= 22. xf 

y 

7x 10* x 33333.2 
zi 10 x 10 
= 233332.4 x 102 N mm = 23333.24 Nm. Ans. 


Cc y=10cem = 10x 10 mm) 
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Maximum Stress in Steel 


Let. 6, = Max. stress in steel. 

Now using equation, we get 
Oo, | 
BE, E, 
Ey 

= Ey x Op 

=20x7 (/: 2) am = 20 and og = 7 N/immn® 
2 


= 140 N/émm2. Ans. 
2nd Method 


Total moment of resistance is equal to the sum of moment of resistance of individual 
member. 


M=M,+ M, wu (E) 
where M, =<} x1, 2 we 
y Ty 
140 % 
= 300 * 1333.33 x 10 (.) y=10x 10 = 100 mm 
= 18666620 Nmm = 18666.620 Nm 
G 


and M,= x I, 


7 
o 4 
* Too * 6666.66 x 10* Nmm 


= 46666.62 Nmm = 4666.662 Nm 
M = M, + M, = 18666.620 + 4666.662 
= 23333.282 Nm. Ans. 
3rd Method 
The equivalent moment of inertia (JD is obtained by producing equivalent section. 
(a) The equivalent wooden section is obtained by multiplying the dimension of steel 


plate in the direction parallel to the N.A. by the modular ratio between steel and wood [ie. by 





}*+——20 cm—+lai10 cm >{¢—20 cm—+} 


re E, 
multiplying by z= = a) . But the 
y mw x 


width of one steel plate parallel to NLA. is 1 
em. Hence equivalent wooden width for this 
steel plate will be 20 x 1 = 20 em. This is shown 
in Fig. 7.29. 
Equivalent M.O.I. is given by, 
bd? Fig. 7.29, Equivalent wooden section 


—— 


12 
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_ (20 +10 +20) x 20° 
7 12 


= 33333.33 cm* = 33333.33 x 10+ mm#4 


Total moment of resistance 
= Moment of resistance of the equivalent wooden section 


o 
=—xl 
y 


_ Stress in wood . 
a 


L 


i = x $3333.33 x 104 = 23333333.33 Nmm 


= 23333.333 Nm. Ans. 
(b) The equivalent steel section is obtained by multiplying the dimensions of wooden 


, joist in the direction parallel to N.A. by the modular ratio between wood and steel (ie. by 





Der E, _ 1x10* -) 
multiplying by z = 2x q68 onl 


But the width of wooden joist parallel to N.A. is 10 cm. Hence 
equivalent steel width will be 10 x a =.0.5 cm. This is shown in 
Fig. 7.30. 

Hence equivalent M.O.L. is given by 

bd? 
I= — 
12 
_ (140.5 +1) x 20° 
> 12 


= 1666.66 cm4 
= 1666.66 x 104 mm# 


“we 7 u 
¥ 





- 140 1666.76 x 104 


~ 100° Fig. 7.30. Equivalent 


(Here o is the stress in steel steel section 
and = 140 N/mm?) 
= 23333240 Nmm 
= 23333.240 Nm. Ans. 
Note. The width of the single wooden beam for the total moment of resistance of 23333.33 Nm 
should be’ 20 +'10 + 20 = 50 cm as shown in Fig. 7.29. But the width of flitched beam for the same 
moment of resistance is only 1 + 10 + 1 = 12 cm as shown in Fig. 7.28. Hence flitched beams require less 


space. 
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Problem 7.23. A timber beam 100 mm wide and 200 mm deep is to be reinforced by 
™, bolting on two steel flitches each 150 mm by 12.5 mm in section. Calculate the moment of 
" resistance in the following cases : (i) flitches attached symmetrically at the top and bottom ; 

(i) flitches attached symmetrically at the sides. Allowable stress in timber is 6 N/mm?. What is 
. the maximum stress in the steel in each case ? Take E, = 2 x 10° Nimm? and E, = 1 x 10% Nimm?. 


Sol. Given : 
| 150 mm —_>] 


1st Case. Flitches attached symmetrically at 





the top and bottom. 12.5 tim WLLL LL — Steel 

(See Fig. 7.31). nee 
Let suffix 1 represents steel and suffix 2 repre- 

~~ sents timber. Timber 

. Width of steel, b, = 150 mm oe 

Depth of steel, d, = 12.5 mm aN et a es hens 
Width of timber, 6, = 150 mm n ; A 
Depth of timber, d, = 200 mm 
Number of steel plates =2 
Max. stress in timber, 0, = 6 N/mm? 
E for steel, E, =E£,=2x 10° Némm? 12.5 mm WIZ nee 


E for timber, E, = E,=1% 104 N/mm? 
Distance of extreme fibre of timber from N.A., 
¥. = 100 mm 
Distance of extreme fibre of steel from N.A., 
y, = 100 + 12.5 = 112.5 mm. 
Let o|* = Max. stress in steel 
= Stress in steel at a distance of 100 mm from N.A. 
; Now we know that strain at the common surface is same. The strain at a common distance 
of 100 mm from N.A. is steel and wood would be same. Hence using equation (7.11), we get 
0, 0% 
BE, By 
ai Ey suis ~ 10° 
Le 2 Tx 107 
But o, is the stress in steel at a distance eB 100 mm from N.A. Maximum stress in steel 
would be at a distance of 112.5 mm from N.A. As bending stresses are proportional to the 


x 6 = 120 N/mm’. 


distance from N.A. 





es Eee 
Hone 100 ~ 1125 
112.5 112.5 


oe & 


xO, = 
1 "100 ‘100 
Now moment of resistance of steel is given by 


x 120= 185 N/mm”, Ans. 








M,=~ 





2 
Lox! 1 where o,* is the maximum stress in steel) 
1 


_ 135 a7 


412.5 L 
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ee 
where I, = M.O.1. of two steel plates about N.A. 


= 2x {M.O.1. one steel plate about its C.G. + Area of one steel plate 
x (Distance between its C.G. and N.A.)?} 


=2x [oge + b,d, «(300 4) 
3 
eee +150 128 x(100 + 225)" 
12 2 


= 2x (24414.06 + 21166992.18] 
= 42382812.48 mm?# 





=2x 


5 
L= 7ygg * 42382812.48 
= 50859374.96 Nmm = 50859.375 Nm 


Go 
Similarly, M, = = x I, 
2 


= 6 ,, 150x200" 
100 12 ; 
= 6000000 Nmm = 6000 Nm 
.. Total moment of resistance is given by, 
M=M,+M, 
= 50859.375 + 6000 = 56859.375 Nm. Ans. 
2nd Case. Flitches attached symmetrically at the sides (See Fig. 7.32) 
Here distance of the extreme fibre of steel from N.A. 
150 


= =75 
3 mm. 


In the first case we have seen that stress in steel 
at a distance of 100 mm from N.A. is 120 N/mm?. 


Hence the stress in steel at a distance of 75 mm 
from N.A. is given by, 


to the distance from N.A.) 
= 90 N/mm? 
Maximum stress in steel 
=06,"* = 90 Nimm?. Ans. 
Total moment of resistance is given by, 





Fig. 7.32 


M=M,+M, 
where M, = Moment of resistance of two steel plates 
a, ** 
Ymax 


(Here o,** = Maximum stress in steel = 90 N/mm?) 
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90 ; 

= 75 xt, Omax = 75 mm) 


I, = M.O.L. of two steel plates about N.A. 
4 125x 150° 


=2 = 7031250 mm* 
M, = 2 x 7031250 Nmm = 8437500 Nmm = 8437.5 Nm. 
Similarly, 4, = Moment of resistance of timber. section 

G2 

= x J, 
v2 - 

6 — 150x 200° 150 x 2008 

= —— x —___- < I, =———_ |. 

100 12 12 


= 6000000 Nmm = 6000 Nm 
-. Total moment of resistance, 
M=M,+M, 
= 8437.5 + 6000 = 14487.5 Nm. Ans. 

Problem 7.24, Two rectangular plates, one of steel and the other of brass each 40 mm 
wide and 10 mm deep are placed together to form a beam 40 mm wide and 20 mm deep, on two 
supports 1 m apart, the brass plate being on the top of the steel plate. Determine the maximum 
load, which can be applied at the centre of the beam, if the plates are : 

(i) separate and can bend independently, 

(ii) firmly secured throughout their length. : 

Maximum allowable stress in steel = 112.5 Nimm? and in brass = 75 Nimm2. Take 
E, = 2x 10° Nimm? and E, = 8 x 104 Nimm?. ; 


Sol. Given : 

Width of plates, | 6 =40 mm 
Depth of plates, d=10mm 
Span, L=lm 


Stress in steel, 6, = 112.5 N/mm? 
Stress in brass, 6, = 75 N/mm? 
Value of EF for steel, EH, = 2 x 105 N/mm? 
Value of E for brass, Z, = 8 x 10* N/mm?. 
Ist Case. The plates are separate and can bend independently. 


Since the two materials bend independently, each will have its own neutral axis. It will 
be assumed that the radius of curvature R is the same for both the plates. 





Fig. 7.33 











E 
Using the relation — = = 
y RR 
on R= Exy 
a 
or Ra aXe. Bax 
os Oo, 
on Os _ Ey Xs 


BENDING STRESSES IN BEAMS 335 
rae se 

But y, = y, as the two plates are having their own N.A. The distance of the extreme 
fibre of brass from its own N.A. is 5 mm. Also the distance of extreme fibre of steel from 
its N.A. = 5 mm. 


Now the allowable stress in steel is 112.5 N/mm2 


Le., 6, = 112.5 N/min?. 
Then maximum stress in brass will be, 
@, 1125 | : 
i a5 05.7 45 N/mm 


This is less than the allowable stress of 75 N/mm?. 
Note. if maximum stress in brass is taken as 75 N/mm’. Then the stress in steel will be o, = 2.5 
x 0, = 2.5 x 187.5 N/mm?. This stress is more than the allowable stress in steel. 


The total moment of resistance is given by, 
M=M,+M, 
where M, = Moment of resistance of stee} plate. 


Go; 
axl 
Ys °° 
_ 1125 | 40 x 10° 
~ 50 12 
= 75000 Nmm = 75 Nm 
and M,, = Moment of resistance of brass plate 


3 
(: I, = M.O.L of steel plate = Bei 


40 x 10° 
=~ = 30000 Nmm = 30 Nn 
M=M,+M,=75 +30 
=105Nm AZ) 
Let W = Maximum load applied at the centre in N to a simply supported beam. 
Then maximum bending moment will be at the centre of the beam. And it is equal to, 


Wx Wxt10 


4 4 
Equation (z) and (ii), we get 


2g 
~ 5.0 


M= 








m (di) 


> = 105 or W=4x105=420N. Ans. 


2nd Case. The plates are firmly secured throughout their length. 

In this case, the two plates act as a single unit and thus will have a single N.A. Let us 
convert the composite section into an equivalent brass section as shown in Fig. 7.34 (6). 

The equivalent brass section is obtained by multiplying the dimensions of steel plate in 
the direction parallel to the N.A. by the modular ratio between steel and brass (i.e., by 
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E 
multiplying by z = 25) But the width of steel plate parallel to N.A. is 40 mm. Hence equivalent 
b 


“*. brass width for the steel plate will be 40 x 2.5 = 100 mm. This is shown in Fig. 7.34. 


tke mm——>| 
+ Ny ee A 


- Fie 40x25= 100mm ———9 F 


{a} Composite beam 






(b) Equivalent brass section 
Fig. 7.34 


Let ¥ = Distance between C.G. of the equivalent brass section and 

bottom face. 

= Ay + Aaye 

A, + Ae 

100 x 10x5+40x 10x (10 +5) 

z, 100 x 10 + 40 x 10 

_ 5000 +6000 7 11000 eae one 
1000 + 400 1400 


Hence N.A. of the equivalent brass section is at a distance of 7.86 mm from the bottom 
face. 


Now the moment of inertia of the equivalent brass section about N.A. is given as 
J =(M.O.L. of rectangle 100 x 10 about its C.G. 
+ Area of rectangle 100 x 10 x (Distance between its C.G. and N.A.)?] 
+{M.O.L. of rectangle 40 x 10 about its C.G. + Area of rectangle 40 x 10 
x (Distance between its C.G. and N.A.)?] 


3 = x 10° 40 x 10° 


2 +40 x 10 x [5 + (10- 7.86)}* 


+ 100 x 10 x (7.86 - oF + 


= 8333.33 + 8179.6 + 3333.33 + 20391.84 
= 40238.1 mm‘. 
Distance of upper extreme fibre from N.A. 
= 20 - 7.86 = 12.14 mm 
Distance of iower extreme fibre from N.A. 
=7.86mm 
Now allowable stress in brass is given 75 N/mm2, As the upper plate is of brass. 
Hence the upper extreme fibre will have a stress of 75 N/mm. Then the lowermost fibre 


will have the stress = aa x 7.86 = 48.56 N/mm?. In Fig. 7.34 (6), the lowermost fibre is also 


- of brass. Hence the actual stress in the lowermost fibre of steel will be 
= 48.56 x 2.5 = 121.4 N/mm”. 
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a A 


But the safe stress in steel is given as 112.5 N/mm?, Hence the brass cannot be fully 
stressed. 


If we take maximum stress in steel at the bottom to be 112.5 Nimm?, then the 
corresponding stress in brass at the bottom fibre will be 


412.5 
PRO sas eam? 
25 45 N/mm‘. 
o, = 112.5 N/mm? sede o, = 45 N/mm”. 


Ao using the polation: 


“tis 


M 
T 
M 


I 


or 


ve x 40238.1 = 230370.8 Nmm 


= 230.3708 Nm (dst) 
The maximum bending moment at the centre of a simply supported beam, carrying a 
point load W at the centre is given by, 
WxhL Wx1.0 : 
M= fn 4 .. (iv) 
Equating (iii) and (iv), we get 








* = 230.3708 
W = 4 x 230.3708 = 921.48 N. Ans. 


HIGHLIGHTS 


1. The stresses produced due to constant bending moment (with zero shear force} are known as 
bending stresses. 

2. The bending equation is given by, 

Moa 


Mig_f 
R 


iy 
where M = Bending moment 
o = Bending stress 
I = Moment of inertia about N.A. 
y = Distance of the fibre from N.A. 
R = Radius of curvature 
E = Young's modulus of beam. 
3. The bending stress in any layer is directly proportional to the distance of the jayer from the 
neutral axis (N.A.). 


4. The bending stress on the neutral axis is zero. 
5. ‘The neutral axis of a symmetrical section (such as circular, rectangular or square) lies at a 


d ; 
distance of 2 from the outermost layer of the section where d is the depth of the section. 
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If the top layer of the section is subjected to compressive stress then the bottom layer of the 
section will be subjected to tensile stress. 

The ratio of moment of inertia of a section about the neutral axis to the distance of the outermost 
layer from the neutral axis is known as section modulus. It is denoted by Z. 


I 


Ymax 
Section modulus for various sections are given as: 


_ bd? 
~ 6 


I 
= — (BD8 - bd3 
6D : , 


...For rectangular section 


..For a hollow rectangular section 


3 
= x ..For a circular section 
= on (D4 - d4] ...For a hollow circular section. 


For finding bending stresses in unsymmetrical section, first their C.G. is to be obtained. This 
gives the position of N.A. The bigger value of y is to be used in bending equation. 
The moment of resistance offered by the section is known as the strength of the section. 


A beam made up of two or more different materials assumed to be rigidly connected together and 
behaving like a single unit, is known as a composite beam or flitched beam. 
The strain at the common surface of a composite beam is same. 


1 _ 2 


By Ey’ 
: EB, . ‘ u ; : 
The ratio of zB ® known as modular ratio of first material to the second material. 
2 


Total moment of resistance of a composite beam is the sum of the moment of resistance of indi- 


vidual section. 
EXERCISE 7 


(A) Theoretical Questions 


Define the terms ; bending stress in a beam, neutral axis and section modulus. 


What do you mean by ‘simple bending’ or ‘pure bending’ ? What are the assumptions made in the 
theory of simple bending ? 


Derive an expression for bending stress at a layer in a beam. 
What do you understand by neutral axis and moment of resistance ? 
Prove that relation, 


T=M.OL 

y = Distance from N.A. 

E = Young’s modulus, and R& = Radius of curvature. 

(Bangalore University, Jan. 1990) 


where M = Bending moment, 


o = Bending stress, 
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6. What do you mean by section modulus ? Find an expression for section modulus for a rectangu- 
lar, circular and hollow circular sections. 
7. How would you find the bending stress in unsymmetrical section ? 
8. What is the meaning of ‘Strength of a section’ ? 
9. Define and explain the terms : modular ratio, flitched beams and equivalent section. 
10. What is the procedure of finding bending stresses in case of flitched beams when it is of 
(i) a symmetrical section and (ii) an unsymmetrical section ? 
11. Explain the terms : Neutral axis, section modulus, and moment of resistance. 
(Bangalore University, July 1988) 
12. Show that for a beam subjected to pure bending, neutral axis coincides with the centroid of the 
cross-section. (Bangalore University, March 1989) 
13. Prove that the bending stress in any fibre is proportional to the distance of that fibre from 
neutral layer in a beam, (Bhavnagar University, 1992) 
(B) Numerical Problems 
1. A steel plate of width 60 mm and of thickness 10 mm is bent into a circular are of radius 10 m. 
Determine the maximum stress induced and the bending moment which will produce the maxi- 
mum stress. Take # = 2 x 105 N/mm?. {Ans. 100 N/jum? ; 100 Nm] 
2. A cast iron pipe of external diameter 60 mm, internal diameter of 40 mm, and of length 5 m is 
supported at its ends. Calculate the maximum bending stress induced in the pipe if it carries a 
point load of 100 N at its centre. (Ans. 7.34 N/mm?] 
3. A rectangular beam 300 mm deep is simply supported over a span of 4 m. What uniformly dis- 
tributed load per metre, the beam may carry if the bending stress is not to exceed 120 N/mm? ? 
Take J = 8 x 10° mm‘*. [Ans. 3.2 kKN/m] 
4. A cast iron cantilever of length 1.5 metre fails when a point load W is applied at the free end. If 
the section of the beam is 40 mm x 60 mm and the stress at the failure is 120 N/mm, find the 
point load applied. (Ans. 1.92 kN] 
5. Acast iron beam 20 mm x 20 mm in section and 100 cm long is simply supported at the ends. It 
carries a point load W at the centre. The maximum stress induced is 120 N/mm?. What uniformly 
distributed load will break a cantilever of the same material 50 mm wide, 100 mm deep and 2 m 
long ? (Ans. 5 KN per m run} 
6. A timber beam is 120 mm wide and 200 mm deep and is used on a span of 4 metres. The beam 


carries a uniformly distributed load of 2.8 kN/m run over the entire length. Find the maximum 
bending stress induced. {Ans. 7 N/mm?] 
A timber cantilever 200 mm wide and 300 mm deep is 3 m long. It is loaded with a U.D.L. of 
3 kN/m over the entire length. A point load of 2.7 kN is placed at the free end of the cantilever. 
Find the maximum bending stress produced. (Ans. 7.2 N/émm?] 
A timber beam is freely supported on supports 6 m apart. It carries a uniformly distributed load 
of 12 kN/m run and a point load of 9 KN at 3.5 m from the right support. Design a suitable section 
of the beam making depth twice the width, if the stress in timber is not to exceed 8 N/émm?. 
{Ans. 230 mm x 460 mm} 
A beam of an I-section shown in Fig. 7.35 is simply supported over a span of 4 metres. 
Determine the load that the beam can carry per metre length, if the allowable stress in the 
beam is 30.82 N/mm?. (Ans. 2.5 kN/m run] 
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Fig. 7.35 


A beam is of T-section as shown in Fig. 7.36. The beam is simply supported over a span of 4 m 
and carries a uniformly distributed load of 1.7 kN/m run over the entire span. Determine the 
maximum tensile and maximum compressive stress. (Ans. 8 N/mm? and 4.8 N/nm?] 


ft. 150 mm > 
¥ 


50mm 


150 mm 


50 mm | 


Fig. 7.36 


A simply supported beam of length 4 m carries a point load of 16 KN at a distance of 3 m from left 

support. The cross-section of the beam is shown in Fig. 7.37. Determine the maximum tensile 

and compressive stress at a section which is at a distance of 2.25 m from the left support. 
(Ans. 24.9 N/éAnm? ; 27.84 N/mm?] 
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3 
Prove that the moment of resistance of a beam of square section is equal to o x re where ‘a’ is 


the permissible stress in bending, x is the side of the square beam and beam is placed such that 
its two sides are horizontal. 
Find the moment of resistance of the above beam, if it is placed such that its one diagonal is 


(Ans. x3 x of6 x f9] 


A flitched beam consists of a wooden joist 150 mm wide and 300 mm deep strengthened by a 
steel plate 12 mm thick and 300 mm deep on either side of the joist. If the maximum stress in the 
wooden joist is 7 N/mm”, find the corresponding maximum stress attained in steel. Find also the 
moment of resistance of the composite section. Take Z for steel = 2 x 105 N/mm? and for 
wood = 1 x 10 N/émm?. [Ans. 140 N/imm2, 66150 Nr] 
A timber beam 60 mm wide by 80 mm deep is to be reinforced by bolting on two steel flitches, 
each 60 mm by 5 mm in section. Find the moment of resistance in the following cases : (é) flitches 
attached symmetrically at top and bottom ; (ii) flitches attached symmetrically at the sides. 
Allowable timber stress is 8 N/mm?. What is the maximum stress in the steel in each case ? Take 
E for steel = 2.1 x 105 N/mm? and for timber = 1.4 x 104 N/mm?, 

[Ans. (i) 3768 Nm, o, = 135 N/mm? (ii) 1052 Nm, a, = 90 N/mm?] 
Two rectangular plates, one of steel and the other of brass each 37.5 mm by 10 are placed to 
either to from a beam 37.5 mm wide by 20 mm deep, on two supports 75 cm apart, the 
brass component being on top of the steel component. Determine the maximum central load 
if the plates are (i) separate and can bend independently, (ii) firmly secured throughout 
their length. Permissible stresses for brass and steel are 70 N/mm” and 100 N/mm2. Take 
E, = 0.875 x 10° N/mm? and E,= 21x 10° N/mm?. [Ans. (i) 472.2 N (ii) 1043.5 N} 
A timber beam 150 mm wide and 100 mm deep is to be reinforced by two steel flitches each 
150 mm x 10 mm in section. Calculate the ratio of the moments of the resistance in thé two- 
mentioned cases : (i) Flitches attached symmetrically on the sides (ii) Flitches attached at top 
and bottom. [Ans. 0.31] 


vertical, the permissible bending stress is same (i.e., equal to ‘o’). 
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Shear Stresses in Beams 








8.1. INTRODUCTION 


In the last chapter, we have seen that when a part of a beam is subjected to a constant 
bending moment and zero shear force, then there will be only bending stresses in the beam. 
The shear stress will be zero as shear stress is equal to shear force divided by the area. As 
shear force is zero, the shear stress will also be zero. 

But in actual practice, a beam is subjected to a bending moment which varies from 
section to section. Also the shear force acting on the beam is not zero. It also varies from 
section to section. Due to these shear forces, the beam will be subjected to shear stresses. 
These shear stresses will be acting across transverse sections of the beam. These transverse 
shear stresses will produce a complimentary horizontal shear stresses, which will be acting on 
longitudinal layers of the beam. Hence beam will also be subjected to shear stresses. In this 
chapter, the distribution of the shear stress across the various sections (such as Rectangu- 
lar section, Circular section, I-section, T-sections etc.) will be determined. 


8.2. SHEAR STRESS AT A SECTION 


Fig 8.1 (a) shows a simply supported beam carrying a uniformly distributed load. For a 
uniformly distributed load, the shear force and bending moment will vary along the length of 
the beam. Consider two sections AB and CD of this beam at a distance dx apart. 


i 
ro 
e 
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Area, A = Area of EFGH 
Fig. 8.1 
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Let at the section AB, 
F = Shear force 
M = Bending moment 
and at section CD, F'+ dF = Shear force 
M + dM = Bending moment — 
I = Moment of inertia of the section about the neutral axis. 

Let it is required to find the shear stress on the section AB at a distance y, from the 
neutral axis. Fig. 8.1 (c) shows the cross-section of the beam. On the cross-section of the beam, 
let EF be a line at a distance y, from the neutral axis. Now consider the part of the beam above 
the level EF and between the sections AB and CD. This part of the beam may be taken to 
consists of an infinite number of elemental cylinders each of area dA and length dx. Consider 
one such elemental cylinder at a distance y from the neutral axis. 

dA = Area of elemental cylinder 
dx = Length of elemental cylinder 
y = Distance of elemental cylinder from neutral axis 
Let o =Intensity of bending stress* on the end of the elemental cylinder on the 


section AB 
o + do =Intensity of bending stress on the end of the elemental cylinder on the 
section CD. 
The bending stress at distance y from the neutral axis is given by equation (7.6) as 
eee 
Ioy 
o= M xy 
I 


For a given beam, the bending stress is a function of bending moment and the distance 
y from neutral axis. Let us find the bending stress on the end of the elemental cylinder at the 
section AB and also at the section CD. 
Bending stress on the end of elemental cylinder on the section AB, (where bending 
moment is M) will be 


o= ma xy 
i 
Similarly, bending stress on the end of elemental cylinder on the section CD, (where 
bending moment is M + dM) will be 
(M + dM) 
ey 
I 
(On section CD, B.M. = M + dM and bending stress = o + do) 
Now let us find the forces on the two ends of the elemental cylinder. 
Force on the end of the elemental cylinder on the section AB 
= Stress x Area of elemental cylinder 
=axdA 


o+tdo= 





*Bending stresses are acting normal to the cross-section. 
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ssid (: o-Mxs) 
Similarly, force on the end of the elemental cylinder on the section CD 
=(o+do)dA 
(M+ dM 
= EO ey x dA [orden ea 5) 


At the two ends of the elemental cylinder, the forces are different. They are acting along 
~~ the same line but are in opposite direction. Hence there will be unbalanced force on the elemental 
.. cylinder. 


-. Net unbalanced force on the elemental cylinder 
7 (M +dM) 
I 


aM 
= a xyxdA (i) 


xy xdA~ 2 xy x da 


The total unbalanced force above the level EF’ and between the two sections AB and CD 
~- may be found out by considering all the elemental cylinders between the sections AB and CD 
__ and above the level EF (i.e., by integrating the above equation (i)). 


.. Total unbalanced force 


= JF yaa = fy naa - 


aM a 
Spe ( fyxdA=Ax ¥) 
where A = Area of the section above the level EF (or above yp 
= Area of EFGH as shown in Fig. 8.1 (c) 
¥ = Distance of the C.G. of the area A from the neutral axis. 


Due to the total unbalanced force acting on the part of the beam above the level EF and 
.,between the sections AB and CD as shown in Fig. 8.2 (a), the beam may fail due to shear. 
. Hence in order the above part may not fail by shear, the horizontal section of the beam at the 
7 level EF must offer a shear resistance. This shear resistance at least must be equal to total 


: : unbalanced force to avoid failure due to shear. 
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Shear resistance (or shear force) at the level EF 
= Total unbalanced force 
= xx ¥ (ii) 
Let + = Intensity of horizontal shear at the level EF 
6 = Width of beam at the level EF 
Area on which t is acting 
=bxdx 
~ -. Shear force due to t 
= Shear stress x Shear area 
=txbxdx (ii) 
Equating the two values of shear force given by equation (iz) and (tii), we get 


oxbxde= 4 xAx J 





, are UAE gg AY. 


I bx dx 
dM A 


“dx “Ixb 
Ag 
2 ic an F =Shear force .- (8.1) 
Ixb dx 
The shear stress given by equation (8.1) is the horizontal shear stress at the distance y, 
from the neutral axis. But by the principal of complementary shear, the horizontal shear stress 
is accompanied by a vertical shear stress + of the same quantity. 





=Fix 





Sometimes A x ¥ is also expressed as the moment of area A about the neutral axis. 

Note. In equation (8.1), 6 is the actual width at the level EF (Though here 6 is same at all 
levels, in many cases 6 may not be same at all levels) and I is the total moment of inertia of the 
section about N.A. . 

Problem 8.1. A wooden beam 100 mm wide and 150 mm deep is simply supported over 
a span. of 4 metres. If shear force at a section of the beam is 4500 N, find the shear stress at a 
distance of 25 mm above the N.A. 


Sol. Given : 
Width, 6= 100 mm 
Depth, d=150 mm 


Shear force, F = 4500 N 

Let t = Shear stress at a distance of 25 mm above 
i the neutral axis. 
| Using equation (8.1), we get 
Ay 

t=F, Tb w(t) 

where A= Area of the beam above y, 
! = 100 x 50 = 5000 mm? 
(Shaded area of Fig. 8.2) Fig. 8.3 





|<—— 100 mm —+| 
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¥ = Distance of the C.G. of the area A from neutral axis 
= 25 + = = 50mm 
I=M.0.I. of the total section 


_ bd® 
~ 42 


3 
= S00 s 150" = 28126000 mmé 
b = Actual width of section at a distance y, from N.A. = 100 m 
Substituting these values in the above equation (7), we get 
_ 4500 x 5000 x 50 
~ 28125000 x 100 
Problem 8.2. A beam of cross-section of an isosceles triangle is subjected to a shear force 
of 30 RN at a section where base width = 150 mm and height = 450 mm. Determine : 
() horizontal shear stress at the neutral axis, 
(ii) the distance from the top of the beam where shear stress is maximum, and 
(iii) value of maximum shear stress. 
Sol. Given : 
Shear force at the section, F = 30 kN = 30,000 N 
Base width, CD = 150 mm 
Height, 2 = 450 mm. 
(i) Horizontal shear stress at the neutral axis 


= 0.4 N/mm? Ans. 


The neutral axis of the triangle is at a distance of 5 from 


2 
base or a from the apex B. Hence distance of neutral axis from 








B will be ene = 300 mm as shown in Fig. 8.3 (a). The width of Fig. 8.3 (a) 
the section at neutral axis is obtained from similar triangles BCD and BNA as 
NA _ 300 
CD 450 
, 800 300 
or NA = 759 * CD = Geq * 150 = 100 mm. 
The shear stress at any section is given by equation (8.1) as 
Axy i ; 
tah x —— eel 
ixb ” 


where t = Shear stress at the section 
fF = Shear force = 30,000 N 


A = Area above the axis at which shear stress is to be obtained 
{i.e., shaded area of Fig. 8.3 (a)] 


a ae a ye ere 
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EL 


NA x 300 


¥ = Distance of the C.G. of the area A from neutral axis 
=5 x 300 = 100 mm 
I=M.O.I. of the total section about neutral axis 


_ Base width x Height? (: Bxh? 
. 36 : 





where B = Base Width of triangle 


150x 450° sy 
= OS Ourmm 


36 : 
b = Actual width of the section at which shear stress is to be obtained 
= NA = 100 mm. 
Substituting these values in equation (i), we get 
t = 36,000 x poUNux mul N/mm? 
(= x o) x 100 
36 


= 1.185 N/imm?. Ans. 


(ii) The distance from the top of the beam where shear stress is maximum 

Let the shear stress is maximum at the section EF 
at a distance x from the top of the beam as shown 
in Fig. 8.3 (6), The distance EF is obtained from similar 
triangles BEF and BCD as 


EF 
CD ~ 450 

x x x 
EF = 755 * CD = Gey x100= 3. 


The shear stress at the section EF is given by equa- 
tion (8.1) as 











Axy . 
t=Fx Tub (ti) Fig. 8.3 (6) 
where F = 30,000 N ; 
A = Area of section above EF i.e., Area of shaded triangle BEF 
_HFxx £2 ie Ep -2) 
2 3° 2 3 
a2) 
6 


¥ = Distance of C.G. of the Area A from neutral axis 


= 2x 450 2x _ (300 - 2) 
3 3 3 3 3 
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= 


I = M.O.1. of ABCD about neutral axis 


150x 4507 oy 
=o Oo 
36 


b = Width of section EF = 


Substituting these values in equation (ii), we get 


x? 2x 
30,000 x [= x (300 - %) 


cote 


= 0.000395: (300 : =| 


150 x 450° | x 
36 3 
2x? 
= 0.0000395 00s = 2) w GbE) 


2 dt 
For maximum shear stress 2 =0 


: 2 4x 
or 300 - 3 x 2x =0 or 300= 3 
~ or x= 0*5 _ 225 mm. Ans. 


Hence, shear stress is maximum at a distance of 225 mm from the top of the beam. 
(iii) Value of Maximum Shear Stress 
The value of maximum shear stress will be obtained by substituting x = 225 mm in 


“equation (ii). 


«. Maximum shear stress = 0.0000395 (s00 x 225 - : x 225" 
= 1.333 Ninm2. Ans. 


8.3. SHEAR STRESS DISTRIBUTION FOR DIFFERENT SECTIONS 
The following are the important sections over which the shear stress distribution is to 
be obtained : 
1. Rectangular Section, 
8. I-Section, 
5. Miscellaneous Sections. 
8.3.1. Rectangular Section. Fig. 8.4 shows a rectangular section of a beam of width 6 
and depth d. Let F is the shear force acting at the section. Consider a level EF at a distance y 
from the neutral axis. 
The shear stress at this level is given by equation (8.1) as 
Ay 
bxI 
where A = Area of the section above y (i.e., shaded area ABFE) 


(f) 


2. Circular Section, 
4. T-Sections, and 


t=F. 
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(b) 





Fig. 8.4 


y¥ =.Distance of the C.G. of area A from neutral axis 


= 1f(d d y_y d_j d 
= es | oe = +n eet —) es 
1g y] Ca oe 2 {y+ 


6 = Actual width of the section at the level EF 
I =M.0O.I1, of the whole section about N.A. 
Substituting these values in the above equation, we get 


ad 1 d 
P| eS hod 
(2 y}xbx2(y+) 


bxt 


Ff(d® 4 
“arla? (8.2) 


From equation (8.2), we see that t increases as y decreases. Also the variation of t with 
respect to y is a parabola. Fig. 8.4 (b) shows the variation of shear stress across the section. 


t= 


Aft the top edge, y = : and hence 


_Fld? (aVl_F 
= §/@-(8) | F x0-0 


At the neutral axis, y = 0 and hence 


nf) sk ae 
“ail 4 Sap 


2 
se Fd* - ee bd? 
ar bd3 jes J =— 
12 
12 
i2 #F F 
Sage Rae (i) 
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ae 
Shear force F 

Now average shear stress, 1,,, = Ra hacen Bae 
Substituting the above value in equation (Z), we get 

TH15X te -.{8.3) 

Equation (8.3) gives the shear stress at the neutral axis where y = 0. This stress is also 

the maximum shear stress. 





Tene 1Bt yy «(8.4) 


max 
From equation. (8.1), t= x In this equation the value of AY can also be calculated as 


given below : 
Ay = Moment of shaded area of Fig. 8.4 (a) about N.A. 

Consider a strip of thickness dy at a distance y from N.A. Let dA is the area of this strip. 
Then dA = Area of strip = 6 x dy 
Moment of the area dA about N.A. 

=dA.y or yxdA 

=y x bdy (v dA=o«x dy) 
The moment of the shaded area about N.A. is obtained by integrating the above equa- 


tion between the limits y to ‘. 


.. Moment of shaded area about N.A. 


d/2 
= yxbxdy 


a/2 
=b y x dy 
¥ 


“eT HE 


But moment of shaded area about N.A. is also equal to AY 


(as 6 is constant) 


Substituting the value of AY in equation (8.1), we get 
5 


Fxeo- as y? 

2\ 4 _F e 2 

t= > —-y¥ 
Ixb * OF 

This equation is same as equation (8.2). ; 


Problem 8.3. A rectangular beam 100 mm wide and 250 mm deep is subjected to a 


' maximum shear force of 50 kN. Determine : 


(i) Average shear stress, (ii) Maximum shear stress, and 


(ii) Shear stress at a distance of 25 mm above the neutral axis. 


oa ee ee re aR REY ERR TO rr PSE REA RT PETE TE EES TEI LMC CRAEY TTT NETH TOO TTA, 
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Sol. Given : 
Width, 6=100 mm 
Depth, d = 250 mm 
Maximum shear force, F = 50 kN = 50,000 N. 
(i) Average shear stress is given by, 
= F _ 50,000 
ove “Area bxd 
= 00,000 _=2Nimm?. Ans. 
100 x 250 

(zi) Maximum shear stress is given by equation (8.4) 
: =1L5x Tang 

=15x2=8N/mm*. Ans. 
(iii) The shear stress at a distance y from N.A. is given by equation (8.2). 


d2 
ala) 


, 2 
~ 50000 Ar : 25"| 


ke— 100 mmr—>} 











Fig. 8.4 (e) 





(. y= 25 mm) 


2r 4 
50000 (a 50000 x 12 
ep | Se a6 | ee 2 
“12° 


= 2.88 N/mm?. Ans. 
Alternate Method [See Fig. 8.4 (d)] 
The shear stress at a distance 25 mm from neutral 
axis is given by equation (8.1) as 


Axy V/ 
t=Fx T % b Uh 
where F=50,000N A 
A= Area of beam above 25 mm (i.e., shaded area 25mm | U 
250 


|e 100 mm —> 










in Fig. 8.4 (d)) 
= 100 x 100 = 10000 mm? 


¥ = Distance of the C.G. of the area A from 
neutral axis 
100 . 
Fig. 8.4 (d) 


= 25+ “33 75 mm 
I=M.0.1. of total section about neutral axis 
bd® 100 x 250° 
2° ”~«12 
b = Actual width of the section at a distance 25 mm from neutral axis = 100. 
Substituting these values in equation (8.1), we get 
10000 x 75 


3 
[on ). 00 


v = 50,000 x 


12 
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2 50000 x 10000 x 75 =x 12 
~ 100 x 2507 x 100 


Problem 8.4. A timber beam of rectangular section is simply supported at the ends and 


= 2.88 N/mm”. Ans. 


- carries a point load at the centre of the beam. The maximum bending stress is 12 Nimm? and 
maximum shearing stress is 1 Nimm?, find the ratio of the span to the depth. 


~ and 


“or 


“or 


eos OY 


Sol. Given : 
Maximum bending stress, 
Maximum shear stress, 


Onan = 12 N/mm? Ww 
Gao = 1 N/mm’. 








Let 6 = Width of the beam, 2 
ad = Depth of the beam, fi 
EL = Span of the beam, pn. .W w 
W = Point load at the centre. 2 Rem 
Fig. 8.5 
Maximum shear force, 25. 
maximum B.M., ; M= os . 
Me 
Now average shear stress, 1, = See ee 
e > “aug Area bxd  2bd’ 
Maximum shear stress is given by equation (8.4) 
: Tmax = 1-6 x Taug 
Ww Ww 
1=15x = a = = ——— 
* 26d ( “max = Taug a) 
Ww 2 4 : 
e183 one 
Now using bending equation 
De ae or o=—x 
ro y ei : 
Maximum bending stress, 
On oy = us x 
max T Y max 
Wxl id 
ae ( Cees 
bd® C max 2 
12 
12 W.Ld W.L 
Serr ko > = 25 Ta Oe 
8 bd? bd 
W.L 
12=15 C2 Oy = 12 
bd? max = 12) 
sig = 
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cm ieede sil 
=15x 9x G 
way 

bE 12 
cee Ans. 
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ee a oe 
=|s 
09 | 


from equation @| 


Problem 8.5. A simply supported wooden beam of span 1.38 m having a cross-section 
150 mm wide by 250 mm deep carries a point load W at the centre. The permissible stress are 
7 Nimm? in bending and 1 Nimm? in shearing. Calculate the safe load W. 


Sol. Given : 

Span, L=1.30 mm 
Width, 6= 150 mm 
Depth, d = 250 mm 


o=7 Nimm? 
t= 1 N/mm? 


Bending stress, 
Shearing stress, 





Wx Ww 
MaximumBM, M= i = x18 
= < x 1.8 x 1000 Nmm = 
Ww 
Maximum S.F. 5. N. 


tress consideration. 


an 


(i) Value of W for bending 
Using bending equation 


Ww 


ne 
Pa 
3 

nls 


Fig. 8.6 


325 WNmm 


= 33653.8 N. 


M_s 
by 
where M = 325 WNmm ; 
3 3 
_ bd” _ 150 x 250" _ 495312500 mm‘ 
12 12 
o = 7 N/mm? 
d 205 
and eg Hg TS, 
Substituting these values in the above equation (i), we get 
325W oT 
195312500 125 
_ Tx 195312500 
325 x 125 


(ii) Value of W for shear stress consideration 
Average shear stress, 


Ww 
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Maximum shear stress is given by equation (8.4) 


3 
Trax 9 x Vavg 
But Tmax = 1 Némm? ” 
3 Ww 
1=5 


ee 
2° 2x150x 250 


or Ws Sees = 50000 N. . 
Hence, the safe load is minimum of the two values (i.e., 33653.8 and 50000 N) of W. 
Hence safe load is 833653.8 N. Ans. 


8.3.2. Circular Section. Fig. 8.7 shows a 
circular section of a beam. Let R is the radius of 
the circular section of F is the shear force acting 
on the section. Consider a level EF at a distance 
y from the neutral axis. 

The shear stress at this level is given by 
equation (8.1) as 





_FxAxy i 
ee Mi) (2) (8) 
where AY = Moment of the shaded area about Fig. 8.7 , 


the neutral axis (N.A.) 
f= Moment of inertia of the whole circular section 
b = Width of the beam at the level EF. 
Consider a strip of thickness dy at a distance y from N.A. Let dA is the area of strip. 
Then dA =b x dy = EF x dy (. 6=EF) 
= 2 x EB x dy (. EF = 2x EB) 


=2x VR? - y? x dy 
| (- In rt. angled triangle OEB, side EB = {R? ~ y?) 


Moment of this area dA about N.A. 
=y x dA 


=yx2 [R? - y? x dy 
= 2y VR? - dy. 


Moment of the whole shaded area about the N.A. is obtained by integrating the above 
equation between the limits y and R 


AF =f 2y JRF =9F ay 
=- [fe Qy) fR? — y? dy. 


(- dA =2 JR? - y? dy) 
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Now (- 2y) is the differential of (R? — y?). Hence, the integration of the above equatio 
becomes as 2 
2 2.3/2 78 
Ay =-|F=¥) 

3/2 


[cR? = R232 as (R? — y?)3/2] 


wpp 


nN 


=--~[0- (R?2 — y2)32] = : (R? — y?)3/2 


wo 


Substituting the value of A¥ in equation (), we get 
Fx =(R as yr pi? 
Ix6b 


But b=EF=2x EB=2x JR? _ y? 


Substituting this value of b in the above equation, we get 


C= 


SPR ~ 92)? 


% Ix2JR?- y? 


Equation (8.5) shows that shear stress distribution across a circular section is parabolic. 
Also it is clear from this equation that with the increase of y, the shear stress decreases. At 
y =R, the shear stress, + = 0. Hence, shear stress will be maximum when y = 0 i.e., at the 
neutral axis. , 
At y = 02.e., at the neutral axis, the shear stress is maximum and is given by 


F 


F 
= e-y) (8.5) 


Trax es 3r R? 
1 q 
But =— Dt= —- 4 . D=2R 
UW 64 D ei * (2 R) ( ) 
1 
- <= p4 
ay R 
FxR? 4 #F 
Trax = ~ = 3 x TR? (8.6) 
83x— Rt 
4 
But average shear stress, 
2 Shear force = F 
8  Ayvea of circular section x«R* 
Hence equation (8.6) becomes as, 
4 ; 
Trax = 3  Toug ...(8.7) 


Problem 8.6. A circular beam of 100 mm diameter is subjected to a shear force of 5 kN. 
Calculate : 
(i) Average shear stress, (ii) Maximum shear stress, and 


(iit) Shear stress at a distance of 40 mm from N.A. 
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LL ee reer erence eee. ee —————EEooE—————————————————————_— 
Sol. Given : : Let B = Overall width of the section, 
Tiineter: D=100 mm D = Overall depth of the section, 
7 , : 100 , b = Thickness of the web, and 
.!. Radius, R= a 50 mm : d = Depth of web. 
Shear force, F=5kN=5O000N. The shear stress at a distance y from the N.A., is given by equation (8.1) as 
(i) Average shear stress is given by, i euRS Ay 
_ Shear force i Ixb 
avg ~ “Avea of circular section In this case the shear stress distribution in the web and shear stress distribution in the 
5000 flange are to be calculated separately. Let us first calculate the shear stress distribution in the 
= —— = 0.6366 Nimm?. Ans. flange. 5 
-1(50) (i) Shear stress distribution in the flange 
(ii) Maximum shear stress for a circular section is given by equation (8.7). Consider a section at a distance y from N.A. in the 
4 flange as shown in Fig. 8.8 (ce). 
Vmax = 3 * Taug : Width of the section = B 
= * x 0.6366 = 0.8488 N/mm. Ans. Shaded area of flange, A = B (2 2 y} 
(iii) The shear stress at a distance 40 mm from N.A. is given by equation (8.5). Distance of the C.G. of the shaded area from neutral 
F axis is given as 
= — (R2_ y? : 
t ar ° x) / ee ) 
= — 5000502 — 40% (. y=40 and I= vi 100*} 2\2 
3x Z x 1004 Si ee. 
5000 x 64 wae 
x ' Fig. 8.8 (ec) 
= ———-—— (2500 — 1600 D y IfD g 
3x a x 100000000 ‘ : =F +3 (Bey) 
= mm? 
= 0.3055 Ni - Ans. Hence shear stress in the flange becomes, 
8.3.3. I-Section Fx Ay 
Fig. 8.8 shows the I-section of a beam. Spi ae B Ct ere ate 
1f(D 
PeBl = =p eel 
ee (3 a3 +y) 
7 IxB 
5k (2) sua 
Sore) 
d O F{pD? 4 
=| —- (8.8 
a7 ( ed (8.8) 
Hence, the variation of shear stress (t) with respect to y in the flange is parabolic. It is 
also clear from equation (8.8) that with the increase of y, shear stress decreases. 
(a) For the upper edge of the flange, 
2 
5 BA 2 
(b) 
fF 


p? (py 
Fig. 8.8 Hence shear stress, T= oF F - (2) | = 0. 
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(5) For the lower edge of the flange, 


_@ 
n= D 
o nae (4) F(R @ 
oars *=or\ 4 (2) |" arl a 4 
F - 
eae 2_ 72 
Soy (D+ — d*) (8.9) 


(ii) Shear stress distribution in the web 

Consider a section at a distance y in the web from the 
N.A. as shown in Fig. 8.9. 

Width of the section = 8. 

Here AY is made up of two parts i.e., moment of the 
flange area about N.A. plus moment of the shaded area of the 
web about the N.A. 

-. A¥ = Moment of the flange area about N.A. 

+ moment of the shaded area of 
web about N.A. 


(? 4 (2 | (¢ } 5($ } 
By—-—jx=|—+—j +b] —-yf[x-|o+y 
2 2) 2\2 2 2 2\2 


i] 





B b { a? 2 . 
wee fe ead bee Fig. 8.9 
3 (D? - d2) + 5 ( 7 
Hence the shear stress in the web becomes as 
FxAy F Bons 3.2, bf{d? 4 
= Sch ye |S tp ad eg 
ee Tb «(2 ola SAEs 


From equation (8.10), it is clear that variation of + with respect to y is parabolic. Also 
with the increase of y, t decreases. 
At the neutral axis; y = 0 and hence shear stress is maximum. 


2 
[Ro 08S 


Tt = 
mx Ixb 








4 
2 472 2 
. - ; ae = a5 eT (8.11) 
At the junction of top of the web and bottom of flange, 
d 
“2 


Hence shear stress is given by, 


__F | Bins a, b( a? _ (ay 
= 7G [2o ot(f (2) 


_ Fx Bx(D? -d’) 


BI xb . (8.12) 
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The shear stress distribution for the web and flange is shown in Fig. 8.8 (4). The shear, - i 


stress at the junction of the flange and the web changes abruptly. The equation (8.9) gives the 
stress at the junction of the flange and the web when stress distribution is considered in the 
flange. But equation (8.12) gives the stress at the junction when stress distribution is consid- 
ered in the web. From these two equations it is clear that the stress at the junction changes 


F B F 
= (p2 — d2) to — x.— (D2~ d? 
abruptly from ar (D? — d*) to B® Br (D? — d), 


Problem 8.7. An I-section beam 850 mm x 150 mm 
has a web thickness of 10 mm and a flange thickness of 
20 mm. If the shear force acting on the section is 40 kN, 
find the maximum shear stress developed in the I-section. 


Sol. Given : 


|«—_—_ 160mm ———> | 


20 mm 


Overall depth, D=350 mm 
Overall width, B=150 mm 
Web thickness, 6=10mm 
Flange thickness, = 20mm 
Depth of web, d = 350 — (2.x 20) = 310 mm 


Shear force on the section, F = 40 kN = 40,000 N. 
Moment of inertia of the section about neutral axis, 


150x 350° 140x310° 
SS 





|«<—————-_ 350 mm 


4 


I 
12 12 7 : t 
Fig. 8.10 
= 535937500 — 347561666.6 
= 188375833.4 mm‘. 


Maximum shear stress is given by equation (8.11) 
_ F_| BD? -d*) | bd? 
me Te 8 8 


7 40000 150(350? - 310°) 10 x 310° 
~ 188375833.4 x 10 8 8 


= 0.000021234 [= (122500 - 96100) + 120125 
= 13.06 N/mm?, Ans. 
Alternate Method 
The maximum shear stress developed in the I-secticn will be at the neutral axis. This 
shear stress is given by, 
aes FxeAxy 
une Ixb 
where F = 40,000 N 
Ax ¥ = Moment of the area above the neutral axis about the neutral axis 


= Area of flange x Distance of C.G. of the area of flange from neutral axis + Area 
of web above neutral axis x Distance of the C.G. of this area from neutral axis 
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= (150 « 20) x (35° 5 22), (810.10 x og. 4 : 
2 2 2 2 2 


= 3000 x 165 + 1550 x 77.5 

= 495000 + 120125 = 615125 mm? 
Z = Moment of inertia of the whole section about neutral axis 

= 188375833.4 mm4 (Already Calculated) 
& = Width of the web at neutral axis 

= 10mm 

_ 40,000 x 615125 
max ~ 1883756334 x 19 13-06 Nimm*. Ans. 


Problem 8.8. For the L 
8. problem 8.7, sketch the shear stres ibuti OSs L 
Also calculate the total shear force carried by the web. Ber ey eee 


Soi. Given : 
From problem 8.7, we have 


B=150 mm; D=350 mm 
d= 310 mm; b=10mm 
F=40000N; I = 188.375 x 108 mmé4 


Tax = 13.06 N/mm?. 


Shear stress distribution in the flange 
The shear stress at the upper edge of the flange is zero. 
Actually shear stress distribution in the flange is given by equation (8.8) as 


BD? ag 
TSE aoc Ai) 





fa > 


Fig. 8.11 


(8) 


i 
een nee 
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For the upper edge of the flange, 


y 

F(D* (2) (oD 
t= i — -/| — = —|— -— | =0 

2r\ 4 2 2r\ 4 4 
For the lower edge of the upper flange (i.e.,) at the joint of web and flange, 
d 


2 
Substituting this value in equation (i), we get 


A Be (8) Pipe 
Parl da. el onl a oe 


40000 
= (350? - 3102) - 


F 
= = (D?- d2) = ———_——; 
af = Bx 188.375 x 10 


= 0.7007 N/mm’. 


Shear stress distribution in the web 
The shear stress is maximum at N.A. and it is given by, 
Tax = 13-06 N/mm? (calculate in problem 8.7) 
The shear stress at the junction of web and flange is given by equation (8.12) as 


_ xB 
~ 81 xb 


40001 0 
7 see (3502 — 3107) = 10.51 N/mm? 
8 x 188.375 x 10° x 10 
(The shear stress at the junction can also be 
obtained as equal to 





t (D? — d?) 


0 
S x 0.7007 = - x 0.7007 = 10.51 N/mm?) 


Now shear stress distribution which is symmetrical about N.A., can be plotted as shown 
in Fig. 8.i1 (6). The shear stress for web and flange are parabolic. The shear stress at the 
junction suddenly changes from 0.707 to 10.51 N/mm?. 


Total Shear force carried by the web 
Total shear force carried by the web will be equal to the total shear force carried by the 


{-section minus the total shear force carried by the two flanges. 

Total shear force carried by the web 

= Total shear force carried by I-section minus two times the shear force 

carried by one flange 

= 40,000 - 2 x Shear force carried by one flange (ii) 

To find the shear force carried by one flange, first calculate the shear stress in the 

flange at a distance ‘y’ from neutral axis. Now consider an elemental strip of flange of thick- 

ness ‘dy’. Then area of strip will be width of the flange x thickness of strip i.e., dA = 150 x dy. 
Now the shear force carried by the elemental strip 
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ee 
+ Shear stress at a distance y in the flange x Area of the strip 
=t x 150 x dy 
Total shear force carried by the flange will be obtained by integrating the above equa- 
é 310 350 
tion from 5 to 9 
Total shear force carried by one flange 


(i.e., from 155 to 175). 

175 aa 

= I tx 150 x dy ...(éit)} 
155 


J The value of ‘t’ (.e., shear stress) in the flange at a distance y from neutral axis is given 
by 


_ FxAxy 
~  Ixb 
where F = 40,000 


AY = Moment of area of the flange above y, about neutral axis 
[i.e., shaded area of Fig. 8.8 (c) on page 357] 


-a(B-s) (2) 


= 150 (F-9}.2(%2 5) ( 


H = 150, D = 350 
a\"3 ere B = 150 ) 


1 
= 150 (175 - y) x 3 (175 + y) 


= 75 (175? — y?) = 75 (30625 — 2) 
{= Moment of inertia of the whole section about neutral axis 
= 188.375 x 10§ mm‘4 
b = Width of flange 
= 150 mm. 
Substituting the above values, we get 
de: 
x= 50,000 x75 (80625 — ¥") 9.000106 (30625 — y2) 
188.375 x 10° x 150 
Substituting this value of t in equation (iii), we get 
Total shear force carried by one flange 


(Already calculated) 


175 
= ( 0.000106(30625 — y2) x 150 x dy 


175 
= 0.000106 x 150 i (30625 — y2) dy 

. 155 
3 175 
= 0.0159 20625 - = 


155 


= 0.0159 | 30625 (175 - 155) — 5 (1753 — 1555) 


cemen 


peenenea ee nermaetnean 





4 
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eS TL 
= 0.0159 [12500 ~ = (6359375 - 8723875) 


= 0.0159 [612500 ~ 545166.66] 


= 1070.61 N 
Substituting this value in equation (i), we get 
Total shear force carried by web 

= 40,000 - 2 x 1070.61 

= 37858.78 N = 37.858 kN. Ans. 

8.3.4, T-Section, The shear stress distribution over a T-section is obtained in the same 
manner as over an I-section. But in this case the position of neutral axis (i.e., position of C.G.) 
is to be obtained first, as the section is not symmetrical about x-x axis. The shear stress distri- 
bution diagram will also not be symmetrical. 

Problem 8.9. The shear force acting on. a section of a beam is 50.EN. The section of the 
beam is of T-shaped of dimensions 100 mm x 100 mm x 20 mm as shown in Fig. 8.12. The 
moment of inertia about the horizontal neutral axis is 314.221 x 104 mm‘, Calculate the shear 
stress at the neutral axis and at the junction of the web and the flange. 


Y 
|«———- 100 


mm ——_——+} 


20 
mn; 


100 mm 
80 mm 





Fig. 8.12 
Sol. Given : 
Shear force, F=50 KN = 50000 N 
Moment of inertia about N.A., 
I= 314.221 x 104 mm‘. 
First calculate the position of neutral axis. This can be obtained if we know the position 


of C.G. of given T-section. The given section is symmetrical about the axis Y-Y and hence the 
C.G. of the section will lie on Y-Y axis. 


Let y* = Distance of the C.G. of the section from the top of the flange. 
: A, 91 + Ay Ye 
aa = 
Then y (A, + Ay) 
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(100 x 20) x 10 + (20 x 80) x(20 é | 








2 
(100 x 10) + (10 x 90) 
_ 20000 + 96000 39.92 
~~ 2000+ 1600 ~~" 


Hence, neutral axis will be at a distance of 32.22 mm from the top of the flange as shown 
in Fig. 8.12 (a). Ag 
Shear stress distribution in the flange 

Now the shear stress at the top edge of the flange, and bottom of the web is zero. 

Shear stress in the flange just at the junction of the flangé and web is given by, 

Fx Ay 
Ixb 
where A = 100 x 20 = 2000 mm? 
¥ = Distance of C.G. of the area of flange from N.A. 





t= 


= 32.22 — 2 = 22.22 mm 


b = Width of flange = 100 mm 
“50000 x 2000 x 22.22 


= 7.07 N/imm?. 
ata 


t= 
Shear stress distribution in the web 
The shear stress in the web just at the junction of the web and flange will suddenly 
100 
increase from 7.07 N/mm? to 7.07 x 70 35.35 N/mm. The shear stress will be maximum at 
N.A. Hence shear stress at the N.A. is given by 
_ Fx Ay 
: ~ Ixb 
where A¥ = Moment of the above N.A. about N.A. 
= Moment of area of flange about N.A. + Moment of area of web about N.A. 





. 22.22 
= 20 x 100 x (32.22 — 10) + 20 x (32.22 - 10) x 3 
= 44440 + 4937.28 = 49377.284 mm? 
6=20mm 
_ 50000 x 49377.284 = 39.285 N/mm? 


<= 
314.221 x 10* x 20 
Now. the shear stvess distribution diagram can be drawn as shown in Fig. 8.12 (6). 


8.3.5. Miscellaneous Sections. The shear stress distribution over miscellaneous sec- 
tions is obtained in the same manner as over a T-section. Here also the position of neutral axis 
is obtained first. 
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Problem 8.10. The shear force actin; J t 
8.16 ‘ar fo g on a beam ai an L-section with i 
50 kN. The section is shown in Fig. 8.13. The moment of inertia of the pastes is 


2.84 x - ‘alculate the shear stress at the N A a Te Yr stres. 
9 104 Cc } A. 7 . : 
‘ nd also a aw the shea: stress distr ibution 


0.952 


+ 200 mm pj 


won nn | 
mm 
x 
133.49 7 


83.49 





50 mm 


\e— 130 mm —} 





| 1.239 


Fig. 8.13 
Sol. Given : 
Shear force, F = 50 KN = 50,000 N 
Moment of inertia about N.A., 
‘ I= 2.849 x 108 mm‘. 
et us first calculate the positi is i i i iti 
C.G. of the given I-section. Let - ai phate rge erat Nlranhirs a = 
Ayy1 + Aade + Agi’ 
(A, + Ap + Ag) 
A, = Area of bottom flange 
= 130 x 50 = 6500 mm? 
A, = Area of web = 200 x 50 = 10000 mm? 
A, = Area of top flange = 200 x 50 = 10000 mm? 
¥, = Distance of C.G. of A, from bottom face 
50 
i 2. = 25mm 
¥q = Distance of C.G. of A, from bottom face 
= 50+ = = 150 mm 
¥3 = Distance of C.G. of A, from bottom face 


yes 


where 


= 50 +200 + 5° = 275 mm 
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ee 
6500 x 25 x 10000 x 150 + 10000 x 275 aeent nae 
6500 + 10000 + 10000 
Hence N.A. is at a distance of 166.51 mm from the bottom face (or 300 — 166.51 = 133.49 mm 
from upper top fibre). 


y*% = 


Shear stress distribution 
(i) Shear stress at the extreme edges of the flanges is zero. 
(ii) The shear stress in the upper flange just at the junction of upper flange and web is 
given by, 
Fx Ay 
Ixb 
where Ay = Moment of the area of the upper flange about N.A. 
= Area of upper flange x Distance of the C.G. of upper flange from N.A. 
= (200 x 50) x (133.49 — 25) = 1084900 
b = Width of upper flange = 200 mm 
50000 x 1084900 





t= 


= = 0.9520 N: a 
= 3949x108 x 200 ae 
(iii) The shear stress in the web just at the junction of the web and upper flange will 


200 
suddenly increase from 0.952 to 0.952 x "zo 7 3.808 N/mm?. 


(iv) The shear stress will be maximum at the N.A. This is given by 
_ Px Ay 
max Ixb 
where A¥ = Moment of total area (about N. A.) about N.A. 
= Moment of area of upper flange about N.A. + Moment of area of web about NLA. 


t 


= 200 x 50 x (133.49 — 25) + (183.49 — 50) x 50 x cease 
= 1084900 + 174264.5 = 1259164.5 
and 6 = 50 mm 
A., 
50000 x 12591645 4 446 nim? 


“max = 9 849 x 108 x 50 


(v) The shear stress in the lower flange just at the junction of the lower flange and the 

web is given by : 
Fx Ay 
“"Txb 
where AY = Moment of the area of the lower flange about N. A. 
= 180 x 50 x (166. 51 — 25) = 918125 
b = Width of lower flange = 130 mm 

50000 x 918125 
2.849 x 10° x 130 





t= = 1.239 N/mm?. 
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(vi) The shear stress in the web just at the junction of the web and lower flange will 


1.239 x 130 
5 


suddenly increase from 1.239 to = 3.22 N/mm?. 


The shear stress diagram is shown in Fig. 8.18 (6). 


he Problem 8.11. The shear force acting on a beam at a section is F. The section of the beam 
is triangular base b and of an altitude h. The beam is placed with its base horizontal. Find the 
maximum. shear stress and the shear stress at the N.A. 


Sol. Given : 
Base =6 
Altitude = h 
The N.A. of the triangle ABC will lie at the C.G. of the triangle. But the C.G. of the 


triangle will be at a distance of = from the top. 


.. Neutral axis will be at a distance of = from the top. 








(b) 
Fig. 8.14 
‘ Consider a level EF at a distance y from the N.A. The shear stress at this level is given 
y; 
Fx Ay 
T= Tx welt) 


where A¥ = Moment of the shaded area about the neutral axis 


= Area of triangle CEF x Distance of C.G. of triangle CEF from N.A. 


- ($x BF xx)x(3- =) 
2 aor 





=(p eee) G a9 (. As triangles CEF and CAB are similar. 
Hence m= * or BF = =x AB-*=?) 
2d hem 
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I= Moment of inertia of the whole triangular section CAB about N.A. 
5 = Actual width at the level EF 





=EF=** b 
Substituting these values in equation (i), we get 
1 bx? 
ole bogs 4 PF x(h-x) 
b 3 I 
Pe eke 
“Th 
F 5 
act; (ch -— x?) «{Zi) 


From equation (ii), it is clear that variation of t with respect to x is parabolic, At the top, 
x = 0 and hence tis also zero. At the bottom x = h and + is also zero. ; 


At the N.A., x = a , and hence the shear at the N.A. becomes as, 


F | 2h (2) 
t= —-|—xh-|— 
311 3 3 


ae (6h? 4h) _ F 2h? 2 Fh? 





a4. 9 ar. 8 31. 9° 
& 
But T= OL 
36 
ps Ene» oe Sn 
f bh? 27 bn? 
"36. 
_8 F . 8 
Pak .(8,13) 


Maximum shear stress 


The shear stress of any depth x from the top is given by equation (ii). The maximum 
shear stress will be obtained by differentiating equation (ii) with respect to x and equating to 


zero. 
ad|F 
oe ohh ey 
ole 7 y e 
fF 
or : —- (h~- 2x) =0 
BI ( ) 
or h- 2x =0 (. F and I are constants and cannot be zero) 
or ae 
ae 


Now substituting this value of x in equation (ii), we get 


Dnax = = : xh (2) : 
31} 2 2 
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31}2 4| 31 4 ° 4127 
_ Fn (: ; | 
3 9 Ce ee 
125 Fe 12 
36 
36 FR? 
= x oe 
120 bh 
3F 
=a (8.14) 


Now draw the shear stress diagram as shown in Fig. 8.14 (0). 

Note. In the above case, the shear stress is not maximum at the N.A., but it is maximum at a 
depth of h/2 from the top. In all other cases, the shear stress was maximum at the N.A. 

Problem 8.12. A beam of triangular cross-section is subjected to a shear force of 50 RN. 
The base width of the section is 250 mm and height 200 mm. The beam is placed with its base 
horizontal. Find the maximum shear stress and the shear stress at the N.A. 


Sol. Given : 
Shear force, F=50kKN = 50000 N 
Base width, 6 = 250 mm 
Height, A = 200 mm 
Maximum shear stress is given by equation (8.14). 
Tene = SEs ee 8 N/fmm?. Ans 


Shear stress at N.A. is given by equation (8.13). 
8F 8x 50000 
36h ~ 3x 250 x 200 
Problem 8.13. A beam of square section is used as a beam with one diagonal horizontal. 


The beam is subjected to a shear force F, at a section. Find the maximum shear in the cross- 
section of the beam and draw the shear distribution diagram for the section. 


Sol. Given : 
Fig. 8.15 shows a square beam ABCD, having diagonal AC horizontal. 


= 2.67 Nimm2. Ans. 


t= 


wo 
os 


eal 





ole 





(a) (d) 
Fig. 8.15 
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a 
Let 6 = Length of diagonal AC. This is also length of diagonal BD. 
The N.A. of the beam shown in Fig. 8.15 (a), passes through diagonal AC. 
Consider a level EF at a distance y from the N.A. The shear stress at this level is given 
by, 
Fx Ay 


aa i) 





Ixb 
where A¥ = Moment of the shaded area about N.A. 
= Area of triangle BEF x Distance of C.G. of triangle BEF from N.A. 


= ($<2F xx) (3-32 
2 2 3 


1 b 2 EF x 
—( heapcel ee Si ea b=2 
= (jx 2 *) G ; +] ( CA Gap oa | 


I = Moment of inertia of the whole section about N.A. 


b 3 
x(5] ot 





a a a 
and 6 = Actual width at the level EF = 2x 
Substituting these values in equation (i), we get 
b 2x 
ies ce _ Fx 24x Ea 
Tet ae 6 
E x 2x 
48 
7 x (8b 4x) ; Ai) 


At the top, x = 0 hence t = 0 


b 
Apihe Wave” heneee ee (35-43) 
2 Bee 2, 

b 


4F 
Ef 


Nile 


Maximum shear stress 


Maximum shear stress will be obtained by differentiating equation @) with respect tox 
and equating to zero. 


ad i4F ; 
= (36x - 42] = 


4F 
or BF (3b — 8x) = 0 
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or 3b - 8% = 0 i cannot be zero] 
gee 

or : o= 8 


Substituting this value of x in equation (ii), we get maximum shear stress. 


z _ 4F «& (0- ee ee ~ 29 9, F 
max = Bt 8 8 a4 8 2 4 ae 7 
The shear stress distribution is shown in Fig. 8.15 (0). 
Problem 8.14. Fig. 8.16 shows a section, which is subjected to a shear force of 100 RN. 
Determine the shear stresses at A, B, C and D. Sketch the shear stress distribution also. 


j«-—_—— 150 mm 





Fig. 


Sol. Given : 
Shear forced, F = 100 kN = 100000 N. 


The neutral axis will be at a distance oi = 62.5 mm from the top, as the given 


section is symmetrical about X-X and Y-¥Y axis. 
Moment of inertia of the given section abort N.A. is given by, 
f=M.OLI. of reci: - te 125 x 150 about N.A. 
— M.O.I. two semi-circle (or one circular hole) about N.A. 





= 125 x 150° _ = x 1004 mmé = 3.025 x 107 mm4 
12 64 
The shear stress is given by, 
Fx Ay 
~ Ixb 
AtA, AY =0 and hence t = 0 


At B, Ay = Moment of area (125 x 25) about N.A. 
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= (125 « 25) x (50+ =) (: A=125 x 25 and y= 50+ 2] 
= 125 x 25 x 62.5 = 1.953 x 10° mm 
6 = 125 mm 
_ = 100000 x 1.9581 x 10° 
3.025 x 10" x 125 


At C, Ay = Moment of area above an horizontal line passing through C.C., 
about N.A. 
= Moment of area of rectangle 125 x 50 about N.A. 
— Moment of area of circular portion between C and B about N.A. 


250 
= (125 x 50) x(25+ 5°)” ax. dy.y 
2 yo25 


50 

= 3.125 x 108- j 2 x 2500- y? xy x dy 
25 
50 

= 3.125 x 108- a ~ {2500 - y? © 2y) x dy 


60 
(2500 i y?2 yp? : 
= 3.125 x 10 +| 3/2 


= 5.165 N/mm”. Ans. 


(- 2 F-F) 


25 


= 3.125 x 105 + : (2500 ~ 502)92 — (2500 — 252)22] 
= 3.125 x 108 + : [0 — (2500 - 625)8?] 


= 3.125 x 105 + : (81189) 


= 3.125 x 105 — 54126 = 258374 mm? 

b = Width of beam at C (i.e., length C-C) 
= Width of complete section — 2 

x Width of circular portion at C 


(i.e., length ZC) 
= 125-2 /R? - 25° 


= 125-2 ,/50? - 25? 
= 125 - 86.6 
= 38.4 mm 
_ = 100000 x 258374 
3.025 x 107 x 38.4 
= 22.25 Nimm2 Ans. 


Fig. 8.17 
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At D, A¥ = Moment of area above N.A., about N.A. 
= Moment of area of rectangle 125 x 75 about N.A. 
- Moment of area of circular portion between D and B about N.A. 
y=50 


75 
= 125 x 75 x —~ 2x.dy. 
2 ie i 


50 
= 351500 — [, 2 x 2500 - y? xy x dy » 


50 
= 351500 — [ - 42500 - y? (~ 2y)dy 


a x = (2500-2 ) 


23/2 750 
= 351500 + oo So 


3/2 


= 351500 + = [(2500 — 50222 = (2500 - 0)%2] 


= 351500 + : [0 — 125000] 
= 351500 ~ 83833.33 mm? 


= 268166.67 mm? 
6 = Width of beam at D (i.e., length D-D) 
= 25 mm 
100000 x 268166. 
t= SE eee GT = 35.46 Nimm?. Ans. 


3.025 x 107 « 25 
The variation of shear stress is shown in Fig. 8.16 (0). 


HIGHLIGHTS | 


1. The stresses produced in a beam, which is subjected to shear force is known as shear stresses. 
The shear stress at a fibre in a section of a beam is given by, 
Fx Ay 
TE 1Txd 

where F = Shear force acting at the given section. 

A = Area of the section above the fibre. 

y = Distance of the C.G. of the area A from the N.A. 

I = Moment of inertia of whole section about N.A. 

6 = Actual width at the fibre. 
The shear stress distribution across a rectangular section is parabolic and is given by, 


ee a Cae 
ala? 


where d = Depth of the beam 
y = Distance of the fibre from N.A. 
4. The maximum shear stress is at the N.A. for a rectangular section and is given by, 


Trax = 15 Tayg. 


9» 








374 STRENGTH OF MATERIALS 
5. The shear stress distribution across a circular section is parabolic and is given by, 
F 
t= — (R?- y?), 
gE 
6. The shear stress is maximum at the N.A. for a circular section and is given by, 
4 
Trae = 3 x Vong . 
97. The shear stress distribution in I-section is parabolic. But at the junction of web and flange, the 
shear stress changes abruptly. The shear stress at the junction of the flange and the web changes. 
F _B oF 
from — (D? — d?) to = x — (D? — d) abruptly, 
81 BL ie 
where D = Overall depth of the section, 
d = Depth of web, 
6 = Thickness of web, 
B = Overall width of the section. 
8. The shear stress distribution for unsymmetrical sections is obtained after calculating the position 
of N.A. 
9. In case of triangular section, the shear stress is not maximum at the N.A. The shear stress is 
maximum at a height of 4/2. 
10. The shear stress distribution diagram for a composite section, should be drawn by calculating 
the shear stress at important points. 
EXERCISE 8 
(A) Theoretical Questions 
1. What do you mean by shear stresses in beams ? ; 
2. Prove that the shear stress at any point (or in a fibre} in the cross-section of a beam which is 
subjected to a shear force F, is given by 
Ay 
t=Fx 
bxI 
where A = Area of the section above the fibre, 
y = Distance of the C.G. of the area A from N.A., 
b = Actual width at the fibre, and 
I = Moment of inertia of the section about N.A. 
3. Show that for a rectangular section of the maximum shear stress is 1.5 times the average stress. 
4. Prove that the shear stress distribution in a rectangular section of a beam which is subjected to 
a shear force F is given by 
F{d® 4 
T= sf A 
at a 
5. Prove that the maximum shear stress in a circular section of a beam is 4/3 times the average 
shear stress. 
6. Derive an expression for the shear stress at any point in a circular section of a beam, which is 
subjected to a shear force F. 
7. How will you draw the shear stress distribution diagram for composite section ? 
8. 


How will you prove that the shear stress changes abruptly at the junction of the flange and the 
web of an I-section ? : 
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a, 


9. 


10. 


11. 


12. 


5. 


10. 


The shear stress is not maximum at the N.A. in case of a triangular section. Prove this state- 
ment. 
Prove that the maximum shear stress in a triangular section of a beam is given by 


3F 

Tree = bh 

where 6 = Base width, and 
hk = Height. 

Show that the ratio of maximum shear stress to mean shear stress in a rectangular cross-section 
is equal to 1.50 when it is subjected to a transverse shear force F. Plot the variation of shear 
stress across the section. (Bangalore University, March 1989) 
Sketch the distribution of shear stress across the depth of the beams of the following cross- 
sections : 
(i) T-section, and 


(ii) Square section with diagonal vertical. (Bangalore University, March 1989) 


(B) Numerical Problems 


A rectangular beam 100 mm wide and 150 mm deep is subjected to a shear force of 30 KN. 
Determine : (i) average shear stress and (ii) maximum shear stress. [Ans. 2 N/mm? ; 3 N/mm?2] 
A rectangular beam 100 mm wide is subjected to a maximum shear force of 100 kN. Find the 
depth of the beam if the maximum shear stress is 6 N/mm?. [Ans. 250 mm] 
A timber beam of rectangular section is simply supported at the ends and carries a point load at 
the centre of the beam. The length of the beam is 6 m and depth of beam is 1 m. Determine the 
maximum bending stress and the maximum shear stress. (Ans. 12 N/mm? ; 1 N/mm2] 
A timber beam 100 mm wide and 150 mm deep supports a uniformly distributed load of intensity 
w kN/m length over a span of 2 m. 
If the safe stresses are 28 N/mm? in bending and 2 N/mm? in shear, calculate the safe intensity 
of the load which can be supported by the beam. [Ans. 20 kN/m] 
A circular beam of 105 mm diameter is subjected to a shear force of 5 KN. Calculate : (i) average 
shear stress, and (i) maximum shear stress. Also sketch the variation of the shear stress along 
the depth of the beam. Ans. (i) 0.577 N/mm? (ii) 0.769 N/mm?] 
The maximum shear stress in a beam of circular section of diameter 150 mm, is 5.28 N/mm?. 
Find the shear force to which the beam is subjected. fAns. 70 kN] 
A beam of I-section is having overall depth as 500 mm and overall width as 190 mm. The thick- 
ness of flanges is 25 mm whereas the thickness of the web is 15 mm. The moment of inertia 
about N.A. is given as 6.45 x 10° mm‘. If the section carries a shear force of 40 kN, calculate the . 
maximum shear stress. Also sketch the shear stress distribution across the section. 

[Ans. 62.33 N/mm?] 
An I-section has flanges of width 6 and the overall depth is 2b. The flanges and web are of 
uniform thickness ¢t. Find the ratio of the maximum shear stress to the average shear stress. 

[Ans. 2.25] 

An I-section has the following dimensions : 
flanges : 150 mm x 20 mm 
web : 30 mm x 10 mm. 
The maximum shear stress developed in the beam is 16.8 N/mm?. Find the shear force to which 
the beam is subjected. [Ans. 50 kN] 
A 12 cm by 5 em I-section is subjected to a shearing force of 10 kN. Calculate the shear stress at 
the neutral axis and at the top of the web. What percentage of shearing force is carried by the 
web ? Given [ = 220 x.10* mm‘, area = 9.4 x 10? mm?, web thickness = 3.5 mm and flange 
thickness = 5.5 mm. [Ans. 27.2 N/mm? ; 20.1 N/mm? ; 9.5 KN. i.e., 95% of the total] 
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E1. The shear force acting on a section of a beam is 100 kN. The section of the beam is of T-shaped of 
dimensions 200 mm x 250 mm x 50 mm. The flange thickness and web thickness are 50 mm. 
Moment of inertia about the horizontal neutral axis is 1.134 x 108 mm‘. Find the shear stress at 
the neutral axis and at the junction of the web and the flange. 

{Ans, 11.64 N/mm? ; 2.76 N/mm? and 11.04 N/mm?} 

12. Abeam is of T-section, flange 12 cm by 1 cm, web 10 cm by 1 cm. What percentage of the shearing 
force at any section is carried by the web ? (Ans. 93.5%] 

13. For the Section shown in Fig. 8.18, determine the average shearing stresses at A, B, C and D for 
a shearing force of 20 kN. Draw also the shear stress distribution across the section. 


fAns. 0 ; 6.47 N/mm? ; 27.7 N/mm? ; 44.4. N/mm?} 





Fig. 8.18 


’ 14, Avrectangular beam is simply supported at the ends and carries a point load at the centre. Prove 
that the ratio of span to depth 
_ Maximum bending stress 
~ 2x Maximum shear stress" 

W = Point load at centre, 

5 = width, and d = Depth. 


{Hint. Let 


Max. Shear force = * Max, bending moment = = 


wr 
4) WL 6 





Max. bending stress = a Spat KM ae 
Z (bd?) 4 bd® 2 bd? 
6 
3 
Max. shear stress = a* Average shear stress 
3 Max.shear force 3 W 1 3 Ww 
me Ko KK SK eee 
2 Areaofsection 2 2 bxd 4 bxd 


oe 
Max. bending stress _ 2 bd?* 
2x Max. shear stress _ [2 7 3 5] 
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Direct and Bending Stresses. 








9.1. INTRODUCTION 


Direct stress alone is produced in a body when it is subjected to an axial tensile or 
compressive load. And bending stress is produced in the body, when it is subjected to a bending 
moment. But if a body is subjected to axial loads and also bending moments, then both the 
stresses (i.e., direct and bending stresses) will be produced in the body. In this chapter, we 
shall study the important cases of the members subjected to direct and bending stresses. Both 
these stresses act normal to a cross-section, hence the two. stresses may be algebraically added 
into a single resultant stress. 


9.2. COMBINED BENDING AND DIRECT STRESSES 


Consider the case of a column* subjected by a compressive load P 
acting along the axis of the column as shown in Fig. 9.1. This load will 
cause a direct compressive stress whose intensity will be uniform across 
the cross-section of the column. 

Let 0, = Intensity of the stress 

A = Area of cross-section 
P = Load acting on the column. 
Then stress, 2 
Load P 
“Area A 

Now consider the case of a column subjected by a compressive load 7 
P whose line of action is at a distance of ©’ from the axis of the column as Fig. 9.1 
shown in Fig. 9.2 (a). Here ‘e’ is known as eccentricity of the load. The eccentric load shown in 
Fig. 9.2 (a) will cause direct stress and bending stress. This is proved as discussed below : 

1. In Fig. 9.2 (6), we have. applied, along the axis of the column, two equal and 
opposite forces P, Thus three forces are acting now on the column. One of the forces is shown 
in Fig. 9.2 (c) and the other two forces are shown in Fig. 9.2 (d). 

2. The force shown in Fig. 9.2 (c) is acting along the axis of the column and hence this 
force will produce a direct stress. . 

3. The forces shown in Fig. 9.2 (d) will form’a couple, whose moment will be P x e. This 
couple will produce a bending stress. 





9% 





“* Column is a vertical member subjected to a compressive load. 
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Hence an eccentric* load will produce a direct stress as well as a bending stress. By 
adding these two stresses algebraically, a single resultant stress can be obtained. 


e(P Py IP Pp , P 
Py 
(a) (6) {ec} (@) 


Fig. 9.2 


9.3. RESULTANT STRESS WHEN A COLUMN OF RECTANGULAR SECTION IS SUB- 
JECTED TO AN ECCENTRIC LOAD 


A column of rectangular section subjected to an eccentric load is shown in Fig. 9.3. Let 
the load is eccentric with respect to the axis Y-Y as shown in Fig. 9.8 (8). It is mentioned in 
Art. 9.2 that an eccentric load causes direct stress as well as bending stress. Let us calculate 
these stresses, 


Let P= Eccentric load on column 
e = Eccentricity of the load 
Op = Direct stress 
o, = Bending stress 
b = Width of column 
d = Depth of column 
Area of column section, A= 6xd 
Now moment due to eccentric load P is given by, 
M = Load x eccentricity 


=Pxe 
The direct stress (o,) is given by, 
Load(P} P ‘ 
°o~ “Areas A (i) 


This stress is uniform along the cross-section of the column. 
The bending stress 0, due to moment at any point of the column section at a distance y 
from the neutral axis Y-Y is given by 


M_ o% 


foxy 





: Eccentric load is a load whose line of action does not coincide with the axis of the column. The 
accentricity of the load may be about one of the axis, or about both the axis. 


pena an J NN 


a gg ocr 
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Ge ey ii) e|P 
i a 
where I = Moment of inertia of the column section about 
3 
the neutral axis Y-Y = fee 
Substituting the value of J in equation (iz), we get 
M 12M 
eee a 
12 
The bending stress depends upon the value of y from 
the axis Y-Y. : 
Elevation 


The bending stress at the extreme is obtained by 


(2) 


b 
substituting y = 2 in the above equation. 





Position 


12M 6b 6M of load P 
= See 


d.be 2 d.b 











E'S 
Ce Area=bxd=A) Sani Ty 
The resultant stress at any point will be the alge- 4 
braic sum of direct stress and bending stress. Mo 

If y is taken positive on the same side of Y-Y as the (c) 

load, then bending stress will be of the same type as the 
direct stress. Here direct stress is compressive and hence 
bending stress will also be compressive towards the right 
of the axis Y-Y. Similarly bending stress will be tensile towards the left of the axis Y-Y. Taking 
compressive stress as positive and tensile stress as negative we can find the maximum and 
minimum stress at the extrernities of the section. The stress will be maximum along layer BC 
and minimum along layer AD. 


Omax 


Fig. 9.3 


Let 6,,,, = Maximum stress (7.e., stress along BC) 
Onin 


Then o 


PUAN 


= Minimum stress (7.e., stress along AD) 
= Direct stress + Bending stress 
= Oy + 0, 
< P s 6P.e 
A A.b 


P 6xe 
a (1+ ; } .(9.1) 


= Direct stress —- Bending stress 





(Here bending stress is +ve) 





and oO 


nun 
= Oy — Gy 
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ee en 








~& SP¢. Ff,_See) (9.2) 
A A. A b 


These stresses are shown in Fig. 9.3 (c). The resultant stress along the width of the 


column will vary by a straight line law. 

If in equation (9.2), 6,,;, is negative then the stress along the layer AD will be tensile. If 
Gain 18 zero then there will be no tensile stress along the width of the column. Ifa,,,, is positive 
then there will be only compressive stress along the width of the column. 


Problem 9.1. A: rectangular column of width 200 mm 
and of thickness 150 mm carries @ point load of 240 kN at an 
eccentricity of 10 mm as shown in Fig. 9.4 (i). Determine the maxi- 
mum and minimum stresses on the section. 


10mm | 





Sol. Given : 

Width, 5 = 200 mm 

Thickness, d=150 mm 
Area, A=bxd 


= 200 x 150 = 30000 mm? 
Eccentric load, 


P = 240 kN 
= 240000 N 
Eccentricity, 
e=10mm ca 
Let Omar = Maximum stress, and ie 2 
Onin = Minimum stress. L 


(i) Using equation (9.1), we get 


Yi 














Oyngy = F(t exe) Fig. 9.4 @ 
A b is 200 mm 
_ 240000 (2 , 8% 10) ae 7 
30000 200 =5.6 aa 
= 8(1 + 0.3) = 10.4 N/m2. Ans. a =10.4 
Gi) Using equation (9.2), we get + 
P ( 6x ‘) Fig. 9.4 (i) 
O.3. > = i = * \ 
min A b 
240000 6x 10 
= 1 = = -wW, = 3. 2 é 
epndd ( Sa6 } 8(1 — 0.3) = 5.6 N/émm?2, Ans 


These stresses are shown in Fig. 9.4 (zi). 

Problem 9.2. If in Problem 9.1, the minimum stress on the section is given zero then 
find the eccentricity of the point load of 240 RN acting on the rectangular column. Also calculate 
the corresponding maximum stress on the section. 

Sol. Given : 

The data from Problem 9.1 is : 

b=200mm, d=150mm, P=240000N, A=30000 mm? 


Bs : 


peas nea i err dy 
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Minimum stress, 
}-—___— 200 mm 
Go). =O 


min 
Let e = Eccentricity 
Using equation (9.2), we get 


P 1 6xe 
Omin = A = b 


240000 (+ 6x :) 








Smax = 16 











~ “30000 ("200 
6xe 6xe 
gogo Fig. 9.5 
200 
ex “e = 33.33 mm. Ans. 


Corresponding maximum stress is obtained by using equation (9.1). 
P ( 6x :) 
Oo = —| let 











_ 240000} , , 6x 200 4 
= 30000 e = 8(1 + 1) = 16 N‘mm 
200 


The stresses are shown in Fig. 9.5. 


Problem 9.3. [fin Problem 9.1, the eccentricity is given 50 mm instead of 10 mii then 
find the maximum. and minimum. stresses on the section. Also plot these stresses along the 
width of the section. 


Sol. Given : i 
Sr 200 
The data from Problem 9.1 is : = _ 
b = 200 mm 4 Nim? 


d= 150 mm = 
P = 240000 N 





A = 30000 mm? : 
Eccentricity, red als 
e=50 mm 
(i) Maximum stress {o,,,.) is given by 
equation (9.1) as Fig, 9.6 
P 6xe 
Onan = a (2 + b 
ees [1 Sx =) = 81 +1.5)=20N/imm?. An 
30000 200 ) = ie Ree 
(ii) Minimum stress (4,,,,) is given by equation (9.2) as 





P 6xe 
Smin = 1- b 
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240000 6 x 50 
= 1- = -15)=- / a: . 
30000 ( 300 } 8(1 - 1.5) 4N/mm?*. Ans 


Negative sign means tensile stress. 
The stresses are plotted as shown in Fig. 9.6. 
Note. From the above three problems, we have 
(i} The minimum stress is sony wien e= = mm or mm {as b = 200). This is clear from 
Problem 9.2. 


b . 
(ii) The minimum stress is +ve (7.e., compressive) when e < 6 This is clear from Problem 9.1 in 
200 
which e = 10 mm which is less than “;e (i.e., 33.33). 


b 2 : 
(iii) The minimum stress is —ve (i.e., tensile) when e > 6° This is clear from Problem 9.3 in which 


200 
e = 50 mm which is more than e (i.e., 33.33). 
Problem 9.4. The line of thrust, in a compression testing specimen 15 mm diameter, is 
parallel # the axis of the specimen but is displaced from it. Calculate the distance of the line of 
thrust from the axis when the maximum stress is 20% greater 
than the mean stress on a normal section. 


Sol. Given : 
Diameter, 
Area, A= 7 x 15? 
= 176.714 mm? 
Oo, = 20% greater than mean 


max 


ad=15 mm 


rat x mean stres 
= — r 
100 ug 


= 1.2 x mean stress. 

Let P = Compressive load on specimen 
e = Eccentricity 

Load P 





Mean stress = N/mm? 


We know that moment, 


M=Pxe 

Now bending stress is given by 
M _% 
roy | 


M 
aq? ne 7 


Maximum bending stress will be when y = + 


rmla 
£ 


Hence maximum bending stress is given by, 


M d 
Corre *o 


Fig. 9.7 


Area 176.714 eat 
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Mia 
=2:—~xX— 
I 2 
M d 
=e x— ‘Ts a 4 
yt 2 ( 6a? 
64 
_ 82M 
= nd? 
382 P xe 
be oa (. M=Pxe) 
Direct stress due to load is given by, 
re lave 
°0- A” 116714 
Maximum stress = Direct stress x Bending stress 
= Gg + O, 
P 382Pxe 
or =o L 
max ~ 176.714 * age ne) 
But Gna, = 1-2 x Mean stress (given) ¢ 
=12x —— it w = - 
* 776714 at) ( tam ard 
Equating equations (i) and (ii), we get 
P 382 Pxe P 
+ 12% ea 
176.714 nd 176.714 
or SOT 2 OE 
nd®>-—«:176.714_—«176.714 — 176.714 
82 xe 0.2 
sit 2 (Cancelling P to both sides) 


nd? 176.714 


a 0.2xxx d3 - 0.2 xxx 153 


°* 32x 176.714 ~ 32x176714 ~ 375mm. Ans. 


Problem 9.5. A hollow rectangular column of external depth 1 m and external width 
0.8 m is 10 em thick. Calculate the maximum and minimum stress in the section of the column 
if a vertical load of 200 kN is acting with an eccentricity of 15 em as shown in Fig. 9.8. 


Sol. Given ; 
External width, 
External depth, 


B=0.8m-= 800mm 
D=1.0m = 1000 mm 


Thickness of walls, £=10cm=100 mm 
Inner width, b=B-2x 100 

= 800 — 200 = 600 mm 
Inner depth, ad=D-2xt 


= 1000-2 x 100 = 800 mm 





" Direct stress is given by, 
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Area, A=BxD-bxd 
: = 800 x 1000 — 600 x 800 4 
= 800000 — 480000 
= 320000 mm? 
M.O.1. about Y-Y axis-is given by, 


_ 1000. 800% — 800 x 600° 
: 12 12 
- = 42.66 x 109- 14.4 x 10° 
= 28.26 x 10° mm* 
Eccentric load, P = 200 kN = 200,000 N 
Eccentricity, e=15em= 150mm 
We know that the moment, 
M=Pxe 
= 200,000 x 150 
= 3000000 Nmm 
The bending stress is given by, 
M 
LE 


N 


aly 
J, 
M 
Te ta 
Jy 
Maximum bending stress will be when 
y = +400 


Oo, = ¥ 


ee a x (« 400) 


at 30000000 
~~ 98.96 x 10° 
= + 0.4246 N/inm? 


x 400 


P _ 200000 
%o= “A ~ 320000 Fig. 9.8 
= 0.625 N/mm? 
Maximum stress =0,+ 0, = 0.625 + 0.4246 
= 1.0496 N/mm? (Compressive). Ans. 
= Gy ~ 6, = 0.625 — 0.4246 
= 0.2004 N/mm? (Compressive). Ans. 


Problem 9.6. A short column of external diameter 40 cm and internal diameter 20 cm 





Minimum stress 


carries an eccentric load of 80 RN. Find the greatest eccentricity which the load can have with- 
out producing tension on the cross-section. 


Sol. Given : 
External dia., 
Internal dia., 


D = 40 em = 400 mm 
d = 20 cm = 200 mm 
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Area of cross-section, 
X 
=~ (p?- @ 
A Z (D? — d?) 


Pals 
~ 4 
Moment of inertia 


(400? — 2002) = 30000 x x mm? 


~ = (pt_ 4 
i 64 P d*) 


x 
Ga (400¢ — 2004) = 3.75 x 108 x xmm*4 
Eccentric load, P = 80 KN = 80000 N 


Let e = Eccentricity when there is no tension. 
: P 80000 
Now direct stress, == : 
%0= “A ~ 30000 x x ie 


We know that moment, 
M=P xe = 80000 xe 
Now bending stress (o,) is given by 





M 

ly 
Mxy 

=F 


The bending stress will be maximum when 


Die 2500 
Se ee ee 


It. 


tl 


y= 


Maximum bending stress is given by, 


M x{+200) Mx 200 

O, = ge gt ene, 
80000 x ¢ x 200 
= * "3.75 x 108 x x 


Now minimum stress is given by, 
Grin = % — % 
2. 80000 e 80000 x e x 200 
~ 30000xm 3.75x 10° xx 
There will be no tension if o,,;,, = 0 
For no tension, we have 
_ _ 80000 80000 x e x 200 
~ 30000xn 3.75x108 xx 


80000 _ 80000x ex 200 


or sera Cm! 8 
30000 x x 3.75 x 10° x 1 


Fig. 9.9 





«(ti) 
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: 
ios i ; 2 . 
3.75 x 108 x x x 80000 ' x = Moment of inertia about X-X axis 


; Bc POON ER ONE E eS 601B ain: DATS: : 
ee ®= 30000 x vx 80000 x 200 > "2 ™m Ans _ bd® 
~ 12 








} 
. eo ’ 
Problem 9.7. If in the Problem 9.6, the eccentricity of the point load is given as 150 mm, 
then calculate the maximum and minimum stress in the section. ; i Z,, = Moment of inertia about Y-Y axis 
Sol. Given: i db ® 
The data from Problem 9.6 is : spicata i 12 
D = 400 mm, d = 200 mm _F | i Now the eccentric load is equivalent to a central load P, together with a bending moment 
P = 80000 N,A=30000xxmm? f P xe, about Y-Y and a bending moment P x e, about X-X. 
Moment of inertia, J = 3.75 x 105 x x mm* + (z) The direct stress (0,) is given by, 
Eccentricity, e=150mm iL i P 
etd _ P__ 80000 u i nore é) 
Now direct stress, 6) = A 30000xx max (it) The bending stress due to eccentricity é, is given by, 
Beak = 0.8488 N/mm? Me 5 Make Paes xa 
e know that moment, ; by = a (« M=B 
Fig. 9.10 y I Xe) i 
M =P xe = 80000 x 150 i ” By : ee) 
= 12000000 Nmm . 2 b b 
P In the above equat; aie 2 
Maximum bending stress is given by, ; He oe eee 2 Be 2 = 
M x Inge _ 12000000 x (+ 200) soaass (iii) The bending stress due to eccentricity e, is given by, 
oO = ee eee a ae = £ 
ee 3.75 x 10° x x Ymnas 5 = Mexy_ Prexy 
= + 2.037 N/mm? Be EA rs 


Maximum stress =0,+ 6, 
= 0.8488 + 2.037 = 2.8858 N/mm? (Compressive). Ans. 


Minimum stress =0,- 9, 
= 0.8488 ~ 2.037 = — 1.1882 N/mm? (Tensile). Ans. 


The stress distribution across the width is shown in Fig. 9.10. 


In the above equation, y varies from — é to + : 


The resultant stress at any point on the section 
= D% *& Spy + oO, ae 


P My xx M, oJ 
9.4. RESULTANT STRESS WHEN A COLUMN OF RECTANGULAR SECTION IS SUB- AS ; I 
JECTED TO A LOAD WHICH IS ECCENTRIC TO BOTH AXES : (i) At the point C, th dinat : d . ; 
; ; , the co-ordinates x and y are positive h th i 
A column of rectangular section ABCD, subjected to a load which is eccentric to both maximum. . Pas yh ae aire fe carteoran Bebeoe walle 
axes, is shown in Fig. 9.11. (ii) At the point A, the co-ordinates x and y are negative and hence the resultant stress 


Let P = Eccentric load on column will be minimum, 
e, = Eccentricity of load about X-X axis (iii) At the point B, x is +ve and y is ve and hence resultant stress 
e, = Eccentricity of load about Y-Y axis 
6 = Width of column 
d = Depth of column 
Gp = Direct stress 
0,, = Bending stress due to eccentricity e, 
0,, = Bending stress due to eccentricity. ey 
M,, = Moment of load about X-X axis 
=P xe, 
M, = Moment of load about Y-Y axis 
=Px ey 





--(9.3) 


EI TANT 


Pancreatic amas 








nts oer eea rere IM 





Problem 9.8. A short column of rectangular cross-section 80 
; - mm by 60 mm carri 
load of 40-RN at a point 20 mm from the longer side and 35 mm from the shorter side. Diente 


the maximum compressive and tensile stresses in the section. 


‘ 
x 
E 
E 
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Sol. Given : 
Width, 56 = 80 mm D 
Load ; Shorter 

Depth, d=60 mm qT point. loo mm side 
-. Area, A= 80 x 60 = 4800 mm? Nt 30 mm 
Point load, P=40kN=40000N 6mm is A. 
Eccentricity of load about X-X axis, XP OT EQ ee x 

e,=10mm 
Eccentricity of load about Y-Y axis, 

ey = 5mm A 
Moment of load about X-X axis, 

M, = P xe, = 40000 x 10 Fig. 9.12 
= 400000 Nmm 


Moment of load about Y-Y axis, 
M, =Px é, = 40000 x 5 = 200000 Nmm 
Moment of inertia about X-X axis, 


1 
I= 2 x 80 x.60? = 1440000 mm4 


Similarly, Loe 4 x 60 x 80° = 2560000 mm4 


(i) The maximum compressive stress will be at point C where x and y are positive. The 


value of x = 40 mm and y = 30 mm at C. 


Hence maximum compressive stress is given by equation (9.3) 


Pp M,xx  M,xy : : 
=F + Ly ee (Taking +ve sign) 


40000 200000 x 40 | 400000 x 30 
~"4800 " 2560000 1440000 
= 8.33 + 3.125 + 8.33 = 19.785 N/mm’, Ans. 
(ii) The maximum tensile stress will be at point A where x = - 40 mm and y =~ 30 mm. 
Hence using equation (9.3), we get 
Resultant stress at = ee + ek ih g Mex? 
A Ly Es 
40000 200000 x 40 400000 x 30 
~~4800 2560000 1440000 
= 8.33 - 3.125 ~ 8.33 = ~3,.125 N/mm”. Ans. 


Problem 9.9. A column is rectangular in cross-section of 8300 mm x 400 mm in dimen- 





sions. The column carries an eccentric point load of 360 kN on one diagonal at a distance of 
" . quarter diagonal length from a corner. Calculate the stresses at all four corners. Draw stress 
distribution diagrams for any two adjacent sides. 


(Bhavnagar University, Feb. 1992) 
Sol. Given : 

Width, 6 = 300 mm 

Depth, d= 400 mm 
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Area, A=-bxd = 300 x 400 
= 12 x 10* mm? 
Eccentric load, P = 360 KN = 360000 N 


Load 
The eccentric load is acting at point HZ, where of 





point 
distance EC = one quarter of diagonal AC. 
Now diagonal AC = «/3007 + 4002 = 500 
In ACAB, tan6= : 
3 . 4 

cos 8 = — and sin@= 5 

Also OE = EC = : of AC 
= : x 600 = 125 mm e818 ) 
And- e, = EF = OB sin 0 = 125 x 4 = 100 mm 
e, = OF = OE cos 6 = 125 x : = 75 mm. 


Moment of load about x-x axis, 

M, =P xe, = 360000 x 100 = 86000000 Nmm 
Moment of load about y-y axis, 

M, =Px 2, = 360000 x 75 


= 27000000 Nmm 
1 
Also Tas 1% 300 x 400% = 16 x 108 mm* 


1 
a Ses co 8 4 
Lye 12 x 400 x 800° = 9 x 10° mm 


The resultant stress at any point is given by equation (9.3) as 
Resultant st gee ae 
esultant stress 4 7 7 


vy axe 





(i) Resultant stress at point C 
At point C, x = 150 mm and y = 200 m 


Resultant stress at C 
P M,x150 MM, x 200 
= SS eee 
I, Lee 
_ 360000 27000000 x 150 | 36000000 x 200 
~ 12x 107 9x 10° 16 x 108 


3+ 4.5 +45 Nim? 
= 12 N/mm? (compressive). Ans. 


390 STRENGTH OF MATERIALS 
ne A 


(ii) Resultant stress at point B 
At point B,x=150mm and y=- 200mm 


P M, x150 | M, x {- 200) 


Resultant stress at Bo = a + Ty 16x 108 


360,000 27000000x 150 36000000 x 200 


“Jox10"* 9x10" ~+«:16x 10° 


=3+45-45 
= 3 N/mm? (compressive). Ans. 
(iii) Resultant stress at point A 
At point A, « = - 150 mm and y =- 200 mm 
Resultant stress at point A 
Ds M, x{- 150) A M,, x (- 200) 
A T L 


yy x 


_ 360000 27000000 x 150 36000000 x 200 


9x 108 16 x 10° 
=3-45-45 
=~—6 N/mm? (Tensile). Ans. 
(iv) Resultant stress at point D 
At point D, x =— 150 mm and y = 200 mm 
Resultant stress at point D 


Pp M,(-150) M, x 200 
ae ee 


“A Te Tx 

360000 _ 27000000 x 150 _ 36000000 x 200 
= 412x104 9x 108 16 x 108 
=3-454+4.5 


= 3 N/mm? (compressive). Ans. 


Stress distribution for AB and BC (i.e., two adjacent sides) 

Fig. 9.12 (6) shows the stress distribution along two adjacent sides (i.e, AB and BC). 
At point A, resultant stress is 6 N/mm? (tensile) whereas at point B, the resultant stress is 
3 N/mm? (compressive). Take AZ = 6 N/mm? and BF = 8 N/mm”. Join E to F. 

For side BC, the resultant stress at B is 3 N/mm? (compressive) whereas at point C the 
resultant stress is 12 N/mm? (compressive). 


Take BH = 3 N/mm? (compressive) and CG = 12 N/mm? (compressive). 
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St 


| 


=i Nimm “\¢— 


6 || 
LE Nimm* 


Fig. 9.12 (b) 


Problem 9.10..A masonry pier of 3m x 4m 
supports a vertical load of 80 kN as shown in 
Fig. 9.13. 

(a) Find the stresses developed at each cor- 
ner of the pier. 

(6) What additional load should be placed 
at the centre of the pier, so that there is no tension 
anywhere in the pier section ? 

(e) What are the stresses at the corners with 
the additional load in the centre ? 





Sol. Given : 

Width b=4m 

Depth, ad=3m 

«. Area, A=4x3=12 mm? 

Point load, P=80kN 

Eccentricity of load about X-X axis, 
e, = 0.5 m 

Eccentricity of load about Y-Y axis, 
e, = 1.0m 


Moment of load about X-X axis, 
M,=P xe, = 80x 0.5 = 40 kNm 
Similarly, M, =Px ey = 80 x 1.0=80 kNm 
Moment of inertia about X-X axis, 
1 
I = 


ss a 4 
x = [9 x4x3°=9mm 
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ec 
Similar] I ee x 3x 49=16 m4, 

(a) Stresses developed at each corner of the pier 

The resultant stress at any point is given by equation (9.3). 


M,xx 
Hence resultant stress = £ 4 + Mzxy 
Ady I 
(i) At point A,x =- 2.0m and y =- 1.5 m. Hence resultant stress at A (e., 0,4) is 
obtained by substituting these values in the above equation (i). 


80 80x (-2.0) 40x (-1.5) 
6,= + 
12 16 9 
= 6.66 - 10 - 6.66 
=-10 kN/m? (Tensile). Ans. 
(ii) A point B, x = 2.0m andy =— 1.5 m. Hence resultant stress at B (i.e., 6,) is obtained 
by substituting these values in equation {z). 
80 80x20 40x (- 1.5) 
Op=—-+ anal Tala 
12 16 9 
= 6,66 + 10 - 6.66 © 
= 10 kN/m? (Compressive). Ans. 
(iii) At point C, x = 2.0 m and y = 1.5 m. Hence resultant stress at C (i.e., 6g) is given by, 
80 80x2.0 40x15 
—+ + 
12 16 9 
= 6.66 + 10 + 6.66 
= 23.33 kN/m? (Compressive). Ans. 
(iv) At point D, x =-— 2.0 m andy = 1.5 m. Hence resultant stress at D (Z.e., dp) is given by, 
ee 80 | 80 x (= 2.0) | 40x 1.5 
BO Ag 16 9 
= 6.66 — 10 + 6.66 
_ = + 3.33 kN/m? (Compressive). Ans. 
(b) Additional load at the centre of the pier, so that there is no tension anywhere in the 
plier section. 
Let W = Additional load (in KN) placed at the centre for no tension anywhere in the 
pier section. 
The above load is compressive and will cause a compressive stress 
Ww Ww 


= 7 yg KN? ( 


As this load is placed at the centre, it will produce a uniform compressive stress 
across the section of the pier. But we know that there is tensile stress at point A having 
magnitude = 10 kN/m?. Hence the compressive stress due to load W should be equal to 
tensile stress at A. 


Ww 














Sc = 


A=12 m?) 


Yo 10 
or ° W=10x12=120KN. Ans. 
(c) Stresses at the corners with the additional load at the centre 
W 120 
Stress due to additional load = —-=—— =10kN/m? (Compressive) 


A 12 


eG) 


a ee eenevtirraneytareng SRE C HR tn ROR TTP erent Pe EA AIO NT TE 
poe =e ml 
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This stress is uniform across the cross-section of the pier. Hence to find the stresses at 
the corners with this additional load, we must add the stress 10 kN/m? in each value of the 
stresses already existing in the corners. 

Stress at A,o,=-10+10=0. Ans. 
Similarly, o, = 10+ 10 = 20 KN/m?. Ans. 
Og = 23.33 + 10 = 33.33 kN/m*. Ans. 
and Gp = 3.33 + 10 = 18.33 kKN/m*. Ans. 


9.5. RESULTANT STRESS FOR UNSYMMETRICAL COLUMNS WITH ECCENTRIC 
LOADING 


In case of unsymmetrical columns which are subjected to eccentric loading, first the 
centre of gravity (i.e., C.G.) of the unsymmetrical section is determined. Then the moment of 
inertia of the section about the axis passing through the C.G. is calculated. After that the 
distances between the corners of the section and its C.G. is obtained. By using the values of the 
moment of inertia and distances of the corner from the C.G. of the section, the stresses on the 
corners are then determined. . 


Problem 9.11. A short column has a square section 300 mm x 300 mm with a square 
hole of 150 mm x 180 mm as shown in Fig. 9.14. It carries an eccentric load of 1800 RN, 
located as shown in the figure. Determine the maximum compressive and tensile stress across 
the section. 


ot’ pital een sles men->| c 


50 f | 
150 mm 


300 mm 


as 
100mm | 





Fig. 9.14 


Sol. Given : 
Dimension of column = 300 mm x 300 mm 
Dimension of hole = 150 mm x 150 mm 
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Area of section, : A = 300 x 800-150 x 150 
= 90000 ~ 22500 
= 67500 mm? 
Point load, P= 1800 KN = 1800000 N 
The point load is acting on Y-Y axis. The given section is also symmetrical about 
Y-Y axis. But it is unsymmetrical to X-X axis. Let us first find the position of X-X axis. For 
this, find the distance of C.G. from the bottom line AB. Let ¥ is the distance of the C.G. of 
the section from the bottom line AB. 


Ayy; + Aaye 
(A, + Ag) 
where A, = Area of outer square = 300 x 300 = 90000 mm? 
¥1 = Distance of C.G. of outer square from line AB = 150 mm 
A, = Area of square hole = 150 x 150 = 22500 mm? = ~ 22500 mm? 
(~ve sign due to cut out portion) 


150 
¥_ = Distance of C.G. of square hole from line AB = 100 + ipo 175 mm 


Then y= 


90000 x 150 - 22500 x 175 
(90000 — 22500) 


_ 18500000 - 3937500 
7 67500 
.. The axis X-X lies at a distance 141.66 mm from line AB or at a distance of 300 
— 141.66.= 158.34 mm from line CD, 
The load is unsymmetrical to X-X axis. 
Hence eccentricity, e = 158.34 — (50 + 30) = 78.34 mm 
Moment about X-X axis, 
M =P xe = 1800000 x 78.34 
= 14101200 Nmm 
Now let us calculate the moment of inertia of the section about X-X axis. 
Let I, = M.O.L. of outer square ABCD about X-X axis. 


= M.O.I. of ABCD about an axis parallel to X-X and passing through 
its C.G. + Area of ABCD (Distance of C.G. of ABCD from X-X axis)? 


_ 300 x 300° 

“12 

= 675000000 + 6260004 = 681260004 mm* 
I, = M.O.1. of square hole about X-X axis 


= M.O.1. of hole about its C.G. + Area of hole (Distance of C.G. of 
hole from X-X)* 


y= 


= 141.66 mm 


+ 800 x 300 x (158.34 — 150)? 


_ 150 x 150° 
wer 12 
= 42187500 + 25010001 = 67197501 mm* 


= 150 x 150(175 - 141.66)4 





' 
t 
I 
i 
t 
i 
I 
| 
i 
| 
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Net moment of inertia of the section about X-X axis is given by 
I=1,-1, 
= 681260004 ~ 67197501 = 614062503 mm* 
Now direct stress is given by, 
_ P__ 1800000 





Oya arene: = 26.66 N/mm? 
This stress is uniform across the section. 
Bending stress is given by, 
M a OO, 
Toy 
or o, = me 2 «(é) 


The maximum value of y from X-X axis is 158.34 mm. This is the distance of the line CD 
from X-X axis. As load is acting above the X-X axis, hence the bending stress will be compressive 
on the edge CD. This stress is obtained by substituting y = 158.34 mm in equation (i). 


Bending stress at the edge CD due to moment 
_ Mx 158.34 141012000 x 158.34 
~ 614062503 614062503 
= 36.36 N/mm? (Compressive). 
Bending stress at the edge AB will be tensile. The distance of AB from X-X is 141.66 mm. 


Bending stress at the edge AB due to moment will be obtained by substituting y = 
~ 141.66 in equation (i). 
Bending stress at the edge AB due to moment 


fe. M x 141.66 > 141012000 x 141.66 (Tensile) 
I 614062503 
=~ 32.529 N/mm? 
Resultant stress at the edge CD 
= 0) +5, 


= 26.66 + 36.66 = 63.32 N/mm? (Compressive). Ans. 
and resultant stress at the edge AB 
= 26.66 — 32.529 =— 5.869 (Tensile). Ans. 


Problem 9.12. A short column has a.rectangular section 160 mm x 200 mm with a 
circular hole of 80 mm diameter as shown in Fig. 9.15. It carries an eccentric load of 100 RN, at 
a point as shown in the figure. Determine the stresses at the four corners of the section. 


Sol. Given : 
Width, B=160 mm 
Depth, D = 200 mm 
Area of rectangular ABCD, 
A, = 160 x 200 = 32000 mm? 
Dia. of hole, d=80 mm 


Area of hole, Ay = x 80* = 5026.5 mm? 
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Fig. 9.15 


Area of section, A=A,-A, = 32000 - 5026.5 
= 26973.5 mm? 
Eccentric load, P=100kN = 100 x 10° N 
The given section is symmetrical about X-X axis. But it is unsymmetrical to Y-Y axis. 
Let us first find the position of Y-Y axis. For this find the distance of the C.G. of the 
section from the reference line AD. Let < is the distance of the C.G. of the section from the 
reference line AD. , 
Ajx; + AgXe 
(Ay + Ap) 
where A, = Area of rectangle ABCD = 32000 mm? 
x, = Distance of C.G. of rectangle ABCD from reference line AD = 80 mm 
A, = Area of hole = — 5026.5 mm? (-ve sign due to cut out portion) 
xX, = Distance of C.G. of hole from line AD = 60 mm 
32000 x 80 - 5026.5 x 60 
“($2000 — 5026.5) 


_ 2560000 — 301590 
7 26973.5 
Hence the axis Y-Y will lie at a distance of 83.73 mm from the line AD or at a distance of 
160 - 83.73 = 76.27 mm from line BC as shown in Fig. 9.15. 
The load is unsymmetrical to X-X axis as well as Y-Y axis. 
Eccentricity of load about X-X axis, 
¢, = 50 mm 


Then x= 


RI 


= 83.73 mm. 


sense (eA He pt Tee eH 
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Eccentricity of load about Y-Y axis, ; 
e = 83.73 — 60 = 23.73 mm 
Moment of eccentric load about X-X axis, 
M, =Px e, 
= 100 x 10? x 50 = 5 x 10° Nmm w(é) 
Moment of eccentric load about Y-Y axis, : 
M, =Px e, 
= 100 x 108 x 23.73 
= 2.373 x 10° Nmm .(Z) 
Now find the moment of inertia of the section about X-X axis and Y¥-Y axis. 
Let I, = M.O.L of rectangle ABCD about X-X axis 


= M.O.L of rectangle about its C.G. + Area of rectangle 
(Distance of C.G. of ABCD from X-X axis)” 


8 
= eee + 160 x 200 (0) 


= 1.066 x 10° mm! 
I, = M.O.L. of the hole about X-X axis 


= 7 x 804 = 2.01 x 106 mm4 


The moment of inertia of the section about X-X is given by 


Zs = fex) — Lex, 
= 1.066 x 10° - 2.01 x 108 
= 104.59 x 10° mm‘ +--(ZEL) 
Similarly, Eye Nyy, — Ly, (iv) 


where Te, = M.O.1. of ABCD about Y¥-Y axis 
= M.O.L of ABCD about its C.G. + A, (Distance of C.G. of ABCD from Y-Y)? 


ens 
Z ee + 200 x 160 (83.73 - 80) 


= 6.826 x 107 + 4.45 x 105 
= 687.05 x 10° mm?4 
and. Ly, = M.O.1. of hole about Y-Y axis 
= M.O.L of hole about its C.G. + A, (Distance of its C.G. from Y-Y)? 


x 


= 64 x 804 + 5026.5 (83.73 — 60)? 
= 2.01 x 10% + 2.83 x 108 
=4.84x108 | 
Hence substituting these values in equation (iv), we get 
Ly = 687.05 x 105 ~ 4.84 x 108 
= 63.865 x 10° mm* 
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The resultant stress at any point is obtained from equation (9.3). 


P M,.x M,. 
Resultant stress =-~+ eee 
A I, Le 


The values of x and y are taken to be positive on the same side of X-X and Y-Y as the , 


- load. Here O is the origin. Hence at point D,x andy are 
negative, At point C, x is negative whereas ¥ is positive. 
At point A, x is positive whereas y is negative. 
(i) At point A, x = 83.73 mm and y = — 100. mm. Hence resultant stress at A, 
P M,x83.73 M, x(- 100) 
C= Se + =p 
A I,y Be 
_ 100000 , 2.373 x 10° x 83.73 5x 10° x 100 
~ 26973.5 63.865 x 10° 104.56 x 10° 


= 3.707 + 3.111 - 4.781 
= 2.037 Nimm?. Ans. 
(ii) At point B, x =— 76.27 and y =— 100 mm. Hence resultant stress at B, 
PM, x(- 76.27) - M, x (-- 100) 
fo, Sy Sp SE 


Op = 
BU A Le Les 


_ 100000 _ 2.373x 10° x 76.27 _ 5x 10° x 100 
~ 26973.5 63.865 x 10° 104.56 x 10° 


= 3.707 — 2.833 - 4.781 
=-—3.907 N/mm”. Ans. 
(iii) At point C, x =— 76.27 and y = 100 mm. Hence resultant stress at C, 
ss Pp My xC 621 | M. «10 
“CNA a is 
= 3.707 ~— 2.833 + 4.781 
= 5.655 N/mm, Ans. 
Gv) At point D, x = 83.73 and y = 100 mm. Hence resultant stress at D, 
pia Bs M, (83.78) . M,, x 100 
DA I i 
= 3.707 + 8.111 + 4.781 


= 11.599 Nimm?. Ans. 


9.6. MIDDLE THIRD RULE FOR RECTANGULAR SECTIONS [i.e., KERNEL OF 
SECTION) 


The cement concrete columns are weak in tension. Hence the load must be appli 
these columns in such a way that there is no tensile stress anywhere in the section. But when 
an eccentric load is acting on a column, it produces direct stress as well as bending stress. The 
resultant stress at any point in the section is the algebraic sum of the direct stres: 


stress. 


ed on 


positive. At point B, x and y are both _ 


3 and bending 
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Consider a rectangular section of width %’ 
and depth ‘d’ as shown in Fig. 9.16. Let this sec- 
tion is subjected to a load which is eccentric to 
the axis Y-Y. 

Let P= Eccentric load acting on the 

column 


e = Eccentricity of the load 
A = Area of the section. 
Then from equation (9.2), we have the 


minimum stress as 
P 6xe ‘ 
Onin i e(1- b .-{z) 
is —ve, then stress will be tensile. But ifo 


min 








Ifo 


min 
no tensile stress along the width of the column: 
Hence for no tensile stress along the width of the column, 


is zero (or positive) then there will be 











Onin =O 
or F(1-S%£)e0 or (1-Se2) 20 
or p= =Ke or axe 
or e<2 --(9.4) 


The above result shows that the eccentricity ‘e’ must be less than or equal to z. Hence 


av. b 
the greatest eccentricity of the load is 6 from the axis Y-Y. Hence if the load is applied at any 


. b 
distance less than 6 from the axis, on any side of the axis Y-Y, the stresses are wholly 


compressive. Hence the range within which the load can be applied so as not to produce any 
tensile stress, is within the middle third of the base. 


; Similarly, if the load had been eccentric with respect to the axis X-X, the condition that 
tensile stress will not occur is when the eccentricity of the load with respect to this axis X-X 


d 
does not exceed a Hence the range within which the load may be applied is within the middle 


third of the depth. 


; if itis possible that the load is likely to be eccentric about both the axis X-X and Y-Y, the 
condition that tensile stress will not occur is when the load is applied anywhere within the 


rhombus ABCD whose diagonals are AC = 2 and BD = “ as shown in Fig. 9.16. This figure 


ABCD within which the load may be applied anywhere so as not to produce tensile stress in 
Fai part of the entire rectangular section, is called the Core or Kernel of the section. Hence the 
ernel of the section is the area within which the line of action of the eccentric load P must cut 
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the cross-section if the stress is not to become tensile in any part of the entire rectangular 
section. 

Note. (i) If direct stress (d) is equal to bending stress (o,), then the tensile stress will be zero. 

(ii) If the direct stress (o,) is more than bending stress (o,), then the stress throughout the 

section will be compressive. 
(iit) If the direct stress (c,) is less than bending stress (o,), then there will be tensile stress. 


(iv) Hence for no tensile stress, op = 4. 


9.7. MIDDLE QUARTER RULE FOR CIRCULAR SECTIONS [i.e., KERNEL OF 
SECTION] 

Consider a circular section of diameter ‘d’ as shown 
in Fig. 9.17. Let this section is subjected to a load which is 
eccentric to the axis Y-Y. 

Let P = Eccentric load 

e = Eccentricity of the load 


A = Area of the section = iv 


Now direct stress, 





P P 4P 
9 A Rae nd? 
“d Te 
4 
Moment, M=Pxe 
Bending stress (c,) is given by, 
M _ os o, = Mx 
cow or O,= —> 


Maximum bending stress will be when 
— 

ae 

Maximum bending stress is given by, 


P g 
M d *O*S _. 82xPxe 
G25 & = |= oS tt 7 








wD 4 nd? 
64 . 
Now minimum stress is given by, 
Simin = Gg 7 oy 
By 32P xe 
nd” nd® 
For no tensile stress, ,,;,, 20 
4P 32Pxe 4P 8d 

or ae ge 20 or A (1-B) 20 
or (eet a . te ee eee (9.5) 
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The above result shows that the eccentricity ‘e’ must be less than or equal to z It means 


that the load can be eccentric, on any side of the centre of the circle, by an amount equal to ef 


Thus, if the line of action of the load is within a circle of diameter equal to one-fourth of the 


main circle as shown in Fig. 9.17, then the stress will be compressive throughout the circular 
section. 


9.8. KERNEL OF HOLLOW CIRCULAR SECTION (OR VALUE OF ECCENTRICITY 
FOR HOLLOW CIRCULAR SECTION) 
Let D, = External diameter, and 
D, = Internal diameter 
P = Eccentric load 
e = Eccentricity of the load 
A = Area of section 


qe 
= 7 (D-DAl 


M = Moment due to eccentric load P = P x e 
Z = Section modulus 


Y max 


(Dp! - D,4 
g4 [Po Pig 


Do 
“a rae 
hy, 
Xt 
— 32D, [D,* = Dsl 
Now direct stress (a,) is given by 
05 = = .(Z) 
The direct stress is compressive and uniform throtighout the section. 
Bending stress (o,) is given by ; = 
Mo, 
ea 
0, cs x y= ee 
a gl 
J 
z : fe . z| wii) 


The bending stress may be tensile or compressive. The resultant stress at any point is 
the algebraic sum of direct-stress:and bending stress. There will be no tensile stress at any 
point if the bending stress is less than sr equal to direct stress at that point. 
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Hence for no tensile stress, 
Bending stress < Direct stress 








or GO, 5 Oy 7 
Substituting the values of o, and o, from equations (i) and (ii), we get 
MP 
ZA 
ereue (: M=Pxe) 
"ZZ A 
a z (cancelling P to both sides} 
ey ZA 
Z 
or esa ...(9.6) 
x 4 4 
Dy" - DF] 
_ B2Dy wo 
~ 
@ [D,? - D;71 
_ 4 (Do? + D2)(D,? - D;”) 
/ 82xDp (Dy” - D;”) 
a : 2 ..(9.7) 
<3 D, (D,? + DY) 


The above result shows that the eccentricity ‘e’ must be less than or equal to 
(D,? + DZ)K8D,). It means that the load can be eccentric, on any side of the centre of the 
circle, by an amount equal to (D,? + D,?)(8D,). Thus, if the line of action of the load is within 


a circle of diameter equal to (e+ D?W4Dy), then the stress will be compressive throughout. 
2 2 
Diameter of kernel = Dy + De 
4D, 


9.9. KERNEL OF HOLLOW RECTANGULAR SECTION (OR VALUE OF ECCENT- 
RICITY FOR HOLLOW RECTANGULAR SECTION) 


Refer to Fig. 9.17 (a). Y| 
‘ j«———B ————____ >| 
Let B = Outer width of rectangular section ' ro 


D = Outer depth 
b = Internal width 
d = Internal depth 





A= Area of section Soe i 
=BxD-bxd a d 
_ BD® bd® 4 
a 4 
ae 
Vue y! 
Fig. 9.17 (a) 
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Hee ee erence ea ee are 
Zax = Lee 
Ymax 
BD _bd* 
12 12) _ BD -bd* 
7 D/2 6D 
‘ DB? db? : : 
Similarly, y= ew 12 DB" - db 
a B/2 6B 
For no tensile stress at any section, the value of e is given by equation (9.6). 
2 Ze Zsy 
es A or @,< a and ea 
| e ef 
6D (BD® - bd®) 
**"(BD-bd) * 6D(BD- ba) eat 
(= - db? ] 
6B 3 3 
and e= a eee 19.8 (A) 


7” (BD-bd) ~ 6B(BD - bd) 
It means that the load can be eccentric on either side of the geometrical axis by an 
(BD® - bd*) DB? - db® 


@D(BD - bd) and GBIBD - bd) along x-axis and y-axis respectively. 


Problem 9.18. Draw neat sketches of kernel of the following cross-sections : 
(i) Rectangular section 200 mm x 300 mm 
(ii) Hollow circular cylinder with external dia = 300 mm and thickness = 50 mm 
(iii) Square with 400 cm? Area. (Bhavnagar University, Feb. 1992) 


amount equal to 


Sol. Given : 

(i) Rectangular Section fen are 
B= 200 mm y 
D = 300 mm 


Value of ‘e’ for no tensile stress along width is given by 
equation (9.4) as 


200 
< oe = 33.33 cm 


Hence take OA = OC = 33.33 cm 


The value of ‘e’ for no tensile stress along the depth is 
given by, 


€= 


D~ 300 
esa sy = 100cm 


Hence take OD = OB = 100 cm 





Fig. 9.18 


é 


-.. stress, the value of e is given by equation (9.7) as 
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; Now join A to B, B to C, C to D and D to A. The figure ABCD represents the kernel of the 
_ given rectangular section as shown in Fig. 9.18. 


(ii) Kernel for Hollow Circular Section 


Given : 

External dia., Dy = 300 m 

Thickness, £=50 mm 
Internal dia, D,=D,-2xt 


; = 800-2 x50=200 mm 
For hollow cylindrical section, for no tensile _ 





1 
ean, oo Pee 
: 


8 x 300 
3 
s 2400 (90000 + 40000) 
_ 130000 
2400 
Taking O as centre and radius equal to 54.16 mm 
. (or dia. = 2 x 54.16 = 108.82 mm) draw a circle. This © 
circle is the kernel of the hollow circular section of ex- 
ternal dia. = 300 mm and internal dia. = 200 mm, as 
shown in Fig. 9.19. 





(300? + 2007) 


= 


s 564.16 mm 


(iii) Kernel for Square Section 
Given : 
Area = 400 cm? 


One side of square = /400 = 20 cm 
For no tensile stress, the value of ‘e’ for the square 


section is given by equation (9.4) as 


Side 


és 





20 
{B or D) s 6° 3.33 cm 


Hence take OA = OC = OB = OD = 3.33 cm 


Join ABCDA as shown in Fig. 9.20. Then ABCD is 
’ the kernel of given square section. 


Fig. 9.20 


Problem 9.14. Draw neat sketch of kernel of a hollow rectangular section of outer cross- 
_ section 300 mm x 200 mm and inner cross-section 150 mm x 100 mm. : 

Sol. Given : 

Outer rectangular section, B = 300 mm, D = 200 mm 

Inner rectangular section, 6 = 150 mm and d = 100 mm. 


For no tensile stress the value of ‘e’ along x-axis and along y-axis are given by equations 
(9.8) and (9.8 A) respectively. 
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Using equation (9.8), we get 
o « (BD? -bd*) 
*” 6D(BD - bd) : 
_ (800 x 200° - 150 x 100°) _—-100 x (2400 - 150) 
~ 6 x 200(300 x 200- 150x100) 12x 100° (6 - 1.5) 


2250 
= Tex45 = 41.67 mm 


Hence take OA = OC = 41.67 mm in Fig. 9.21 
Using equation (9.8 A), we get 








(DB? — db*) 
s 


& Y). 
6B(BD ~ bd) 300 mm! 


_ (200 x 300% - 100 x 150") 
~ &x 300(300 x 200 - 150 x 100) 


_ 100°(5400 ~ 337.5) 
6x3x 10°(6- 1.5) 


_ 5062.5 
~ 18x45 
Hence take OD = OB = 62.5 mm in 
Fig. 9.21. : 
Now join A to B, BtoC,CtoDandD 
to A. The figure ABCD represents the kernel of 
the given hollow rectangular section. 


HIGHLIGHTS 


The axial load produces direct stress (dy). 
Eccentric load produces direct stress as well as bending stress (a,). 


3. The maximum and minimum stress at any point in a section which is subjected to a load which 
is eccentric to Y-Y axis is given by, 
= naz = Direct stress + Bending stress 


*( ae 
=—|[i+ 
A 6 


and ©,,in, = Direct stress — Bending stress 


= 62.5 mm 





yr 





..For a rectangular section 





= F(i ie i :) » For a rectangular section 


where P = Eccentric load 
A = Area of section 
e = Eccentricity 
b = Width of the section. 
4. If a) = 9,, the tensile stress will be zero across the section. 
5. Ifo >, there will be no tensile stress across the section. 
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6. Ifo, <4,, there will be tensile stress across the section. 
7. The resultant stress at any point when a syminetrical column section is subjected to a load 
which is eccentric to both the axis, is given by, 


P  Myxx  M,.y 


a dey le 


o= 








where P= Eccentric load 
A = Area of the section 
M, = Moment of load about Y-Y axis 
iy = Moment of inertia about Y-Y axis 
M, and 7, = Moment and moment of inertia about X-X axis respectively. 
The values of x and y are positive on the same side on which load is acting. 


8. For unsymmetrical sections, subjected to eccentric load, first of all the C.G. of the section is 
determined. Then moment of inertia of the section about an axis passing through the C.G. is 
obtained. After that stresses are obtained. 


_ 9%. For a rectangular section, there will be no tensile stress if the load is on either axis within the 
middle third of the section. 


10. For a circular section of diameter ‘d’, there will be no tensile stress if the load lies in a circle of 


: d ., : 
diameter 4 with centre O of the main circular section. This is known as ‘middle quarter rule for 
circular sections’. 
11. For no tensile stress, the value of eccentricity e is given by ~ 
d 


es 7 ..For circular section 


1 
s BDy (D,? + D,?) ..For hollow circular section with D, as 


external dia. and D, as internal dia. 


b . 

s 3 and ; ..For rectangular section 
One side of square R 
Se gees ..For square section 

3 3 . . 
s JES aee Ss ...For holiow rectangular section with B and D as outer 


*" 6D(BD - 
‘ ee width and depth and 8 and d as inner width and depth 


: ~ (DB - db*) 
»* SBCBD -— bd)" 


EXERCISE 9 


(A) Theoretical Questions 
1. What do you mean by direct stress and bending stress ? 
2. Prove that an eccentric load causes a direct stress as well as bending stress. 


Find an expression for the maximum and minimum stresses when a rectangular column is 
subjected to a load which is eccentric to Y-Y axis. 
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4, Prove that for rectangular section subjected to eccentric load, the maximum and minimum stresses 


are given by : 
P Ge P 6e 
Gnas - A (2 + <2) and Onin = A F(t a *) 


where P = Eccentric load, 
A= Area of the system, 
& = Width of section, 
and e = Eccentricity. 
5. How will you find the maximum and minimum stresses at the base of a symmetrical column, 
when it is subjected to load which is eccentric to both axis ? 
6. Find and expression for the maximum and minimum stresses at the base of an unsymmetrical 
column which is subjected to an eccéntric load. 
7. What do you mean by the following terms : 
(i) Middle third rule for rectangular sections, and 
(ii) Middle quarter rule for circular sections. 
8. Prove that for no tension at the base of a short column : 
(i) of rectangular section, the line of action of the load should be within the middle third, and 
(ii) of circular section, the line of action of the load should be within the middle quarter. 
9. Draw a neat sketches of Kernel of the following cross-sections : 
(i) Rectangular 200 mm x 300 mm ; 
(ii) Hollow circular cylinder with external dia. = 300 mm, thickness = 50 mm. 
(iii} Square with 400 cm? area. (Bhavnagar University, Feb. 1992) 


(B) Numerical Problems 


1. A rectangular column of width 120 mm and of thickness 100 mm carries a point load of 120 kN 
at an eccentricity of 10 mm. Determine the maximum and minimum stresses at the base of the 
column. (Ans. 15 N/mm2, 5 N/mm?} 


2. Ifin the above problem, the minimum stress at the base of the section is given as zero then find 
the eccentricity of the point load of 120 KN acting on the rectangular section. Also calculate the 
corresponding maximum stress on the section. [Ans. 20 mm, 20 N/mm?] 


3. Ifin Q. 1, the eccentricity is given as 30 mm, then find the maximum and minimum stress on the 
section. Also plot these stress along the width of the section. [Ans, - 5 N/mm?, 25 N/mm?) 


4. Ina tension specimen 13 mm in a diameter the line of pull is parallel to the axis of the specimen 


but is displaced from it. Determine the distance of the line of pull from the axis, when ene maxi- 
mum stress is 15% greater than the mean stress on a section normal to the axis. 


[Ans. 0.25 mm] 

5. A hollow rectangular column is having external and internal dimensions as 120 cm deep x 80 em 

wide and 90 cm deep x 50 cm wide respectively. A vertical load of 200 KN is transmitted in the 

vertical plane bisecting 120 cm side and at an eccentricity of 10 cm from the geometric axis of the 
section. Calculate the maximum and minimum stresses in the section. 

[Ans. 0.61 N/mm? and 0.17 N/mm?] 

6. Ashort column of diameter 40 cm carries an eccentric load of 80 KN. Find the greatest eccentricity 

which the load can have without producing tension on the cross-section. (Ans. 5 cm] 

7. Ashort column of external diameter 50 cm and internal diameter 30 cm carries an eccentric load 


of 100 KN. Find the greatest eccentricity which the load can have without producing tension on 
the cross-section. : {Ans. 8.5 cm] 
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8. A hollow circular column of 25 cm external and 20 cm internal diameter respectively carries an 
axial load of 200 kN. It also carries a load of £00 KN on a bracket whose line of action is 20 cm 

from the axis of the column. Determine the maximum and minimum stress at the base section. 


[Ans. 39 N/mm? (comp.}, 5.13 N/mm? (tension)} 


9. A column section 30 cm external diameter and 15 cm internal diameter supports an axial load of 


2.6 MN and an eccentric load of PN at an eccentricity of 40 cm. If the compressive and tensile 
stresses are not to exceed 140 N/mm? and 60 N/mm? respectively, find the magnitude of load P. 


{Ans. 766.8 KN] 

10. A rectangular pier. of 1.5m x 1.0m is subjected to a compressive load of 450 kN as shown in 
Fig. 9.18. Find the stresses on all four corners of the pier. 

[Ans. o, = 0.45 N/mm?, og = + 0.15 Nimm?, dg = 1.05 Nimm?, op = 0.45 N/mm?] 
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Dams and Retaining Walls 








10.1. INTRODUCTION 


A large quantity of water is required for irrigation and power generation throughout 
the year. A dam is constructed to store the water. A retaining wall is constructed to retain the 
earth in hilly areas. The water stored in a dam, exerts pressure force on the face of the dam in 
contact with water. Similarly, the earth, retained by a retaining wall, exerts pressure on the 
retaining wall. In this chapter, we shall study the different types of dams, stresses across the 
section of a dam, stability of a dam and minimum bottom width required for a dam section. 


10.2. TYPES OF DAMS 


' There are many types of dams, but the following types of dams are more important : 
1. Rectangular dams 
2. Trapezoidal dams having 
(a) Water face vertical, and 
(6) Water face inclined. 


A trapezoidal dam as compared to rectangular dam is economical and easier to con- 
struct. Hence these days trapezoidal dams are mostly constructed. 


10.3. RECTANGULAR DAMS 


Fig. 10.1 shows a rectangular dam having water on one of its sides. 
Let A = Height of water 
F = Force exerted by water on the side of the dam 
W = Weight of dam per metre length of dam 
Hf = Height of dam 
b = Width of dam 
w, = Weight density of dam. 
Consider one metre length of the dam. 
The forces acting on the dam are 
(t) The force F due to water in contact with the side of the dam. 
The force F* is given by 


F=wAh 





*The derivation for F can be seen in any standard book of Fluid Mechanics. 
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h 2 Sa elb 
=u x(hx1)x 9 (- Anhxtondi = 2) 
_wxh® 
alee 





Free surface of water 


Fig. 10.1 


h : 
The force F will be acting horizontally at a height of 3 above the base as shown in 


Fig. 10.1. 
(ii) The weight W of the dam. The weight of the dam is given by 
W = Weight density of dam x Volume of dam 
= W, x [Area of dam} x 1 [.- Length of dam = 1 m] 
=Wyx bx 

The weight W will be acting downwards through the C.G. of the dam as shown in 
Fig. 10.1. 

These are only two forces acting on the dam. The resultant force may be determined by 
the method of parallelogram of forces as shown in Fig. 10.1. The force F is produced to intersect 
the line of action of the W at O. Take OC =F and OB = W to some scale. Complete the rectangle 
OBDC. Then the diagonal OD will represent the resultant R to the same scale. 


Resultant R= JjF?2+W? ..(10.1) 
And the angle made by the resultant with vertical is given by 
BD F 
= SS (10.2 
tan 6 OR W (10 } 


10.3.1. The Horizontal Distance between the Line of Action of W and the Point 
through which the Resultant Cuts the Base. In Fig. 10.1 the diagonal OD represents the 
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resultant of F and W. Let the diagonal OD is extend so that it cuts the base of the dam at point 
M. Also extend the line OB so that it cuts the base at point N. Then the distance MN is the 
horizontal distance between the line of action of W and the point through the resultant cuts 
the base. 


Let x = Distance MN 

The distance x is obtained from similar triangles OBD and ONM as given below 
. NM _ BD 
i.e, ON OB 

x F . 
or (his) -W (| Distance ON = h/8, BD = OC = F and OB = W) 
= ae x Ls (10.3) 
W3 ..C10. 


The distance x can also be calculated by taking moments of all forces (here the forces F 
and W) about the point M. 


Fx xx 


h 
x= . 
WwW 3 
Problem 10.1. A masonry dam of rectangular 
section, 20 m high and 10 m wide, has water upto a 
height of 16 m on its one side. Find : 
(i) Pressure force due to water on one metre 
length of the dam, 
(ii) Position of centre of pressure, and 
(iii) The point at which the resultant cuts the 
base. 


Take the weight density of masonry = 19.62 kNim?, 
and of water = 9.81 kNim?, 


It 


col > 
il 
[ry 


x 


Sol. Given : 

Height of dam, H=20m 
Width of dam, b=10m 
Height of water, h=16m 





Weight density of masonry, 
W, = 19.62 kN/m? = 19620 N/m? 
For water, 
w = 9.81 kN/m? = 9.81 x 1000 N/m? 
(i) Pressure force due to water on one metre length of dam 
Let F = Pressure force due to water 


Then F=wAh 


= 9.81 x 1000 x (hx 1) x ‘ 
(ww for water = 9.81 kN/m? = 9.81 x 1000 N/m?) 


1 
=9.81 x 1000 x (16 x 1) x * = 1255680 N. Ans. 
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(ii) Position of centre of pressure 
The point, at which the force F is acting, is known as centre of pressure. The force F is 


Af. 16 
acting horizontally at a height of 3 [ie a 5.33 ma] above the base. 


Position of centre of pressure from base 


= 5.33 m. Ans. 
(iii) The point at which the resultant cuts the base 
Let x = Horizontal distance between the line of action of W and the point through 


which the resultant cuts the base 
W = Weight of dam per metre length of dam 
= Weight density of masonry x (Area of dam) x 1 
= wy, x bx Hx 1 = 19620 x 10 x 20 x 1 = 3924000 N 


Using equation (10.3), 


FA _ 1255680 16 _ 706m. Ans. 


“= WwW "3 = 3924000 3 . 
Problem 10.2. A masonry dam of rectangular cross-section 10 m high and 5 m wide has 
water upto the top on its one side. If the weight density of masonry is 21.582 kNim’, Find : 
(i) Pressure force due to water per metre length of the dam 
(ii) Resultant force and the point at which it cuts the base of the dam. 


Sol. Given : at ee 
Height of dam, H=10m 

Width of dam, 6=5m 

Height of water, h=10m 


Weight density. of masonry 
Wp = 21.582 kN/m? 
= 21582 kN/m°. 
G) Pressure force due to water is given by 


2 10 
F=wAh = 9.81 x 1000 x (10 x x > 


= 490500 N. Ans. 
(ii) Resultant force is given by equation (10.1). 
. R= /F?+Ww? wld) 
where W = Weight of masonry dam 
= Weight density of masonry x Area of dam x 1 
= w,x bx Hx 1 = 21582 x (10 x 5) x P= 1079100 N. 
Substituting the values of F and W in equation (7), we get 


R = 490500? + 10791007 
= 1185048 N= 1.185 MN. Ans. 
The point at which the resultant cuts the base 
Let x = Horizontal distance between the line of action of W and the point through which 
the resultant cuts the base. 
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Using equation (10.3), 

Fh 490500 | 10 


3 soon og ee 


10.4. STRESSES ACROSS THE SECTION OF A RECTANGULAR DAM 


Fig. 10.4 shows a rectangular dam of height H and width 8. 
The dam is having water upto a depth of h. The forces acting on dam are 
() The force F due to water at a height 


of e above the base of the dam, 


(ii) The weight W of the dam at the C.G. 
of the dam. 

_The resultant force FR is cutting the base 
of the dam at the point M as shown in Fig. 10.4. 


Let «x = The horizontal distance between 
the line of action of W and the 
point through which the result- 
ant (R) cuts the base (i.e., dis- 
tance MN in Fig. 10.4). This dis- 
tance is given by equation (10.3). 
Fok 

Se 
W 3 
d= The distance between A and the point M, where the resultant R cuts the base 
= Distance AM = AN + NM 
b F oh : ‘ 
= + Ww 3 (. Distance AN = Half the width of dam) 
The resultant R meets the base of the dam at point }¢————. b —___—-»} 
M. This resultant force R acting at M may be resolved 
into vertical and horizontal components. The vertical com- 
ponent will be equal to W whereas the horizontal compo- 
nent will be equal to F as shown in Fig. 10.4 (a). The ver- 
tical component W acting at point M on the base of the 
dam is an eccentric load as it is not acting at the middle of 
the base. The point N in Fig. 10.4 for a rectangular dam is 
the middle point of the base. 
But an eccentric load produces direct stress and 
bending stress as mentioned in chapter 9. 
Eccentricity of the vertical component W is 
equal to distance NM which is equal to x in this case. 


=x 





Fig. 10.4 








Fig. 10.4 (a) 





*< can also be obtained by taking moments of all forces (i.e., force F and W) about the point M. 


10 F io 490500 10 
—_ r -——— — = —_— — 
Fx 3 =Wxx or <=" 3 = Tovoi00 * 3 = L5im. 
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Eccentricity, e = Distance x (or Distance NM) (10.4) 
=AM-AN=d- ..(10.5) 


Due to the eccentricity, there will be a moment on the base of the dam. This moment will 

cause some bending stresses at the base section of the dam. 

Now the moment on the base section 
=Wx Eccentricity 
= We 

.€ 


Moment, 


1 


elf = 


We know that 


mS = 


where M = Moment 
f= Moment of inertia 


1xb? ; 
= (See Fig. 10.5) Base section 
12 of dam 


se. Fig. 10.5 


Sag . 
o, = Bending stress at a distance y from the centre of gravity of the base section 


y = Distance between the C.G. of the base section and extreme edge of the abse (which 








b 
is equal to + ~ in this case). 


2 
Substituting the values in equation (i), we get 
W.e O, 





(b3/12) (+ 8/2) 
b 12 6Wee 





F O,=tW.eg* iy =t 2 
The bending stress across base at point B (see Fig. 10.4) 
6 W.e 
a b? 
And the bending stress across base at point A 
6W.e 
= Ee 


But the direct stress on the base section due to direct load is given by 
Weight of dam W Ww 
% = Area of base ~ bx1~ 6° 
Total stress across the base at B 


W 6We Wha Se) 
b b? b b 








Snax = sof) + oy = ...(10.6) 
and total stress across the base at A, 
Onin = I) + Bending stress at point A 
W 6 W.e 
b 


Cae 











DAMS AND RETAINING WALLS 415 


Sia Ae 
W (2) | 8% 


If the value of Snnin is negative, this means that at the point A the stress is tensile. 
Problem 10.3. For the Problem 10.1, find the maximum and minimum stress intensities 
at the base of the dam. 
Sol. The data given for Problem 10.1 is 
H=20m,b=10m,h= 16 m, w, = 19620 N/m 
The force calculated are 
F = 1255680 N, W = 3924000 N 


And distance, x = 1.706 m., 
From equation (10.4), we know 
Eccentricity, e = Distance x 
= 1.706 m (eo x = 1.706 m)° 


Maximum stress at the base of the dam (ie., Snax) 
Using equation (10.6), we have 
Ww (1 Se) 3924000 ( 6 x 08) 
G =— +} = | 1 t+ 
mae 0 b 10 10 
= 392400 (1 + 1.0236) 
= 794060.64 N/m? = 0.794 N/mm? (compressive). Ans. 
Minimum stress at the base of the dam (i.e., o,,,,) 
Using equation (10.7), we get 
7 wf Se) seesoo0 ( 6 x 1-706) 
Onin = oo} l-— [= 1 - 
Sie, b 10 10 
= 392400 (1 — 1.0236) = - 9260.64 N/m? 
= 0.00926 N/mm? (Tensile), Ans. 
Problem 10.4. For the Problem 10.2, find the maximum and minimum stress intensities 
at the base of the dam. 
Sol. The data given for Problem 10.2 is 
H=h=10m, 6=5 mand w, = 21582 N/m3 
Caleulated values are 
.F = 490500 N, W = 1079100 N,x = 1.51 m. 
From equation (10.4), we know 
Eccetricity, e=x=1,51 m. 
Maximum stress at the base of the dam {ie., o 
Using equation (10.7), we have 


Ww 6.e 1079100 6x1.51 
On = ss (3 + S| = ea S235) = 215820 (1 + 1.812) 


) 


max 


5 
= 606885.84 N/m? (compressive). Ans. 
Minimum stress at the base of the dam (i.e, Goin) 
Using equation (10.7), we have 


WwW (1 S| ao 6x =] 
o Bley js ie 
b 5 5 





‘min = b 
= 215820 (2 — 1.812) =— 175245.84 N/m? 
= 175245 N/m? (tensile). Ans. 
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10.4.1. Trapezoidal Dam having Water Face Vertical. Fig. 10.6 shows a trapezoidal 
dam having water face vertical. Consider one metre length of the dam. 


e—~ a—>i 


Cc D 





B 
R 
lt— X —>] 
k——_- d ——| 
f¢—-—_—_ b +9 
Fig. 10.6 


Let H = Height of dam 
Ah = Height of water, 
a = Top width of dam, 
b = Bottom width of dam, 
W, = Weight density of dam masonry, 
w = Weight density of water = p x g = 1000 x 9.81 N/m*® 
= 9.81 kN/m? = 9810 N/m? 
F = Force exerted by water 
W = Weight of dam per metre length of dam. 
Now the forces acting on the dam are 
(i) F = Force exerted by water 
2 


we A 
=wxAxh =wx(hxl)x > =wx—. 


The force F will be acting horizontally at a height of h/3 above the base. 
(ii) W = Weight of dam per metre length of dam 
= Weight density of dam x (Area of cross-section) x 1 





= Wy x (* °) xHxl1 [- Area= ; (Sum of parallel sides) x Height} 
{a : b) eH 

The weight W will be acting downwards through the C.G, of the dam. 

(i) The distance of the C.G. of the trapezoidal section (shown in Fig. 10.6) from the 
vertical face AC is obtained by splitting the dam section into a rectangle and a triangle, taking 
the moments of their areas about line AC and equating the same with the moment of the total 
area of the trapezoidal section about the line AC. 





= Wy Xx 


Ln ere NT tm 
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i.e. Area of rectangle x Distance of C.G. of rectangle from AC + Area of triangle _ 


x Distance of C.G. of triangle from AC = Total area of trapezoidal x Distance AN 
b- H = 
or (ax tyx $+ So O2F (g,2-2) (288) yan 
From the above equation distance AN can be calculated. 
(ii) The distance AN can also be calculated by using the relation given below. 








= a +ab+h* 
3(a +b) 
Now let x* = Horizontal distance between the line of action of weight of dam and the 
: point where the resultant cuts the base 
= Distance MN and it is given by equation (10.3) 
Fok 
Se ea 
W 3 
d = Distance between A and the point M where the resultant cuts the base 
{i.e., distance AM) 
=AN + NM -.(10.9) 


The distances AN and NM can be calculated and hence the distance ‘d’ will be known. 


-.(10.8) 


Now the eccentricity, e = d~ half the base width of the dam 
4 


aS, 


Then the total stress across the base of the dam at point B, 


o - 7 (1-82) 


a= i ...(10.10) 
and the total stress, acros the base at.A, 
- (2 : Se) 
Onin = b b (10.11) 


Problem 10.5. A trapezoidal masonry dam is of 18 m height. The dam is having water 
upto a depth of 15 m on its vertical side. The top and bottom width of the dam are 4m and 8m 
respectively. The weight density of the masonry is given as 19.62 kN/m3. Determine : 


@) The resultant force on the dam per metre length. 
(tt) The point where the resultant cuts the base, and 
(iti) The maximum and minimum stress intensities at the base. 


Sol, Given : 

Height of dam, H=18m 
Depth of water, h=15m 
Top width of dam, a=4m 


Bottom width of dam, 6 =8m 
Weight density of masonry, 
w, = 19.62 kN/m$ = 19620 N/m? 





* The distance x can also be calculated by taking moments of all forces about the point M. 
F % h 


h 
Px g=Wxx LEER 
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(i) Resultant force on dam 
Let us find first the force F and weight of the 
dam. : 


Force FowxAxh 
h 
= 9810 x (h x I) x > 


wg 


= 9810 x 15 x e = 1103625 N 


h, 
And it is acting at a distance of g bes 


2 = 5.0 m above the base. 


Now weight of dam is given by 
W = Weight density of masonry 
x Area of dam x 1 


b 
~ wx (23 jx 











2 ) 8x1 
= 19620 x 6 x 18 = 2118960 N. 


4+8 
= 19620 x [ 


The distance of the line of action of W from the line AC is obtained by splitting the dam 


into rectangle and triangle, taking the moments of their areas about the line AC and equating 
to the moment of the area of the trapezoidal about the line AC. 








1 4+8 
or ax texas 4238 (a+2xa)_/ 3 ) «18 aN 
or 144 + 36 [5.33] = 108 x AN 
144 + 36 x 5.33 
N = ——-—_—_-—_——. = 3.llm. 
au 108 


AN can also be calculated as given by equation (10.8) 
a +ab+b”  47+4x848? 


=—sa,.~ OSC er ae = =8 
a 3(a +b) 3(4 +8) (. @=4mand b m) 
16+382+64 112 
ea aaa gg 73-lim 


The resultant force R is given by 


R= jr? + w? = 1103625? + 2118960? 
= 238925.5 N = 2.389 MN. . Ans. 
(ii) The point where the resultant cuts the base 
Let x= The horizontal distance between the line of action of W and the point at which 
the resultant cuts the base. 
Using equation (10.3}, we get 


tears = gyingeo a = Oem 
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a a a a a cn 
ane distance x can also be calculated by taking moments of all forces about the point AZ. 
Fxei=Wxx 
F _ 1103625 

t= x 
Ww * 2118960 

¥rom Fig. 10.6, the distance AM = d. 

ad=AN+NM 


= 3.114% =3.114+ 2.604=5.714m 





x 5 = 2.604 m 


’ b 
Now eccentricity, e=d- 3 


8 
= §.714- 7" 5.714 —- 4.0 = 1.714 m. 


(itt) The maximum and minimum stress intensities 
Let ©,.9, = Maximum stress, and 


Onin = Minimum stress 


Using equation (10.10), we get 
Ww 6.e 2118960 6x 1.714 
= 7 1 > ee e_—O eee a 
mas ries 8 [ 8 | 
= 264870 (1 + 1.2855) = 605360 N/m2, Ans. 
Using equation (10.11), we get 
7 whi Sxe} _ 2118960/, 6x 1.714 
Omin = b b 7 8 8 
= 264870 (1 - 1.2855) = —- 75620 N/m. Ans. 
— ve sign shows that stress is tensile. 
Problem 10.6. A masonry trapezoidal dam 4 m high, 1 m wide at its top and 8 m width 


at tts bottom retains water on its vertical face. Determine the maximum and minimum. stresses 
at the base : 


(t) when the reservoir is full, and 
(ii) when the reservoir is empty. Take the weight density of masonry as 19.62 kNim?. 
Sol. Given : 
Height of dam, H=4m 
Top width of dam, a@=im 
Bottom width of dam, b=3m. 
Depth of water, h=4m 
Weight density of masonry, 
Wy = 19.62 KN/m? = 19620 N/m? 
Consider one metre length of dam. 
(t) Where reservoir if full of water 


The force exerted by water on the vertical face 
of the dam per metre length is given by, 


t 


Fa wxAxh =9810x (4x0 x (4) 


(w= 9810 N/m for water) 
= 78480 N 
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The weight of dam per metre length is given by 
W = Weight density of masonry dam x Area of trapezoidal x 1 


axb 
= gx ( 3 )aw 


(4 
= 19620 x 9 


Now let us find the position of the C.G. of the dam section. This is done by splitting the 
trapezoidal into rectangle and triangle, taking the moments of their areas about the line AC 
and equating to the moment of the area of the trapezoidal about the line AC. 


1 4x2 1 1+3 
(4x1«4)+] 5 «(a+3x2)] -( ) aan 








3 
} x 4 = 156960 N. 








or 2+4x167=8xAN 
2+668 8.68 
AN = STR =1.08m 


AN can also be calculated from equation (10.8), as 


a? +ab+b? 
3(a + b) 


P+1x3437  14+34+9 18 


= 3(1 +3) 12~«12 


The horizontal distance x, between the line of action of W and the point at which the 
resultant cuts the base, is obtained by using equation (10.3), 


= 1.08 m. 








See 
“Wo 3 
78480 4 
= ise060 “3 ~ 987m 
Horizontal distance AM from Fig. 10.7 is given by 
d=AN+x 
= 1.08 + 0.67 = 1.75 m 
b 
Eccentricity, e=d- 2 
3 
= 1.75- 5 1.75 ~ 1.50 = 0.25 m. 
Now let a, = Maximum stress at the base of the dam, and 


G,,;, = Minimum stress. 


Using equation (10.10), we get 


_ 156960 
3 





(1 + sae | = 78480 N/m?. Ans. 





epgeearete 
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Using equation (10.11), we get 


Ww 6.e 
_= 77. 1-— 
Onin b ( b ) 








156960 6 x 0.25 
= 3 1- 3 = 26163 N/m2. Ans. 
(it) When the reservoir is empty kei m4 
When the reservoir is empty, the force F exerted by water c 


will be zero as there is no water retained by the dam. Hence only 
the weight of the dam will be acting as shown in Fig. 10.9. 

The weight of dam, W = 156960 N as before. The position 

of the C.G, of the dam will also remain the same. 
Distance AN = 1.08 m as before. 

Now the resultant force on the dam is equal to the weight 
of the dam, as force F' is zero. Hence the horizontal distance at 
the base of dam between A and the point at which the resultant 
(i.e., force W in this case) cuts the base is equal to distance AN. 

& d=AN = 1.08 m. A 

As W is not acting at the middle of the base, this load is an 
eccentric load. 


4m 


k—_-—- 3 m4] 
k-d—| 


Fig. 10.9 


5 
Now eccentricity, e=d~ 2 


= 1.08 - : = 1.08 - 1.5 =- 0.42 m. 


(Minus sign only indicates that stress at A will be more than at B). 
Now using equation (10.10), we get 


Ww 1 6.e 
Snax = b te 


156960 ( 6x va 
= 1@ 22S 





= 5 3 (Numerically e = 0.42) 
= 96265 N/m’, Ans. 
Using equation (10.11), we get 


Ww 6.e 
_- —}] l-— 
Sin = b ( b } 


156960 (2 _ &x a) 








3 3 
= 8367.93 N/m*. Ans. 

Problem 10.7. A masonry dam, trapezoidal in cross-section, 4 m high, 1 m wide at its 
top and 3 m wide at its bottom, retains water on its vertical face to a maximum height of 3.5m 
from its base. Determine the maximum and minimum stresses at the base (i) When the reservoir 
is empty, and (ii) When the reservoir is full. Take the unit weight of masonry as 19.62 RNin?. 

(AMIE, Summer 1988) 

Sol. Given : 

H=4m,a=1lm,b=3m 
h = 3.5 m, Wy = 19.62 kN/m? = 19620 N/m? 
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Pragrppetéevugparea 


kb = 3m >| 


Fig. 10.9 (a) 
Weight density of water, w = 9810 N/m? 
Consider 1 m length of the dam. 
The force F exerted by water is given by 


Faw xAxh = 9810 x(hx1)x 5 


= 9810 x (3.5 x 1) x 2 = 9.81 x 6125 N = 60086 N 


This force acts at a height of “ = 22 = 1.167 m above the ground. 


The weight W of the dam per metre length is given by 


a+b 
W=wy x ars xH#xi1 





3 
2 ) x 41 = 156960 


The distance of C.G. of the dam section from point A [Z.e., distance AN of Fig. 10.9 (a)]is 
given by equation (10.8) as 


1+ 
= 19620 x ( 


a’ +ab+b? 7 17 +1343? 


BN saab) 3(1 +3) 
1+3+9 13 
=a. 49 =108m 


The horizontal distance ‘x’, between the line of action of W and the point at which the 
resultant cuts the base, is obtained by using equation (10.3) as 
_F Ah 60086 | 35 


*= W* 3 = ises60 ~ 3 = °446m 


(i) Maximum and Minimum stresses at the base when the reservoir is empty. 
When the reservoir is empty (.e., there is no water), the only force acting on the dam 
will be its own weight i.e., 156960 N. The position of C.G. of the dam section will remain.same. 





| 
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at naa 
Hence distance AN = 1.08 m. Also the resultant force here will be W only. The distance of the ~ 
point where resultant cuts the base from A will be 
ad=AN=1.08m 
Hence eccentricity ‘e’ is given by 
b 
e=d- 2 
3 
2 
(Minus sign only indicates that stress at A will be more than that of at B) 
The stresses are given by equation (10.10) as 


Was Cx) 156960 [2s 6 x(- ad 
Be 8B 3 | 83 
150 6 x 0.42 

3 lz 


=1.08- > =-042m 














} = 52320 (1 « 0.84) 


Maximum stress = 6,,,, 
= 52320 (1 + 0.84) = 52320 (1.84) N/m? 
= 96268.8 N/m”. Ans. 
and Minimum stress = Onin 
= 52320 (1 — 0.84) = 52320 (0.16) 
= 8371.2 N/m?, Ans. 
(it) Maximum and minimum stresses when reservoir is full. 


In this case, two forces i.e., F and W are acting on the dam. The resultant (R) of these 
two forces cuts the base at the point M. The distance AM is given by, 


ad=AM=AN+x 
= 1.08 + 0.446 =1.526m 
Now eccentricity is obtained as ; 
b 
e=d- ie 1.526 — : = 1.526-1.5=0.026 m 
Maximum stress is given by, 


Ww 6 
wae FO 


156960 6 x 0.026 : 
3 1+ — 7 = 52320 (1 + 0.052) 


= 55040.64 N/m*, Ans. 


WwW 6xe 
and o = |1- 











min b b 
" 156960 (:- 6 x 0.026 
623 3 
= 52320 x 0.948 = 49599.36 N/m?. Ans. 


} = 52320 (1 — 0.052) 
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10.5. TRAPEZOIDAL DAM HAVING WATER FACE INCLINED 


Fig. 10.10 shows a trapezoidal dam section having its water face inclined. 





Let H = Height of dam, 
A = Height of water, 
a= Top width of dam, 
& = Bottom width of dam, 
w, = Weight density of dam masonry, 
w = Weight density of water 
= 9810 N/m? 
@ = Inclination of face AC with vertical, 
F = Force exerted by water on face AC, 
F., = Component of F in x-direction 
= F'cos 0, 
FB, = Component of F in vertically downward direction 
= F'sin 6, 
W = Weight of dam per metre length of aie 


at+b 
= WX | xH 


L = Length of sloping side AE which is subjected to water pressure. 
Consider one metre length of the dam. 
Now in triangle AEF, 


oe Ahh 
cos b= L 


AF 
AE 





Poe EA RL AR A 2 RR A I 


DAMS AND RETAINING WALLS 425 





h 
cos 8 
The force acting on the dam are 
(i) The force exerted by water on face AE is given by, 





wi) 














FowAh 
where A= Area of face AE 
=AEx1l (Length of dam perpendicular to plane of paper = 1 m) 
aon (- ARP 
cos 8 cos 6 
- A 
h= 3 
F- h h _ wx h? 
ae - cos 6 “2° 2cos0 


The force F acts perpendicular to the face AH as shown in Fig. 10.10 at a height = above 
the base. 
Now, Fl=F x cos @ 


w xh 2 pak? 
= scene g : 2 cos @ 











= Force exerted by water on vertical face AF 
and FY =F sin 0 


_wxh? . - pax? 
~ 2cos6 Same j 2cos@ 





2 
Ent x tan 6 
2 








2 
_wxh’ | EF (: In AEF, tan 0 ~ 2 
2 AF AF 
wxh® EF 
oe 
2 A 
hx EF 
2 
=w x Area of triangle AEF 





(- AF =k) 





=WX 





iE Area of triangle AEF = a *) 


=w x Area of triangle AFF x 1 
= Weight of water in the wedge AEF. 
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Hence the force F, acting on inclined face AE is equivalent to force F, acting on the 
vertical face AF and force F y Which is equal to the weight of water in the wedge AEF. 


h 
The force F; acts at a height 3 above the base whereas the force F,, acts through the 


C.G. of the triangle AEF. 
(ii) Weight of dam per metre length of the dam and it is given by 


a+b 
W = 9 x HX wy. 


The weight W will be acting through the C.G. of the trapezoidal section of the dam. The 
distance of the C.G. of the trapezoidal section shown in Fig. 10. 10 from the point A is obtained 
by splitting the dam section into triangles and rectangle, taking the moments of their areas 
about the point A and equating the same with the moment of the total area of the trapezoidal 
section about the point A. By doing so the distance AN will be known. 

(iii) The force R, which is the resultant of the forces F and W, cuts the base of the dam at 
point M. The distance AM can be calculated by taking moments of all forces (i.e., forces F,, F, 
and W) about the point M. But the distance AM = d. 





Now the eccentricity, e= d~ 2. 


Then the total stress across the base of the dam at point B, 


x. (1 + se) 2 
Snax ate b b (10.1 ) 
and the total stress across the base of the dam at point A, 
Vv 6.e 
= >|1-— 
Onin = ( b } ..(10,18) 


where V = Sum of the vertical forces acting on the dam 
=F, + W. 
Problem 10.8. A masonry dam of trapezoidal section is 10 m high. It has top width of 
I mand bottom width 7 m. The face exposed to water has a slope of 1 horizontal to 10 vertical. 
Calculate the maximum and minimum stresses on the base, when the water level coincides 
with the top of the dam. Take weight density of masonry as 19.62 kN/m3. 


Sol. Given : 
Height of dam, H=10m 
Top width of dam, a=l1m 


Bottom width of dam, 6=7m 
Slope of face exposed to water = 1 hor. to 10 vertical 
Length of ZC in Fig. 10.11=1m 

Depth of water, h=10m 

Weight density of masonry, w, = 19.62 kN/m = 19620 N/m? 

Consider one metre length of the dam. 

Let the weight of dam (W) cut the base at N whereas the resultant R cuts the base at M. 

The force F due to water acting on the face AC is resolved into two components F, and F, 
as shown in Fig. 10.11. . 

But F = Force due to water on vertical face AE 


=wxAxh 
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7 m1 


Fig. 10.11 


1 
= 9810 x (10 x 1) x (v Area, A = AE x 1) 


= 490500 N 


10 
The force F,, will act at a height of “3m above the base of the dam. 
F, = Weight of water in wedge AEC 





=w x Area of AEC x 1 (. Length of dam = 1 m) 
= 9810 x ao * <1 = 49050 N. 


The force F,, will act downward through the C.G. of the triangle AEC i.e. at a distance 
4x1=4 m from AO. 





a+b 1+7 
Weight of dam, W=w)x a x H = 19620 x 2 x 10 = 784800 N. 


The weight W will be acting through the C.G. of the dam. 

The position of C.G. of the dam (.e., distance AN) is obtained by splitting the trapezoidal 
into triangles and rectangle, taking the moments of their areas about A and equating to the 
moment of area of the trapezoidal about the point A. 














(EZ) + 0 x1 1.5) 28 (2 3) 2 G29 aN 
1+7 
or 8.88 + 1549167 =( 2 ) 10x AN'= 40 x AN 
110 
AN = 10 = 2.75 m 


The resultant force R cuts the base at M. To find the distance of M from A (i.e., distance 
AM), take the moments of all forces about the point M. 
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10 
F, x — F, x (AM - 0.33) - Wx NM =0 

or 490500 x = — 49050 x (AM — 0.33) ~ 784800 x (AM — AN) = 0 

(2 NM =AM-—AN) 
or eee ~ 490500 AM + 16350 — 784800 AM + 784800 x 2.75 = 0 

(: AN = 2.75) 
or ee + 16350 + 784800 x 2.75 = 784800 AM + 49050 AM 
or 3809550 = 833850 AM 
3809550 
= “gagg50 ~ 1°68 
or d = 4.568 (s AM=d) 
; 


Now the eccentricity, e=d-—- 2 


= 4.568 — = 4,568 — 3.5 = 1.068 m. 


Maximum and Minimum stresses on the base 
Let 0,,4, = Maximum stress on the base, 

G,,in = Minimum stress on the base. 
Using equation (10.12), we get 


¥ (cvs 
Snax = * b 


where V = Total vertical forces on the dam 
=Wr f, = 784800 + 49050 = 833850 N 


833850 ( 6+ 8) 
as {ig Ee: 





Pmax = 7 7 
= 228167 N/m”. Ans. 
Using equation (10.13), we get 


Vv 6.e 
mat eS 
Onin = :*) 


833850 (1 _ 6x a 
7 6 
= 10077.8 N/m”. Ans. 
Problem 10.9. A masonry dam of trapezoidal section is 10 m high. It has top width of 
1 mand bottom width 6 m. The face exposed to water has slope of 1 horizontal to 10 vertical. 
Calculate the maximum and minimum stresses on the base when the water level coin- 
cides with the top of the dam. Take weight density of masonry as 22.563 kNim’. 





Sol. Given : 

Height of dam, H=10m 
Height of water, h=10m 
Top width ofdam, a=1m 


Bottom width of dam, 6=6m 


: ee) 
NR, RR tt I Tr ntrit SA tt EEL 1, TIre EE —ts —eRTTTRAT TLE | 


pretense 
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Slope of the face AC which is exposed to lt mie 
water = 1 hor. to 10 vertical. E Cc 


#3 EC=1m (. AE =10m) 
Weight density of masonry, 
Wy = 22.563 kN/m3 
= 22563 N/m? 
Consider one metre length of dam. 
Now the force F due to water acting on the 10m 


face AC is resolved into two components F,, and F, as 
shown in Fig. 10.12. 


Force, F, = Force due to water acting on 
vertical face AH 






=wxAxh 
10 B 
= 9810 x (10 x 1) x ~~ '¢——- d ——>} 
Ap i mf} mit 4 m— 1 
(: 5-22) 
= 490500 N Fig. 10.12 


and Force, F, = Weight of water in the wedge AEC 
= w x Area of triangle AEC x 1 
EC x AE 
S30 % a eed 
2 
ix 10 


2 





Ml 


9810 x x 1 = 49050 N 


Weight of dam, 








a+b 1+6 
W=w,x x H = 22563 x 5 x 10 


2 

= 789705 N. 

The position of the C.G. of the dam (i.e., distance AN) is obtained by splitting the 

trapezoidal into triangles and rectangle, taking the moments of their areas aboutA, and equating 
to the moment of the area of the trapezoidal about point A. 


10x 1 2 1 10x 4 1 a+b 
3 X=410xixil+o}+ a * a = x Hx AN 














3 2 2 
or 3.98 +15 +20 == S**) 10x AN 
85 = 35 x AN 
85 17 
AN = == — =2.43 m. 
35.7 


Now let the resultant R of forces F and W cut the base at M. 
Taking the moments of all forces (i.e., force F’,, F. % and W) about the point M, we get 


i0 1 
Fx 0 wanton, x(AM- 2x1] 


1 
490500 x 2 = 789705 x (AM — AN) + 49050 (am - 5 
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4 
~ 49050 
4905000 _ 7g9705 x AM — 789705 x AN + 49050 x AM - —.— 

3 


17 49050 (: AN = =) 





= AM x (789705 + 49050) 789705 x =~ 3 — - 
49050 

= AM x 838755 — 1917855 - —,— 

49050 
AM x 838755 = a + 1917855 + —,- = 8569205 
| 3569205 
oo 48 
gse7sp em 


: b ae — 
~ Eccentricity, e=AM- 3 (. AM =d) 


= 4,255 ~ — = 4.255 - 3.0 = 1,255 m. 


ml] a 


Maximum stress on the base 
Using equation (10.12), we get 
Vv 6.e 
= —|1+— 

Ce 75 ( 


max b 
‘ where V = Total vertical forces on the dam 
=W+ a = 789705 + 49050 = 838755 N 


838755 (1 , 6+ 1255 
a 6 


max 


| = 315232 N/m? Ans. 
Using equation (10.13), we get 


Vv 6.2 
Onin = ¥(1- a8 


Bs eee (1- 621285) = 85647 N/m? Ans. 





10.6. STABILITY OF A DAM | 


A dain should be stable under all conditions. But the dam may fail : 

1. By sliding on the soil on which it rests, 

2. By overturning, 

3. Due to tensile stresses developed, and 

4, Due to excessive compressive stresses. 

10.6.1. Condition to Prevent the Sliding of the Dam. Fig. 10.13 shows a dam of 
trapezoidal section of height H and having water upto a depth of h. The forces acting on the 
dam are: 


: j h b 
(i) Force due to water pressure F acting horizontally at a height of 3 above the base. 


(ii) Weight of the dam W acting vertically downwards through the C.G. of the dam. 

The resultant R of the forces F and W is passing through the point M. The dam will bein 
equilibrium if a force R* equal to R is applied at the point M in the opposite direction of R. 
Here R* is.the reaction of the dam. The reaction R* can be resolved into two components. The 
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vertical component of R* will be equal to W whereas the horizontal component will be equal to 
frictional force at the base of the dam. 





le— x ~~» 


le dé Fractional 


force = p5W 


Fig. 10.13 


Let uw = Co-efficient of friction between the base of the dam and the soil. 
Then maximum force of friction is given by, 
Foon = XW (10.14) - 
If the force of friction .e., F,,,, is more than the force due to water pressure (i.¢., F), the 
dam will be safe against sliding. 


10.6.2, Condition to Prevent the Overturning of the Dam. If the resultant R of the 
weight W of the dam and the horizontal F due to water pressure, strikes the base within its 
width i.e., the point M lies within the base AB of Fig. 10.13, there will be no overturning of the 
dam. This is proved as: 

For the dam shown in Fig. 10.18, taking moments about M. 

Moment due to horizontal force F about point M 


A 
=Fx 3 8) 
Moment due to weigth W about point M 
=Wxx Gt) 


The moment, due to horizontal force F, tends to overturn the dam about the point B ; 
whereas the moment due to weight W tends to restore the dam. If the moment due to weight W 
is more than the moment due to force F, there will be no overturning of the dam. For the 
equilibrium of the dam, the two moments should be equal. 


h 
Fxg=Wxx iii) 


Since overturning can take place about point B, hence restoring moment about the 
point B 


=Wx NB 
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But overturning moment due to force F about point B 
=Fx t =Wxx (: from equation (iti) F x : =Wx x] 


There will be no overturning about point B, if restoring moment about B is more than 
the overturning moment about B i.e., 


if WxNB>Wxx 
or NB>x 
> NM (. «= NM) 


This means that there will be no overturning of the dam if point M lies between N and B 
or between A and B. : ; 

10.6.3. Condition to Avoid Tension in the Masonry of the Dam at its Base. The 
masonry of the dam is weak in tension and hence the tension in the masonry of the dam should 
be avoided. The maximum and minimum stresses across the base of the dam are given by 
equations (10.10) and-(10.11). The maximum stress is always compressive but the minimum 


6.e ore 
stress given by equation (10.11) will be tensile if the term (2 = s*) is negative. In the limiting 


case, there will be no tensile stress at the base of dam 


‘ 6.e 
if ies) 
i = 
or b-6.e2=0 or bz=6.e 
or 6.esb or ex? ...(10.15) 


where e = Eccentricity and b = Base width of dam. 


b 
This means that the eccentricity of the resultant can be equal to @o the either side of 


the middle point of the base section. Hence the resultant must lie within the middle third of 
the base width, in order to avoid tension. Refer to Fig. 10.13. 

If d® = Maximum distance between A and the point through which resultant force R 
meets the base. 





Then e=d* zs ; GZ) 
But to avoid tension at the base of the dam, maximum value of eccentricity, 
b 
— (it) 
ese 
From equations (i) and (it), we have 
bb 
d*—-—s— 
2°6 
d#s2,8 < B40: 402s ...(10.16) 


6 2 6 5 63 
Hence if the maximum distance between A and the point through which resultant force 
R meets the base (i.e., distance d*) is equal to or less than two third of the base width, there 
will be no tension at the base of dam. 
10.6.4. Condition to Avoid the Excessive Compressive Stresses at the Base of 
the Dam. The maximum and minimum stresses across the base of the dam are given by 
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equations (10.10) and (10.11). The condition to avoid the excessive compressive stresses in the 
masonry of the dam is that the p,,_, L.¢., maximum stress in the masonry should be less than 
the permissible stress in the masonry. 


Problem 10.10. A trapezoidal masonry dam having 4m top width, 8 m bottom width 
and 12 m high, is retaining water upto a height of 10 m as shown in Fig. 10.14. The density of 
masonry is 2000 kg/m and coefficient of friction between the dam and soil is 0.55. The allow- 
able compressive stress is 8343350 N/m?. Check the stability of dam. 


Sol. Given : . 
Top width ofdam, a=4m 
Bottom width of dam, 6 =8m 
Height of dam, H=12m 
Depth of water, h=10m 
Density of masonry, p, = 2000 kg/m 

Weight density of masonry, 

Wy = 2000 x 9.81 N/m? 
Co-efficient of friction, 
w= 0.55 


lt#— 4m-—> 


12m 





Fig. 10.14 


Allowable compressive stress 
; = 343350 N/m? 
Consider on metre length of dam. 
The horizontal force F exerted by water on the vertical side of dam is given by 


F=awxAxh 


= 1000 x 9.81 x (10. x 1) x 2 
= 490500 N 
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10 
The force F will be acting at a height of 3 ™ above the base. 


Weight of the dam per metre length is given by, 
w = Weight density of masonry x Area of trapezoidal section x 1 








_ (448 
= yx (222) x 47x 1 = 2000 x 9.8 x \e1axa 
; = 1412640 N. 
The wieght W will be acting at the C.G. of the dam. The C.G. of the dam is obtained by 
splitting the trapezoidal section into rectangle and triangle, taking the moments of their areas 
about the point A and equating to the moment of the area of the trapezoidal about A. 


448 
ax ian 4X2.(4+4) = ; | az ean 








3 
16 
or 96 + 24x ~~ = 72% AN 
or ‘ 964+ 128=72x AN 
96+128 224 
=o OE es 8.11 m. 
AN 79 72 3.11 m 
Taking the moments of the forces acting on the dam about the point M. 
10 
Fx 3 = Ww xx 


F 10 _ 490500 10 _ jy is7m 
Ww 3 1412640 3 
Distance AM =AN +x 
= 3.11 + 1.157 = 4.267 m. 
(i) Check for the tension in the masonry of the dam 


Now from equation (10.15), we have 


or x= 


de oxbs2 x 8.0 
s 5.33 m. 


As the distance AM is less then d* or x b (.e., 5.33 m), the dam is safe against the 


tension in its masonry at the base. Ans. 
(ii) Check for overturning 
The resultant is passing through the base AB of the dam and hence there will be no 
overturning. 
(iit) Check for sliding of the dam 
From equation (10.14), the maximum force of friction is obtained as, 
Pax = x W 
.= 0.55 x 1412640 = 776952 N. 
Since force of friction is more than the horizontal force due to water (e., F = 490500), 
the dam is safe against sliding. 





DAMS AND RETAINING WALLS 435 





(iv) Check for excessive compressive stress at the base of the dam 
From equation (10.10), the maximum stress at the base of the dam is given by 


F(1+¥) 


Omax = BSG 
b b 
where e=d-7 =AM-> (C. d=AM) 
= 4.267 - = =0.267 m 
W = 1412640 N 


1412640 ( 6 x 0.267 
= ————_] 1+ © ae 
Since the maximum stress is less than the allowable stress, hence the masonry of the 

dam is safe against excessive compressive stress. Ans. 

Problem 10.11. A trapezoidal masonry dam having top width 1 m and height 8 m, is 
retaining water upto a height of 7.5 m. The water face of the dam is vertical. The density of 
masonry is 2240 kg/m? and co-efficient of friction between the dam and soil is 0.6. Find the 
minimum bottom width of the dam required. 


} = 211940 N/m?. 


max 8 


Sol. Given : 

Top width, a=10m cep 
Height of dam, H=80m 

Depth of water, h=-7.5m 


Density of masonry, p, = 2240 kg/m? 
Weight density of masonry, 
Wy = Py X £ = 2240 x 9.81 N/m3 
Co-efficient of friction, 1 = 0.60 
Let 6 = Width of dam at the base. Con- 
sider one metre run of the dam. Horizontal force 
F exerted by water is given by, 


FoawxAxh 





= 1000 x 9.81 x (7.5 x 1) x % 





(- w for.water = p x g Fig. 10.15 
= 9810 N/m?) 
= 275906.25 N. 
The weight of dam per metre run is given by, 
W=wy (=*) xHxl 
2 
14+6 
= 2240 x 9.81 | —5~ | x 8 x 1 = 87897.6 (6 + I)N. 


The weight W will be acting through the C.G. of the dam. The distance of the C.G. of the 
dam from A is given by equation (10,8). , 
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a? +ab+b? 
3(a + b) 


1? 41xb+b? 7 14640? 
3(1 4d) 3(1+5) * 
The horizontal distance x, between the line of action of W and the point at which the 
resultant force R cuts the base, is obtained by using equation (10.3). 


“g=—>x*> 
WwW 3 
275906.25 le _ 7847 


“'978976(6+D 3  (+D° 
Distance d=AM=AN+NM=AN+4+% 


= 14+5+87 ¢ 7.847 
~ 84+5) (6+) 








.-(Z) 
‘ ‘i et i 2 
(i) There will be no tension in the dam at the base ifd < 3 b 


Hence for the limiting case d = 7 ) 


14+b+b? 7.847 2 
3(1+6)  b+i 3 
1+5+ 6743 x 7.487 = 26(6 + 1) 
or 146+? + 22.461 = 2b? + 2b 
or b? + b — 23.461 = 0. 
The above equation is a quadratic equation. Its solution is 
~it JP +4x1x23461  — 129.7387 
Oe 2 = 2 
~ 14 9.7387 


SS va (Neglecting negative value) 


=4.37m ...(ii) 
(it) There will be no sliding of the dam if 
uW>F 
or 0.6 x 87897.6 (6 + 1) > 275906.25 
275906.25 

or (6+ D> O¢x8789076 7 28 
or b> 4.23 (tit) 

Hence the minimum bottom width of the dam, so that there is no tension at the base of 
the dam and also there is no sliding of the dam, should be greater of the two values given by 
equations (iz) and (iii). 

Minimum bottom width = 4.37 m. Ans. 


Problem 10.12. A masonry gravity dam is vertical at the water face and has a height of 
8.5 m above its base. It is 1.2 m wide at the top. It retains water upto a height of 8 m above the 
base. The density of masonry is 2300 kg/m. Determine the minimum bottom width required to 


or b [Substituting the value of d from equation (¢)] 
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satisfy “no tension” condition in the section and aiso to ensure that there is no sliding at the 
base. The co-efficient of friction between the dam and foundation is 0.5. 


be~ 1.2 m—>| 





Fig. 10.15 (a) 


Sol. Given : 

Height of dam, H=85m 
Width at top, a=12m 
Depth of water, h=8m 


Density of masonry, 9, = 2300 kg/m? 
Weight density of masonry, 
Wy = Py XE = 2300 x 9.81 N/m? 
Weight density of water, 
w = 1000 x 9.81 N/m? = 9810 N/m? 
Coefficient of friction, p= 0.5 
Let 6 = Bottom width at the base 
Consider 1 m length of the dam 
The force F exerted by water is given by 


= A 
F=wxAxh = 9810 x (Ax 1) x > 


8 
=9810x(8x1)x > 








2 
= 313920 N .-(i)} 
The weight of dam is given by 
W =u) x (7) xHxl1 
124+6 
= (2300 x 9.81) x 2 x85x1 
= 95892.75 (1.2 + b) (it) 
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The horizontal distance x, between the line of action of W and the point M at which the 
resultant force R cuts the base, is given by equation (10.3) as 


ff 
ae W 3 
313920 8 26.19 


eK 


95892.75 (1.2+6) 3 3(1.2+5) 
The weight W wiil be acting through the C.G. of the dam. The horizontal distance of the 
C.G. of the dam section from point A is given by equation (10.8) as 


a? + ab+b? 


3(a + b) 
_ 1.27 4+1.2b+b7 — 1.4441.2b48? 
~ 80246) B12 +8) 


d=AM=AN+NM=AN+<x 
_ 14441.2b4+6? — 26.19 


Now distance, 


31.246) 3(1.245) 
_ 1.44 +1.2b +67 +26.19 
8(1.2 + B) 
_ 27.63 + 1.2b +b? Gi) 
3(1.2 + 3) 


(a) Width at the base for no tension at the base 
There will be no tension in the dam at the base if 
2 
=—b 
ds 3 


27.68 4+1.2b+b? 2 
or ——_—_—_— s-6 
8(1.2 + 5) 3 
or 27.63 + 1.26 + 6? < 26(1.2 + b} 
= 2.4b + 2b? 
or 0 = 2.4b + 26? — 27.63 — 1.2b - b? 
or 0 sb? + 1.26 — 27.63 
or b? + 1.2b - 27.63 = 0 
’ For limiting case, 6? + 1.2b - 27.63 = 0. 
The above equation is a quadratic equation. Hence its roots are given by 


_ ~ 124 y12?44x1x2763  -12+ 1058 
7 2x1 = 2 
=4,69m (Neglecting -ve root which is not possible) 
Hence there will be no tension at the base, if width } is more than 4.69 m. 
(6) Width of dam for no sliding of dam at the base 
There will be no sliding of the dam at the base if pW = F. 
Substituting the values of W from equation (ii) and of F from equation (i), we get 
uw x 95892.75 (1.2 + b) = 313920 
or 0.5 x 95892.75 (1.2 + b) = 313920 


b 
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Gate 
or rt 0) 08 OB89R75 7 
or 6 = (6.54 — 1.2) = 5.34 m. 


(c) Width of dam for no tension condition and also for no sliding at the base 
For no tension, we have b2469m 
For no sliding at the base b25.34m 
To satisfy both the conditions, 6 = 5.34 m 
Minimum bottom width =534m. Ans. 
Problem 10.13. A masonry dam of trapezoidal section is 12 m high with a top width of 
2m. The water face has a better of 1 in 12. Find the minimum bottom width necessary so that - 


tensile stresses are not induced on the base section. Assume density of masonry = 2300 kg/m#, . 
that of water = 1000 kg/m? and no free board. (AMIE, Summer 1984) 


Sol. Given : 
Height of dam, H=12m 
Top width, a=2m 
Slope of water face =lin 12 
1 CD CD 
or tan §@= Ta = ap 2 
Length CD=1m 


Density of masonry, p, = 2300 kg/m? 
Weight of density of masonry, 
Wy = 2300 x 9.81 N/m? 
Density of water, p = 1000 kg/m? 
Weight density of water, 
w = 1000 x 9.81 N/m?. 


No free board means the depth of water is equal 
to the height of dam. 


Depth of water, A=12m 

Consider one metre length of the dam. 

The forces acting on the dam are: 

The force F due to water acting on the face AC 
is perpendicular to the faceAC. This force F is resolved 
into two components F, and z as shown in Fig. 10.16. 

(i) Force F, = Force due to water acting on 

vertical face AD 


=wxAx h 





#——-—— d ——_>} 


Fig. 10.16 
= 1000 x 9.81 x (12 x 1) x : 
= 72000 x 9.81 N. 


12 
The force F., acts at a height of "ane 4 m above the base of the dam i.e., from point A. 


(i) The force F,, = Weight of water in the wedge ADC 
=w x Area of triangle ADC x 1 
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= 1000 x 9.81 x 2%} x1 = 6000 x 9.81N. 


The line of action of rr is at a distance of : m from line AD. 


(iii) Weight of dam, W = w, x Area of trapezoidal x 1 





a+b 
= 2300 x 9.81 x xHxi 


2 





b 
3 x12x1 


= 13800 x 9.81(2 + b) N. 

The weight of the dam (W) is acting at the C.G. of the dam. The position of C.G. of the 
dam (i.e., distance AN in Fig. 10.16) is obtained by splitting the trapezoidal into triangles and 
rectangle, taking the moments of their areas about A and equating to the moment of area of 
the trapezoidal about the point A. 


2+ 
= 2300 x 9.81 x ( 














12x1) 2 12x (6-3) 1 ae 

2S) 2 sraxaxaens B2O® 5/543 x0-9)]=[ 2 x Hx AN 
or 4448+ 6-3) x(3+5=2)— (242) viz ean 
or 52+ 60-3) (P99) 6245) xAN 


156 + 6(b — 3)(6 + 6) 
3x6x (2+) 
The resultant R cuts the base at M. To find the distance of M from A (i.e., distance AM or 
d), take the moments of all forces about the point M. 


or AN = 


Fox4-—F x(a-3)-Wxe=0 
x ¥ 3 


or 72000 x 9.81 x 4- 6000 x 9.81 x (4 - | — 13800 x 9.8112 + 6) xx=0 


But x=d-AN AG) 
156 + 6( - 3X6 + 6) 

18(2 +b) 
Substituting the value of x in equation (i), we get 


9.81 x 72000 x 4 - 6000 x 9.81 (a - ;| — 13800 x 9.81(2 + 6) 


=d- 


al 156 + 6(6 - 3)(6 +86) =0 
18(2 +b) — 
: 2 
To avoid the tension at the base of the dam, the distance d = 3 b. 
Taking the limiting value, we get 


a2. 
3 





z 


Ce aanctiatnaaee ea nuaimnaainenmnneennentn 


DAMS AND RETAINING WALLS AA4 
LE SP SS SSS SVU SS 
Substituting this value of d in above equation, we get 


9.81 x 288000 — 6000 x 9.81 (2 - 5] — 13800 x 9.81(2 + 6) 


3 
,, | 28 _ 156 + 6 -3X5+6)] _ 
3 18(2 + b) ae 
or 288000 — 2000(2b — 1) — 13800(2 + b) x | 22% 8x 2 + 6) - 156 ~ 6 ~ 36+ 6) _ 9 
18(2 + db) 


or 288000 ~- 2000(26 + 1)- ae [126(2 + 6) ~ 156 — 6(6 - 3)(6 + 6] =0 


or 2880 = 20(26 — 1)— = (246 + 125? - 156 - 6(6? + 8b - 18)] = 0 
; 23 

or 2880 — 406 + 20 — 3 (6b? + 64 — 48] =0 

or 2880 — 40b + 20 - 23 [267 + 2b - 16] =0 

or 2880 — 40b + 20 - 466? — 466 + 36.8 =0 

or ~ 4662 — 86b + 3268 = 6 


466? + 866 — 3268 = 0. 
The above equation is a quadratic equation. Hence its solution is 


b= — 86 + 867 + 4 x 46 x 3268 _ ~ 86+ 780.19 





2x 46 . 92 
~ 86 + 780.12 
= ages (Neglecting --ve roots) 
= 7.545 m. Ans. 


Problem 10.14. A mass concrete dam shown in Fig. 10.17 (a) has a trapezoidal cross- 
section. The height above the foundation is 61.5 m and its water face is vertical. The width at 
the top is 4.5 m. 

Calculate the necessary minimum width of the 
dam at its bottom, to ensure that no tension shall be 
developed when water is stored upto 60 metres. Draw 
the pressure diagram at the base of the dam, for this 
condition, and indicate the maximum pressure devel- 
oped. 

Take density of concrete as 2,400 kg/m? and 
that of water.as 1,000 kg/m. 


Sol. Given : 

Height of dam, H=61.5m 
Top width of dam, a=45m 
Height of water, h=60m 


Density of concrete, p, = 3400 kg/m 
Weight density of concrete, 
Wy = 2400 x 9.81 N/m? 
Density of water, p = 1000 kg/m? 
Weight density of water, 
w = 1000 x 9.81 Nm? 





k——--- b >| 
Fig. 10.17 (a) 
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f the dam at its bottom in metres, 


metre length, ; 
f the dam section and point M. 


Let b= Minimum width o 
F = Total water pressure on the dam per 
x = Horizontal distance between the C.G. 0 

, wh? 

Using the relation, = Mae 


_ 1000 x 9.8160") _ s7958000 N ld) 


2 
We know that the weight of dam per metre length, 
x b) 
W=w,x _ xHxl 


45+6 gi 5N . 
ae 


e C.G. of the dam section. We know that the dis- 








= 2400 x 9.81 x 


= 723978(4.5 + 6) N 
Now let us find out the position of th 
tance AN from equation (10.8) is given by 
az+ab+b? (4.5)? +4564" 
“ 3(4.5 + 6) 


: Rt TERETE 
A n 


ae 3(a + b) 7 


20.25 + 4.5b +b? 


= 8(4.5 + 8) 
Now from equation (10.3) 
Poh 
x= Ww x 3 


_ 17658000, 60 __ 488 
= "793978(4.5+6) 3 (454) 
Horizontal distance AM 
20.25 + 4.5b +b” 
8(4.5 + Bb} 
488 
45+b 


20.25 + 4.5b + b? + 1464 
= 3(45 +b) 
1484.25 + 4.56 +b? 
. 3(4.5 + 8) 
There will be no tension in the dam at 
the base if 


d=AN+4+x= 





+ 





ds 2 b 
Fig. 10.17 (b) 


Hence for the limiting case d= 3 


1484.25+4.5b+5" _ 2b 
7 3(4.5 +b) 3 
or 1484.25 + 4.56 + b? = 2b(4.5 + b) = 9 + 26° 
or BS + 4.56 — 1484.25 = 0. 
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' Solving this equation, as a quadratic equation for 6, 


_ -45+ (4.5)? +4 x 1484.25 


2 
_ -454+77.05 


a oe 36.725 m. Ans. 


Pressure diagram at the base of the dam 
Let ,,,, = Maximum stress across the base at B. 
Substituting the value of b in equation (ii) 
W = 723978(4.5 + 6) = 723978(4.5 + 36.275) 
= 29520252 N 


b 


Using equation (10.10), 


But from equation (10.15), 


ob 
e=%. 
2W 2x 29520252 N 
EE go aN 2 
C.s. 5 96.575 1627479 Nin 
= 1.6275 MN/m? and go,, =0. 


min 


The pressure diagram at the base of the dam is shown in Fig. 10.17(6). Ans. 


10.7. RETAINING WALLS 


The walls which are used for retaining the soil or earth, are known as retaining walls. 
The earth, retained by a retaining wall, exerts pressure on the retaining wall in the same way 
as water exerts pressure on the dam. A number of theories have been evolved to determine the 
pressure exerted by the soil or earth on the retaining wall. One of the theories is Rankine’s 
theory of earth pressure. Before discussing Rankine’s theory, let us define the angle or repose 
and study the equilibrium of a body on an inclined plane. 

10.7.1. Angle of Repose. It is defined as the maximum inclination of a plane at which 
a body remains in equilibrium over the inclined plane by the assistance of friction only. The 
earth particles lack in cohesion and have a definite angle of repose. And angle of repose* is 
equal to angle of friction ($). Angle of friction is the angle made by the resultant of the normal 
reaction and limiting force of friction with the normal reaction. 

10.7.2. Equilibrium of a Body on an Inclined Plane. If the inclination of the in- 
clined plane is less than the angle of repose, the body will be in equilibrium entirely by friction 
only. But if the inclination of the plane is greater than the angle of repose, the body will be in 
equilibrium only with the assistance of an external force. Let an external horizontal force P is 
applied on a body, which is placed on an inclined plane having inclination greater than angle 
of repose, to keep the body in equilibrium. There are two cases : : 

(i) The body may be on the point of moving down the plane, and 

(ii) The body may be on the point of moving the plane. 

ist Case. The body is on the point of moving down the plane. 

Let W = Weight of the body 

P = Horizontal force applied on the body in order to prevent the body from moving 
down the plane — 
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eee le made by the resultant of normal reaction 
= imiti iction i.e., angle made e 
oe oat erie Pea ok fae Crean as shown in Fig. 10.18 (6). 
R’ = Resultant of normal reaction and limiting force of friction. — 
The forces acting on the body are shown in Fig. 10.18 (a). The body is in equilibrium 
under the action of three forces W, P and R'. Applying Lami’s theorem* to the forces acting on 
the body, we get : 











P = Ww 
sine of angle between W and R' sine of angle between R' and P 
P see ie 
ne sin (90-0+90+4)  sin(@+90-9) 
P Ww 
= sin[180-@-4)] sin (90+ 0-9) 
aa P 
{ 
A 
/ 
ge ik 
wy 1 
(b) . an) 
Fig. 10.18. Body moving down. 
_ Wsin [180 - (6 - 6)] Ss W sin (0 - >) 
ms “gin [90 + (- $)] cos (8 — ) 


= W tan (6 - 4) ..(10.17) 
2nd Case. The body is on the point of moving up the plane. 
Let W = Weight of the body, 
P = Horizontal force applied on the body in order to prevent the body from moving 
up the plane, 
@ = Angle of inclination, 
@ = Angle of limiting friction ie., angle made by the resultant (R’) of normal 
reaction and limiting force of friction with the normal reaction as shown in 
Fig. 10.19 (6), S 
FR’ = Resultant of normal reaction and limiting force of friction. 





*Please refer to some standard book of Engineering Mechanics. 
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The forces acting on the body are shown in Fig. 10.19 (a). The body is in equilibrium 
under the action of three forces W, P and R’. 


Applying Lami’s theorem to the forces acting on the body, we get 











P Ww 
sine of angle between W and R’ sine of angle between R’ and P 
P Ww 
a sin (90~$+90-8) ~ sin(@+90+9) 
or = = - 
sin [180-(8+9)]  sin(90+(6+ o)] 
a P- W sin [180 - (6 + 6)] 


sin [90 + (6 + 9)] 
_ Wsin@+9) 
= cos (6 + ) 
= W tan (6 + 9). ...(10,18) 





4 
7 
¢ 
> 


Ye 
Oe 
AF gh 
we 
AS 


(0) 





Fig. 10.19. Body moving up. 


10.8. RANKINE’S THEORY OF EARTH PRESSURE 


Rankine’s theory of earth pressure is used to determine the pressure exerted by the 
earth or soil on the retaining wall. This theory is based on the following assumptions : 

1. The earth or soil retained by a retaining wall is cohesionless. 

2. Frictional resistance between the retaining wall and the retained material (t.e., earth 
or soil) is neglected. : 


3. The failure of the retained material takes place along a plane, known as rupture 
plane. 

Fig. 10.20 shows a trapezoidal retaining wall ABCD retaining the earth upto a height h 
on the vertical face AD. Let the earth surface is horizontal and it is in level with the top of the 
retaining wall. Let AE is the rupture plane which means if the wall AD is removed the wedge 
AED of earth will move down along the plane AE. Let P is the horizontal force offered by the 
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retaining wall, to keep the wedge AED in equilibrium. Let w is the weight density of the earth 





or soil. 
Consider one metre length of the retaining wall. 


The forces acting on the wedge AED of the retained material are : 
(i) Weight of wedge AED, 

W = Weight density of earth x Area of AED x 1 
AB Eke : BD oy 


6 
= w x Poot’ (: tan 6 = or ED « AP. =hxeots| 


_ WK h? x cot 0 
Sieg 
(it) The horizontal force P exerted by the retaining wall on the wedge. 
fe—— hcot 9 ———-»{ 
Earth 


surface E 





Fig. 10.20 
(iii) The resultant reaction R' at the plane AZ. The reaction RF’ is the resultant of normal 
reaction R and force of friction pR. The resultant reaction R’ makes an angle } with the normal 
of the plane AE. 
(iv) The frictional resistance along the contact face AD is neglected. 

These forces are similar as shown in Fig. 10.18 (a). The wedge AED is in equilibrium 
under the action of three forces P, W and R'. The value of horizontal force P is given by equa- 
tion (10.17) as : 

P= W tan (6 — 9) 
W = Weight of wedge AED 


2 
w 

= —- cot é 
2 


.-(Z) 


But here 


- Substituting the value of W in equation (i), we get 


2 


Pz = cot @ . tan(O- 9) .(ii) 
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In the above equation the angle 0 is the angle of the rupture plane. The earth ig having 


a tendency to slip along rupture plane. Hence the supposing force P should be maxi- 


mum. But P will be maximum if es =0. 


or 


or 


or 


or 
or 
or 
or 
or 


or 


or | 


or 
or 


dé 
Hence differentiating equation (ii), w.r.t. @, we get 


dp d| wh? 
de ~ de ~g cot 8. tan (6 ~ 9) =0 
2 


2 





{cot 6 sec? {8 - 4) - cosec? 9 tan (0 ~ 9)} = 0 


cot 8 sec? (6 — $) — cosec? 6 tan (0-9) =0 , ii 
Let tan 6@=¢ and tan (6- ) = é,. ee 
The equation (iii) becomes as 
1 2 i 
54h )-(1+ 3} xt =0 {: cot = —— = * and cosec? 8=1+ cot? @= 1+ 
14é,7 (#2 41 
e | # 
1+ t)?)~(@+1)xt,=0 
e+ ét,?-¢02-£=0 
t— tt? + tt?-t,=0 
fl — £,¢]-2,[1 - t,]=0 
(1- t,X¢-¢,)=0 
Either (1-4f)=0 or (¢-£,)=0 
u=1 or t= ty 
Ift=t,, then 6 = tan (6-— ). 
This is not possible 





xt, =0 


#,=1 
tan 6 tan (@~)=1 
inde es .. 
tan (8 - 9) 
= cot (8 — 9) = tan [90 — (6- 9)] 

6 =90- (4-4) 

6+ 0-6 = 90° 

26 — > = 90° 


gre sae t 
2 2 


Thus the plane of rupture is inclined at (4° + ¢| with the horizontal. 


Substituting the value of 9 in equation (ii), we get 
2 





cot @. tan (@— 9) = Wee tan (@- 9) | 


pa. wh 
2 2  tané 


id 
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It 


But P is the horizontal force exerted by the retaining wall on the wedge. The wedge of 























ge 
wh? tan (45 +9 } 
2 0, } 
tan (45 +2). 
o_¢ 
ee tan(45 *) 
2 o, % 
tan( 45 +$) | 
wh? tan 45° - tan ¢ 1- tan 45° tan $ 
2 1+ tan 45° tan 2 tan 45° +tan$ 
4 aga 
ae 1-tan5 . 1 tans 
2 titan 1+ tan $ 
2 
an 
$ 2 1- ; 
wh2 1-tan > _ wh? Coss 
2 1+tan 2 2 | sine 
2 2 
1+ > 
S08 5: 
2 
> > 
wh? Pee 
2 cos b+ sin 
wh? cos? # + sin? $ - 2005S sin t 
2 cos? £4 sin? ® + 200s sin $ 
2 2 2 
9 ‘ 
wh? 1- ees. 
2 1+2.008 2 sin # 
aat | i-sino 
2 ae 
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{ “ 


tan 45° = 1) 


..(10.19) 


the earth will also exert the same horizontal force on the retaining wall. Hence equation (10.19) 
gives also horizontal force exerted by the earth on the retaining wall. 


The horizontal force P acts at a height of 


a above the base. 
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Pressure intensity at the bottom. If we assume a linear variation of the pressure 


~~“ntensity varying from zero at the top to the maximum value p at the bottom, then we have 


P= 
But from equation (10.19), 


wh” |1-sino 
Ps “3 Hae . 


Equating the two values of P, we get 
pxh _ wh* [pee] 





pxh 





2 92 1+sino 


1-sing ; 
p=wh i+sin 6 (10.20) 


Problem 10.15. A masonry retaining wall of trapezoidal section is 6 metre high and 





retains earth which is level upto the top. The width at the top is 1 m and the exposed face is 
vertical. Find the minimum width of the wall at the bottom in order the tension may not be 
induced at the base. The density of masonry and earth is 2300 and 1600 kg/m' respectively. The 
angle of repose of the soil is 30°. 


Sol. Given : 
Height of wall, A=6m 
Width at the top, a=lLm 
Density of masonry, py = 2300 kg/m? 

Weight density of masonry 

We = Py XB = 2300 x 9.81 Nim? 

Density of earth, p = 1600 kg/cm? 

Weight density of earth, w = p x g = 1600 x 9.81 N/m? 


~ Angle of repose, @ = 30° 


Let 6 = Minimum width at the bottom. 


Earth surface 





Fig. 10.21 
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Consider one metre length of the retaining wall. — 
The thrust of earth on the vertical face is given by equation (10.19), 
1 1-sing 
= = wp? | ——— 
pa ee (E24) 
[he sin 30° 
= 3 x 1600 x 9.81 x 6° | T7 cin 30° 
1-05) 800x981 x 36 x 0.5 
= 800 x 9.81 « 36 | [G5 |= aa a 


= 94176 N. 


Nile 


6 : 
The thrust P will be acting at a height of = 2,m above the base. Weight of 1 m length 
of trapezoidal wall, 
W = Weight density of masonry x Area of trapezoidal x 1 
a+b 
2 





= 2300 x 9.81 x ( Jehxt 


1+b 
= 2300 x 9.81 x (+) x 6 = 67689 (1 +b) N. 


The weight W will be acting through the C.G..of the trapezoidal section. The distance of 
the C.G. of the trapezoidal from the point A is obtained by using equation (10.8). 
2 2 
a’ +ab+b 


AN = 


3(a +b) 
2 +1xb+b? 2, 1+b+b? 
3(1 + 8) 3(1+ 5) 


The horizontal distance x, between the line of action of W and the point at which the 
resultant force R cuts the base, is given by equation (10.3). 
Py tee 
WwW 3 
e 94176 ae 2.782 
= 67689(1+5) 3 (1+) 
Hence in Fig. 10.21, d=AN+x 
14b4b? 2.782 
="3q48) G+) 
14+b+5743x2.782 146407 +8346 








3(. + 6) r 3(1 +8) 
b? +b +9.346 
; 3(1 + b) 
If the tension at the base is just avoided, 
2 
ans 
674649346 2 
. aas8) 8” 
or b2+6 + 9.346 = 2b(1 + b) = 2b + 2b? 
or 6? 4+ b- 9.346=0 


Here P = F) 





[Preserirsoene 
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The above equation is quadratic equation. Its solution is given by 


be -1syl?+4%1x9346 _ ~12 6,195 
2 > en 
— 146.195 
aor de (Neglecting — ve value) 
= 2.597 m. Ans. 7 
Problem 10.16. A masonry retaining wall of trapezoidal section is 10 m high and re- 
tains earth which is level upto the top. The width at the top is 2 m and at the bottom 8 m and the 
et face is vertical. Find the maximum and minimum intensities of normal stress at the 
aS. ; 
Take: Density of earth = 1600 kg/m}, 
Density of masonry = 2400 kg/m, 
Angle of repose of earth = 30°. 
Sol. Given : 
Height of wall, h=10m 
Width of wall attop, a=2m 
Width at the bottom, 6 =8m 
Density of earth, p = 1600 kg/m? 
Weight density of earth, “ 
w=p xg = 1600 x 9.81 N/m 
Density of masonry, p, = 2400 kg/cm? 
Weight density of masonry, 
Wy = Py X g = 2400 x 9.81 N/m? 
Angle of repose, = 30° 
Consider 1 m length of the wall. 


(AMIE, Winter 1984) 


e2 m* 





meee 10m 


e— x—w FR 
l¢—— dp} 
k—_---—— 8 m9 

Fig. 10.22 


Thrust of earth on the vertical face of the wall is given by equation (10.19), 
1-sin > 


1 
as 2 
a aia ve Em 
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o 1-sin 30° 
oN i Gijon 
os é =5 x 1600 x 9.81 x 10 (Ee 
gh (1-05 
: = 800 x 9.81 x 100 1405 
~ 0.5 80000 x 9.81 
= 80000 x 9.81 x 57 3 N. 
aes The thrust P will be acting at a height of 2 m above the ground. Weight of 1 m length 
of trapezoidal wall. 
- AN W = Weight density.of masonry x Volume of wall 
= 2400 x 9.81 x [Area of cross-section of trapezoidal wall] x 1 
os 842 842 
3 ~ 2400 «9.81 x| 5 ) xt x1 : Area =[ ; )x10m| 
S = 120000 x 9.81 N. 
The weight W will be acting through the C.G. of the trapezoidal section. The distance of 
the C.G. of the trapezoidal section from the point A is obtained by using equation (10.8). 
= a? +ab+6" 
3(a +8). 
2°742x8+8" 4+16+64 84 
posers Se 5 28m. 
3(2 + 8) 80 30 
The horizontal distance x between the line of action of W and the point at which the 
resultant force FR cuts the base, is given by equation (10.3). 
he Z ns i x : (- Here P= F) 
80000 x 9.81 - 10 
= 3x 120000x981 3 ~°74m 
Hence in Fig. 10.22, d=AN+x 
=2.840.74 =3.54m 
b 
Eccentricity, e=d=- 2 
8 
= 3.54- 27 3.54-4.0=-0.46m 
(Minus sign only indicates that stress at A will be more than at B). 
The maximum and minimum stresses at the base are given by equations (10.10) and 
(10.11). 
Stresses (0,,,,, and o,,;,,) 
= Ww (1 = *<) 
b b 
: 120000 x 9.81 6 x 0.46 
Sas ars = 147150 (1 + 0.345) 


= 147150 x 1.345 and 147150 x (1 — 0.345) 
= 197916.75 N/m? and 96383.25 N/m? 
Omer = 197916.75 N/m? and is acting at A. Ans. 
= 96383.25 N/m? and is acting at B. Ans. 


Ormin 
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. Problem 10.17. A masonry retainting wall of trapezoidal section is 1.5 m wide at the 
top, 3.5 m wide at the base and 6 m high. The face of the wall retaining earth is vertical and the 
earth level is upto the top of the wall. The density of the earth is 1600 kg/m? for the top 3 m and 
1800 kg/m® below this level. The density of masonry is 2300 kg/m. Find the total lateral 
pressure on the retaining wall per m run and maximum and minimum normal pressure 
intensities at the base. Take the angle of repose = 30° for both types of earth. 


Sol. Given : 

Width at the top, a=15m 

Width at the bottom, b=3.5m 

Height of the wall, h=6m : . 


Density of upper earth, p, = 1600 kg/m? 
Weight density of upper earth, 
w, = 1600 x 9.81 N/m 
Depth of upper earth, A, =3m 
Density of lower earth, p, = 1800 kg/m3 
-. Weight density of lower earth, 
We = 1800 x 9.81 N/m? 
Depth of lower earth, h,=3m 
Density of mesonry, pt) = 2300 kg/m3 
Weight density of masonry, 
Wy = 2300 x 9.81 N/m? 
-Angle of repose for both earth, 
= 30°. 
Total lateral pressure on the retaining wall per m run 


€1.5 m->| A 


Earth surface 


m 
ssrrrrrdess a 
ie] 
ic oN M 
; Cc 


be te res E F 
{a} 3.5m 0) 


Pressure diagram 





Fig. 10.23 


The pressure diagram on the retaining wall is shown in Fig. 10.23 (5) 
Let P= Total lateral pressure force 

P, = Pressure force due to upper earth. 

P, = Pressure force due to lower earth. 
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The pressure intensity at a depth A is given by equation (10.20) as 
1-sing 
p=wh l+sino 
Pressure intensity at B, 


1- sin 30° 


1-05 
Pg = Why | Ty sin 30° 


)- 1600 x 9.81 x 3 (ER 


= 4800 x 9.81 x = = 1600 x 9.81 N/m?. 


This is represented by length BD in pressure diagram. 
Length BD = p, = 1600 x 9.81 N/m? 
Similarly pressure intensity at C, 





- | 1-sin > 
Per bat Uys l+sino 
: 1-05 
= 1600 x 9.81 + 1800 x 9.81 x 3x (#285 
+05 


= 1600-x 9.81 + 1800 x 9.81 N. 
This is represented by length CF in pressure diagram 
CF = 1600 x 9.81 + 1800 x 9.81 = 3400 x 9.81 N/An? 
But CE = BD = 1600 x 9.81 
: EF =CF-CE 

= (1600 + 1800) x 9.81 ~ 1600 x 9.81 = 1800 x 9.81 N/m? 

Pressure force due to upper earth, 
P, = Area of triangle ABD 


1 
= 5 x AB x BD = 5 x 3 x 1600 x 9.81 = 23544 N 


: 1 
This force acts at a height of 3X 3 = 1m above B or at a height of (3 + 1) = 4 m above 
point C. 
Pressure force due to lower earth, 


P, = Area of BDFC = 5 [BD + CF) x BC 


1 . 
= 3 [1600 + 3400] x 9.81 x 3.0 = 78575 N. 
This force acts at a height from C 


= [Area of rectangle CEDB x : 


+ Area of triangle EFD x 1] + Total area 


1600 x 9.81x 3x 2 4 2800x9.81x3 


= 2 2 1 
1600 x 9.81x 3+ TRO BSL xe 
9.81 x 7200 + 2700x981 9900 
9.81 x 4800 + 2700 x 9.81 = 1.32 m from C. 


= 9.81 x 4800 + 2700 x 9.81 7500 








; 
4 
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Total pressure force, 
P=P, +P, = 23544 + 73575 = 97119 N. Ans. 
Maximum and minimum normal stresses at base 
Weight of retaining wall per m run, | 
arb 
W = Weight density of masonry x ( 2 xhxl 


15+ 3) 





= 2300 x 9.81 x ( x 6x 1 = 338445 N. 


The weight W will be acting at the C.G. of the retaining wall. The distance of the C.G. of 
the retaining wall from point C is given by equation (10.8) as, 











a+ab+b® 1574+15x 3543.57 
ONS Nass) BB 4 88) een 
Let x = Distance between the line of action of W and the resultant of W and P at the 
base. 
Taking moments of W, P, and P, about the point M, we get ~ 
P,x4+P,x132=Wxx 
P,x4+P, x 132 
Rae a 
2 23544 x4+73575x132 94176 + 97119 = 0.565 m 
338445 338445 
Distance CM=CN +x = 1.82 + 0.565 = 1885 m 
Eccentricity, e=CM-— : = 1.885 - e = 0.135 m. 
Now using equations (10.10) and (10.11), we get 
W(,, be 
Snax a & ( a b } 
es [1+ | = 119073.78 N/m2. Ans 
3.5 3.5 7 A i 
Ww 6xe 
and Snin = b (1 = b 
= Beet (1 Se | = 74320.56 Nim. Ans 
3.5 3.5 . . = 


10.9. SURCHARGED RETAINING WALL 


Fig. 10.24 shows a retaining wall of height A and retaining earth which is surcharged at _ 
an angle a with the horizontal. Then the total earth pressure exerted on the retaining wall is 
given by, 


2 
Pte wh cos a ~ ycos? a — cos” 


COS! C0 o eer 
cos & + ycos” a+ cos” p 





(10.21) 


where 4 = Angle of repose. 





*The proof of this expression may be seen in some standard book of theory of structure. 


~~, 
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The total earth pressure P acts at a height of 


h 
3 above the base of the retaining wall and parallel 


to the free surface of the earth. 
The pressure P is resolved into two compo- 
nents i.e., horizontal and vertical components. 
The horizontal component, P,, = P cos a and 
h 
acts at a height of 3 above base. 


The vertical component, P, = P sin a and acts 
along DA. 





Fig. 10.24 


Problem 10.18. A masonry retaining wall of trapezoidal section 2 m wide at its top, 3 m 
wide at its bottom is 8 m high. It is retaining a soil on its vertical side at a surcharge of 20°. The 
soil has a density of 2000 kg/m and has an angle of repose of 45°. Find the total pressure on 
the wall per metre length and the point, where the resultant cuts the base. 

Also find maximum and minimum intensities of stress at the base. Take density of the 
masonry as 2400 kg/m?. 


Sol. Given : 
Top width, a=2m 20° ud a 
Base width, b=3m D 
Height of wall, h=8m 
Angle of surcharge, «a = 20° 
Density of soil, p = 2000 kg/m® 
Specific weight of soil, 8m 
w = 2000 x 9.81 N/m? 
Angle of repose, o = 45° 
Density of masonry, p, = 2400 kg/m?® 
Weight density of masonry, - A 8 
Wy = Pp XS : +— 3m—> 
= 2400 x 9.81 N/m’. Fig. 10.25 


Total pressure on the wall per metre length 
Let P = Total pressure on the wall per metre length. 








Using equation (10.21), 
wh? cos a - ycos” a - cos” $ 
P= cos & - ; 
2 cos a. + cos a + cos > 
p ~ 2000x 9.81(8)" cos 20° ~ cos” 20° - cos” 45° e 


cos 20° x ; : 
cos 20° + {cos 20° + cos” 45° 


0.9397 - (0.9397? - 0.7071" ‘ 
0.9397 + (0.93977 + 0.70717 


= 64000 x 9.81 x 0.9397 x 


= 627840 N. Ans. 
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The point, where the resultant cuts the base 


Let the resultant cut the base at M as shown in 
Fig. 10.26. 


Let x = Horizontal distance between thec.g. of the 
vertical load of wall and M (i.e., NM). 


We know that the horizontal component, of the 
pressure, 


P,, = 627840 cos 20° N 
= 627840 x 0.9397 N = 114090.3 N 
and vertical component of the pressure, 
P,, = 627840 sin 20° N 
= 627840 x 0.3420 N = 41535.54 N 
Weight of dam 


a+b 
= Wy x 9 xh 


2+3 


3 } x 8 = 470880 N 
Total load acting vertically down, 


W = 470880 + 41535.54 = 512415.54 N. 


First of all, let us find out the position of c.g. of the vertical load. Taking moments of the 
vertical loads about A and equating the same, 











= 2400 x 9.81 x ( 





Wx AN = P,, x 0 +2400 x 9.81 x 2x8 x 1+ 2400 x 9.81 x oxi xt 
512415.54 AN = 60,8000 x 9.81 
or AN = Soot Ese! = 1.164 m 
51241554 


Now using the relation, 


= HH” with usual notati 
£247 %@ with usua notations. 


1140903 8 
= 51041554 © 3 7 °°94™ 


or Distance NM = x = 0.594 m. 
Horizontal distance between A and the point M, where the resultant cuts the base, 
d=AN+NM = 1.164 + 0.594 m= 1.758 m. Ans. 
Maximum and minimum intensities of stress at the base 


Let O nay = Maximum intensity of stress at the base. 
Onin = Minimum intensity of stress at the base. 
We know that the eccentricity of the resultant, 
b 3 
e=d- 2 = 1.758 - 3 = 0.258 m 
WwW 6.2 
Using the relation, 6,4. = J (1 + “Ss ) 
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512415.54 6 x 0.258 
a ea 1+ ee N/m? = 259082.1 N/m? 


Now using the relation, 


W/,. 6.¢ 
Onin = 7 b 


512415.54 6 x 0.258 
arte, 1- "Soret N/m? = 82659.06 N/m2. Ans. 


10.10 CHIMNEYS 


Chimneys are tall structures subjected to horizontal 
wind pressure. The base of the chimneys are subjected to 
bending moment due to horizontal wind force. This bending 
moment at the base produces bending stresses. The base of 
the chimney is also subjected to direct stresses due to self 
weight of the chimney. Hence at the base ofthe chimney, the hh 
bending stress and direct stress are acting. The direct stress 
0, is given by, 

Weight of chimney Ww 
°o = Area of section at the base ~ A 
The bending stress (o,) is obtained from 


MS 
rey 
M MM 
or Oo, = aa ee .(10.22) 
where M = Bending moment due to horizontal wind force 
and 





Z = Modulus of section. 
The wind force (f) acting in the horizontal direction i 
on the surface of chimney is given by, Fig. 10.27. Chimney subjected 
F=KxpxA .[10.22 (A)] to wind force. 


where K = co-efficient of wind resistance, which depends upon the shape of the area exposed 
to wind. 


= 1 for rectangular and square chimneys 


2 
aig for circular chimney 


Pp = intensity of wind pressure : 
A = projected area of the surface exposed to wind. 
= D x h for circular chimney 
= 6x kh for rectangular or square chimney 
6 = width of chimney exposed to wind 
h = height of chimney. 


The wind force F will be acting at ‘ : 
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A 
The moment of F' at the base of the chimney will be F x 3 


Hence bending moment (M4) at the base of chimney is given by, 
M=Fx “ . 

Problem 10.19. Determine the maximum and minimum stresses at the base of an hollow 
circular chimney of height 20 m with external diameter 4 m and internal diameter 2 m. The 
chimney is subjected to a horizontal wind pressure of intensity 1 kN/ m?. The specific weight of 
the material of chimney is 22 kN/m?. 

Sol. Given : » 

Height, H = 20 m ; External dia, D = 4m ; Internal dia, d = 2 m. 

Horizontal wind pressure, p = 1 kN/m? 

Specific weight, w = 22 kN/m? 

Let us first find the weight of the chimney and horizontal wind force (F). 

Weight (W) of the chimney is given by, 

; . W = px g x Volume of chimney 
= Weight density x Volume of chimney 
= w x [Area of cross-section] x height 


-2a x|=@*-d°)| xh KN 


= 22 x 7 (42 — 22) x 20 kN = 4146.9 kN 


Direct stress at the base of the chimney, 


Gy= . where A = Area of cross-section 
ze 4146.9 4M469 no 
z (42 7m 27) 31 
Now let us find the wind force (F). This force is given by equation [10,22(A)]. 
: F=aKxpxaA 


2 
where K = 3 38 the section is circular 
A = projected area of the surface exposed to wind 
=Dxh where D = External dia = 4m 
= 4x 20 = 80 m? 
p = horizontal wind pressure = 1 kN/m? 


P= = «1x 802 "> = 58.33 KN 


The bending moment (M) at the base, 
Mars a5399%  wesas inn 


2 2 
The bending stress (o,) is given by equation (10.22) as 
, M I 
=F where Z = section modulus = y 
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= ott 4. 4) Say 
I gq (P @I=5 


T 4 
I= [44 ~ 24] = 11.78 4 s-s 
64 m* and y 2 2m. 
Ry = = 11.78 = 5.89 m3 
Se ye m 
533.3 
= = 2 
Oo, 5 89 90.54 kN/m 


Now the maximum and minimum stresses at the base are given by, 
Snax = So + O, = 440 + 90.54 = 530.54 kKN/m? (comp) 
and Omin = % — G, = 440 ~ 90.54 = 349.46 kN/m? (comp). Ans. 


HIGHLIGHTS 


1. Adam is constructed to store water whereas a retaining wall is constructed to retain the earth. 
Trapezoidal dams, as compared to rectangular dams, are economical and easier to construct. 
3. Thrust due to water on the vertical side of a dam is given by 


_ wh? 
ee 
where w = Weight density of water = 1000 x 9.81 N/m3 
h = Depth of water. ‘ 
4. The horizontal distance between the line of action of W and the point through which the result- 
ant cuts the base is given by 


oh 
“Wo3 
where J = Force exerted by water, W = Weight of dam and 


h = Depth of water. 








5. The eccentricity is given by, 
b 
e=d- 2 
where d = The distance between A and the point where the resultant R cuts the base 
3 6 Fxh F 
=3* Wea .. For a rectangular dam 
Fxh 
= + Wx3 «For a trapezoidal dam 


and 6 = Base width of the dam. 
6. The position of the C.G. of the dam from the point A is given by, 


6 
me ..For a rectangular dam 
2 2 
a“ +abt+b : 
= aa ea ..For a trapezoidal dam 


where «@ = Top width of the dam, and 
6 = Bottom width of the dam. 
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7. The maximum and minimum stresses at the base of a dam having water face vertical are given 


by, 
Ww 1 6.e 
a re 
and min = ¥ (2 = <2) 


where W = Weight of the dam 
‘es wyxbxHxi 


2 uy x(22*) xerxt 


6 = Bottom width of dam, and 
e = Eccentricity. 
8. Ifthe reservoir is empty, then the only force acting on the dam is the weight of the dam. 
~9. In case of a trapezoidal dam, if water face is inclined, then the force due to water acting on the 
inclined face is resolved into two components. The components in the x-direction’ and y-direc- 
tions are given by, : 


..¥or a rectangular dam 





..For a trapezoidal dam 


F. = Force exerted by water on the vertical face 
and F, = Weight of the water included with the vertical face and inclined face. 
10. The maximum and minimum stresses induced at the base of a trapezoidal dam having water 
face inclined are given by, 


Ww 6.e 
and Gnin= F(-82) 
where V= Sum of the forces acting on the dam = F, + W. 
where W = Weight of dam 
and Fy = Weight of water included with the vertical face and inclined face. 

11. Ifthe force of friction is more than the force due to water pressure, there will be no sliding of the 
dam. But force of friction is equal to u x W, where ut is the co-efficient of friction between the base 
of the dam and the soil and W = weight of dam. 

12. There will be no overturning of the dam if the resultant of water pressure and weight of dam 
strikes the base within its width. 

13. There will be no tension in the masonry of the dam at its base if 

es 5 or ds 3 b 
where e = Eccentricity, 4 = Base width, 
and d= Distance between the point A and the point through which resultant force meets the 
base. 

14. The pressure exerted by earth on the retaining wall is given by Rankine’s theory of earth pres- 
sure. According to this theory the pressure exerted by earth, which is level upto the top, on the 
retaining wall is given by 


wh E - sin > 
ag “2 |1+sin ‘| 
where P = Pressure exerted by earth on retaining wall, 
h = Height of retaining wall, 


w = Weight density of earth retained by the wall, 
and = Angle of repose. 
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15, Angle of repose is the maximum inclination of a plane at which a body remains in equilibrium 
over the inclined plane by the assistance of friction only. The earth particles lack in cohesion and 
chave a definite angle of repose. 
EXERCISE 10 
_ (A) Theoretical Questions 
1. What is the differente between a dam and a retaining wall ? 
2. Describe the differerit types of dams. Why a trapezoidal dam is mostly used these days ? 

’ 3. Amasonry\dam of rectangular section of height H and bottom width 6 retains water upto a depth 
of k. How will you find the point at which the resultant cuts the base. Take the weight density of 
Masonry aS.Wp. ‘ 

4. Prove that the horizontal distance between the line of action of the weight of the dam and the 
point through the resultant cuts the base of.a rectangular dam is given by 
cae 
W 3 
where F = Force exerted by water 
W = Weight of dam, 
and h= Depth of water. 
ieee ee Fok 
5. Prove that the eccentricity in case of a rectangular dam is given by e = Ww x 3° 
6. Find an expression for the stresses developed at the base of a rectangular dam which retains 
water upto a given depth. 
7. Prove that the maximum and minimum stresses at the base of a rectangular dam are given by 
Ww 6.¢ Ww 6.e 
nae F (14838 and Onn =~ (1- $2) 
whereW = Weight of the dam, 
b = Width of dam at the base, and 
e = Eccentricity. 
8. Prove that in case of a trapezoidal dam having water face vertical, the distance between A and 
the point through resultant passes at the base is given by 
aé+ab+b? F oh 
a YY 
3(a + 5) Ww 3 
where a = Top width of dam, 
6 = Bottom width of dam, 
F = Force exerted by water, 
W = Weight of dam, and 
a= Depth of water. 
9. A trapezoidal dam is having one of the face vertical. If the reservoir is empty, how will you, find 
the stresses at the base of the dam. 
10. Find an expression for the stresses induced at the base of a trapezoidal dam having water face 
inclined. 
11. What do you mean by stability of a dam ? What are the different conditions under which a dam 
is going to fail ? 
12. Prove the statement that the resultant (of the water pressure force and weight of the dam) must 


lie within middle third of the base width, in order to avoid tension in the masonry of the dam at 
the base. 


\ 
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13. How will you find the minimum bottom width of a dam, if the dam is safe against sliding, over- - 
turning and tensile stress at the base. 


14. Define the terms : Retaining wall, dam and angle of repose. 

15. A dam of weight W is placed on an inclined plane, having inclination more than the angle of 
repose. Prove that the minimum horizontal force applied on the body to keep it in equilibrium 
when the body is on the point of moving down the plane is given by 

, P= W tan (8- 9) 
where 6 = Angle of inclination of plane and 
¢ = Angle of repose. , 

16. Ifin the baove question, the body is on the point of moving up the plane then prove that mini- 

mum horizontal force is given by P = W tan (6 + 9). 


17. What are the assumptions made in Rankine’s theory of earth pressure ? How is this theory is 
used to determine the pressure exerted by the earth on the retaining wall ? 


18. What do you mean by plane of rupture ? Prove that the pressure exerted by the earth on the 
retaining wall when earth is level upto the top is given by ‘ 


Ps wh? | 1- sit "| 
2 | l+sing 
where W = Weight density of retained earth by the wall, 
h = Height of the retaining wall, and 
6 = Angle of repose. 
19. Defined angle of repose. 


20. Distinguish between active and passive earth pressure. Draw the active earth pressure diagram 
against a smooth vertical back retaining wall, and hence explain the intensity of pressure at any 
depth Z, the centre of pressure and the total pressure. (AMIE, Summer 1985) 


(B) Numerical Problems 
1, A masonry dam of rectangular section, 16 m high and 8 m wide, has water upto a height of 15 m 
on its one side. Find : 
(i) Pressure force due to water on one metre length of the dam, 
(ii) Position of centre of pressure, and 
{cit} The point at which the resultant cuts the base. Take density of masonry = 2000 kg/m’. 
[Ans. 1103625 N, 5 m, 2.197 mJ 


2. A masonry dam of rectangular cross-section 12 m high and 5 m wide has water upto the top on 
its one side. If the density of masonry is 2300 kg/m’, find : (i) Pressure force due to water per 
metre length of dam (ii) Resultant force and the point at which it cuts the base of the dam. 


[Ans. (2) 706320 N (ii) 1.527 MN, 2.087 mJ 

3. For the question 1, find the maximum and minimum stress intensities at the base of the dam. 
{Ans. 831181.68 and 203341.68 N/m?] 

4. For the question 2, find the maximum and minimum stress intensities at the base of the dam. 
{Ans. 948833 and 407321 N/m?} 


5. A trapezoidal masonry dam is of 20 m height. The dam is having water upto a depth of 16 m on 
its vertical side. The top and bottom width of the dam are 3 m and 9 m respectively. The density 
of the masonry is given as 2000 kg/m?. Determine : 


(i) the resultant force on the dam per metre length, 
(zi} the point where the resultant cuts the base, and 
(iii) the maximum and minimum stress intensities at the base. 
[Ans. 2.1667 MN ; 6.094 m ; 539.6 kN/m?, ~ 16382] 
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6. A masonry trapezoidal dam 5 m high, 1 m wide at its top and 3 m wide at its bottom remains 
water on its vertical face. Determine the maximum and minimum stresses at the base : 


(i) when the reservoir is full and 
(ii) when the reservoir is empty. Take the density of masonry as 2000 kg/m. 
(Ans. (i) 14954, — 1621.33 (ii) 12266 ; 1066.66] 


7. Amasonry dam of trapezoidal section is £2 m high. It has top width of 1 m and bottom width 6 m. 
The face exposed to water has a slope of 1 horizontal to 12 vertical. Calculate the maximum and 
minimum stresses on the base, when the water level coincides with the top of the dam. Take 
density of masonry as 2000 kg/m’. [Ans. 228965.4, 65334.6 N/m?] 

8. A trapezoidal masonry dam having 4.5 m top width, 9.5 m bottom width and 15 m high, is 
retaining water upto a height of 12 m. The density of masonry is 2000 kg/m? and co-efficient of 
friction between the dam and soil is 0.6. The allowable stress is 392400 N/m’. Check the stability 

of the dam. [Ans. Dam is safe] 

9. <A trapezoidal masonry dam having top width 2 m and height 10 m, is retaining water upto a 
height of 9 m. The water face of the dam is vertical. The density of masonry is 2200 kg/m and co- 
efficient of friction between the dam and soil is 0.6. Find the minimum bottom width of the dam 
required. : [Ans. 4.46 m] 

10. A masonry retaining wall of trapezoidal section is 8 m high and retains earth which is level upto 
the top. The width at the top is 1.5 m and exposed face is vertical. Find the minimum width of the 
wall at the bottom in order the tension may not be induced at the base. Masonry and earth has 
densities 2300 kg/m® and 1600 kg/m? respectively. The angle of repose of the soil is 30. 

(Ans. 3.45 m] 


11. A masonry retaining wall of trapezoidal section is 12 m high and retains earth which is level 
upto the top. The width at the top is 3 m and at the bottom 6 m and exposed face is vertical. Find 
the maximum and minimum intensities of normal stress at the base. Take density of earth = 
1600 kg/m? and density of masonry = 2300 kg/m? and angle of repose of earth = 30°. 

[Ans. 318138.3, 87985.9 N/m] 
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Analysis of Perfect Frames 











11.1. INTRODUCTION 


A structure made up of several bars (or members) riveted or welded together is known 
as frame. If the frame is composed of such members which are just sufficient to keep the frame 
in equilibrium, when the frame is supporting an external load, then the frame is known as 
perfect frame. Though in actual practice the members are welded or riveted together at their 
joints, yet for calculation purposes the joints are assumed to be hinged or pin-joined. In this 
chapter, we shall discuss how to determine the forces in the members of a perfect frame, when 
it is subject to some external load. 


11.2. TYPES OF FRAMES 


The different types of frames are : 

(i) Perfect: frame, and 

(it) Imperfect frame. 

Imperfect frame may be a deficient frame or a redundant Cc 


_ frame. 


11.2.1. Perfect Frame. The frame which is composed of such 
members, which are just sufficient to keep the frame in equilibrium, 
when the frame is supporting an external load, is known as perfect 
frame. The simplest perfect frame is.a triangle as shown in Fig. 
11.1 which consists three members and three joints. The three A B 
members are : AB, BC and AC whereas the three joints are A, B 
and C. This frame can be easily analysed by the condition of Fig. 11.1 
equilibrium. 

Let the two members CD and BD and a joint D are added to the triangular frame ABC. 
Now, we get a frame ABCD as shown in Fig. 11.2 (a). This frame can also be analysed by the 
conditions of equilibrium. This frame is also known as perfect frame. 


D 


(a) (6) 
Fig. 11.2 
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. Suppose we add a set of two members and a joint again, we get a perfect frame as shown 
in Fig. 11.2 (6).-Hence for a perfect frame, the number of joints and number of members are 
given by, 
n=2-3 
where n = Number of members, and 
j = Number of joints. 
11.2.2. Imperfect Frame. A frame in which number of members and number of joints 
are not given by 
n=2-3 
is known, an imperfect frame. This means that number of members in an imperfect frame will 
be either more or less than (2j — 3). 
() If the number of members in a frame are less than (27 — 3), then the frame is known 
as deficient frame. 
(ii) If the number of members in a frame are more than (2; — 3), then the frame is known 
as redundant frame. 


11.3. ASSUMPTIONS MADE IN FINDING OUT THE FORCES IN A FRAME 


The assumptions made in finding out the forces in a frame are: 
(i) The frame is a perfect frame 

(ii) The frame carries load at the joints 

(iii) All the members are pin-joined. 


11.4, REACTIONS OF SUPPORTS OF A FRAME 


The frames are generally supported 

(@) on roller support or 

(ii) on a hinged support. 

If the frame is supported on a roller support, then the line of action of the reaction will 
be at right angles to the roller base as shown in Figs. 11.3 and 11.4. 





Hinged Roller _-¥: K 
support support Roller 


Ra Re base 





Fig. 11.3 


If the frame is supported on a hinged support, then the line of action of the reaction will 
depend upon the load system on the frame. 
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The reactions at the supports of a frame are determined by the conditions of equilib- 
rium. The external load on the frame and the reactions at the supports must form a system of 
equilibrium. 


Va Rofier base 


Fig. 11.4 


11.5. ANALYSIS OF A FRAME 


Analysis of a frame consists of : 

(@) Determinations of the reactions at the supports and 

(i) Determination of the forces in the members of the frame. 

The reactions are determined by the condition that the applied load system and the 
induced reactions at the supports form a system in equilibrium. 

The forces in the members of the frame are determined by the condition that every joint 
should be in equilibrium and so, the forces acting at every joint should form a system in 
equilibrium. 

A frame is analysed by the following methods : 

(i) Method of joints, 

(ii) Method of sections, and 

(iit) Graphical method. 


11.5.1. Method of Joints. In this method, after determining the reactions at the sup- 
ports, the equilibrium of every joint is considered. This means the sum of all the vertical forces 
as well as the horizontal forces acting on a joint is equated to zero. The joint should be selected 
in such a way that at any time there are only two members, in which the forces are unknown. 
The force in the member will be compressive if the member pushes the joint to which it is 
connected whereas the force in the member will be tensile if the member pulls the joint to 
which it is connected. 

Problem 11.1. Find the forces in the members AB, AC and BC of the truss shown in 
Fig. 11.5. 20 KN 

Sol. First determine the reactions R, and fig. The 
line of action of load of 20 kN acting at A is vertical. This 
load is at a distance of AB x cos 60° from the point B. Now 
let us find the distance AB. 

The triangle ABC is a right-angled triangle with an- 
gle BAC = 90°. Hence AB will be equal to BC x cos 60°. 


AB =5 x cos 60°=5x 3 =2.5m 
Now the distance of line of action of 20 kN from B is 
AB x cos 60° or 2.5 x 4 = 1.25 m. 
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Taking the moments about B, we get A 
Rg x 5 = 20x 1.25 = 25 
= 
Ro=—> =5kN 
«and Ry, «= Total load - Ry = 20-5 = 15 kN 


. Now let us aeneidcs the equilibrium of the various joints. 
Casa B 
Let F, = Force in member AB 
F,= Force in member BC. Fig. 11.6 7 
: Let the force F, is acting towards the joint B and the force F, is acting away* from thie 
“aint B as shown in Fig. 11.6. (The reaction Rx is acting vertically up. The force F, is horizon- 
‘tal. The reaction Rg, will be balanced by the vertical component of F,. The vertical component 
ont Fy must act doaniarad to balance Ry. Hence F, must act towandé the joint B so that its 
“-vertical component is downward. Now the horizontal component of F, is towards the joint B. 
_Hence force F, must act away from the joint to balance the horizontal component of F,). 
Resolving the forces acting on the joint B, vertically 
F, sin 60° = 15 
Fi= — = smS = 17.32 kN (Compressive) 


As F, is pushing the joint B, hence this force will be compressive. Now resolving the 
forces horizontally, we get 





F, = F, cos 60° = 17.32 x ; = 8.66 KN (tensile) 
As F, is pulling the joint B, hence this force will be tensile. 
“doint C 
Let F, = Force in the member AC 


F, = Force in the member BC 
oo The force F', has already been calculated in magnitude 
-iid direction. We have seen that force F, is tensile and hence it 
will pull the joint C. Hence it must act away from ane joint C as 
hewn i in Fig. 11.7. 
Resolving forces vertically, we get 
F, sin 30° = 5 kN 





5 = 
FP, = ——>-; = 10 KN (Compressive) nee 
sin 30 f 
As the force F, is pushing the joint C, hence it will be Fig. 11.7 


compressive. Ans. 


Problem 11.2. A truss of span 7.5 m carries a point load of 1 kN at joint D as shown in 
Fig. 11.8. Find the reactions and forces in the members of the truss. 





on *The direction of F, can also be taken towards the joint B. Actually when we consider the equi- 

...orium of the joint B, if the magnitude of F, and F,, comes out to be positive then the assumed direction 
of F, and F, are correct. But if any one of them is having a negative magnitude then the assumed 

“rection of that force is wrong. Correct direction then will be the reverse of the assumed direction. 


one to eereeee 
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Sol. Let us first determine the reactions R 4 and Ry, 
Taking moments about A, we get Rp x 7.5=5x1 





Fig. 11.8 


£, = Total load- Rp 
= 1- 0.667 = 0. 333 kN 
Now consider the equilibrium of the various joints. 
Joint A 
Let F, = Force in member AC 
F, = Force in member AD. 


Let the force F, is acting towards the joint A and F, is acting 
away from the joint A as shown in Fig. 11.9. 


Resolving the forces vertically, we get 





F, sin 30° = R, 
P= Rg _ 0.333 
or 1= = 
sin 30 0.5 R,=.333 KN 
= 0.666 kN (Compressive) 
Resolving the forces horizontally, we get Fig. 11.9 


PF, = F, x cos 30° 
= 0.666 x 0.866 = 0.5767 KN (Tensile) 
Joint B 
Let F, = Force in member BC 
F, = Force in member BD 
Let the direction of F, and F, are assumed as shown in 
Fig. 11.10. 
Resolving the forces vertically, we get 
F, sin 30° = Rp = 0.667 
BOOT = 1.334 kN (Compressive) 
sin 30° 
Resolving the forces horizontally, we get 
F, = F, cos 30° = 1.334 x 0.866 = 1.155 kN (Tensile) 





Rig = 0.667 


Fig. 11.10 





or 4a 
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Joint D The distance of the line of action ae the vertical load of 12 kN from point B will be 
Let F, = Force in member CD. The forces F, and F; have been already calculated in BE x cos 30° . 
magnitude and direction. The forces F, and F, are fensils and hence they will be pulling the ' V3 v3) V3 
joint D as shown in Fig. 11.11. Let the ‘direction* of F’, is assumed as shown in Fig. 11.11. { or BE x 27 2.5 x ea 1.875 m. 
Resolving the forces vertically, we get. ; : ; : ‘ ‘ 
F, sin 60° = 1 c : -. The distance of the line of action of the load of 12 KN from point A will be (5 — 1.875) 
@) = 38.125 m. 
P= nee = ome Now taking the moments about A, we get 
sin ; Fa R,x5=10x 1.25 +12 x 3.125 = 50 
= 1.1547 kN (Tensile) : oa. oe 
Hence the forces in the members are: Rp= 5 coy 


F, = 0.666 kN (Compressive). 
F, = 0.5767 kN (Tensile) 

F, = 1.1547 KN (Tensile) 

F', = 1.334 KN (Compressive) Fig. 11.11 Let F, = Force in member AD, and 
F, = 1.155 kN (Tensile). Ans. ; 


fF, = Force in member AC 
Problem 11.3. A truss of span 5 m is loaded as shown in, Fig. 11.12. Find the reactions ; Let the directions of #', and F, are assumed as shown in 
and forces in the members of the triss, : ; 


Fig. 11.13. 
Sol. Let us first determine the reactions R ‘4 and Fr. Resolving the forces vertically, 


10 KN . F, sin 60° = 12 


R, = Total load - Ry = (10 + 12)—- 10 = 12 kN 
aw consider the ecufliirtans of the various joints. 
Joint A 








-—12_ 
1” sin 60° 

= 13.856 kN (Compressive) : 

Resolving the forces horizontally, Fig. aoe 
F, = F, cos 60° = 13.856 x 0.5 

= 6.928 kN (Tensile) 

Now consider the joint B. 
Joint B 

Let F,, = Force in member BE, and 


F,, = Force in member BC 





Fig. 11.12 Let the directions of F, and F, are assumed as shown in Fig. 
tnlangle ABD is a right-angled triangle having angle ADB = 90°. 11,14. : 
AD = AB cos 60° = 5 x 0.5=2.5m : ° Resolving the forces vertically, we get 
re The distance of the line of action of the vertical load 10 kN from point A will be AD F, sin 30° = 10 
cos 60° 
10 : 
or 2.5 x 0.5 51.25 m. oo aap 20 kN (Compressive) Rg = 10 kN 
From triangle ACD, we have AC = AD = 2.5 m Now resolving the forces horizontally, we get Fig. 11.14 
BC =5-2.5=2.5m sa 


, F, = F, cos 30° = 20 x 0.866 
1A right-angled triangle CEB, we have = 17.32 kN (Tensile) 


BE = BC cos 30° = 2.5 x v3 Now consider the joint C. 


Joint C 


*The horizontal force ; is more than F,. Hence the horizontal, component of F’, must be in the Let F, = Force in member CE 
direction of F,. This is only possible if F, is acting away from D. F,, = Force in member CD 


'.. ing the joint E as shown in Fig. 11.16. 
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Let the directions of PF; and F, are assumed as shown D 
in Fig. 11.15. 


The forces F, and F, are already known in magnitude 
_ and directions. They are tensile and hence will be pulling 
* the joint C as shown in Fig. 11.15. 


Resolving forces vertically, we get 
F, sin 60° + F, sin 60° = 0 
or Fo=-Fs : wd) 





A@r °S Fe @) 8 





Resolving forces, horizontally, we get Fig. 11.15 
F, — F, cos 60° = F, - F, cos 60° 
or 6.928 - 3 = 17.32 - = 
or a = 17.32 — 6.928 = 10.392 
_ or ~F,+F, = 10.392 x 2 = 20.784 3 
or FF, + Fi, = 20.784 (- -F, =F) 
, = aS = 10,392 kN 
and F,=— F, = - 10.392 kN 


The magnitude of F, is -ve, hence the assumed 
direction of F, is wrong. The correct direction F, will be as 
shown in Fig. 11.15 (a). 


B F, = 10.392 (Compressive) 
and F, = 10.392 (Tensile) 
Now consider the joint £. 
Joint E 
Let F, = Force in member ED 





Let F, is acting as shown in Fig. 11.16. 


: The forces F, and F, are known in magnitude and 
.., directions, They are compressive hence they will be push- 


Resolving the forces along BED, we get 
. F, + 12 cos 60° = F, 
or F,= F,- 12x05 





=20-6=14kN 
\ (Compressive) 


: As F, is positive hence the assumed direction of 
F, is correct. Ans. 


Problem 11.4. A truss of span 9 m is loaded as shown in Fig. 11.17. Find the reactions 
and forces in the member of the truss. 


Sol. Let us first calculate the reactions R 4 and Ry. 
Taking moments about A, we get 
Ryx9=9x3+12x6=27+72=99 


Fig. 11.16 
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Fig. 11.17 
= Rp = = =11kN 
and ' - Ry =Total load - Rg = (9 + 12)- 11=10kN 


In this problem, there are some members in which force is zero. 

These members are obtained directly as given below : 

“If three forces act at a joint and two of them are along the same straight line, then for the 
equilibrium of the joint, the third force should be equal to zero.” 

1. Three forces are acting at the point A (i.e, Ry, F4c and F,,), two of which We, Ry, 
Ry) are along the same straight line. Hence the third force (v.e., R4g) is zero. 

2. Similarly, three forces are acting at the joint B (.c., Rp, Cc 
Fy, and Fy,,), two of which (7.¢., Rp and F,,,) are along the same 
straight line. Hence the third force F',,, should be zero. 

3. At the joint # also, three forces (i.e., Ppp, Fgp and Figg) 
are acting, two of which (i.e., Fp) and F,,) are along the same 
straight line. Hence the third force F,,, must be zero. 


Now the equilibrium of various joints can be considered. 

Joint A [See Fig. 11.17 (a}] 
Fg = Force in member AG = 0 

= Force in member AC 
=R,=10kN (Compressive) 

Now consider the equilibrium of joint C. 
Joint C {See Fig. 11.17 (6)] 

Let F op = Force in member CD 

Fog = Force in member CG 

F4¢ = 10 kN (Compressive) 

Let the directions of Fog and Fon are assumed as shown in 
Fig. 11.17 (6). 

Resolving the forces vertically, we get 


Fog cos 8 = 10 





Ra = 10 KN 


F 
AC Fig. 11.17 (a) 





Fig. 11.17 (6) 
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__10 
CG cos 8 
AG 4 : 
But cos @ = = (es CG = 3? + 42 = 5) 
CG 5 
10 5 ; 
Fog = aie) =10x a 12.5 kN (Tensile) 


Resolving forces horizontally, we get 
Fon = Fog sin 6 


3 
= 12.5 x 5 7.5 KN (Compressive) 
Now consider the equilibrium of joint G. 
Joint G 
The force in member CG is 12.5 KN (Tensile). 


Hence at the joint G, this force will be pulling the joint 
G as shown in Fig, 11.17 (c). 


Resolving the forces vertically, we get 
12.5 cos 8+ Foy =9 
Fop = 9- 12.5 cos 6 


=9-12.5x - (- sino = 4) 
5 5 


=9-10=-1KN. . 
As the magnitude of F,, is negative, hence its assumed 
direction is wrong. The correct direction will be as shown in 
Fig. 11.17 (d). 
Then, Fp = 1 KN (Compressive) 
Resolving the forces horizontally, we get 
12.5 sin 8 = Foy, 








or Foy = 12.5 x S € cos 6 = 3) 
= 7.5 kN (Tensile) a 
Now consider the equilibrium of joint D. Fig. 11.17 (d) 
Joint D 


The forces in the members CD and GD have been already calculated. They are 7.5 kN 
and 1 kN respectively. Both are compressive. 


Let Fy = Force in member DH, and c 7.5kN D E 
Fp, = Force in member DE > 


Resolving the forces vertically, we get 
Fy», cos 8 = 1kN 

oadlie sae Sa 

DH ~ cos 6 - (4/5) H 


5 . -G 
ia 1.25 kN (Tensile) Fig. 11.17 @) 


TKN 


ee, 
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Resolving the forces horizontally, we get 
7.5 + Fp, sin 0 = Fpyp 


ieee (- sino = 2} 
or Pop, = 7.5 + 1.25 x 5 5 


= 7.5 + 0.75 = 8.25 kN (Compressive) 
Now consider the equilibrium of joint Z. 
Joint E . 
As shown in Fig. 11.17 (/), at joint E three forces are D B25KN = 825KN F 
acting. The forces i.e., Fy, and Fy, are in the same straight 
line. 
Hence force F',,, must be zero. 
Force in EF, ie., Fee=F pp 
_ = 8.25 KN (Compressive) 
Now consider the joint H. 
Joint H 
Tt is already shown that forces in the members EH and 
BH are zero. 
Also the forces in the member GH is 7.5 KN tensile 
and in the member DH is 1.25 kN tensile. 
Let Fy, is the force in the member HF. 
Resolving forces vertically, we get 
1.25 cos 6+ Fy, cos 8 = 12 


H 
Fig. 11.17 (f) 





4 4 ma 
or 1.25 x 5 + Fypx 3 = 12 (- c05 0-5 
1.0 + 0.8 Fyp = 12 
12-10 11 Fig. 11.17 (g) 
or Fur= 95 708 718-78 
’ (Tensile) 
Now consider the joint B. 
Joint B : 
See Fig. 11.17 (A). cee 
The force in member BF 
= 11 kN (Compressive) 7 B 
Now the forces in each member are known. : 
They are shown in Fig. 11.18. Also these-forces are shown. Rg = 11 kN 


in a tabular form. Fig. 11.17 (2) 
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e— 3m le 3m —>e—— ‘3m —| 
Ra =OkN Rg =11 kN 
Fig. 11.18 
Member Force in member 

AC 10 KN (Comp.) 
AG 0 
CG 12.5 KN (Tens.) 
CD 7.5 kN (Comp.) 
DG 10 kN (Comp.) 
DE 8.25 kN (Comp.) 
DH 1.25 KN (Tens.} 
GH 7.5 KN (Tens.) 
EH 0 
EF 8.25 kN (Comp.) 
AB 0 
HF 13.75 KN (Tens.} 
BF 11 KN (Comp.) 





. Problem 11.5.4 plane truss is loaded and supported as shown in Fig. 11.19. Determine 
- the nature and magnitude of the forces in the members 1 ,2and 3. 


Sol. First calculate the reactions R ‘4 and Ry, 
Taking moments about A, we get 
R,x4=1x 1000 
1000 


Ry=—j- =250N 


ae R, = 1000 ~ 250 = 750 N 
From figure, we know that 


CH 2.25 
ian 6 eee 
an AH 4 0.75 
Gene ete 
~ CH 3.25 
= 0.8 
“and sing = CHL, 225 | 
AC 3.75 


(- AC = f3? 42.25? = 3.75 
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Fig. 11.19 
Consider the equilibrium of joint A. 
Joint A [See Fig. 11.19 (a)] 
Resolving the forces vertically, 
Fp sin @ = 750 
_ 750 _ 750 
AD” sin@ 0.6 
= 1250 N (Compressive) 


Resolving the forces horizontally, we get 
Pag = Fay cos 6 = 1250 x 0.8 
= 1000 N (Tensile) 
Now consider joint E. 
Joint E 





Ri, = 750 kN 


Fig. 11.19 (a) 


Three forces, i.¢., Fyn, Fp and Fpp are acting at the joint £. Two of the forces, i.e., Fay 
and Fp are in the same straight line. Hence the third force, .e., F yp should be zero 


and Frp = Fy, = 1000 N (Tensile) 
Now consider the equilibrium of joint D. 
Joint D 
Let F, = Force in member DG 
Fp = Force in member DF. 
Let us assume their directions as shown in Fig. 11.19 (0). 
The forces in the member AD and DE are 1250 N 
(Compressive) and 0 respectively. 
Resolving forces vertically, we get 


SES 
(~~ 











1250 sin 0+ F, sin @ + Fp, sin 6 = 1000 E FE 
or 1250 x 0.6 + F, x 0.6 + Fp, x 0.6 = 1000 
(. sin @ = 0.6) Fig. 11.19 () 
1000 
or 1250+ F, + Fop= 06 7 1666.66 
or Fy + Fog = 1666.66 — 1250 = 416.66 . (2) 
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Resolving the forces horizontally, we get 
1250 cos 6+ F, cos 6 = Fp, x cos 6 
or 1250 + F, = Fpp or F,- Fpp = - 1250 ii) 
Adding (i) and (i), we get 
2F, = 416.66 ~ 1250 = -~- 833.34 


Fi=- see =-416.67N 
Substituting the value of F', in equation (i), we get 
- 416.67 + Fry» = 416.66 
or F yy = 416.66 + 416.67 
= 833.33 N (Comp.) 


The magnitude of F, is negative. Hence its assumed 
direction is wrong. The correct direction of F, is shown in 
Fig. 11.19 (c). 








= 416.67 N (Compressive). Ans. 
To find the ae F, and F,, consider the joint F. 
Joint F 


The forces in the members DF and EF are already 
known. They are : 


_ Fp» = 833.33 N (Compressive) 

Fyn = 1000 N (Tensile). 
These forces are acting at the joint F as shown in 

Fig. 11.19 (d). 
Let F, = Force in member FG, and 
= Force in member FH 

Resolving forces vertically, we get 

833.33 sin @ = F, 


Fig. 11.19 (¢) 





Fig. 11.19 (d) 


or F,, = 833.33 x 0.6 (sin 6 = 0.6) 
= 499.998 N ~ 500 N (Tensile). Ans. 
Resolving forces horizontally, we get 
F, + 833.33 cos 6 = 1000 
or F, = 1000 - 833.33 x 0.8 (-* cos 8 = 0.8) 


= 333.336 N (Tensile). Ans, 


11.5.2. Method of Joints Applied to Cantilever Trusses. In case of cantilever trusses, 
it is not necessary to determine the support reactions. The forces in the members of cantilever 
truss can be obtained by starting the calculations from the free end of the cantilever. 


= Problem 11.6. Determine the forces in all the members of a cantilever truss shown in 
Fig. 11.20. 


Sol. Here the calculations can be started from end C. Hence consider the equilibrium of 
the joint C. 


Joint C 
Let Fop = Force in member CD, and 
Fo, = Force in member CA. 
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Their assumed directions are shown in Fig. 11.20. 
Resolving the force vertically, we get 
Fop x sin 60° = 1000 


1000 1000 
= = —— =-1154, TT 
Fop = xin 60° ” 0.866 7 N (Tensile) 


Resolving the forces horizontally, we get 
Fo, = Foy x cos 60° 

= 1154.7 x 0.5 

= 577.35 N (Compressive) 
Now consider the equilibrium of the joint D. 

Joint D 
{See Fig. 11.20 (a)] 
The force F cp = 1154.7 N (tensile) is already calculated. 
Let Fn = Force in member AD, and 
Fn = Force in member BD 
Their assumed directions are shown in Fig. 11.20 (a). 
Resolving the forces vertically, we get 
F,, cos 80° = 1154.7 cos 30° 





Fig. 11.20 


1154.7 cos 30° 
F,, = ——-_—__ = 1154.7 N 
aD cos 30° 





(Compressive) 
Resolving the forces horizontally, we get 
F yp = Fan sin 30° + Fp, sin 30° 
= 1154.7 x 0.5 + 1154.7 x 0.5 = 1154.7 N (Tensile) 


Now the forces are shown in a tabular form below : 


Fig. 11.20 (a) 






















AC 577.35 N Compressive 
cD 1154.7 N Tensile 
AD 1154.7 N Compressive 
BD 1154.7 N Tensile 





Problem 11.7. Determine the forces in all the mem- 1000 N 1000 N 
bers of a cantilever truss shown in Fig. 11.21. 


Sol. Start the calculations from joint C. 
From triangle ACE, we have 


Gage <= 
AC 4 

Also EC = 37.44? =5 
AC 4 

cos O= Beng = 0.8 





Fig. 11.21 
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Joint C 
The direction of forces at the joint C are shown in Fig. 11.21. 
Resolving the forces vertically, we get 
Fep sin 6 = 1000 
1000 _ 1000 
sin® | 
Resolving the forces horizontally, we get 
Fog = Fop x cos 9 = 1666.66 x 0.8 = 1333.33 N (Tensile) 
Now consider the equilibrium of joint B. 
Joint B 
Resolving vertically, we get 
F pp = 1000 N (Compressive) 
Fy, =F og = 1333.33 (Tensile) 
Now consider the joint D. 
Joint D 
The forces in member CD and BD have already been 
calculated. They are 1666.66 N and 1000 N respectively as 
shown in Fig. 11.21 (@). 
Let Poa = Force in member DA, and 
. F pp = Force in member DE 
Resolving forces vertically, we get 
1000 + 1666.66 sin 6 = F4, sin 8 + Fp sin 6 


= 1666.66 N (Compressive) 





cp = 


or 1000 + 1666.66 x 0.6 = Fyn x 0.6 + gp x 0.6 
1000 : 
or Fyp + Fpp = pg” + 1686.66 = 3333.32 ..W) ee tiarts 


Resolving forces horizontally, we get 
1666.66 cos 0+ F4p cos O = Fryp cos 9 
or 1666.66+ Fy) =Fep or Fep- F,, = 1666.66 . Gi) 
Adding equations () and (i), we get 
OF» = 3333.32 + 1666.66 = 4999.98 
4999.98 
Pap = 2 
Substituting this value in equation (2), we get 
Fp +. 2500 = 3333.32 
s F yp = 3333.32 — 2500 = 833.32 N (Tensile) 
Now the forces are shown in a tabular form below : 


= 2499.99 ~ 2500 N (Compressive) 

















Member Force in the member Nature of force 











AB 1333.33 N Tensile 
BC 1333.33 N Tensile 
CD 1666.66 N Compressive 
DE 2500 N Compressive 
AD 833.32 N Tensile 
BD 1000 N Compressive 
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11.5.3. Method of Joints Applied to Trusses Carrying Horizontal Loads. If a 
truss carries horizontal loads (with or without vertical loads), hinged at one end and supported 
on rollers at the other end, then the support reaction at the roller supported end will be nor- 
mal, whereas the support reactions at the hinged end will consists of : (i) horizontal reaction 
and (ii) vertical reaction. 

The horizontal reaction will be obtained by adding algebraically all the horizontal loads ; 
whereas the vertical reaction will be obtained by subtracting the roller support reaction from 
the total vertical loads. Now the forces in the members of the truss can be determined 

Problem 11.8. Determine the forces in the truss shown in Fig. 11.22 whi ori 

. £1, ich ‘ 
horizontal load of 12 RN and a vertical load of 18 kN. 5 Pag ter 

Sol. The truss is supported on rollers at B and hence the reaction at B must be normal 
to the roller base i.e., the reaction at B, in this case, should be vertical. 


; At the end A, the truss is hinged and hence the support reactions at the hinged end A 
will consists of a horizontal reaction H, and a vertical reaction R,. 





Fig. 11.22 


Taking moments of all forces at A, we get 
Ryx4=18x2+12x 1.5 =36+ 18 =54 
54 
R= mer 13.5 KN (1) 


i Ry= Total vertical load~ Rp = 18-13.5=4.5 KN (1) 
and H, = Sum of all horizontal loads = 12 kN (<=) 
Now the forces in the members can be calculated. 


In triangle BCD, BD = (BC? +CD? = /2? +15? =2.5m 
pegs oe ae 
“BD 25 — 
Sl gn ee ads 
n8= mn 95 ~ 9 


Let us first consider the equilibrium of joint A. 
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Joint A 
The reactions R, and H, are known in magnitude and 
direction. Let the directions of the forces in the members AC 
and AD are as shown in Fig. 11.22 (a). 
Resolving the forces vertically, we get 
Fan sind =R, 





R A 4.5 ey ‘ 
= ~4-==2=7.5kN (Compressive) Ry = 4.5 KN 
of Fap = sind 06 oe : 
Resolving the forces horizontally, we get Fig. 11.22 (a) 


Fug = Hy + Fan 608 8 
= 12+ 7.5 x 0.8 = 18 kN (Tensile) 
Now consider the joint C. 
Joint C 
At the joint C, the force O in member CA and vertical load 
18 kN are known in magnitude and directions. For equilibrium 
of the joint C. 
Fao = Fe, = 18 KN (Tensile) 
Fop = 18 kN (Tensile) 
Now consider the joint B. 
Joint B 
At the joint B, R, and force Fo are known in magnitude 
and direction. 
Let Fgp is the force in member BD. 
Resolving the forces vertically, we get 
Fup x sin 9 = Rz 
Rg, 135 





Fig. 11.22 (6) 


DB 










18 kN 
13.5 KN 





F = 
BD sine 06 
= 22.5 kN (Compressive) 


Now the forces are shown in a tabular form below : eee 





Nature of force 





Member Force in the member 
AC 18 kN Tensile 
AD 7.5 kN Compressive 
CD 18 kN Tensile 
CB 18 kN Tensile 
BD 2.5 kN Compressive 





Problem 11.9. Determine the forces in the truss shown in Fig. 11.23 which is subjected 
to horizontal and vertical loads. Mention the nature of forces in each case. 


[rr rte cette er en ere RR RR RE? ST 
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Fig. 11.23 


Sol. The truss is supported on rollers at B and hence R, will be vertical. The truss is 


hinged at A and hence the support reactions at Ww lt 
A 
ill consists of a horizontal reaction Hy, and 


Taking moment about A, we get 


Rpx12=8x1.54+3x4+6x8 | 
= 72 
15m 
72 
Rg = 75 = 6 KN (ft) 
12 
and R, = Total vertical loads — R, oz Cr F 
=(3+6)~-6 liam aaa, 
=3kN(1) ras 2 
and H, = Sum of all horizontal loads Fig. 11.23 (a) 
= 8kN (<) 
In the triangle ACC*, AC = JAC*? + CC*? = 2? 415? =2.5 
; AC* 2 CcCc* 15 
cos 8 = —— =s=s = in@=— > == 
OS AC 735 0.8 and sin@= AC 95 7 0.6 


Now the forces in the members can be calculated. Consider the joint A 
Joint A , 


x yee oe R, and H, are known in magnitude and 
rection. Let the directions of the forces F.., and F 
shown in Fig. 11.23 (6). ne 
Resolving the forces vertically, we get 
Fo, X Sin @=3 kN 


3 3 
CA sind 0.6 enor 
Resolving the forces horizontally, we get 
Fyy = Fo, cos @ +H, 
=5x0.8+8>12kKN 





(Compressive) 





Fig. 11.23 (8) 


(Tensile) 
Now consider joint C. 
Joint C 


The force F., is known i i irecti 
CA nh magnitude and direction. The i i 
ea ween fig 1138) assumed directions of the forces 
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i A 
Resolving forces vertically, we get 
Fo, sin 8 = Fo, sin 8 
Pog =Fop=5 kN ( Fo, =5 KN) 
ae Fop=5 KN (Tensile) 
Resolving forces horizontally, we get 
Pop = Fog cos 8 + Fog €08 8 
=5x0.8+5x08=8kN 
(Compressive) 





Fig. 11.23 (c) 


Now consider the joint F. 


Joint F ott, 
The forces F,, and Fy, are known in magnitude and directions. The assumed directions 


of the forces Fy, and Fg, are shown in Fig. 11.23 (d). 
Resolving the forces vertically, we get 
5xsin0+Fp,sin 6 = 3 


Cc DB 


5sin@+3 
a Por =~ sin 8 
gus tg eee STS SD 
=~9* cine 0.6 — 


Resolving the forces horizontally, we get 
12+5 cos 0=Fo,+ Fpp cos 8 
or 124+5x08=Fo,+0 or 12+4=Fo, 
is Fop=12+45= 16 kN (Tensile) 
Now consider the joint D. 
Joint D 
The forces Fp, and Fy) are known in magnitude and 
direction. The assumed directions of Fp, and Fp, are shown 
in Fig. 11.23 (e). 
Resolving vertically, we get 
Fy sin 0 = Fp, x sin 0 = 0 
" Fro = 0 
Resolving forces horizontally, we get 
Fyn = Fop = 8 KN 
a F'pp = 8 KN (Compressive) 
Now consider the joint G. 
Joint G 
The forces Fp and F,, are known in magnitude and 
direction. The assumed directions of Fg, and Fg, are shown 
in Fig. 11.23 (/). 
Resolving the forces vertically, we get 


Fig. 11.23 (e) 





Fog sin 8 = Fyg sin 8+ 6 =6 
6 6 : ; 
or Boe? sa 6 = 10 kN (Tensile) Fig. 11.23) 
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Resolving forces horizontally, we get 
Fon = 16 — Fon cos 6 
= 16-10 x 0.8=8 kN (Tensile) 
Now consider the joint Z. 
Joint E 
~The forces Fy, and Fp, are known in magnitude and directions. Let Fa, is acting ina 
direction as shown in Fig. 11.23 (g). 
Resolving forces vertically, we get D 
Fog sin 6 = Fy, sin @ 
Fan = Fon = 10 
Pop = 10kN (Compressive) 


If we have calculated the forces in member BE and BG, 
considering joint B, we would have got the same results. 


Now the forces in each member are shown in Fig. 11.28 (A). 


8kKN E 8 kN 





Fig. 11.23 @) 


c 8 kN D 8 KN E  8kN 





Fig. 11.23 (h) 


11.5.4. Method of Joints Applied to Trusses Carrying Inclined Loads. If a truss 
carries inclined loads, hinged at one end and supported on rollers at the other end, then the 
support reaction at the roller supported end will be normal, whereas the support reactions at 
the hinged end will consists of : 


(i) Horizontal reaction and (it) Vertical reaction. 

The inclined loads are resolved into horizontal and vertical components. 

The horizontal reaction will be obtained by adding algebraically all the horizontal com- 
ponents of the inclined loads ; whereas the vertical reaction will be obtained by subtracting the 
roller support reaction from the total vertical components of the inclined loads. Now the forces 
in the members of truss can be determined. 


Problem 11.10. Determine the forces in the truss shown in Fig. 11.24 which is subjected 
to inclined loads. : 


Sol. The truss is supported on roller at B and hence R, will be vertical. 


The truss is hinged at A and hence the support reactions at A will consists of a horizon- 
tal reaction H, and a vertical reaction R,. 


Now length AC = 4x cos 30 = 4 x 0.866 = 3.464 m 
and length AD=2x AC =2 x 3.464 = 6.928 m 


486 


and 


Joint A 


and 


or 





Fig. 11.24 


Now taking moments about A, we get 
Ryxl2=2xAC+1xAD+1xAE 
=2x3464+1x 6928+ 1x4= 17.856 


Ry = 17858 = 1.49kN 
Total vertical components of inclined loads 
=(1+2+1)x sin 60° 
= 4x 0.866 = 3.464 kN 
Total horizontal components of inclined loads 
=(1+2+1) cos 60°=4x05=2kN 
Now R&, = Vertical components of inclined loads + 1.0- Rg 
= 4.464 — 1.49 = 2.974 kN (1) 


H, = Sum of all horizontal components = 2 kN 


Now the forces in the members can be calculated. 
Consider the equilibrium of joint A. 


Let F4, = Force in member AE 
F4¢ = Force in member AC 
Their directions are assumed as shown in Fig. 11.24 (a). 
Resolving the forces vertically, we get 
Fup x sin 30° + 1 x sin 60° = 2.974 
Fic * 0.5 + 0.866 = 2.974 
2.974 —- 0.866 


0.5 
= 4.216 kN (Compressive} 


Resolving the forces horizontally, we get : 
Fag = 2+ Fyo cos 30° — 1 x cos 60° 


Piac= 


=2+4.216 x 0.866 — 0.5 = 5.15 KN (Tensile) 
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Now consider the joint C. 
Joint C 
From Fig. 11.24 (6), we have 
Fop = Fy = 4.216 


: (Compressive) 
and Fog =2kN (Compressive) 
Now consider joint F. 
Joint E [See Fig. 11.24 (c)] 
Resolving forces vertically, we get 
1+2x sin 60° = F,p x sin 60° 
‘ 1 
Fi = 2+ ——~ = 3.155 
=D sin 60° 
(Tensile) 


Resolving forces horizontally, we get 
5.15 ~ 2 x cos 60° ~ Fpp cos 60° ~ Fray = 0 


1 1 
or 5.15- 2x 5-815 x 5 — Fey =0 


Foy = 5.15 - 1 ~ 1.57 = 2.58 kN 
(Tensile) 


At the joint G, two forces, i.e., F,, and Fp are in the same straight line and hence the 


third force, t.e., Fg, should be zero. 

me Fon =9 

Now consider the joint F. 
Joint F [See Fig. 11.24 (d)] 

Resolving forces vertically, we get 
x sin 60° = 0 
ae Pop = 0 
Resolving horizontally, we get 

Frag = Pop = 2.58 KN 


Pop 


Now consider the joint B. 
Joint B ‘ 
Resolving vertically, we get 


Fug x sin 30° = 1.49 
149 : 
nG= om 2.98 kN (Compressive) 


Joint G 


Pop = Fag = 2.98 KN (Compressive) 


2.58 kN 


Fpp = 2.58 kN (Compressive) 








Fig. 11.24 (¢) 


807 


Fig. 11.24 (d) 





2.58 kN 


Rg = 1.49 kN 


Fig. 11.24 (e) 


F 2.58 kN 
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The forces are shown in a tabular form as 














Member Force in the member Nature of force 
AC 4.216 kN Compressive 
AE - 5.15 kN Tensile 
CE 2kN Compressive 
CD ‘ 4.216 kN Compressive 
ED 3.155 kN Tensile 
EF . 2.58 kN Tensile 
DF 0 Nil 
DG 2.98 kN Compressive 
GB 2.98 kN Compressive 
FB 2.58 kN Compressive 
FG -0 Nil 








11.6. METHOD OF SECTIONS 


When the forces in a few members of a truss are to be determined, then the method of 


section is mostly used. This method is very quick as it does not involve the solution of other 
... Joints of the truss. 


Jn this method, a section line is passed through the members, in which forces are to be 
determined as shown in Fig. 11.25. The section line should be drawn in such a way that it does 
not cut more than three members in which the forces are unknown. The part of the truss, on 
any one side of the section line, is treated as a free body in equilibrium under the action of 
- external forces on that part and forces in the members cut by the section line. The unknown 

’ forces in the members are then determined by using equations of equilibrium as 


2F,=0, 2F,=0 and 2M =0. 





(a) Given Truss (6) Left Part 


Fig. 11.25 


(c} Right Part 


If the magnitude of the forces, in the members cut by a section line, is positive then the 
. assumed direction is correct. If magnitude of a force is negative, then reverse the direction of 
. that force. 

Problem 11.11. Find the forces in the members AB and AC of the truss shown in Fig. 
“: 11.26 using method of section. (U.P. Tech. University, 2002-2003) 


ae epee es nr 


--——____—--- 


Ss 
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Sol. First determine the reaction R, and Re 
The distance of line of action of 20 KN from point B is 





1 
AB x cos 60° or 2.5 3 =1.25m 


Taking moments about point B, we get 
Ry x 5 = 20 x 1.25 
7 20x L.2e =5kN 
c 5 
Rg =20-5=15KN 
ion li - ing the members 
Now draw a section line (1-1), cutting t 
AB and BC in which forces are to be determined. Now con- | 
sider the equilibrium of the left part of the truss. This part 
is shown in Fig. 11.27. 
Let the directions of Fg, and Fo ate assumed as 
shown in Fig. 11.27. 
Now taking the moments of all the forces acting on 
the left part about point C, we get 
15 x5 + (Fp, x AC) =0 
(-- The perpendicular distance between the line of 
action of Fz, and point C is equal to AC) 
or 15 + Fp, x 5 x cos 30° = 0 
Fe, = 8 e+ 17.32 KN 
3 BA “5 x cos 30° = 
is acting in the opposite direction (i.e., towards pom 


and 





Fig. 11.27 
(-- AC =BC x cos 30°) 





The negative sign shows that Fp A : 
ill be a compressive force. 
seeranseoal is Fy, = 17.32 kN (Compressive). Ans. A ; 
. 7 7 1 e + 
Again taking the moments of all the forces acting on the left part about point A, we 6! 
i i tion of 
endicular distance between the line of ac 
os aa KN and point C = Fg¢ x Perpendicular distance between Fz, and point A 
15 x 2.5 x cos 60° = Fg, * 2.5 x sin 60° 
15 x 2.5 x cos 60° Ls 15 x 0.5 
Fac ™ “95 x sin 60° 0.866 
= 8.66 KN (Tensile). Ans. 
i i blem 11.1. 
hese forces are same as obtained in Pro fa. 
main 11.12. A truss of span 5 mis loaded as shown in Fig. 11.28. Find the reactions 
‘and forces in the members marked 4, 5 and 7 using method of section. 





about point C, is also taken by resolving pereee Fp mn a iho 
t of the horizontal component about © 15 zero, . 
es )x 5 = Fyg x 5 x sin 60° or Fyq x 5 x cos 30°. 
= (+: sin 60° = cos 30°) 


“The moment of the force Fp 

: int 
and horizontal components at point & t x 
the moment of vertical component will be (Fz, x sin 60 
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Sol. Let us first determine the reactions R a and Rp. 
Triangle ABD is a right-angled triangle having angle 
ADB = 90° 
AD = AB cos 60° = 5 «0.5 =2.5 m 


The distance of line of action the vertical load 10 kN 
from point A will be AD cos 60° or 2.5 x 0.5 = 1.25 m. 


From triangle ACD, we have 
AC =AD=25m 
Ae BC =5-2.5=25m 
In right-angled triangle CEB, we have 


BE = BC cos 30° = 2.5 x 4 





The distance of line of action of vertical load 12 kN 


B Fig. 11.28 
from point B will be BE cos 80° or BEx ie 


= [2s x els # = 1.875 m 


‘. The distance of the line of action of the load 
(5 ~ 1.875) = 3.125 m 
Now taking the moments about A, we get 
Re x5=10x 1.25 + 12 x 3.125 = 50 


of 12 kN from point A will be 


50 
Ry = "5 =10KN and R,=(10+12)-10=12 kN 


Now draw a section line (1-1), cutting the members 4, 
5 and 7 in which forces are to be determined. Consider the 
equilibrium of the right part of the truss (because it is smaller 
than the left part), 

This part is shown in Fig. 11.29. Let F,, PF, and F, are 
the forces in members 4, 5 and 7. Let their directions are 
assumed as shown in Fig. 11.29. 

Now taking the moments of all the forces acting on 
the right part about point E, we get 


Ry BE cos 30° = F, x (BE x sin 30°) 





V3) V3 v3 
or | 10 x (25.8 a = Bix 2.5 x eo 0.5 Fig. 11.29 
or : 10x 8 or, x05 


1 


V3 
P,=10 x “a os= £7.32 KN (Tensile). 
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Now taking the moments of all the forces about point B acting on the right part, we get 


12 x BE cos 30° + F, x BE =0 
12 x cos 30° + F, = 0 


" PF, =— 12 x cos 30° = - 10.392 kN 
= eaieeiai that F. is compressive. ; 
| mae : F, = 10.392 KN (Compressive). Ans. 
Now taking the moments about point C of all the forces acting on the right parts, we get 
12 x (2.5 — BE cos 30°) = F, x CE + Ry x BC 
V3 , V8 i e+ 10x 2.5 
— x — }=F, x 2.5 x sin 30° + 10 x 2. 
or 12 (25-25% 9 x 9 7x 
12 x (2.5 — 1.875) = F) x 1.25 + 25 or 7.5 = 1.25F, + 25 
or 
pe ein 
7 1.25 


ive sign shows that F, is compressive. sO 
om we : F, = 14 KN (Compressive). Ans, 
Tr i i blem 11.3. 
These forces are same as obtained in Pro a 
Bana 11.13. A truss of span 9 m is loaded as shown in Fig. 11.30. Find the reactions 
and forces in the members marked 1, 2 and 3. 
Sol. Let us first calculate the reactions R, and Rp. 
Taking moments about A, we get 
: Ryx9=9x34+12x6=27+72=99 


and 





Fig. 11.30 


Now draw a section line (1-1), cutting the members 1, 2 and 3 in in ee a : » 
determined. Consider the equilibrium of the left part of the truss (because it is s 


es 


"the left part about point G, we get 
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the right part). This part is shown in Fig. 11.30 (a). Let 
Ff, Ff, and F’, are the forces members 1, 2 and 3 respec- 
tively. Let their directions are assumed as shown in Fig. 
11.30 (a). 


Taking moments of all the forces acting on the left 
part about point D, we get 
10x3=F,x4 
10x3 
a 
=7.5 KN (Tensile). Ans. 
Now taking the moments of all the forces acting on 10 KN 9 kN @ 


<—- 3m —>| 


Fig. 11.30 (a) 





10x3+F,x4=0 
80 


Fe ee 
i 7.5 kN 


Negative sign shows that force F, is compressive. 

e F, = 7.5 KN (Compressive). Ans. 

Now taking the moments about the point C, we get 
Fox38-9x3+F,x4=0 


or Fx 3-274+75x4=0 (2 Fy= 73) 


; 27-75x4 
or F,=-——> 
. . : $ 
Negative sign shows that force F, is compressive. 
ee F, = 1.0 KN (Compressive). Ans. 
Problem 11.14. For the pin-joined truss shown in Fig. 11.31, find the forces in the 


-=3 --10KN 
3 =- 1. 


members marked 1, 2 and 3 with the single load of 80 kN as shown. 


Sol. First calculate reactions R ‘4 and Rp. 








Fig. 11.31 
Taking moments about A, R, x 16 = 80x 12 
80 x 12 
R =o = 
B= Gg = 60KN 


R, = Total vertical load ~ Ry = 80 - 60 = 20 kN 
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Let us now find the forces in the members 1, 2 and y 
3 by the method of section. Take a section Y-Y passing ; 3H eo 


through the members 1, 2 and 3. Now consider the equi- 
librium of left portion shown in Fig. 11.31 (@). 

Let F,, F, and F, are the forces in the members 1, 2 
and 3 respectively. Their assumed directions are also 
shown in Fig. 11.31 (a). 

Taking moments of all forces (here Ry, F,, F, and 
F,) about point D, we get A 

R,x4=F, x45 
Rax4_ 20x4 
P= 45 45 Ra 
= 17.78 KN (Tensile). Ans. 
Now taking the moments about C, we get 
R,x 8 =F, x Perpendicular distance between F, and point C At) 

To find the perpendicular distance between the line of action of F'; and point C, first find 

angle CDH : 










20 kN 


4m——>e— 4m —> 








Fig. 11.31 (a) 


tno ve. 45 
aS ae a 
4.5 0.5 
eg ie] eee ° ee ee 
§ = tan £0 = 48.37° and tana 40 


05 
= tan7) —— = 7.125° 
ra 20 
LCDH = 6+ a = 48.37 + 7.125 = 55.495 
From triangle DEC, we know that 


CD = {457 +4? =6.02m 
Now from C, draw a perpendicular CL on the line of 
action of F, as shown in Fig. 11.31 (5). 
-. From right-angled triangle CDL, 
sin (a + 9) = Cp 
CL = CD sin (a + 8) 
= 6.02 x sin (55.495) 
= 4.96 m 
Substituting the value of OL (i.e., perpendicular distance between F,, and C) in equation 
(i), we get 





Fig. 11.31 (5) 


R,x8=F, x 4.96 
_ Rg x8 _20x8 


3 4.96 4.96 
To find the force F,, resolve the forces (i.e., Ry, Fg, Fy and F,) vertically. Hence, we get 
R,—F, sina + F, sin 8 = 0 
or 20 — 32.26 x sin (7.125) + F, x sin (48.87) = 0 


= 32.26 kN (Compressive>. Ans. 
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oe es 
or 20-44 F, x 0.7474 = 0 
: 16 
= S7a7q = 21: ive). Ans. 
oF F,= 97474 = 214 KN (Compressive) s. 


11.6.1. Method of Section, Cutting more than Three Members. In method of sec- 
tion, in general a section should cut only three members, since only three unknowns can be 
determined from three equations of equilibrium. However, there are special cases where we 
may cut.more than three members. It is illustrated in the following example. A section line can 
cut four members if the axes of the three of them intersect in one point, thus making it possible 
to determine the axial force in the fourth member by taking moments about the point of inter- 
section of the axes of the three members. 

Problem 11.15. For the frame shown in Fig. 11.32 
find the forces in the members BD, BG, GA, AC and AB 
of the bottom bay only. State their nature. 

Sol. Let us first find the reactions. The frame car- 
ries horizontal loads. As the frame is supported on roll- 
ers at B, hence the reaction R, will be vertical. 

At the point A, the frame is hinged and hence the 
support reactions at A will consist of a horizontal reac- 
tion H, and a vertical reaction R,. 

Taking moments of all forces about A, we get 


Ryx4=20x2+20x4+20x6= 240 





Ry =“ = 60 KN (1) 
Now FR, = Total vertical loads ~ Rg 
=0-66=-60kKN 
— ve sign means, F, is acting downwards. 
R, = 60 KN (1) \ 
and H, = Sum of all horizontal loads 


= (20 + 20 + 20) = 60 KN (<-) 
Now draw a section line (1-1), cutting the members 


BD, BG and BA in which forces are to be determined..Con- Oya kes! Ge. 
sider the equilibrium of the right part. This part is shown i ' an 1 
in Fig. 11.32 (a). Let Fpp, Fgg and F,, are the forces in the : ' 
members BD, BG and BA respectively. Let their directions t 
are assumed as shown in Fig. 11.82 (a). i Ls 

A 


In this particular case, all the three forces are meet- 
ing at one point B. Hence by cutting these members by 
section line (1-1), we may not get the results. 

Let us draw a section line (2-2), cutting four mem- Fig. 11.32 (a) 
bers AC, CG, GD and BD in which forces are to be deter- ee 
mined. The axes of three members, i.e., AC, CG and GD are intersecting at point C. And hence 
taking moments about point C, we can find force in member BD. 

Similarly the axes of BD, GD and CG are meeting at point D. And hence taking mo- 
ments about point D, we can find the force in member AC. 
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The section line (2-2), cutting the four members, 
is shown in Fig. 11.32 (6). Let the forces in the members 
are Fog, Foq Fpg and Fp. Let their directions are as- 
sumed as shown in Fig. 11.32 (6). Consider the equilib- 
rium of part above the section line (2-2). Taking the 
moments of all the forces (acting on the upper part) about 

point C, we get 
20 x2+20x44+ Fax 4=0 


— 40 - 80 
* Fop=—q 


- 120 
= aa =—30kN 
— ve sign means the force Fp is compressive. 
Fyn = 30 KN (Compressive). Ans. 
Now taking moments of all forces (acting on the Fig. 11.32 (6) 
upper part) about point D, we get 
Fo, x4=20x2+20x4= 120 


120 


ae = 30 KN (Tensile). Ans. 





Now consider joint B. 
Joint B / 
Resolving forces vertically, we get 
Fyg cos 45° + Fy, = Ry 
or Fag x cos 45° + 30 = 60 
60-30 30 
a Pac = cos 45° J 


= 30x J2 (Compressive) 
Resolving horizontally, we get / Rip = 60 KN 
Fy, =F aq sin 45° 
a re : Fig. 11.32 (c) 
=30x* x — = 30KN (Tensile) 
BTS 


Fep 
= 30 





Now consider joint A. 
Joint A 
At the joint A;R ae fda, Fao and F,, are known in mag- 
nitude and direction. 
Resolving horizontally, we get 
60 = 30 + Fug x cos 45° 
F..= 60-30 30_ 
AG ™ cos 45° (| 
V2 


= 30x J@ (Tensile) Fig. 11.82 (d) 
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Now the forces are shown in a tabular form below : 


BD 30 KN 


Force in the member Nature of force 





Compressive 


BG 30 x JZ kN 


Compressive 
AB 30 kN Tensile . 
AC 30 kN Tensile 


AG ‘ 30 x V2 Tensile 





. Problem 11.16. A truss of 12 m span is loaded as shown in Fig. 11.33. Determine the - 


forces in the members DG, DF and EF, using method of section. 
Sol. The truss is supported-6n rollers at B and hence R, will be vertical. The truss is 
hinged at A and hence the support sections at A will consists of a horizontal section H, anda 


vertical section R,. 
In triangle AEC, AC = AE x cos 30° 
= 4x 0.866 = 3.464m 
AD =2x AC =2 x 3.464 


= 6.928 m 


Now length 





Fig. 11.33 


Now taking the moments about A, we get 
Ryx12=2xAC+1xAD+1xAE 
=2x 3.464+ 1x 6.928 + 1x 4= 17.856 
“ 3 aa = 149kN 
Now draw the section line (1-1), passing through members DG, DF and EF in which the 
forces are to be determined. Consider the equilibrium of the right part of the truss. This part is 
shown in Fig. 11.33 (a). Let Fpg, Fpp and Fy, are the forces in members DG, FD and EF 
respectively. Let their directions are assumed as shown in Fig. 11.33 (a). Taking moments of 
all forces acting on right part about point #, we get 
Rpx4+Fo gx FG=0 
‘or. 149 x 44 Fyg x (4 x sin 30°) 0 ( 





FG =4-x sin 30°) 
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-149x4 
or Pog = axsin 30° =- 2.98 kN 
~ ve sign shows that the force Fp, is compressive. 
, Fg = 2.98 KN (Compressive). Ans. 
Non taking the moments about point D, we get 
R, x BD cos 30° = Fp x BD x sin 30° 
or R,z x cos 30° = F,, x sin.30° 
Fs 1.49 x cos 30° a 1.49 x 0.866 
FE sin 30° 0.5 


Fig. 11.33 (a) 


= 2.58 KN (Tensile). .Ans 
Now taking the moments of all forces acting on the right part about B, we get 
Fp x 1 distance between Fpp and B = 0 
Fy =0. Ans. : 
(- L distance between Fy, and B is not zero} 


11.7. GRAPHICAL METHOD 


The force in a perfect frame can also be determined by a graphical method. The analyti- 
cal methods (such as method of joints and method of sections) give absolutely correct results, 
but sometimes it is not possible to get the results from analytical methods. Then a graphical 
method can be used conveniently to get the results. The graphical 
method also provides reasonable accurate results. 

The naming of the various members of a frame are done ac- x B 
cording to Bow’s notations. According to this notation of force is des- 
ignated by two capital letters which are written on either side of the 
line of action of the force. A force with letters A and B on either side 
of the line of action is shown in Fig. 11.34. This force will be called 


Force AB 
Fig. 11.34 


AB. 


The following steps are necessary for obtaining a graphical solution of a frame. 

~(i) Making a space diagram 

(ii) Constructing a vector diagram 

(iii) Preparing a force table. 

1. Making a space diagram. The given truss or frame is drawn accurately according 
to some linear scale. The loads and support reactions in magnitude and directions are also 
shown on the frame. Then the various members of the frame are named according to Bow’s 
notation. Fig. 11.35 (a) shows a given truss and the forces in the members AB, BC and AC are 
to be determined. Fig. 11.35 (6) shows the space diagram to same linear scale. The member AB 
is named as PS and so on. 

2. Constructing a vector diagram. Fig. 11.35 (c) shows a vector diagram, which is 
drawn as given below : 

(i) Take any point p and draw pq parallel to PQ vertically downwards. Cut pg = 4 KN to 
same scale. , 

(ii) Now from g draw qr parallel to QR vertically upwards and cut gr = 2 KN to the same 
scale. 
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4kN 
| 
A As) © @® r 
4m ae 
2 kN 2kN 2«N 2kN 
q 
(a) Given Diagram (b) Space Diagram (c) Vector Diagram 


Fig. 11.35 
(iii) From r draw rp parallel to RP vertically upwards and cut rp = 2 KN to the same scale. 

(iv) Now from p, draw a line ps parallel to PS and from r, draw a line rs parallel to RS, 
meeting the first line at s. This is vector diagram for joint (A). Similarly the vector diagrams 
for joint (B) and (C) can be drawn. 

3. Preparing a force table. The magnitude of a force in a member is known by the 
length of the vector diagram for the corresponding member, i.e., the length ps of the vector 
diagram will give the magnitude of force in the member PS of the frame. 

Nature of the force (i.e., tensile or compressive) is determined according to the following 

_ procedure : : 

(z) In the space diagram, consider any joint. Move round that joint in a clockwise direc- 
tion. Note the order of two capital letters by which the members are named. For example, the 
members at the joint (A) in space diagram Fig. 11.85 (6) are named as PS, SR and RP. 

(iz) Now consider the vector diagram. Move on the vector diagram in the order of the 
letters (i.e., ps, sr and rp). 

(iii) Now mark the arrows on the members of the space diagram of that joint (here 
joint A). 
(ov) Similarly, all the joints can be considered and arrows can be marked. 

(v) If the arrow is pointing towards the joint, then the force in the member will be 
compressive whereas if the arrow is away from the joint, then the force in the member will be 
tensile. 

Probiem 11.17. Find the forces in the members AB, AC and BC of the truss shown in 
Fig. 11.36. 

Sol. First determine the reactions R, and Ro. 


From Fig. 11.86 (a), AB = BC x cos 60° =5 x ; =2.5m 


Distance of line of action of 20 KN from point B 


= AB cos 60° = 2.5 x 5 =125m 
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15 KN q 





(c) Vector Diagram 


(6) Space Diagram 


(a) Given Diagram 
Fig. 11.36 


Now taking moments about B, we get 
Ro * 5 = 20 x 1.25 = 25 
R= =5kN and R,=20-5=15kN 

Now draw the space diagram for the truss alongwith load of 20 KN and the reactions R, 
and Ry equal to 15 KN and 5 KN respectively as shown in Fig. 11.36 (6). Name the members 
AB, AC and BC according to Bow’s notations as PR, QR and RS respectively. Now construct 
the vector diagram as shown in Fig. 11.36 (c) and as explained below : 

(@) Take any point p and draw a vertical line pg downward equal to 20 KN to some 
suitable scale. From g draw a vertical line gs upward equal to 5 KN to the same scale to repre- 
sent the reaction at C. Then sp will represent the reaction R, to the scale. 

(i) Now draw the vector diagram for the joint (B). From p, draw a line pr parallel to PR 
and from s draw a line sv parallel to SR, meeting the first line at r. Now prs is the vector 
diagram for the joint (B), Now mark the arrows on the joint B. The arrow in member PR will be 
towards joint B, whereas the arrow in the member RS will be away from the joint B as shown 
in Fig. 11.36 (0). f 

(iii) Similarly draw the vector diagrams for joint A and C. Mark the arrows on these 
joints in space diagram. ; : 

Now measure the various sides of the vector diagram. The forces are obtained by multi- 
plying the scale factor. The forces in the members are given in a tabular form as : 


Member 


. According to given truss According to 
Bow’s notation 


Force in member Nature of force 


Compressive 
Compressive 
Tensile 





Problem 11.18. A truss of span 7.5 m carries a point load of 1000 N at joint D as shown 
in Fig. 11.87. Find the reactions and forces in the member of the truss. 
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p 





r t 
(6) Space Diagram (c) Vector Diagram. 


Fig. 11.37 


(a) Given Diagram 


Taking moments about A, we get 
Ryx 1.5 = 5 x 1000 


5000 
BU 75 
Now draw the space diagram for the truss alongwith load of 1000 N and reactions R, 
and R, equal to 333 N and 667 N respectively as shown in Fig. 11.37 (b). Name the members 
AC, CB, AD, CD and DB according to Bow’s notations as PR, PQ, RT, QR and QS respectively. 
Now construct the vector diagram as shown in Fig. 11.37 (c) and as explained below : 





=667N and R, = 1000-667 = 333 N. 


(i) Take any point s and draw a vertical line st downward equal to load 1000 N to some 


suitable scale. From ¢ draw a vertical line tp upward equal to 338 N to the same scale to | 


represent the reaction at A. The ps will represent the reaction R, to the scale. 

(ii) Now draw the vector diagram for the joint A. From p, draw a line pr parallel to PR 
and from ¢ draw a line ¢r parallel to RT, meeting the first line at r. Now prt is the vector 
diagram for the joint A. Now mark the arrows on the joint A. The arrow in the member PR will 
be towards the joint A, whereas the arrow in the member RT will be away from the joint A as 
shown in Fig. 11.37 (8). 

(iii) Similarly draw the vector diagrams for the joint C, B and D. Mark the arrows on 
these joints as shown in Fig. 11.37 (8). 

Now measure the various sides of the vector diagrams. The forces in the members are 
obtained by multiplying the scale factor to the corresponding sides of the vector diagram. The 
forces in members are given in a tabular form as : 


Member 
Force in member 


According to given truss According to 
Bow’s notation 
AC 


PR 
RT 
PQ 
QR 
QS 










Nature of force 














Compressive 


Tensile 






Compressive 
Tensile 
Tensile 
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Problem 11.19. Determine the forces in all the members of a cantilever truss shown in . 


| Fig. 11.38. 


Sol. In this case the vector diagram can be drawn without knowing the reactions. First 
of all draw the space diagram for the truss along with loads of 1000 N of joints B and C. Name: 
the members AB, BC, CD, DE, AD and BD according to Bow’s notation as PT, QS, SR, RV, VT .+ 
and ST respectively. Now construct the vector diagram as shown in Fig. 11.38 (c) and as ex- 
plained below : 

(i) The vector diagram will be started from joint C where forces in two members are 
unknown. Take any point g and draw a vertical line gr downward equal to load 1000 N to some 
suitable scale. From r, draw.a line rs parallel to RS and from q draw a line qs parallel to QS, 
meeting the first line at s. Now qrs is the vector diagram for the joint C. Now mark the arrows 
on the joint C. The arrow in the member RS will be towards the joint C, whereas the arrow in 
the member SQ will be away from the joint C as shown in Fig. 11.38 (3). 


1000 N 1000 N 41000 N 1000 N 





(ec) Vector Diagram 


(b) Space Diagram 
Fig. 11.38 
(ii) Now draw the vector diagram for the joints B and D similarly. 
Mark the arrows on these joints as shown in Fig. 11.38 (8). 
Now measure the various sides of the vector diagram. The forces in the members are 
given in a tabular form as: 


(a} Given Figure 





Member 


Force in member Nature of force 





According to 
Bow’s notation 


According to given truss 








AB , PT 1333 N Tensile 
BC QS 1333 N Tensile 
cD SR 1666 N Compressive 
DE RV 2500 N Compressive 
AD VT 833 N Tensile 
BD ST 1000 N Compressive 





From the vector diagram, the reactions R, and R, at A and E can be determined in 
magnitude and directions. 
Reaction R, = rv = 2500 N. This will be towards point E. 
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Reaction R, = vp = 2000 N. This will be away from the point A as shown in Fig. 11.38 (0). 
The reaction R, is parailel to up. 

Problem 11.20. Determine the support reac- 
tions and nature and magnitude of forces in the mem- 
bers of truss shown in Fig. 11.39. 

(U.P. Tech. University, 2001-2002) 

Sol. Let us start from joint A where forces in 
two members are unknown. 








Joint A 
in triangle ABC, 
BC 2 
tan 6= CA = - 
mes SO = As 
AB fo2,42 J20 
2 
and sin @ = —== 
, ¥20 
Refer to Fig. 11.39 (a). The forces are shown at joint A. Resolv- B 
ing forces vertically, we get Fig. 11.39 (a) 
F yz sin 6 = 200 —_ 
200 200 = 200 x ¥20 
AB= Sing 9/20 2 = 447.2KN. Ans. 


Resolving forces horizontally, we get 
Pag = Fag cos 8 


= (100 x 20 )x —— =400KN (Tensile). 


an 


Joint B 
Refer to Fig. 11.39¢6) 
ZABC = 90-86 
Resolving forces vertically, 
Fao = Fa, cos (90 — 8) - 
= #4, sin @ BG 


2 
= a D 
(100 x 99) x 0 mes 


{ : Fag = 100 x /20 and sin 6 = Bl Fig. 11.39 (6} 


V20 
Fac = 200 kN (Tensile) 
Resolving forces ae we get 
Fp = Fyn sin (90 - @)= Fas cos 8 
4 
= (100 x /20)x ~== =400 kN (Comp. 
20 a p.) 

Joint C ‘ 
Refer to Fig. 11.39{c) 
Resolving forces horizontally, 

Fog cos 6+ Fop cos 6 = Fug 
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or Fog * Joe + Foy X Fox = 400 
Fog + Fop = 400 x 0 
= 100 x ¥20 
Resolving forces vertically, we get 
Fo, sin 8 — Fop sin 0- Fag = 
or (Fog — Fop) sin 8 = yo = 200 
F..- _ 200 _ 200 
ce~ “cD sing (4) 
20 
= 100 x /20 
Adding equation (z) and (zi), 
2F op = 200 x 20 
or Foy = 100 x /20 (Tensile) 
Substituting this value in equation (i), we get 
Fop = 100 x (20 - 100 x (36 =0 
Support Reactions 
To find the support reactions, consider jomt D and E. 
Joint D 


The force Fy = 400 KN 


.-€Z) 


whereas Fp, = 0. Hence at joint D, there will be only horizontal 
reaction 0 Bo , which will balance force Fy). 


Rox = Fp = 400 KN. 


Joint E 
At joint E, the force F,, = 100 x /20 KN. To balance this 


force, there will be horizontal reaction and vertical reaction at E. 
Let Ryy= Vertical component of reaction at E 
Ry = Horizontal component of reaction at £ 


Resolving forces horizontally, we get 


4 
Roy = Fgo cos @ = (100 x J20) x feo =400 KN. Ans. 


Resolving forces vertically, we get 


2 
Ruy = Fre sin 0 = (100 x JB) x Foe = 200 IN. Ans. 


Now the nature and magnitude of forces in the members are: 


AB — 447.2 kN (Compressive) 
BC — 200 KN (Tensile) 

AC — 400 KN (Tensile) 

BD — 400 KN (Compressive) 
CD—>0 

CE -> 447.2-KN (Tensile). 





Fig. 11.39 (c) 
(2: Fy = 200 KN) 


fe snd =F) 


. Cit) 





Foo=0 
B 
Fep = 400 KN 


Fig. 11.39(¢@) 





Fec= 8 


Fig. 11.39 (e) 


+ §04 
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1. The relation between number of joints (7) and number of members (n) in a perfect frame is given 
byn = 2-3. 

2. Deficient frame is a frame in which number of members are less than (2j — 3) whereas a redun- 
dant frame is a frame in which number of members are more than (2) — 3). 

3. The reaction on a roller support is at right angles to the roller base : 

4, The forces in the members of a frame are determined by : 

(i) Method of joints (ii) Method of sections, and 
(iit) Graphical method. 

5. The force in a member will be compressive if the member pushes the joint to which it is con- 
nected whereas the force in the member will be tensile if the member pulls the joint to which it 
is connected. 

6. While determining forces in a member by method of joints, the joint should be selected in such a 
way that at any time there are only two members, in which the forces are unknown. 

7. Uf three forces act at a joint and two of them are along the same straight line then third force 
would be zero. 

8. Ifa truss (or frame) carries horizontal loads, then the support reaction at the hinged end will 
consists of (} horizontal reaction and (ii) vertical reaction. 

9, If a truss carries inclined loads, then the support reaction at the hinged end will consists of : 
(i) horizontal reaction and (ii) vertical reaction. They will be given as : 

Horizontal reaction = Horizontal components of inclined loads 
Vertical reaction = Total vertical components of inclined loads — Roller support reaction. 
10. Method of section is mostly used, when the forces in a few members of a truss are to be deter- 
mined. 
11. The following steps are necessary for obtaining a graphical solution of a frame : 
(i) Making a space diagram, : 
(ii) Constructing a vector diagram, and 
(iii) Preparing a force table. 
12. The various members of a frame are named according to Bow’s notation. 
A. Theoretical Questions 

1. Define and explain the terms : Perfect frame, imperfect frame, deficient frame and a redundant 
frame. (U.P. Tech. University, 2002-2003) 

2. (a) What is a frame ? State the difference between a perfect frame and an imperfect frame. 

(6) What are the assumptions made in finding out the forces in a frame ? 

3. What are the different methods of analysing (or finding out the forces) a perfect frame ? Which 
one is used where and why ? 

4. How will you find the forces in the members of a truss by method of joints when 


(i) the truss is supported on rollers at one end and hinged at other end and carries vertical loads. 
(ii) the truss is acting as a cantilever and carries vertical loads. 


(iit) the truss is supported on rollers at one end and hinged at other end and carries horizontal 
and vertical loads. 





2. 
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iv) the truss is supported on rollers at one end and hinged at other end and carries inclined 


loads. 
(a) What is the advantage of method of section over method of joints ? How will you usé method 
of section in finding forces in the members of a truss ? 
(b) Explain with simple sketches the terms (i) method of sections and (ii) method of joints, as: 
applied to trusses. : 
How will you find the forces in the members of a joint by graphical method ? What are the 
advantages or disadvantages of graphical method over method of joints and method of section ? 


What is the procedure of drawing a vector diagram for a frame ? How, will you find out (7) magni- 
tude of a force, and (ii) nature of a force from the vector diagram ? 


How will you fi find the reactions of a cantilever by graphical method ? 
What are the assumptions made in the analysis of a simple truss. 
Explain what you understand by perfect frame, deficient frame and redundant Pade 


B. Numerical Problems ; j 
Find the forces in the members AB, AC and BC of the truss shown in Fig. 11.40. 
5 kN [Ans. AB = 4.33 kN (Comp.) | 
AC = 2.5 kN (Comp.) 
BC = 2.165 KN (Tens.)] 





Fig. 11.40 


A truss of span 7.5 m carries a point load of 500 N at joint D as shown in Fig. 11.41. Find the 


reactions and forces in the members of the truss. 
‘ [Ans. R, = 166.5 N 


R, = 333.5 N 

F, = 333 N (Comp.} 
F, = 288.5 N (Tens.} 
F, = 577.5 N (Tens.) 
F,, = 667 N (Comp.) 
F, = 577.5 N (fens.)} 





Fig. 11.41 


3. A truss of span 7.5 m is loaded as shown in Fig. 11.42. Find the reactions and forces in the 


members of the truss. 
{Ans. AD = 3.464 kN (Comp.) 


AC = 1.732 kN (Tens.} 
CD = 2.598 KN (Tens.) 
CE = 2.598 kN (Comp.) 
DE = 3.50 KN (Comp.) 

BE = 5 kN (Comp.) 

BC = 4.83 KN (Tens.)] 





Fig. 11.42 
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Joint F ‘ Fp = 20 KN (Comp.) 
4. A truss is shown in Fig, 11.43. Find the forces in ~TOKN 15 kN 20 kN 20 Frye = 0 

all the members of the truss and indicate it is in 
tension or compression. B F c F 

(U.P. Tech. University 2000-2001) 3 

E 


Joint E EV = 0, 32.5 - 20 ~ Fog sin 60° = 0 


12.5 
sin 60° = For = 1443 KN 


EH = 0, Fryp = Fog cos 60° = 7.215 kN} 








10 KN 
Ra 3m—>——-_ 3m 


Fig. 11.43 


(Hint. In the problem, length of members are not given. Assume AD = DE = 3m and ZDAC = 
ZDEC = 60 as from figure it appears that AD = DE and ZDAC = ZDEC 


M,=0,10x3+15x3+20x6-6xR, =O, 





5. Determine the forces in the various members of the truss shown in Fig. 11.44. 
[Ans. AB = 1200 N (Comp.) 


400 N BC = 800 N (Comp.) 


we m 
' nn rer 








és Rex OA = 92.5 kN CD = 800 N (Comp.) 
: DE = 1200 N (Comp.) 
and Ryz= 10+ 15+ 20+ 10- Ry = 55 - 32.5 = 22.5 EF = 600 N (Tens.) 
Start from joint B where forces in two members are unknown AF = 600 N (Tens.) 
Joint B Fa, = 10 KN (Comp.) BF = DF = 400 N (Comp.) 
Faq = 0 FC = 400 N (Tens.)] 
10 kN - —————— 10m —-___ >| 
c 
Fig. 11.44 
- 6. A plane truss is loaded and supported as shown in Fig. 11.45. Determine the nature and magni- 
A i tude of forces in the members 1, 2 and 3. 
(Ans, F, = 833.34 N (Comp.) 
Joint A c rV=0 / / F, = 1000 N (Tens.) 
B 22.5 — 10 ~ F',, sin 60° = 0 F, = 666.66 (Tens.)] 
Ho ; 12.5 
60 = — = 
‘ac = Fagor = 1443 EN 
A BD : 
Rq= 22.5 
Joint D 2H = 0, Pan = Fyo cos 60° = 7.215 } 
i 
7.215 i | 
é D725 = 





10 KN 


508 STRENGTH OF MATERIALS 





%. Determine the forces in all the members of a cantilever truss shown in Fig. 11.46. 
fAns, AC = 1154.7.N (Comp.) 
CD = 2309.4 N (Tens.) 
AD = 2309.4 N (Comp.) 
BD = 2309.4 N (Tens.)] 





2000 N 
Fig. 11.46 


8. A cantilever truss is loaded as shown in Fig. 11.47. Find the force in member AB. 
[Ans. AB = 15 kN (Tens:)] 





Fig. 11.47 ; 

9. Find the axial forces in all the members of the truss shown 42000 N 8000 N 
in Fig. 11.48. 3 

[Hint. Start from joint B 

First find angles @ and « 








tan @= = = 2 = ; 6 = tan™! 0.5 = 26.56° 
awe a Se a@=tan? 1.0 = 45° 
ED 3 
Joint B anne EF, = 0, Fy¢ sin @ = 8000 
Fon . Foo= ea 17891 N (Comp.) 
A : B ~~ “s8C™ sin sin 26.56° ~ P. 
iF, =0= Fy cos 6 
Feo 


= 17891 x cos 26.56° = 16002 N (Tensile) 
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ee SS i rp np 
Joint C A =F, = 0, Fgq cos € = Foy cos 8 
 Fop=F po = 17891 N (Comp.} 
2F,, = 0, Foq~ Faq sin 8+ Fgp sin 0 = 0 


Fog = 0 (2 Fgo= Fen) 





Cc 











Fp,= 17891 


Joint A EF, = 0, Fy, cos « = 12000 

12000 N ; oe 
“7 “AD ™ sin 45° 
IF, = 0, Fan = cos a- Fup + Fy, = 0 
F,,= 16002 or Fy cos 45°~ F,, + 16002 = 0 
; 16970 cos 45° - F,, + 16002 =0 
c -. Fay = 16002 + 16970 cos 45° 

= 16002 + 11999 = 28001 N (Tens.)] 


10. Determine the forces in the truss shown in ae: 11.49 which carries a horizontal load of 16 kN 
and a vertical load of 24 kN. [Ans. AC = 24 kN (Tens.) 


AD = 10 KN (Comp.) 
CD = 24 kN (Tens.) 
CB = 24 kN (Tens.) 

BD = 30 kN (Comp.)] 





= 16970 





Fig. 11.49 
11. Find the forces in the member AB and AC of the truss shown in Fig. 11.40 of question 1, using 


method of sections. * [Ans. AB = 4.33 kN (Comp.) 
AC =-2.5 kN (Comp.)J 

12. Find the forces in the members marked 1, 3, 5 of truss shown in Fig. 11.41 of question 2, using 
method of sections. [Ans. F, = 333 N (Comp.) 

F, = 577.5 N (Tens.) 

F,= 577.5 N (Tens.)] 


13. Find the forces in the members DE, CE and CB of the truss, shown i in Fig. 11.42 of question 3, 
using method of sections. _ [Ans. DE = 3.5 kN (Comp. ) 


CE = 2.598 kN (Comp.) 

BC = 4.33 EN (Tens.)}] 

14. Using method of section, determine the forces in the members CD, FD and FE of the truss shown 
in Fig. 11.43 of question 5. [Ans‘ CD = 800 N (Comp.) 

FD = 400 N (Comp.) 

FE = 600 N (Tens.)] 
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15. Using method of section, determine thé forces in the members CD, ED and EF of the truss shown 
in Fig. 11.50. {Ans. CD = 4.216 kN (Comp.) 


tkN ED = 3.155 kN (Tens.) 
EF = 2.58 kN (Tens.)] 





Fig. 11.50 


16. Find the forces in the members AB, AC and BC of the truss shown in Fig. 11.40 of question 1, 
using graphical method. 

17. Using graphical method, determine the magnitude and nature of the forces in the members of 

a the truss shown. in Fig. 11.41 of question 2. 

18. Determine the forces in all the members of a cantilever truss shown in Fig. 11.46 of question 7, 
using graphical method. Also determine the sections of the cantilever. 


19. A cantilever truss is loaded and supported as shown in Fig. 11.51. Find the value of lead P which 
would produce an axial force of magnitude 3 KN in the member AC using method of section. 
(U.P. Tech. University, 2002-2003) 


3m——+|¢ 8 m ——>| 


ete E 


2m 
| 
+ 1.5 mi 3 m1 
Fig. 11.51 


(Hint. Force in member AC, F4.=3 kN 
Now pass a section ©-© as shown in Fig. 11.51 (a). 


@ Ve 











S@ 
3m———> 


Fig. 11.51 (a) 
Take moments about point D. 
IM, =0;Fi.x2-Px15=0 But 
8x2-Px15=0 
or 6=1.5P or P=4kN. Ans,] 
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Deflection of Beams 





12.1. INTRODUCTION 


If a beam carries uniformly distributed load or a point load, the beam is deflected from 
its original position. In this chapter, we shall study the amount by which a beam is deflected 
from its position. Due to the loads acting on the beam, it will A B 


be subjected to bending moment. The radius of curvature of a 
the deflected beam is given by the equation “ = = The ra- 
(a) Beam pasition before loading 


x 
dius of curvature will be constant if R = aes constant. ‘ Ww 2 


The term (J x #/M will be constant, if the beam is subjected 
to a constant bending moment M. This means that a beam for 
which, when loaded, the value of (E x I)/M is constant, will | C 
bend in a circular arc. 

Fig. 12.1 (a) shows the beam position before any load 
is applied on the beam whereas Fig. 12.1 (6) shows the beam 
position after loading. 





* {b}) Beam position after loading 
Fig. 12.1 


12.2. DEFLECTION AND SLOPE OF A BEAM SUBJECTED TO UNIFORM BENDING 
MOMENT 


A beam AB of length L is subjected to a uniform bend- 
ing moment M as shown in Fig. 12.1 (c). As the beam is sub- - 
jected to a constant bending moment, hence it will bend into 7 
a circular arc. The initial position of the beam is shown by / 
ACB, whereas the deflected position ig shown by AC’B. f 

Let HR = Radius of curvature of the deflected beam, 

y = Deflection of the beam at the centre (i.e., dis- 
tance CC’), 

f= Moment of inertia of the beam section, 

E = Young’s modulus for the beam material, and 

6 = Slope of the beam at the end A (i.c., the angle 
made by the tangent atA with the beam AB). 
For a practical beam the deflection y is a 
small quantity. 


\ 
! 
49 
} 
i 
/ 


/ 
ee 
4 
“ 


“ 





Fig. 12.1 (e) 
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Hence tan @=.6 where @is in radians. Hence 0 becomes the slope as slope is 
dy 
— = tan 6 = 98. 
dx 


L 
Now AC =BC= 3 


Also from the geometry of a circle, we know that 
AC xCB=DCxCC' 


L 
bx Z =(QR-y) xy (. DC =DC'~ CC = 2R-y) 
; 2 
"OF oe = 2Ry - y? 


o For a practical beam, the deflection y is a small quantity. Hence the square of a small 
. quantity will be negligible. Hence neglecting y? in the above equation, we get 





~ 9 
a 
iv ; 
a iG) 
** 8R 
But from bending equation, we have 
M_E 
I oR 
Pee R= xt Ai) 
Substituting the value of R in equation (i), we get 
Lv 
¥ = 
EI 
8 x uM 
2 
‘or poe (12.1) 


The equation (12.1) gives the central deflection of a beam which bends in a circular arc. 
Value of Slope (8) 
From triangle AOB, we know that 


AO R QR 








L 
6= oR 
= “aH (: R= a from equation ca} 
om 
x 
= (12.2 
2EI ( 


Equation (12.2) gives the slope of the deflected beam at A or at B. 


DEFLECTION OF BEAMS 513 





12.3. RELATION BETWEEN SLOPE, DEFLECTION AND RADIUS OF CURVATURE 


Let the curve AB represents the deflection of a beam as shown in Fig. 12.2 (a). Consider 
a small portion PQ of this beam. Let the tangents at P and @ make angle w and p + dp with 
x-axis. Normal at P and Q will meet at C such that 


PC=QC=R 





Fig. 12.2 


The point C is known as centre of curvature of the curve PQ. 
Let the length of P@ is equal to ds. 
From Fig. 12.2 (6), we see that 


Angle PCQ = dy 
PQ=ds = R.dy 

: ds 

0 R= ds .@) 
But ifx and y be the co-ordinates of P, then 

dy 
tan y= na (G5) 

sin y= o 

dx 

and er 

cos py ae 


Now equation (Z) can be written a: 











oe R= _..(iii) 
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Differentiating equation (di) w.r.t. x, we get 





dp .d*y 
sect yp. S82 22 
. dx dx? 
(3) 

or dy Ad 
dx sec” p 


Substituting this value of “ in equation (tii), we get 


3 
sec wp sec .sec” p sec’ p 








R= EE 
> dty” (d¥y 
at dx? ade 
sec? w 


Taking the reciprocal to both sides, we get 


dy — dty 
A dle? tle 
R sec? y (sec? w)®” 
d’y 


~ (14 tan? w)?? 
For a practical beam, the slope tan p at any point is a small quantity. Hence tan? y can 
be neglected. 


2 
“ aes wiv) 
From the bending equation, we have 
ME 
IR 
1 =M 
bk ao a fv) 
Equating equations (iv) and (v), we get 
M _d*y 
EI dx? 
2 
M= EI dy (12.3) 
dx? 
Differentiating the above equation w.r.t. x, we get 
3 
aM gy 
dx dx 
aM 
But "Fe F shear force (See page 288) 
d? 
F=Rt (12.4) 
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TC 


Differentiating equation (12.4) w.r.t. x, we get 


4 
aF _ py? 
dx dx* 
Fr 
But ol = w the rate of loading 
dty 
= El —— (12.5 
dx* } 
Hence, the relation between curvature, slope, deflection etc. at a section is given by: 
Deflection =y 
d 
Slope = o 
2 
Bending moment = KI “3 
3 
Shearing force = EI a 
4 
The rate of loading = HI ay. 
dx 


Units. In the above equations, F is taken in N/mm? 

Tis taken in mm4, y is taken in mm, 

MistakeninNm and x is taken in m. 

12.3.1. Methods of Determining Slope and Deflection at a Section in a Loaded 
Beam. The followings are the important methods for finding the slope and deflection at a 
section in a loaded beam : 

(i) Double integration method 

(i) Moment area method, and 

(iii) Macaulay’s method 
Incase of double integration method, the equation used is 


d*y d*y M 
M= EI —> SFP 
dx? Gx?” ET 
d 

First integration of the above equation gives the value of mi or slope. The second inte- 
gration gives the value of y or deflection. 

The first two methods are used for a single load whereas the third method is sued for 
several loads. 


12.4. DEFLECTION OF A SIMPLY SUPPORTED BEAM CARRYING A POINT LOAD 
AT THE CENTRE 


A simply supported beam AB of length L and carrying a point load W at the centre is 
shown in Fig. 12.3. 

As the load is symmetrically applied the reactions R, and R, will be equal. Also the 
maximum deflection will be at the centre. 
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Fig. 12.3 


Ww 
Now Ry,=R,= 2 
ee Consider a section X at a distance x from A. The bending moment at this section is 
~ given by, : 
M,=R,xx 
W 
2 


xx (Plus sign is as B.M. for left portion at X 
is clockwise) 
But B.M. at any section is also given by equation (12.8) as 


2 
M-EI a 
dx 
Equating the two values of B.M., we get 
d*y W : 
EI -+ ="y x .{z) 
On integration, we get 
dy W x? re 
Be i) 


where C, is the constant of integration. And its value is obtained from boundary conditions. 


oy L 
_. The boundary condition is that atx = 3° slope (=) = 0 (As the maximum deflection is at the 
Me 


-. centre, hence slope at the centre will be zero). Substituting this boundary condition in equa- 


tion (ii), we get 
w fLy 


WL? 
or e— 
16 
Substituting the value of C, in equation (iz), we get 
2 2 
Be di) 
dx 4 16 
The above equation is known the slope equation. We can find the slope at any point on 
the beam by substituting the values ofx. Slope is maximum at A. At A, x = 0 and hence slope at 





~~ A will be obtained by substituting x = 0 in equation (iii). 
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2 
a (2) rey 
at A 4 








dx 16 
dy : E 
= is the slope at A and is represented by 64 
dec at A 
WL? 
Kix @, =- — 
mn RA ag 
_ WL 
A” 16EI 
The slope at point B will be equal to @,, since the load is symmetrically applied. 
| Wwe? 
0,=98,=- (12.6. 
B> a>” 16RI ee) 


Equation (12.6) gives the slope in radians. 


Deflection at any point 
Deflection at any point is obtained by integrating the slope equation (iii). Hence inte- 
grating equation (ii), we get 
3 2 
Bg 
4 38 16 
where C, is another constant of integration. At A, x = 0 and the deflection (y) is zero. 
Hence substituting these values in equation (iv}, we get 


EIx0=0-0+C, 





x+, .. (iv) 








or C,=0 
Substituting the value of C, in equation (iv), we get 
3 2 
Hx y= Wx - WL? .x to’ 
12 16 


The above equation is known as the deflection equation. We can find the deflection at 
any point on the beam by substituting the values of x. The deflection is maximum at centre 


L . L 
point C, where x = 2" Let y, represents the deflection at C. Then substituting x = 2 andy =y, 


in equation (v), we get 





W(LY WE (L 
BIxy.= Ta(3) "6 (5) 
WE Wi WL -3wWL' 


96 32 96 





48EI 
(Negative sign shows that deflection is downwards) 





Downward deflection, y_ = Wo" 412.7) 
"ce 48ET 
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Problem 12.1. A beam 6 m long, simply supported at its ends, is carrying a point load of 
50 kN at its centre. The moment of inertia of the beam (i.e. I) is given as equal to 78 x 10° mm4. 
If E for the material of the beam = 2.1 x 10° N/mm?, calculate : (i) deflection at the centre of the 
beam and (ii) slope at the supports. 

Sol. Given : 

Length, L=6m=6 x 1000 = 6000 mm 

Point load, W = 50 kN = 50,000 N 


M.O.1., T= 78 x 10° mm* 
Value of E = 2.1 x 10° N/mm? 
Let y, = Deflection at the centre and 


8, = Slope at the support. 

(i) Using equation (12.7) for the deflection at the centre, we get - 
_ Wi 
~ 48EI 
_ 50000 x 60007 
~ 48 x 2,1 x 10° x 78 x 108 
= 13.736 mm. Ans. 
(ii) Using equation (12.6) for the slope at the supports, we get 

WL? : 
~ 16EI 
_ We 
 16EI 
- 50000 x 6000" 
~ 16x 21x 105 x 78 x 108 
= 0.06868 radians 





Xe 





0, = 9, = 





(Numerically) 


radians 


180 
= 0.06868 x . degree 


= 3.935°. Ans. 
Problem 12.2. A beam 4 metre long, simply supported at its ends, carries a point load W 
at its centre. If the slope at the ends of the beam is not to exceed 1°, find the deflection at the I 
centre of the beam. 


bs lradian = 28 degree i 
bi A ‘ 





Sol, Given : 
Length, L£=4m=4000 mm 
Point load at centre = W 
1lxnx ; 
Slope at the ends, @, = 6, = 1° = ao 0.01745 radians \ 
yf 
Let ¥, = Deflection at the centre 
Using equation (12.6), for the slope at the supports, we get 
we eee 
= t 
A> TeRT (Numerically) 
2 
or 0.01745 = ee AZ) 





16EI 
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Now using equation (12.7), we get 

















_ We 
Ye * 48RT 
Wwe OL . WL WL? 
“ 6EI 3 " 48EI 16ET 3 
2 
= 0.01745 x a ; -— = 0.01745 from equation 0 


= 23.26 mm. Ans. 

Problem 12.3. A beam 3 m long, simply supported at its ends, is carrying a point load 
W at the centre. If the slope at the ends of the beam should not exceed 1°, find the deflection at 
the centre of the beam. (Annamalai University, 1991) 

Sol. Given : ; 

Length, 2 = 3m = 3 x 1000 = 3000 mm 

Point load at centre =W 

Slope at the ends, 6, =4,=1° 

Ixx 


= aaa o 0.01745 radians 


Let y, = Deflection at the centre 
Using equation (12.6), we get 





2 2 
. O4= T6ET or 0.01745 = i6EL wd) 
Now using equation (12.7), we get 
_We Wwe Lb 
%¢" 48EI 16EI ~ 3 
L WL? 
= eat se = 0.01745 
= 0.01745 x 3 16EI 
= 0.01745 x — (. £ = 3000 mm) 


= 17.45 mm. Ans. 


12.5. DEFLECTION OF A SIMPLY SUPPORTED BEAM WITH AN ECCENTRIC POINT 
LOAD 
A simply supported beam AB of length L and carrying a point load W at a distance a 
from support A and at a distance 6 from support B is shown in Fig. 12.4. 
The reactions at A and B can be calculated by taking moments about A. 
We find that reaction at A is given by 


b W 
R= and Ry=—>—~ 
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Fig. 12.4 


(a) Now consider a section X at a distance x from A in length AC. The bending moment 
at this section is given by, 











M,=Ryxx 
Wxb . Z 
te xx (Plus sign due to sagging) 
But B.M. at any section is also given by equation (12.3) as 
d? y 
M=EI ee 
Equating the two values of B.M., we get 
d*y Wxb 
EI = ray = L KX 
Integrating the above equation, we get 
dy Wxb_ x? : 
EI ey Re .@) 
where C, is the constant of integration. 
Integrating the equation (i), we get 
W.b x? 53 
ELy = OL 5 3 + Cyx + Cy wa (UE) 


- where C, is another constant of integration. The values of C, and C, are obtained from bound- 
ary conditions. 


(i) AtA,x=0 and deflection y =0 

Substituting these values in equation (ii), we get 
0=04+0+C, 

iS C,=0 

Substituting the value of C, in equation (ii), we get 


W.b 
Ely = en: x84C,.x (iit) 


f d 
(ii) At C, x = a and slope - = 0¢ - (Note that value of 6, is unknown). 
The value of C, is obtained by substituting these values in equation (i). Hence, we get 


2 
EL. 0o= tS +; 
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s : 





W.b.a? 
Cc, = EI x 86 = or 
Substituting the value of C, in equations (z) and (iii), we get 
dy W.b , W.b.a” s 
Ele OL ~x TEE a ... (iv) 
W.b W.b.a” 
2 3 eee 
Ely = 6” + (B19 OL ): -{v) 


The equation (iv) gives the slope whereas equation (v) gives the deflection at any point 
in section AC. But the value of 0, is unknown. , 
(6) Now consider a section X at a distance x from A in length CB as shown in Fig. 12.5. 
Here x varies from a to L. The B.M. at this section is given by, 
M,, = R,.« — Wx - a) 
_WwW.b 


aa .x— We ~- a} 








Fig. 12.5 

But B.M. at this section is also given by equation (12.3) as 
d’y 
M = EI —> 
dx? 


Equating the two values of B.M., we get 





2 

Era y J. Wo .x— Wx - a) 
dx? LL 

Integrating the above equation, we get 


BI ~~ = —— .— - ——_——- + € (vt 
dx L 2 2 3 : 
where C, is the constant of integration. 
Integrating the equation (vi) again, we get 
3 
Ely = ——.—>--—. + C+ ...(vit) 
wb 8 2 8 oo 
where C, is another constant of integration. The values of C, and C, are obtained from bound- 
ary conditions. 
(i) At B, x = L and y = 0. Substituting these values in equation (viz), we get 
W.b D> W (L-a)® 


2L° 8 2° 8 





Q= 





+C,x b+, 
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_W.b.P W.b? 











; +C,L+C, (. L-a=6b) 
3 2 
es . aes -C,xL ..Aviii) 
- (ii) At C,x =a and slope ° = G,. (The value of 6, is unknown). 
The value of C, is obtained by substituting these values in equation (vi). 
Hence, we get from equation (vi) 
W.b.0% W 
Pip oo eRe eae 
EL8> OL 5 (a-a}?+C, 
2 
ee ~0+C, 
W.b.a? 
C, = EL.6,.— ———— am (2 
3 8 OL (ix) 
Substituting the value of C, in equation (viii), we get 
WwW. W.b.P W.b.a* 
ie eee Ss rn Bae els Gp 
arg 6 ( aon 58 
3 2 2 
o Wide W.b.k -~El.0¢.L+ W.b.a 
6 6 2 
2 
7 Te Sanya 
Ww a b 2 2 W. b. a 
= |= @ -5 )+— — ~ HL 8¢ 
W.b 
ay [6? - L? + 3a?] ~ ELL.0, 
W.b 
a E {b? — (a + b)? + 807] — ELL.6, (~ L=a+b) 
W.d 
es [b? — a? - 6? - 2ab + 3a7] - ELL.8, 
W.b 
= Zo [2a?— 2ab]~ ELL.8¢ 
W.b 
2-5 x 2a(a ~ 6) ~ ELL.G, 
W ab 
=~ [a- b)- ELL.0, 


The slope [ie =a at any point in CB is obtained by substituting the value of C, in 


equation (vi). Hence, we get from equation (vi), 


dy W.b 5 W : 
EI Te Or xr = 5 (x - a)? + BELO, - 


W.b.a” 


OL * a(x) 





6 et. 
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The deflection (i.e., y) at any point in CB is obtained by substituting the values of C, and 
C, in equation (vit). Hence, we get from equation (vii), 





W.b 3 W i W.b.a? 
EI. 6L Xx 6 (x — a) + {Bt - ar, x 
W.ab e 
3 (@-b)- EI. L. 8 (xi) 


The deflection at the point C is obtained by substituting x = a in the above equation. Let 
Yo= the deflection at C. Hence, we get 








3 W.b.a® 
Btyga Wb Hg agp «(Bite - WHO") 
W.a.b 
+f" (a ~ 6) - BLLOe 
1 | W.b.a° W.b.a® W.a.b 
or sor Be 0+ B00 TE, 3 (a~8)-BI.L.0¢ | 
1[W.b.0? W.a.b® W.a.b 
FAD | G8, BACT Gab) 4 Ree eR A fA 
EI| 6b aL oor arn 


The deflection at the point C can also be obtained by substituting x = a in equation (v).. 


Hence, we get 
3 2 
iy +( Br. ee a 











6L 2L 
1|W.6.a3 W.b.a? 
or ¥ce = 2(4= + EI.6¢.a “ te .(B) 
Equating the two values of y, given by equations (A) and (B), we get 
1[W.6.a W.b.07} 1[W.b.a? W.b.a® W.a.b 
enroh EL 8-.a- =e 0. & -O, -@. 7 
ai ee Blo ea 6L Be a 
+ El.a.0¢ ~ EL.L.8¢] 
W.a.b 
or 0= F(a ~ ) - ELL.8 
or EI.L6,= 7 Gs8) 
je ee 12.8) 
on Cram ge atte 


The above equation gives the value of 0, (é.e., slope at point C). Substituting this value 
of 8, in equation (iv), we get the slope at any point in AC. Hence, we get from equation (iv), 


dy W.b 2 W.a.b W.b.a? 
we Wad) 3)  W.o- 
Bg oy Pe oe ok 

2 

Wb 2 Wab,  Wda 





QL 3L 2L 


“or 
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W.db 
ss 2 — 6) ~ 3a? 
= Er {3x? + 2a{a — 6) ~ 3a?} 
W.b 2 2 
=r (3x? — 2ab - a*] wlC) 


As the length AC is more than length CB, hence maximum slope will be at the support 

. A, where x = 0. Let the slope at A is represented by 0,. Hence at A will be equal to Q,. 
2 x 

Substituting x = 0 in equation (C)}, we get 


dy W.b 
EI | = =— — 2ab — a? 
(2). @L, (3 x 0 - 2ad — a*] 
se W.b 
or E1O,= Gp 2ab — a”) 
i -W.ab 
or 6,= 6ELL (a + 2b) ...(12.9) 


[Negative sign with the slope means that tangent at the point A makes an angle in the 
anti-clockwise or negative direction]. 2 


: Value of Maximum Deflection. 


Since ‘a’ is more than ‘b’ hence maximum deflection will be in length AC. The deflection 
at any point in length AC is given by equation (v) as 




















Ely = os + [zr -8¢- the x 
-32s [ar Fete» Ee 
iS 8c = ea (a - 8) from Eq. 2s) 
ie [Bpte-o- Lee]. 
s [x3 + 2a (a - bx - 802. x] 
= as [x3 + 2a%x - 2abx - 8a2x] 


WwW. Ww. 
epee {x3 — @#x — 2abx] = B 





(x3 ~ x(a? + 2ab)] 





6L 6L 
_W.b., 2 
Y* SRT (x® - x(a* + 2ab)] .(D) 
d 
The deflection will be maximum if = a0 
Dy WD ag ed 
But dx” GEIL [8x? ~— (a? + 2ab)] 


For maximum deflection, ay =0 


dx 
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W.b 
2_ fa = 
6EIL [8x? — (a? + 2ab)] = 0 
3x2 — (a? + 2ab) = 0 iG ee cannot be zero} 
gs = 6EIL 


x2 a? + 2ab 
or a aaa 











3 
= a* +2ab ha 
Ase 
Substituting this value of x in equation (D), we get maximum deflection. 
W.bI{ a7 +2ab oe a? + 2ab os 2 
¥ = ——— = (a + 2ab) 
max 6EIL 3 3 
_ Wb i (at+ 2Qab)*? ~ (a? + 2ab)>”* 
6EIL| 3x3 V3 
= : 2ab -= 
sa Fea é| 
W.b, 2 3/2 (L- 3) 
7 2aby* = 
GE PD as 
W.b 
= (a? + 2ab)3/” 
9V3EI.L 
Negative sign means the deflection is in downward direction. 
W.b 
D d, = ——— (a? + 2ab)%” (12.10) 
ownwar Vmax 9J3ELL a y 
Deflection under the point load 
Let Yq = Deflection under the point load 


The deflection at any point in length AC is given by equation (D), as 


= 3 xfg2 
Io™ SEIT fx — x(a? + 2ab)] 


The deflection under the point load will be obtained by substituting x = a in the above 
equation. 
: _ W.b 
Yo™ RIL 

_ W.b 
~ 6BIL 
W.b Wah? 
= = 2a7b = 
eau * ‘ )°~ “SED 
Negative sign means the deflection is downward. 
Wa"b? 

“« D d, = 
ownwar Ve “BEIL | 

Note. The above method for finding the slope and deflection is very laborious. There is a simple 
method of finding the slope and deflection at any point in a beam. This method is known as Macaulay’s 
method which will be discussed later on. 


{a3 — a{a? + 2ab}] 


{a3 — a3 — 2a] 








(12.11) 
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Problem 12.4. Determine : (i) slope at the left support, (ii) deflection under the load and 
(iii) maximum deflection of a simply supported beam of length 5 m, which is carrying a point 
load of 5 kN at a distance of 3 m from the left end. Take E = 2 x 10° Nimm? and I = 1 x 108 mm. 


Sol. Given : 
Length, L=5m= 5000 mm 
Point load, W=5kN=5000N 


Distance between point load and left end, 
a=3 m= 3000 mm 
2 b=L-a=5-3=2m= 2000 mm 
Value of E =2x.108 N/émm? 
M.O.L., J=1x 108 mm* 
Let 8, = Slope at the left support, 
Yo = Deflection under the load, and 
¥max = Maximum deflection. 
(t) Using equation (12.9), we get 


W.a.b 
See earn. 


= — 0000 x 3000 x 2000 _ (3000 + 2 x 2000) 
6x2x10° x 10° x 5000 
=~ 0.00035 radians. Ans. 
Negative sign means that the angle made by tangent at A is anti-clockwise. 
(ii) The deflection under the load is given by equation (12.11), as 
_ Wa?.b? 
%c" “SRIL 
5000 x 3000” x 20007 
= 3x2 10° x 108 x 5000 
(ii) The maximum deflection is given by equation (12.10), as 
> eee 
Ymax = 9/3 EDL 
= 2000 2000 —— (8000? + 2 x 3000 x 2000)8 
9x ¥3 x 2x 10° x 108 x 5000 
1 
geyeno™ 
= 0.6173 mm. Ans. 


(radians) 





= 0.6mm. Ans. 


(a? + 2ab)?” 


00 + 12000000)*2 


12.6. DEFLECTION OF A SIMPLY SUPPORTED BEAM WITH A UNIFORMLY DIS- 
TRIBUTED LOAD 


A simply supported beam AB of length L and carrying a uniformly distributed load of w 
per unit length over the entire length is shown in Fig. 12.6. The reactions at A and,B will be 


wx 
equal. Also the maximum deflection will be at the centre. Each vertical reaction = 2° 





pore 
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w/Unit length 





" Fig. 12.6 


wx 
R,=R,= 5 


Consider a section X at a distance x from A, The bending moment at this section is given 





by, 


x wil w.x? 
M,=R,xx-wxaxo=— >. rat Fis 
But B.M. at any section is also given by equation (12.3), as 
d*y 
M= KI a 
Equating the two values of B.M., we get 








Integrating the above equation, we get 


dy w.L x® w x® 
E, Se ee -(@) 
where C, is a constant of integration. 
Integrating the above equation again, we get 
3 4 
Bly = 8 28 = + Ox + Cy ..-(ti) 
where C, is another constant of integration. Thus two constants of integration (e., C, and C,) 
are obtained from boundary conditions. The boundary conditions are : 
Gi)atx=0,y=0 and (Gi) atx=L,y =O 
Substituting first boundary condition i.e., x = 0, y = 0 in equation (ii), we get 
0=0-0+0+C, or C,=0 
Substituting the second boundary condition i.e., at x = L, y = 0 in equation (ii), we get 
w.b Dw Lt 


Qe Se £0 


cos a (C, is already zero) 





Pe 1" 9 * ba 7" Ba 

Substituting the value of C, in equations (7) and (ii), we get 

dy w.L 2 wy wif : re 
We a 0 6 x 9A .-(LEL) 


EI 
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wb, w 4 {. wh 

_ and ELy = wo on [we x+0 C2 C,=9) 
w.b 3 w 4 wi * 
12 24°” "24 * Bis 





OF / Ely = 


The equation (2it) is known as slope equation. We can find the slope (ie. the value of 2) 


at any point on the beam by substituting the different values of x in this equation. 


The equation (iv) is known as deflection equation. We can find the deflection (i.e., the 
value of y) at any point on the beam by substituting the different values of x in this equation. 


~~ Slope at the supports 


Let 8, = Slope at support A. This is equal to (2) 
dx ata 
‘ iy 
- and 6, = Slop at support B = | 
dx atB 
AtA, x=0 and 2 = 0,. 
: Substituting these values in equation (iii), we get 
3 
pis 2 gc gee 
4 6 24 
wie = WL? 
Sie sa (. w.L= W= Total load) 
WL? 
a=” SaRT ..(12.12) 


(Negative sign means that tangent at A makes an angle with AB in the anti-clockwise 
~~ direction) 
, wl? 


6.2% 
i Say (12.18) 





By symmetry, 
™ Maximum Deflection 


: we L 
The maximum deflection is at the centre of the beam i.e., at point C, where x = 5" Let yo 


= deflection at C which is also maximum deflection. Substituting y= y, and x = 2 in the 


EI w.b (LY w (LY wh (Lh 
Ve= ee S| Sele |) Rae ee 
12 “\2 24°\ 2 24 (2 

w.Lt _wi* wit __ Sw.L* 
96 384 48 384 
5 wht 5 Wb 


~ 384° EI 384° «CET 


~. equation (iv), we get 





¥e= (. w= W = Total load) 
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Negative sign indicates that deflection is downwards. 
Downward deflection, 


_ 5 Wwe 
Yo* 384° EI 
Problem 12.5. A beam of uniform rectangular section 200 mm wide and 300 mm deep is 
simply supported at its ends. It carries a uniformly distributed load of 9 kNim run over the 
entire span of 5 m. If the value of E for the beam material is 1 x 10¢ N/mm®, find : 


(i) the slope at the supports and (ii) maximum deflection. 


-{12,14) 





Sol. Given : 
Width, b= 200 mm 
Depth, d= 300 mm 
M.O.L, pa bd _ 200% 300° 45 108 mm! 
12 12 
U.d.L, w = 9 kN/m = 9000 N/m 
Span, £=5m-= 5000 mm 
Total load, W=w. L* = 9000 x 5 = 45000 N 
Value of E=1.x 104 N/mm? 
Let 8, = Slope at the support 
and ¥o = Maximum deflection. 
(i) Using equation (12.12), we get 
_ WP 
AW” 94EI 
45000 x 50007 


=— ————_____._.__—~ radians 
24x1x10* x 45x 108 


= 0.0104 radians. Ans. 
(ii) Using equation (12.14), we get 
6 Wie 
%e* 384°” ET 
_ 5, 45000 x 50007 _ 
~ 884° 1x 104 x 4.5 x 108 
= 16.27 mm. Ans. 

Problem 12.6. A beam of length 5 m and of uniform rectangular section is simply 
supported at its ends. It carries a uniformly distributed load of 9 kNim run over the entire 
length. Calculate the width and depth of the beam if permissible bending siress is 7 Nimm? and- 
central deflection is not to exceed I cm. 

Take E for beam material = 1 x 104 Nimm?. 





Sol. Given : 
Length, L=5m=5000 mm 


U.dl., w=9kN/m 





*Here L should be taken in metre. Hence for calculating total load, 2 must be in metre and in 
other calculations L is taken in mm. 
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Lt 
Total load, W=wL=9x5=45 KN = 45000N 
Bending stress, f=7Nimm? 
Central deflection, y,=1lem=10mm 





Value of E=1x104N/mm? 
Let 6 = Width of beam is mm 
and d = Depth of beam in mm 
ba® 
M.O.L., I= 
“12, 
Using equation (12. 14), we get 
_5 Wil 
Yo 384°” EI 
speehs 45000 x 5000° 
or 2S hh So 
384 3 
; 1x 104 x oe 
12 
5 45000 x 5000° x 12 
De ee net 
a bere 0" x10 
= 878.906 x 10? mm4 w(E) 


The maximum bending moment for a simply supported beam carrying a uniformly dis- 
tributed load is given by, 





2 
M=¥ f se Se (: We=w.L = Total load) 
2 os as a Jagiee 
= 28125000 Nmm 
Now using the bending equation as 
Mf 
I sy 
a 281250007 & Hes ye ® } 
fa (2) 4 
2 
seiieiee: x12 14 
or bd? d 
125000 x 12 
or pf SOI OOOD x 2 7143 88 ean iy 


14 

Dividing equation (é) by equation (ii), we get 
_ 838.906 x 107 

24107142.85 

Substituting this value of ‘d’ in equation (ii), we get 

b x (864.58)? = 24107142.85 
_ 2410714285 
364.587 


= 364.58 mm. Ans. 


= 181.36 mm. Ans. 





é 
: 
\ 
t 
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Problem 12.7. A beam of length 5 m and of uniform rectangular section is supported at 
its ends and carries uniformly distributed load over the entire length. Calculate the depth of the 
section if the maximum permissible bending stress is 8 Niram? and central deflection is not to 
exceed 10 mm. 

Take the value of E = 1.2 x 104 Nimm?. 

Sol. Given : 

Length, L£=5m = 5000 mm 

Bending stress, f=8 N/mm? 

Central deflection, yo = 10mm 


Value of E=1.2 x 10* N/mm? 
Let W = Total load 
and d = Depth of beam 


The maximum bending moment for a simply supported beam carrying a uniformly dis- 
tributed load is given by, 














2 - 
ee -“= (. W=wL) xs .G) 
Now using the bending equation, 
Mf 
ly 
 fxl_ 8&xI iG -5) 
or May (al) a 
16 
Me= Sat w(EL) 
Equating the two values of B.M., we get 
W.L _ 161 
8 d 
16x8l 1287 , 
or We= Loa Ee (Gti) 
Now using equation (12.14), we get 
AB As We 
Yo™ 384 ~ EI 
5 le 2B 1287 
eee = ‘* yo = 10 mm and W = 
384° Lxd EI ( ae ar) 
_ 5 128x P 
~ 384 dxE 
glass 128x1? 5 128 x 5000” 
oF “384 10xE 384 10x12x104 


= 347.2 mm = 34.72 cm. Ans. 


12.7. MACAULAY’S METHOD 


The procedure of finding slope and deflection for a simply supported beam with an 
eccentric point load as mentioned in Art. 12.5, is a very laborious. There is a convenient method 
for determining the deflections of the beam subjected to point loads. 
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This method was devised by Mr. M.H. Macaulay and is known as Macaulay's method. 
_ This method mainly consists in the special manner in which the bending moment at any sec- 
tion is expressed and in the manner in which the integrations are carried out. 

12.7.1. Deflection of a Simply Supported Beam with an Eccentric Point Load. A 
simply supported beam AB of length L and carrying a point load W ata distance ‘a’ from left 
support and at a distance ‘b’ from right support is shown in Fig. 12.7. The reactions at A andB 
are given by, 


W.b and Ry= “4 





Fig. 12.7 


The bending moment at any section between A and C ata distance x from A is given by, 
M,=R,xx= ss xx 
The above equation of B.M. holds good for the values of x between 0 and ‘a’. The B.M. at 
any section between C and B at a distance x from A is given by, 
M,=Ryx- Wx (&- a) 
W.b 
i ee .x— W&- a) 
The above equation of B.M. holds good for all values of x between x = a and x = b. 


The B.M. for all sections of the beam can be expressed in a single equation written as 


W.b 
so eee oS 
Stop at the dotted line for any point in section AC. But for any point in section CB, add 

the expression beyond the dotted line also. 


x i -W&-a) i) 


The B.M. at any section is also given by equation (12.3) as 


a 6 
ds EI at {it} 
Hence equating (i) and (ii), we get 
4 - 
EI ae | Wea) (dit) 
Integrating the above equation, we get 
2 2 
iO Eee GS ee liv) 
dx L 2 2 
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where C, is a constant of integration. This constant of integration should be written after the 
first term. Also the brackets are to be integrated as a whole. Hence the integration of (x — a) will 


2 2 
wa) and not ra. 





be 


Integrating equation (iv) once again, we get 
W.b x° i: W(x-a)® 
Ely = ——.— + Ox+€, 3: -—- si 
eae ge. ee ae wy) 
where C, is another constant of integration. This constant is written after C,x. The integration 


3 
x-a 


of (x ~ a)? will be . This type of integration is justified as the constant of integrations 





C, and C, are valid for all values of x. 

The values of C, and C, are obtained from boundary conditions. The two boundary con- 
ditions are : 

G) Atx=0, y =0 and (ii) Atx =L,y =0 

(i) At A, x = 0 and y = 0. Substituting these values in equation (v) upto dotted line only, 
we get 





0=0+0+C, 
a C,=0 
(ii) At B, x = L and y = 0. Substituting these values in equation (uv), we get 
wo W (L-a)® 
=—. L+0-—--———- 
re eg 
(- C= 0. Here complete Eq. (v) is to be taken) 
W.b.L? w b* 
ie = +O, xL- o> (. L-a=b) 
W W.o.L? Wid 
C,xLe= 6 ier ae (L? b?) 
W.b 
aie SD pe : 
C,= 6L (L? — 5°) (vi) 
Substituting the value of C, in equation (iv), we get 
dy W.b x? W.b jo 32 W(x - a)” 
Ye IE eee Ee oh 3 eee SE 
So el ee } 2 
W.b.x? W.by.o 10 Wx - a)? x 
ery ane (L -b ) ear es . {uit} 


The equation (vii) gives the slope at any point in the beam. Slope is maximum at A or B. 
To find the slope at A, substitute x = 0 in the above equation upto dotted line as point A lies in 
AC. 


. We d 
EL, = G2" «0-22 A 6% (: # at A=04) 
We 15 30 
=~ a7 (L? — 5*) 
Wb 
So TB 2 : f 
84 GEIL (L* - b*) (as given before) 
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Substituting the values of C, and C, in equation (v), we get 


W.b 3 Wb 2 72 : OW nee cts 
=, ~-— (1? -b7)|x"4+0 : ->@-a) v«a( DEEL) 
EA ig 6L | 6 j 

The equation (viii) gives the deflection at any point in the beam. To find the deflection Ve 
under the load, substitute x = a in equation (viii) and consider the equation upto dotted line (as 


point C lies in AC). Hence, we get 














Ely, = = a =o. (L? - 6?)a = ve a (a? I? + b?) 
nas Wee (L2— a2 - b) 
=- WE: (a +b a2 - BI ¢: L=a+b) 
= 88 [gh + bY + tab — a2 — 8 
=- we [2ab) =— We 
I= > Wao . (same as before) 


Note. While using Macaulay’s Method, the section x is to be taken in the last portion of the 
beam. 


Problem 12.8. A beam of length 6 m is simply supported at its ends and carries a point ~ 


load of 40 kN at a distance of 4 m from the left support. Find the deflection under the load and 
maximum deflection. Also calculate the point at which maximum deflection takes place. Given 
M.O.L of beam = 7.33 x 107 mm? and E = 2 x 10° Nimm?. 


Sol. Given : 
Length, L=6m = 6000 mm 
Point load, W = 40 kN = 40,000 N 


Distance of point load from left support, a = 4m = 4000 mm 
: b=L-a=6-4=2m= 2000 mm 


Let y, = Deflection under the load 
¥max = Maximum deflection 
W.a?.b? 
Usi ti =- 
sing equation Ve SIL 


40000 x 4000? x 20007 
ve 3x 2x 10° x 7.33 x 107 x 6000 
=-9.7mm. Ans. 

Problem 12.9. A beam. of length 6 m is simply supported at its ends and carries two 
point loads of 48 kN and 40 kN at a distance of 1 m and 3 m respectively from the left support. 
Find : 

(i) deflection under each load, 

(it) maximum deflection, and 

(iii) the point at which maximum deflection occurs. 

Given E =2 x 10° Nimm? and I = 85 x 10° mm?. 


ade 
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Sol. Given : 


T= 85x 10° mm?;#=2x 10° N/mm? 
First calculate the reactions 2, and Rp. 
Taking moments about A, we get 
R,x6=48x1+40x3=168 
168 
Ry = “;e = 28 kN 
R, = Total load - Ry = (48 + 40) - 28 = 60 KN 


48 kN 40 KN 






Ra Rg 
Fig. 12.8 


Consider the section X in the last part of the beam (e., in length DB) at a distance x 
from the left support A. The B.M. at this section-is given by, 








2 
er2 2 Rye | - 48-1) | - 40e-3) 
dx 
=60x i 48-1) } ~ 40-8) 
Integrating the above equation, we get 
dy 60x” (x-1? : (x - 3) 
EI —= +C, : -48 -——— : -40 —— 
dx 2 Be 2 : 2 
= 80x? + C, = 24(x ~ 1)? - 20(x - 8)? (i) 
Integrating the above equation again, we get 
3 z 
Ely = we +Cx+C, } ~24@- 0° ~ 20(x - 3)° 
~ 10x3 : 3 20 3 
=10x°+Cyx+C, 3 -8@-1) - 3 -3) (it) 


To find the values of C, and C,, use two boundary conditions. The boundary conditions 


(i) atx=0,y=0, and (i) atx=6m,y=0. 
(i) Substituting the first boundary condition ie2., at x = 0, y = 0 in equation (ii) and 
considering the equation upto first dotted line (as x = 0 lies in the first part of the beam), we get 
0=04+0+C, « C,=0 
(i) Substituting the second boundary condition i.e., atx = 6 m, y = 0 in equation (ii) and 
considering the complete equation (as x = 6 lies in the last part of the beam), we get 


2 
0=10x69+C,x6+0- 816-1 - > (6-38. (2 C,=0) 


or 0 = 2160 +60, - 8x 5°— > x38 
= 2160 + 6C, — 1000 — 180 = 980 + 6C, 
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C= = =- 163.33 


Now substituting the values of C, and C, in equation (iz), we get 
: 20 ee 
Ely = 0x3 - 168.88x | ~ 8-18 | -@- 3) «..(éii) 
: (i) (a) Deflection under first load i.e., at point C. This is obtained by substituting x = 1 in 
~ equation (iii) upto the first dotted line (as the point C lies in the first part of the beam). Hence, 
we get 
EL. y,=10x 1° — 168.33 x 1 
= 10 — 163.33 =— 153.33 kNm3 
=— 153.33 x 103 Nm? 
=— 153.33 x 103 x 10? Nmm? 
=~ 153.33 x 10!2 Nmm# 
- 153.3310"? — - 153.38 x 10” 
wa EI 2x 10° x 85 x 10° 
=— 9.019 mm. Ans. 
(Negative sign shows that deflection is downwards). 


(b) Deflection under second load i.e. at point D. This is obtained by substituting x = 3 m 
in equation (iii) upto the second dotted line (as the point D lies in the second part of the beam). 
Hence, we get 


mm 


EL yp = 10 x 3° — 163.33 x 3 - 8(3 — 18 
= 270 - 489.99 ~ 64 = ~ 283.99 kNm? 
=~ 283.99 x 10!2 Nmm? 
~ 283.99 x 10” 
2x 10° x 85 x 108 
(ii) Maximum Deflection. The deflection is likely to be maximum at a section between C 


p= =~16.7mm. Ans. 


d: . : 
» and D. For maximum deflection, a should be zero. Hence equate the equation (i) equal to 


zero upto the second dotted line. 
fs 30x? + C, - 24(x - 1)? = 0 
. or 30x? 163.33 — 24(x? + 1- 2x) =0 : (. C, =~ 163.33) 
"or 6x? + 48x ~ 187.33 = 0 
The above equation is a quadratic equation. Hence its solution is , 


- 48 + 48” 6 x 187.383 
48 = 48° +4x6x en 


2x6 


(Neglecting — ve root) 
Now substituting x = 2.87 m in equation (iii) upto the second dotted line, we get maxi- 


- mum deflection as 


Ely,,., = 10 x 2.879 — 163.33 x 2.87 - 8(2.87 - 1) 
= 236.39 — 468.75 — 52.31 
= 284.67 kNm = — 284.67 x 10!2 Nmm3 
~ 284.67 x 101” 


Vmax = = 16.745 mm. Ans. 
. 2x 10° x 85x 10 


feats Ganinia ies 


deanna tnentnlimtiniy Said ceeaisaaeeat 
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Problem 12.10. A beam of length 8 m is simply supported at its ends. It carries a uni- 
formly distributed load of 40 kN/m as shown in Fig. 12.9. Determine the deflection of the beam 
at its mid-point and also the position of maximum deflection and maximum deflection. Take E 
=2x 10° Nimm? and I = 4.8 x 10° mm‘. 


40 kN/m 
C ra 


1 m}<————— 4m + 3m 


8m 


Ra Rg 
Fig. 12.9 
Sol. Given : 
Length, L=8m 
U.d.l., W = 40 kN/m 
Value of E=2-x 10° N/iémm? 
Value of I=4.3 x 108 mm4 


First calculate the reactions R, and Rp. 
Taking moments about A, we get 


By x8=40 4x (144) = 480 4 


480 
Rg ae 60 kN 
R, = Total load - R, = 40 x 4- 60 = 100 kN 
In order to obtain the general expression for the bending moment at a distance x from 
the left end A, which will apply for all values of x, it is necessary to extend the uniformly 
distributed load upto the support B, compensating with an equal upward load of 40 kN/m over 
the span DB as shown in Fig. 12.10. Now Macaulay’s method can be applied. 


’ 40kN/m 


SSS geen B 
D  4oKnm7 
a 4m ———-—--- le _—— 3m 





8m 





Ra Ra 
Fig. 12.10 
The B.M. at any section at a distance x from end A is given by, 
ar £4 = Ryx i — 40(« ~ 1) x ae i440 x (x5) x ao 
or ary 100x | -20@-1% § +20(:-5) 


Integrating the sion equation, we get 
2 3, _ 5B 
dy 100x Cc 20(x - 1) +20 (x = 


a ae 1p "3 


wi) 
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Integrating again, we get 


3 . 4 4 
_en © : 20 (n- 1)": 20 (x ~ 5} 
Ely = 50 a + Crt Cy : See? Pasa 
2 5 5 
=50 7 12s (en 454 © ty — 54 5 
= 50 3 +C,x+C, 3 1) +3 & 5) w(UE) 


where C, and C, are constants of integration. Their values are obtained from boundary condi- 
tions which are : 

@atx=0,y=0 and (ii) atx=8m,y=0 

(i) Substituting x = 0 and y = 0 in equation (iz) upto first dotted line (as x = 0 lies in the 
first part AC of the beam), we get : 

0=04C,x0+C,  C,=0 

Gi) Substituting x = 8 and y = 0 in complete equation (zi) (as point x = 8 lies in the last 

part DB of the beam), we get 


50 5 5 
O= > x 8740, x 840-3 (8-~ Dit 5 8-5) (. C, = 0) 


= 8533.33 + 8C, — 4001.66 + 135 
or 8C, = — 4666.67 


- 4666.67 . 
or Ci= ee =— $83.33 


Substituting the value of C, and C, in equation (i), we get 


50 
El, = 7 x3 583.33x 
{a) Deflection at the centre 
By substituting x = 4 m in equation (iz) upto second dotted line, we get the deflection at 
the centre. {The point x = 4 lies in the second part (i.e., CD) of the beam]. 


5 5 
— ty — 1\4 bine _ 44 ane 
3% 1) + 3 (x ~ 4) .{ili) 


ELy = = x 43 — 583.33 x 4— : (4—1)4 
1066.66 — 2333.32 - 1385 =- 1401.66 kNm? 
— 1401.66 x 1000 Nm? 
— 1401.66 x 1000 x 109 Nmm? 
=~ 1401.66 x 10!2 Nmm? 
-140166x10" —_- 1401.66 x 10” 
EI ~ 2x 10° x 4.5 x 108 
=~-— 16.29 mm downward. Ans. 
(6) Position of maximum. deflection 
The maximum deflection is likely to lie between C and D. For maximum deflection the 


d . : i Sept : 
slope = should be zero. Hence equating the slope given by equation (i) upto second dotted line 
to zero, we get 

, ‘ 
x 20 
0= 100 +C,- > @-18 


0 = 50x? — 583.33 - 6.667(x - 1) ...(iv)} 
The above equation is solved by trial and error method. 





end panen 
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Let x = 1, then R.HLS. of equation (iv) 
= 50 — 583.33 — 6.667 x 0 = — 533.33 

Let x = 2, then RS. = 50x 4- 583.33 - 6.667 x 1 =— 390.00 

Let x = 3, then R.H.S. = 50 x 9 - 583.33 - 6.667 x 8 = - 136.69 

Letx=4,then R.H.S. = 50x 16 - 583.33 - 6.667 x 27 = + 36.58 

In equation (iv), when x = 3 then R.H.S. is negative but when x = 4 then R.HLS. is 
positive. Hence exact value of x lies between 3 and 4. 

Let x = 3.82, then R.HLS. = 50 x 3.82 — 583.38 — 6.667 (8.82 — 1)8 
= 729.63 — 583.33 - 149.51 = - 3.22 
= 50 x 3.83? - 583.33 = 6.667 (3.83 — 1)8 
= 733.445 — 583.33 - 151.1 =- 0.99 

The R.H.S. is approximately zero in comparison to the three terms (i.e., 733.445, 583.33 
and 151.1). 

Value of x = 3.83. Ans. 

Hence maximum deflection will be at a distance of 3.83 m from support A. 

(c) Maximum. deflection 

Substituting « = 3.83 m in equation (iii) upto second dotted line, we get the maximum 
deflection [the point x = 3.83 lies in the second part t.e., CD of the beam.] 


Let x = 3.83, then R.H.S. 


50 5 
ELY wax = 3% 3.835 — 583.33 x 3.83 — 3 (3.83 - 1)4 


= 936.36 — 2234.15 - 106.9 =~ 1404.69 kNm? 
=~ 1404.69 x 10! Nmm? 


_ _— 1404.69 x 10” 
J mar 9 10° x 4.3% 10° 
Problem 12.11. An overhanging beam ABC is loaded as shown in Fig. 12.11. Find the 


slopes over each support and at the right end. Find also the maximum upward deflection be- 
tween the supports and the deflection at the right end. 


Take E =2x 10° Ninm? and I = 5 x 108 mm/4. 


=-—16.33 mm. Ans. 





Fig. 12,11 
Sol, Given : 
Point load, W=10kN 
Value of E=2x 10° N/mm? 
Value of I=5x 108 mm* 


First calculate the reaction R, and Ry. 
Taking moments about A, we get 2 
Rzx6=10x9 
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10x9 
Rae eS 15 kN 
R, = Total load-R, =10~15=—5kN 
Hanes the reaction R, ‘will be in the dowavani direction. Hence Fig. 12.11 will be modi- 
~died as shown in Fig. 12.12. “Now write down an expression for the B.M. in the last section of 
the beam. 


10 kN 
















3m ——+| 
Ra =5 kN Rg = 15kN 
Fig. 12.12 
The B.M. at any section at a distance x from the support A is given by, 
: 2 
BI S$ =-Ryxx + Rp x - 6) 
=~5x } +16(¢-6) (Ry =5) 
Integrating the above equation, we get 
dy _-5x? .  18(x-6)? 4 
EI Ae et a ee ae .(é) 
Integrating again, we get 
3 
5 x? ib (x re 6} 
LAV Sa +Ox+C, 3 + 2 aa 
=- = 34 Cx+C, + 20- 6) .- (it) 


eis C, and C, are constant of integration. Their see are obtained from boundary condi- 

"sions ‘hich are: 

(i) atx =0,y =0 and (ti) atx=6m,y=0. 

(i) Substituting x = 0 and y = 0 in equation (ii) upto dotted line (as x = 0 lies in the first 
_part AB of the beam), we get 

‘ 0=0+C,x0+C, beats 

(i) Substituting x =6m and y = 0 in equation (i) upto dotted line (as x = 6 lies in the 

: Srst part AB of the beam), we get : 





0= x4 C,x6+0 ( C,=0) 

=-5x 36+ 6C, 

ae + as 86 = 30 

Substituting the values of C, and C, in equations (é) and (iz), we get 
ieee 2G 68 Adit) 
Ele gt + 30 +a & 6) 

ae 5 5 : 
and Ely =- é x3 + 80x +5 (x - 6) wiv 
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(a) Slope over the support A 
By substituting x = 0 in equation (iii) upto dotted line, we get the slope at support A (the 
point x = 0 lies in the first part AB of the beam). 


5 
ELO,=- > x0 +30= 30 kNin? = 80 x 1000 Ni? (. & at A~o,) 


= 30 x 1000 x 10° Nmm? = 30 x 10? Nmm? 


9, = 30x10° 80x 109 
Aw ExI 2% 105x5x 108 


= 0.0003 radians. Ans. 
(6) Slope at the support B 


By substituting x = 6 min equation (iii) upto dotted line, we get the slope at support B 
(the point x = 6 lies in the first part AB of the beam). 


5 di: 
EO, =~ 5 x 6? + 30 =- 90 + 30 («Ba B05) 
=~ 60 kNm? = — 60 x 109 Nmm? 
~60x10° ~~ 60x 10° 


ia Bak aol eave 
=-— 0.0006 radians. Ans. 


(c) Slope at the right end i.e., at C 


By substituting x = 9 m in equation (iii), we get the slope at C. In this case, complete 
equation is to be taken as point x = 9 m lies in the last part of the beam. 
dy } 
“= at C=60 
( dx : 


BLO. =- 3 x 92430442 (9-6 


=— 202.5 + 30 + 67.5 =— 105 kNm? 
=- 105 x 10° Nmm? 


9. —205x10° _— - 105 x 10° 
Cc" ExT 2x 10° x 5 x 108 


=-— 0.00105 radians. Ans. 


(d) Maximum upward deflection between the supports 
For maximum deflection between the supports, ° should be zero. Hence equating the 
slope given by the equation (iii) to be zero upto dotted line, we get 


eae fe eer a 


2 
or n= fo Vid = 3.464 m 


Now substituting x = 3.464 m in equation (iv) upto dotted line, we get the maximum 
deflection as 


or 5x? = 60 


ET ax =~ é x 3.4643 + 30 x 3.464 
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. = — 34.638 + 103.92 = 69.282 kNm? 
= 69.282 x 1000 x 10° Nmm? = 69.282 x 10!” mm® 


69.282 x 10 
Ymax = 9% 108 x5 x 108 
= 0.6928 mm (upward). Ans. 


(e) Deflection at the right end i.e., at point Cc ; 
By substituting x = 9 m in equation (iv), we get the defiection at point C. Here complete 
equation is to be taken as point x = 9 m lies in the last part of the beam. 


5 
EI yg=- 2x 99+ 80x94 5 9-6) 


= — 607.5 + 270 + 67.5 
~ 270 kNm? = — 270 x 1012 Nmm? 


~270x 10” 
Yo" 9% 10% x5 x 10° 
=-2.7 mm (downwards). Ans. 

Problem 12.12. A beam ABC of length 9 m has one support of the left end and the other 
support at a distance of 6 m from the left end. The beam carries a point load of 1 RN at right end 
and also carries a uniformly distributed load of 4 kNim over a length of 3 m as shown in 
Fig. 12.13. Determine the slope and deflection at point C, 

Take E = 2x 105 Nimm? and I= 5 x 108 mm‘. 


Sol. Given : 

Point load, W=12kN 

U.d.L, w=4kN/m 

Value of E = 2x 10° Nénm? 
Value of T=5 x 108 mm* 


First calculate the reactions R, and Fz. 








Fig. 12.13 


Taking moments about A, we get 


Ryx6=4x8x (345) 412x9 


= 544108 = 162 
162 
Rg= 3 = 27kN (fT) 
and R, = Total load - Rp = 24- 27=-3kN(}) 
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Negative sign shows that R, will be acting downwards. In order to obtain general ex- 
pression for the bending moment at a distance x from the left end A, which will apply for all 
values of x, it is necessary to extend the uniformly distributed load upto point C, compensating 
with an equal upward load of 4 kN/m over the span BC as shown in Fig. 12.14. Now Macaulay's 
method can be applied. 

















Ry =3KN Rg = 27 KN 
Fig. 12.14 
The B.M. at any section at a distance x from the support A is given by, 
d’y : (x - 3) : 3 
HY Wg = Ry xe i ~ 4-3) 3 +Ryx- 6) 3+ 4-6) e= 
=-Bx | -2@-3% | 427-6) | +2@-6) 
Integrating the above equation, we get 
dy 3x” 2 (x - 3) Q7(x-6)?  2(x-6)° 
gy 2.2 3% _ 2&-3)" : 27(x-6)" | ale -6)" 2 
a aoe Cc, 3 ot ° + 3 -{d) 
Integrating again, we get 
3 : 4 
pies UegeG, 2 2 Se ee GEO 
23 : 3 4 : 2 3 3 4 
x? (x - 3)? 9 1 
or Ely =- sort Cix+C, aa + a” - 6)? +] (x ~ 6)? ..Gi} 


where C, and C, are constant of integration. Their values are obtained from boundary condt- 
tions which are : 
(i) atx = 0, y = 0 and 
(i) Substituting the x = 0 and y = 0 in equation (iz) upto fir i ies i 
pto first dotted line (as x = 01 
the first part AD of the beam), we get ee 
0=0+C,x0+C, «C,=0 
Gi) Substituting x = 6 and y = 0 in equation (7) upto second dotted line (as x = 6 lies in 
the second part DB of the beam), we get 


6° ~ 3) 
o=- 5 +0,x6+0- O-9 


=~ 108 + 6C, - 18.5 =~ 121.5 + 6C, 


Gi) atx = 6m, y = 0. 


1215 
or C, = = 20.25 
Substituting the values of C, and C, in equations (2) and (ii), we get 
dy 3, : | 2-3) 27 ace 
EI T= - 9% + 20.25 } Sars + &-6P : +4 &~ 6 (UE) 


and Bly 3 2 + 209%2' 4G, — ay 2 8 : 
yen 2xxil - e@-3) +5 &~6) + 4% &- 6) 


.(iv) 
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(a) Slope at the point C 
By substituting x = 9 m in equation (ii), we get the slope at C. Here complete equation 
is to be taken as point x = 9 m lies in the last part of the beam. 


2 27 Ms ee 
El8g=- 5 x 9 +20.25- 5 (9-3) +S @- 6) + 3 9-6? 


d 
(: # at cee) 


=— 121.5 + 20.25 - 144 + 121.5 + 18 =— 105.75 kNm? 
=~ 105.75 x 103 x 10° Nmm? =~ 105.75 x 10° Nmm? 


405.75 x 10° 


- ET 0.0010575 radians. Ans. 
2x10° x5x10 


Qe = 


(b) Deflection at the point C 
By substituting « = 9 m in complete equation (iv), we get the deflection at Cc. 


3 1 9 1 
El xye=- = + 20.25 x9- = (9-3 + 5 (9-6) + | (9- 6) 


=~ 364.5 + 182.25 — 216 + 121.5 + 13.5 
=~ 263.25 kNm® = — 263.25 x 10! Nmm? 


_ 268.25 x 10" 
2x 10° x5 x 10° 
Problem 12.13. A horizontal beam AB is simply supported at A and B, 6 m apart. The 
beam is subjected to a clockwise couple of 300 kNm at a distance of 4 m from the left end as 
shown in Fig. 12.15. If E = 2 x 105 Nimm? and I = 2 x 108 mm, determine : 


(i) deflection at the point where couple is acting and 
(ii) the maximum deflection. 


oF =—2.6325 mm. Ans. 


A 








Sol. Given : 

Length, L=6m 

Couple = 300 kNm 
Value of | E=2x 10° N/imm’? 
Value of I=2x 108 mm4 


First calculate the reactions R, and Rp. 
Taking moments about A, we get 


Rg x 6 = 300 
300 
. Rg=~_ = 50KN (f) 
and R, = Total load - R, = 0-50 kN (-: There is no load on beam) 
=—50kN 


OEFLECTION OF BEAMS 545 


SE PE SSS Yh SSSR fpf SAS RS SSS RS SE 


Negative sign shows that R, is acting downwards as shown in Fig. 12.16. 








R, = 50 kN Re = 50 kN 
Pig. 12.16 
The B.M. at any section at a distance x from A, is given by 
2 : 
er TF =~ 502 : + 300 
=—- 50x ioe 300(x — 4)° 
Integrating the above equation, we get 
d - 50x" ; 
EI 2 =- +, | +300K-4) fi) 
Integrating again, we get . 
50 x® > 300(« - 4)? 
Ely =- og +Cx+C, 2 + eS 
za 25 3 : 2 : ot 
=e + yx +C, > 150(x -— 4)* (ii) 


where C, and C, are constants of integration. Their values are obtained from boundary condi- 
tions which are : 


@)atx=0,y=0 and (ii) atx =Gmandy=0. 

(i) Substituting x =0 and y =0 in equation (ii) upto dotted line, we get 
0=0+C,x0+C, « C,=0 

(ii) Substituting x =6m and y= 0 in complete equation (zi), we get 


25 
O=- > x6 +C, x6 +0 + 150(6- 4)? 


=~ 1800 + 6C, + 600 

1800 ~ 600 

Sa 

Substituting the values of C, and C, in equation (ii), we get 


= 200 


25 
Ely =- ~> x9 + 200x {+ 150(¢~ 4)? (0 Cy = 0) ...Gii) 


(i) Deflection at C (i.e., ¥¢) 
By substituting x = 4 in equation (ii) upto dotted line, we get the deflection at C. 


25 
Elyg=-"3 x 43 + 200 x 4 
= ~ 583.33 + 800 = + 266.67 kNm? 
= 266.67 x 10! Nmm? 


266.67 x 107” 


= ———_,-_—_, = 6.66 ards. . 
Yo 2x10 x2x10° mm upwards. Ans 
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(ii) Maximum deflection 
First find the point where maximum deflection takes place. The maximum deflection is 


: ._ dy 
likely to occur in the larger segment AC of the beam. For maximum deflection ae should be 
zero. Hence equating the slope given by equation (i) upto dotted line to zero, we get 


- > 22 +200=0 G:C, = 200) 


or — 25x? + 200 =0 


or w= [20 =2x 2m 


Now substituting x = 2 x 2 in equation (ii) upto dotted line, we get the maximum 
deflection. 


EL Inge > x (2 x ¥2)9 + 200(2 x V2) 


= — 188.56 + 565.68 
= 377.12 kNm? = 377.12 x 10/2 Nmm? 


377.12 x 10 


== 9.428 mm upwards. Ans. 
ymax 310° x 2x 10° s 


12.8. MOMENT AREA METHOD 


Fig. 12.17 shows a beam AB carry- 
ing some type of loading, and hence sub- 
jected to bending moment as shown in 
Fig. 12.17 (a). Let the beam bent into 
AQ,P,B as shown in Fig. 12.17 (6). 

Due to the load acting on the beam. 
Let A be a point of zero slope and zero 
deflection. 

Consider an element PQ of small 
length dx at a distance x from B. The 
corresponding points on the deflected , 

[7 


Area = M.dx 


beam are P,Q, as shown in Fig. 12.17 (6). 
Let R = Radius of curvature of de- 
flected part P,Q, 
d6= Angle subtended by the 
are P,Q, at the centre O 
M = Bending moment between 


PandQ A 
P,C = Tangent at point P, \\ ae 
@,D = Tangent at point Q,. \ 
The tangent at P, and Q, are cut- \ 
ting the vertical line through B at points O 


C and D. The angle between the normals 


at P, and .Q, will be equal to the angle Fig. 12.17 
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ei 


between the tangents at P, and Q,. Hence the angle between the lines CP, and DQ, will be 
equal to dé. 


For the deflected part P,Q, of the beam, we have 


PQ, = R.dé 
But P1Q, ~ dx 
: dx = R.d@ 
d0 = Ss my) 
But for a loaded beam, we have 
M _E _ EI 
Sa, ag 
Substituting the values of R in equation (i), we get 
dx Mdx i 
d@ = () = ET w EZ) 
M 


Since the slope at point A is assumed zero, hence total slope at B is obtained by integrat- 
ing the above equation between the limits 0 and L. 


LM.dx 1 fb 
7 (ser EI ET f, mee 
L 
But M.dx represents the area of B. M. diagram of length dx. Hence ie M.dx represents 
the area of B. M. perm Pe A and B. 


py [Area of B. M. diagram between A and B] 
But = ae at B=6, 
Slope at B, 
Area of B. M. diagram between A and B 


(12, 
EI (12.15) 





82 = 


If the slope at A is not zero then, we have 


“Total change of slope between B and A is equal to the erea of B. M. dinram, between B 
and A divided by the flexural rigidity EI’ 


Area of B.M. between A and B 





or @,—-8,4= Er ..(12.16) 
Now the deflection, due to bending of the portion P,Q, is given by 
dy = x.d0 
Substituting the value of d6 from equation (ii), we get 
ica ..Aiii) 
EI 


Since deflection at A is assumed to be zero, hence the total deflection at B is obtained by 
integrating the above equation between the limits zero and L. 


y= [3 a -=f xM dx 


But x x M.dx represents the moment of area of the B.M. diagram of length dx about 
point B. 
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2 
Hence ib xM.dx represents the moment of area of the B.M. diagram between B and A 


about B. This is equal to the total area of B.M. diagram between B and A multiplied by the 
distance of the C.G. of the B.M. diagram area from B. 


1 _ AX 
Per ONE 
where A = Area of B.M. diagram between A and B 
x = Distance of C.G. of the area A from B. 


12.17) 


12.9. MOHR’S THEOREMS 

The results given by equation (12.15) for slope and (12.17) for deflection are known as 
Mohr’s theorems. They are state as: 

I. The change of slope between any two points is equal to the net area of the B.M. 
diagram between these points divided by EI. 

Il. The total deflection between any two points is equal to the moment of the area of 
B.M. diagram between the two points about the last point (i.e., B) divided by EI. 

The Mohr’s theorems is conveniently used for following cases : 

1. Problems on cantilevers (zero slope at fixed end). 
2. Simply supported beams carrying symmetrical loading (zero slope at the centre). 
3. Beams fixed at both ends (zero slope at each end). 

The B.M. diagram is a parabola for uni- 0D 
formly distributed loads. The following prop- 
erties of area and centroids or parabola are 
given as: 

Let BC=d 

AB=b 
In Fig. 12.18, ABC is a parabola and 
ABCD is a surrounding rectangle. 
Let A, = Area of ABC 
x, = Distance of C.G. of A, from AD 
A, = Area of ACD 
¥ 9 = Distance of C.G. ofA, fromAD 
G, = C.G. of area A, 
G, = C.G. of area Ao. 

Then A, = Area of parabola ABC 





Fig. 12.18 


2 
= god 
A, = Area ACD = Area ABCD — Area ABC 
aha Agee pa 
3 3 


b 


BY 
ay 
i 


b. 


nw 
‘| 
w]e Color 
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12.10. SLOPE AND DEFLECTION OF A SIMPLY SUPPORTED BEAM CARRYING A 
POINT LOAD AT THE CENTRE BY MOHR’S THEOREM 


Fig. 12.19 (a) shows a simply supported AB of length L and carrying a point load W at 
the centre of the beam i.e., at point C. The B.M. diagram is shown in Fig. 12.19 (8). This is a 
case of symmetrical loading, hence slope is zero at the centre i.e., at point C. 

But the deflection is maximum at the centre. 





B.M. Diagram 


Fig. 12.19 


Now using Mohr’s theorem for slope, we get 
_ Area of B.M. diagram between Aand C 





Slope at A EI 
But area of B.M. diagram between A and C 
= Area of triangle ACD 
1 L WL WL? 
= xX KR oe 
2 2 4 16 
2 
Slope at A or 6, = = 
Now using Mohr’s theorem for deflection, we get from equation (12.17) as 
_ Az 
ei 
where A = Area of B.M. Diagram between A and C 
_ We 
16 
x% = Distance of C.G. of area A from A 
2 LOL 
=~ xo re 
3 2 3. 
we ob 
Siac NG Bot NE 
EI 48EI 
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12.11. SLOPE AND DEFLECTION OF A SIMPLY SUPPORTED BEAM CARRYING A 
UNIFORMLY DISTRIBUTED LOAD BY MOHR’S THEOREM 


Fig. 12.20 (a) shows a simply supported beam AB of length L and carrying a uniformly 
distributed load of w/unit length over the entire span. The B.M. diagram is shown in Fig. 12.20 
(6). This is a case of symmetrical loading, hence slope is zero at the centre i.e., at point Cc. 


es 


w/Unit length 








: L iY B.M. Diagram B 
Jb 
Fig. 12.20 


(@) Now using Mohr’s theorem for slope, we get 
__ Area of B.M. diagram between A and C 











Slope at A ET 
But area of B.M. diagram between A and C 
= Area of parabola ACD 
=—xACxCD 
Bh wee aps 
=—~x—x = 
38 2 8 24 
3 
Slope at asi 
24ET 
(ii) Now using Mohr’s theorem for deflection, we get from equation (12.17) as 
_ At 
7S ET 
where A = Area of B.M. diagram between A and C 
_ Ww. B 
24 
and Xx = Distance of C.G. of area A from A 
5 5 L 5L 
=—x AC =—x ~—=— 
oo ee IG 
wt? 5h 
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HIGHLIGHTS 


The relation between curvature, slope, deflection etc. at a section is given by : 
Deflection = y 
dy 
Slope = —- 
ope = 
2 
B.M. = EI oy 
Be 
SF. = Er 2% 
dx? 
4 
unr oy 
ax! 


As deflection is very small, hence slope is also given by & =tan@=<@. 


Slope at the supports of a simply supported beam carrying a point load at the centre is given by: 
we? 
16HT 
where W = Point load at the centre, L = Length of beam 
E = Young’s modulus, r=MO1, 
The deflection at the centre of a simply supported beam carrying a point load at the centre is 
iven b = Wo 
Bey ae anal 
The slope and deflection of a simply supported beam, carrying a uniformly distributed load of 
w/unit length over the entire span, are given by, 
wr? 5 Wi? 
—— and yo= ———. 
24k 384 ET 
Macaulay’s method is used in finding slopes and deflections at any point of a beam. In this 
method : 


(t) Brackets are to be integrated as a whole. 
’ (i) Constants of integrations are written after the first term. 


(iii) The section, for which B.M, equation is to be written, should be taken in the last part of the 
beam. 


6, =6,> 


6, = 60,5 


For maximum deflection, the slope o is zero. 
The slope at point B if slope ot A is zero by moment-area method is given by, 
_ Area of B.M. diagram between A and B 
EI . 
The deflection by moment area method is given by 
As 
EI 
where A = Area of B.M. diagram between A and B 


Op 


y= 


x = Distance of C.G. of area from B. 
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EXERCISE 12 


(A) Theoretical Questions 


Derive an expression for the slope and deflection of a beam subjected to uniform bending mo- 
ment. : 

: a d’y 
Prove that the relation that M = EI a 
where M= Bending moment, # = Young’s modulus, f = M.Q.1. 
Find an expression for the slope at the supports of a simply supported beam, carrying a point 
load at the centre. 
Prove that the deflection at the centre of a simply supported beam, carrying a point load at the 
we? 
48EI 
where W = Point load, L = Length of beam. 
Find an expression for the slope and deflection of a simply supported beam, carrying a point load 
W at a distance ‘a’ from left support and at a distance ‘b’ from right support where a > b. 
Prove that the slope and deflection of a simply supported beam of length Z and carrying a uni- 
formly distributed load of w per unit length over the entire length are given by 


centre, is given by yo = 


wr? 5 WE 
——,and Deflection at centre = ———— 
Q4KI’ 384 EI 


where W = Total load = w x L. 

What is a Macaulay's method ? Where is it used ? Find an expression for deflection at any. section 
of a simply supported beam with an eccentric point load, using Macaulay’s method. 

What is moment-area method ? Where is it conveniently used ? Find the slope and deflection of 
a simply supported beam carrying a (i) point load at the centre and (di) uniformly distributed 
load over the entire length using moment-area method. 


Slope at supports =- 


(B) Numerical Problems 


A wooden beam 4m long, simply supported at its ends, is carrying a point load of 7.25 kN at 
its centre. The cross-section of the beam is 140 mm wide and 240 mm deep. If # for the beam = 
6 x 10° N/mm”, find the deflection at the centre. [Ans. 10 mm] 
A beam 5 m long, simply supported at its ends, carries a point load W at its centre. If the slope at 
the ends of the beam is not to exceed 1°, find the deflection at the centre of the beam. 

, [Ans. 29.08 mm] 
Determine : (i) slope at the left support, (ii) deflection under the load and (iii) maximum deflec- 
tion of a simply supported beam of length 10 m, which is carrying a point load of 10 KN at a 
distance 6 m from the left end. 
Take BE = 2 x 105 N/mm? and J = 1 x 108 mmf. [Ans: 0.00028 rad., 0.96 mm and 0.985 mm] 
A beam of uniform rectangular section 100 mm wide and 240 mm deep is simply supported at its 
ends. It carries a uniformly distributed load of 9.125 kN/m run over the entire span of 4 m. Find 
the deftection at the centre if Z = 1.1 x 104 N/mm?. [Ans. 6.01 mm] 
A beam of length 4.8 m and of uniform rectangular section is simply supported at its ends. It 
carries a uniformly distributed load of 9.375 kN/m run over the entire length. Calculate the 
width and depth of the beam if permissible bending stress is 7 N/mm? and maximum deflection 
is not to exceed 0.95 cm. 
Take E for beam material = 1.05 x 10 N/mm?. 
Solve problem 3, using Macaulay’s method. 


[Ans. 6 = 240 mm and a = 336.8 mm] 
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10. 


11. 


12. 


A beam of length 10 m is simply supported at its ends and carries two point loads of 100 KN and 
60 KN at a distance of 2 m and 5 m respectively from the left support. Calculate the deflections 
under each load. Find also the maximum deflection. 
Take I = 18 x 108 mm‘ and E = 2 x 105 N/mm”. 

(Ans. (i) — 4.35 mm (ii) — 6.76 mm (ii) y,,,, = — 6.78 mm] 
A beam of length 20 m is simply supported at its ends and carries two point loads of 4 KN and © 
10 KN at a distance of 8 m and 12 m from left end respectively. Calculate : - deflection under 
each load (ii) maximum deflection. 
Take E = 2 x 10° N/mm? and I = 1 x 10° mm‘. 

{Ans. (Z) 10.38 mm and 10.6 downwards, (ii) 11 mm] 

A beam of length 6 m is simply supported at its ends. It carries a uniformly distributed load of 
10 kN/m as shown in Fig. 12.21. Determine the deflection of the beam at its mid-point and also 
the position and the maximum deflection. 








Take EI = 4.5 x 108 N/mm2. [Ans. - 2.578 mm, x = 2.9m, y_,, =~ 2.582 mm 
10 kN/m 
4m} 3m >| 2m 
— §m 
Fig. 12.21 


A beam ABC of length 12 metre has one support at the left end and other support at a distance 
of 8 m from the left end. The beam carries a point lead of 12 kN at the right end as shown in 
Fig. 12.22. Find the slopes over each support and at the right end. Find also the deflection at the 
right end. 
Take E = 2 x 105 N/mm? and J = 5 x 108 mm?4. 

[Ans. 6, = 6.00364, @, = - 0.00128, 8, = ~ 0.00224, y, = - 7.68 mm] 


12 KN 


A B c 
-—— eee 4m ———>} 
Fig. 12.22 


An overhanging beam ABC is loaded as shown in-Fig. 12.23. Determine the deflection of the 
beam at point C. 
Take E = 2 x 10° N/mm? and J = 5 x 108 mm‘. 








(Ans. y, = — 4.16 mm] 






8 kN 
2kN/im 







4m 


Fig. 12.23 


A beam of span 8 m and of uniform flexural rigidity ET = 40 MN-m?, is simply supported at its 
ends. It carries a uniformly distributed load of 15 kN/m run over the entire span. It is also 
subjected to a clockwise moment of 160 kNm at a distance of 3 m from the left support. Calculate 
the slope of the beam at the point of application of the moment. [Ans. 0.0061 rad.] 
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Deflection of Cantilevers 


13.1. INFRODUCTION 


Cantilever is a beam whose one end is fixed and other end is free. In this chapter we 
shall discuss the methods of finding slope and deflection for the cantilevers when they are 
subjected to various types of loading. The important methods are (i) Double integration method 
(ii) Macaulay’s method and (iit) Moment-area-method. These methods have also been used for 
finding deflections and slope of the simply supported beams. 


13.2. DEFLECTION OF A CANTILEVER WITH A POINT LOAD 
BY DOUBLE INTEGRATION METHOD 


A cantilever AB of length LZ fixed at the point A and free at the point B and carrying a 
point load at the free end B is shown in Fig. 13.1. AB shows the p 


osition of cantilever before 
any load is applied whereas AR’ shows the position of the cantilever after loading. 


AT THE FREE END 





Fig. 13.1 
Consider a section X, at a distance x from the fixed end A. The B.M. at this section is 
given by, 
M,=-W(L—x) (Minus sign due to hogging) 
But B.M. at any section is also given by equation (12.3) as 
2 
M= Ei 22 
dx? 


Equating the two values of B.M., we get 
a2 
EI 2 =-W(L-x)=-WL+ We 
dx 
Integrating the above equation, we get 


a 2 
BY Gy =~ Wx + ME 4g, x6 
554 
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i 


Integration again, we get 


2 3 . 

Ely =-WL a + = +C\x+C, (ii) 

where C, and C, are constant of integrations. Their values are obtained from boundary condi- 
1 


dy _ 
tions, which are : (i) at x = 0, y = 0 (ii) x = 0, a 0 
[At the fixed end, deflection and slopes are zero] 

(i) By substituting x = 0, y = 0 in equation (ii), we get 

0=0+0+0+C, ~ C,=0 

. dy : o6,Ue 

(ii) By substituting x = 0, ae 0 in equation {Z), we get 

0=0+0+C, « C,=0 
Substituting the value of C, in equation (i), we get 


2 

EI 2 Wi + ee 
x ..Aéii) 

=-W [ux -= 


ion (iit) i i find the slope at any point on the 
ation (iii) is known as slope equation. We can. L : 
Recdisas by substituting the value of x. The slope and deflection are maximum at the free 


end. These can be determined by substituting x = ZL in these equations. 
Substituting the values of C, and C, in equation (ii), we get 
2 3 
Bly =- WE e+ (2 C,=0,C,=0) 

=-W Ex? 2a ... (iv) 

> 2 6 
The equation (iv) is known as deflection equation. 

. {dy 

Let 0, = slope at the free end B i.e., (2) at B = 6, and 


¥y = Deflection at the free end B 


(a) Substituting 6, for cu and x = L in equation (¢ii), we get 


dx 
I? Lv 
EL®, =~ w(e.2-%) =-W. : 
he (13.1) 
BY” OET 


Negative sign shows that tangent at B makes an angle in the anti-clockwise direction 
with AB 
WL? 


= ..(18.1A) 
~ 2ET 


8 
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(b) Substituting ¥p for y and x = L in equation (iv), we get 


2 3 Bb PB 3 
piyge—w (LEE) aw [F- Za wo 


6 2 6 3 
WL? 
=- —— (13.2) 
%8°~ SEI 
(Negative sign shows that deflection is downwards) 
WL 


Downward deflection, y, = .. (13.2 A) 


3EI 
13.3. DEFLECTION OF A CANTILEVER WITH A POINT LOAD AT A DISTANCE ‘a’ 
FROM THE FIXED END 


A cantilever AB of length L fixed at point A and free at point B and carrying a point load 
W at a distance ‘a’ from the fixed end A, is shown in Fig. 13.2. 





Fig. 13.2 


: d. 
Let 8, = Slope at point C ie., (2) atc 
¥c = Deflection at point C 
¥n = Deflection at point B 
The portion AC of the cantilever may be taken as similar to a cantilever in Art. 13.1 @e., 
load at the free end). 


Wa? 
8o=+ oer [In equation (13.1 A) change L to a] 
noe Wa? ; 
and Yo= Sar [In equation (18.2 A) change L to a] 


The beam will bend only between A and C, but from C to B it will remain straight since 
B.M. between C and 8 is zero. 
Since the portion CB of the cantilever is straight, therefore 
Slope at C = slope at B 


We 2 
or Sgai0g oer (18.3) 
Now from Fig. 13.2, we have 
Yn =¥ot 8(L—-a) 
Wa? Wa? i rs. Wa? 
~ 3EI * DET (L-a) ( 80 = SRT . (13.4) 


rr re A Her rt RN 
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Problem 13.1. A cantilever of length 3 m is carrying a point load of 25 kN at the free 
end. If the moment of inertia of the beam = 10° mm? and value of E = 2.1 x 10° N/mm*, find 
(i) slope of the cantilever at the free end and (ti) deflection at the free end. 


Sol. Given : 
Length, L=3m=3000 mm 
Point load, W = 25 KN = 25000 N | 


M.O.L., I= 108 mm?* 
Value of F = 2.1 x 105 N/mm? 
(i) Slope at the free end is given by equation (13.1 A). 


Wr? 25000 x 3000? 
0, = = = “= 0.005357 rad. Ans. 
B ORT ~ 2x21x 10° x 10° oF. : 


(ii) Deflection at the free end is given by equation (13.2 A), 


WL? —- 25000 x 30007 
=o OS = 10.71 mm. Ans. 
eo Sh SI ki 


; Problem 13.2. A cantilever of length 3 m is carrying a point load of 50 RN at a distance 
of 2 m from the fixed end. If I = 10° mm# and E = 2 x 10° N/mm/’, find (i) slope at the free end 
and (ii) deflection at the free end. 

Sol. Given : 
Length, L=3m=3000 mm 
Point load, W = 50 kN = 50000 N 
Distance between the load and the fixed end, 
a=2m= 2000 mm 
M.O.L, I= 108 mm4 
Value of E = 2 x 105 N/mm? 
(z) Slope at the free end is given by equation (13.3) as 
- Wa? _ 50000 x 2000? 
8 QED. 2x2x 10° x 108 
(ii) Deflection at the free end is given by equation (13.4} as 
Wa? Wa? 
%a* 3m ” ORT 

50000 x 2000° , 50000 x 2000? 
3x2x10°x108 2x2x 10° x 108 
6.67+5.0=11.67 mm. Ans. 


= 0.005 rad. Ans. 


(L—a) 





(3000 — 2000) 


hi 


13.4. DEFLECTION OF A CANTILEVER WITH A UNIFORMLY DISTRIBUTED LOAD 


__ Acantilever AB of length L fixed at the point A and free at the point B and carrying a 
uniformly distributed load of w per unit length over the whole length, is shown in Fig. 13.3. 
Consider a section X, at a distance x from the fixed end A. The B.M. at this section is 
given by, 
(L-x) 
2 





M,=-w(L-x). (Minus sign due to hogging) 
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Fig. 13.3 
But B.M. at any section is also given by equation (12.3) as 
2 
M=EI oS 
Equating the two values of B.M., we get 
ad’y_ — w 2 
El Dm =o 2 (L — x) 
Integrating the above equation, we get 
dy _ w (L- 2 
= =- = -1)+¢, 
EI os a (- I+ 
3 t (L—x +C, ) 
Integrating again, we get 
w =x)" x)* 
Ely = -1)+Cx+, 
== (=x) +0240 GE) 
94 r 2 


where C, and C, are constant of integrations. Their values are obtained from Bonner condi- 


dy 
tions, which are : (i) atx = 0, y = 0 and (zz) atx =0, —— ae = 0 (as the deflection and ares at fixed 


end A are zero). 
(i) By substituting x = 0, y = 0 in equation (iz), we get 


4 
arr ses 4 __ wl 
Os- 57 L- Of +C, x04 C= 24 +, 

wl 
Cae 24 


a ; hess 
(i) By substituting x =0 and = 0 in equation (@), we get 


Ee 
0= 2-08 + C= +0, 


wl? 
rr 
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Sv Eh PP hse 
Substituting the values of Cc, and C, in equation (z) and (di), we get 


ad 3 
EI m6 = = (L-x)?- a (iii) 
4 
and Ely =— 5g b-* te we “4 en (iv) 


The equation (iii) is known as oe equation and equation (iv) as deflection equation. 
From these equations the slope and deflection can be obtained at any sections. To find the 
slope and deflection at point B, the value of x = L is substituted in these equations. . 


Let 8, = Slope at the free end B z.e., (2) at B 


¥p = Deflection at the free end B. 
From equation (iii), we get slope at B as 


73 3 
E10, = & L-Ly= =~ 4 
wl WL? 


0, =- cap eer (.) We Total load = w.L) ...(18.5) 


From equation (iv), we get the deflection at B as 











4 
oe AA es cag wh 
Ely, = 24 (L-L) 6 xb+ 24 
wlt wit 3 wit 
wats Siege a! eee tee ar . es 
Sr ge ag og ee 8 
wlt we 
Ye =- BET = SET Ce We= w.L) 
.. Downward deflection at B, 
wht WL 
¥z= BEI SET ...(13.6) 


Problem 13.8. A cantilever of length 2.5 m carries a uniformly distributed load of 
16.4kN per metre length over the entire length. If the moment of inertia of the beam = 7.95 
x 10’ mm# and value of E = 2 x 10° N/mm?, determine the deflection at the free end. 

Sol. Given : 


Length, Z = 2.5 mm = 2500 mm 
U.d.1., w = 16.4 kKN/m 
“. Total load, W=wxLl=164x25=41kN =41000N 
Value of J =7.95 x 107 mm* 
Value of E =2.x 10° N/mm? 
Let ¥, = Deflection at the free end, 
Using equation (13.6), we get 

WL 41000 x 2500° 

%B* BEI ~ 8x2x 10° x 7.95% 10" 


= 5.036 mm. Ans. 
Problem 13.4. A cantilever of length 3 m carries a uniformly distributed load over the 
entire length. If the deflection at the free end is 40 mm, find the slope at the free end. 
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Sol. Given : 
Length, -L=3m=3000m 
Deflection at free end, y, = 40 mm 
Let 8, = slope at the free end 
Using equation (13.6), we get 
y WL? 
Ye> SEI 
WI? xL WL? x 3000 
os 40= "Ser «BEI 
WL? _ 40x8 _@) 
= EI — 3000 


Slope at the free end is given by equation (13.5), 


qe we WL 40x81 
BB” G6EI I 6 3000 








WL? 40x | 


E From equation {), zr = 3000 


= 0.01777 rad. Ans. 

Problem 13.4 (A). A cantilever 120 mm wide and 200 mm deep is 2.5 m long. What is 

the uniformly distributed load which the beam can carry in order to produce a pe beetle of 
5 mm at the free end ? Take E = 200 GN/ m?, (Annamalai University, 1991) 


Sol. Given: 
Width, b= 120mm 
Depth, d = 200 mm 
Length, L=2.5 m= 2.5 x 1000 = 2500 mm 
Deflection at free end, y, = 5 mm : 
Value of E = 200 GN/m? = 200 x 10° N/n? (: G= Giga = 10°) 
200 x 10° N 


= Fann? sam? [v 1m? = (1000 mm)"] 
(1000}° mm 
= 2x 105 N/mm? 


bd? _ 120 x 200° 


Moment of inertia, T= aa 12 =8x 107 mm* 
Let w = uniformly distributed load per m length in N 
W = Total load 
=wxlL (Here L is in metre) 


=wx25=25xwN 
Using equation (13.6), we get 
wee 
%B~ BEI 
2.5 w x 2500° 


an ~ Bx 2x 10° x8x 10" 





| 
| 
| 
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wy = DXBX2x 10° x8 x 107 
. 2.5 x 25008 
= 16.384 kN/m. Ans. 


or = 16384 N/m 


13.5, DEFLECTION OF A CANTILEVER WITH A UNIFORMLY DISTRIBUTED LOAD 
FOR A DISTANCE ‘a’ FROM THE FIXED END 


A cantilever AB of length L fixed at the point A and free at the point B and carrying 
a uniformly distributed load of w/m length for a distance ‘a’ from the fixed end, is shown 
in Fig. 13.4. 

The beam will bend only between A and C, but from C to B it will remain straight since 
B.M. between C and B is zero. The deflected shape of the cantilever is shown by AC’B’ in which 
portion C’B' is straight. 


Let 8, = Slope at C, Le., (2) at C 


¥¢ = Deflection at point C, and 
Yp = Deflection at point B. 





Fig. 13.4 


The portion AC of the cantilever may be taken as similar to a cantilever in Art. 13.4. 
3 





w.a a. 
9c = “Gar [In equation (13.5) put L =a} 
w.at 
ang ¥o= 8EI {In equation (13.6) put L =a] 


Since the portion C’B’ of the cantilever is straight, therefore slope at C = slope at B 


wa" 





or Q¢= 3 = gay (13.7) 
Now from Fig. 13.4, we have 
Ya =¥o+ Oba) 
wat w.a® 
= SEI * GET {(L-a) .{13.8) 


13.6. DEFLECTION OF A CANTILEVER WITH A UNIFORMLY DISTRIBUTED LOAD 
FOR A DISTANCE ‘a’ FROM THE FREE END 


A cantilever AB of length Z fixed at the point A and free at the point B and carrying 
a uniformly distributed load of w/m length for a distance ‘a’ from the free end is shown in 
Fig. 13.5 (a). 
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The slope and deflection at the point B is determined by considering : 

() the whole cantilever AB loaded with a uniformly distributed load of w per unit length 
as shown in Fig. 13.5 (6). 

(ii) a part of cantilever from A to C of length (LZ — a) loaded with an upward uniformly 
distributed load of w per unit length as shown in Fig. 13.5 (c). 


iL 
———__—___ >i—__--— a 
cl 7 wiUnit Length B 






(L-a) 


 * 


Ss w/Unit Length 


Fig. 13.5 
Then slope at B = Slope due to downward uniform load over the whole length 
— slope due to upward uniform load from A to C 
and deflection at B = Deflection due to downward uniform load over the whole length 
— deflection due to upward uniform load from A to C. 
(a) Now slope at B due to downward uniformly distributed load over the whole length 


= wi} 
~ 6ET 
(b) Slope at B or at C due to upward uniformly distributed load over the length (Z — a) 
_ Wh - ay? 
6EI 
Hence net slope at B is given by, 
wi wL~a)® 
gra Sie (13.9) 
8” 6EI 6EI 


The downward deflection of point B due to downward distributed load over the whole 
length AB 
_ wit 
~ 8EI 
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The upward deflection of point B due to upward uniformly distributed load acting on 
the portion AC = upward deflection of C + slope at C x CB 


wL-a)* w.(L-a)? 
= Say Se” Am Oe 


~ BEI 6EI oo Ba) 
-. Net downward deflection of the free end B is given by | 
wit |wL-a)* w(L-a)® 
%B> BET -| SEI *  6EI <° oN 


Problem 13.5. Determine the slope and deflection of the free end of a cantilever of length 
3m which is carrying a uniformly distributed load of 10 kN/m over a length of 2 m from the 





fixed end. 
Take I = 108 mm4 and E = 2 x 10° N/mm?2, 
Sol. Given : 
Length, L=3m=3000m 
U.d.L, w = 10 kN/m = 10000 N/m = alla N/mm = 10 Nénm 


1000 
Length of u.d.l. from fixed end, a = 2 m = 2000 mm. 


Value of I= 108 mm# 

Value of E=2-x 10° N/mm? 

Let @, = Slope of the free end and 
¥z = Deflection at the free end. 

(i) Using equation (13.7), we have 


ge tn conan Tate 
BY 6EI 6x2x10°x10® —" : : 
(ii) Using equation (13.8), we get 
wat Ww, a 
Ye= gar * 6er /-® 
10 x 20004 10 x 20008 


oS  E -lelooeeeeeens = 
8x2x10°x108 6x2x10°x 108 eee = enup 


=1+0.67=1.67 mm. Ans. 


Problem 13.6. A cantilever of length 3m carries a uniformly distributed load of 
10 kN/m over a length of 2 m from the free end. If I = 108 mm4 and E' = 2 x 10° N/mm? ; find: 
(i) slope at the free end, and (ii) deflection at the free end. 


Sol. Given : 
Length, L=3m= 3000 mm 
10000 
U.d.l., w= 10 kN/m = 10000 N/m = — N/mm = 10 N/mm 
Length of u.d.l. from free end, a = 2m = 2000 mm 
Value of I= 108 mm4 
Value of E=2 x 105 N/mm? 
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Let 8, = Slope at the free end i.e., (2) at B and 


¥y = Deflection at the free end. 

(i) Using equation (13.9), we get 

wh? w(L -a)* 
“6EI ‘GET 
_ 10x 30007 __10(8000 - 2000) 
~ 6x2x10°x 108 6x2 10° x 108 
= 0.00225 — 0.000083 = 0.002167 rad. Ans. 
(i) Using equation (13.10), we get 7 

_ oe | ee wh - a)? 4 
8EI SEI 6EI 


10 x 30004 Es -2000)4 10(3000 —- 2000)? 


98 


Ye 


= Bx2x10°x10® | 8x2x10°x10®  6x2x10°x 10° 
= 5.0625 ~ {0.0625 + 0.1667] = 4.8333 mm. Ans. 


Problem 13.7. A cantilever of length 3 m carries two point loads of 2 RN at the free end 
-. and 4kN at a distance of 1 m from the free end. Find the deflection at the free end. 


Take E = 2x 10° N/mm? and I = 108 mm4. 
Sol. Given : 

_ Length, £=3m = 3000 mm 
Load at free end, W, =2 KN = 2000 N 
Load at a distance one m from free end, 

: W, = 4kN = 4000 N 


x 2000 


Distance AC, 


a=2m = 2000 mm 
Value of E=2~x 10° N/mm? 
Value of I=108 mm* 


Let ¥, = Deflection at the free end due to load 2 KN alone 
Yo = Deflection at the free end due to load 4 kN alone. 


4kN 2kN 


A c B 


#— 1m 


3m 
Fig. 13.6 


Downward deflection due to load 2 KN alone at the free end is given by equation (13.2 A) 
as 


~ BEL 3x2x10°x108 © 
Downward deflection at the free end due to load 4 kN (i.e., 4000 N) alone at a distance 
2 m from fixed end is given by (13.4) as 
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Wa? Wa" 
Ya" gar * ony “E-® 
3 2 
_ 400020009, _4000 = 20007 sn9 2990) 
38x 2x 10° x10 2x2x10° x10 
= 0.54 + 0.40 = 0.94 mm 
“. Total deflection at the free end 
= yy + Xe 
=0.9+0.94=1.84mm. Ans. 
Problem 13.8. A cantilever of length 2 m carries a uniformly distributed load of ~ 
2.5 RNim run for a length of 1.25 m from the fixed end and a point load of 1 RN at the free 
end. Find the deflection at the free end if the section is rectangular 12 cm wide and 24 cm 
deep and E = 1 x 104 Nimm’. (Annamalai University, 1990) 


Sol. Given : 
Length, L=2m-= 2000 mm 
U.d.i., w = 2.5 KN/m = 2.5 x 1000 N/m 
2.5 x 1000 
=—Jo00 N/mm = 2.5 N/mm 


Point load at free end, W=1kN =1000N 


Distance AC, a@= 1.25 m = 1250 mm 
Width, . 6=12mm 
Depth, d=24mm 
bd? 12x24 
Value of I= Te ea 
= 13824 em4 = 13824 x 104 mm‘ = 1.3824 x 104 mm‘ 
Value of E=1x 108 Nimm? 


Let y, = Deflection at the free end due to point load 1 KN alone 
Yo = Deflection at the free end due to u.dJl. on length AC. 





Fig. 13.7 


() Now the downward deflection at the free end due to point load of 1 KN (or 1000 N) at 
the free end is given by equation (13.2 A) as 
WL ___ 1000x2000" g99 mm 
%1* SEI ~ 3x 104 x 13824 10° ~~" : 
(ii) The downward deflection at the free end due to uniformly distributed load of 
2.5 N/mm on a length of 1.25 m (or 1250 mm) is given by equation (13.8) as 


4 3 
wa wd 
Yo= gar * eer E~® 
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S 2.5 x 12504 : 2.5 x 1250° eit seb 
8x 104 x 13824x 108 6x 104 x 13824 x 10° 
= 0.5519 + 0.4415 = 0.9934 
.. Total deflection at the free end due to point load and u.d.l. 
=) + Yq = 1.929 + 0.9934 = 2.9224 mm. Ans. 
Problem 13.9. A cantilever of length 2 m carries a uniformly distributed load 2 kN/m 
over a length of 1 m from the free end, and a point load of I kN at the free end. Find the slope 
and deflection at the free end if E = 2.1 x 10° Nimm? and I = 6.667 x 107 mm#. 


Sol. Given : (See Fig. 13.8) 


Length, L=2m = 2000 mm 

U.dl. w = 2kKN/m = aes N/fimm * 2 N/mm 
Length BC, a=1m-=1000 mm 

Point load, W=1kN=1000N 

Value of E=2.1 x 10° N/mm? 

Value of I = 6.667 x 107 mm‘. 





(i) Slope at the free end 
Let 8, = Slope at the free end due to point load of 1 KN i.e., 1000 N 
9, = Slope at the free end due to u.d.l. on length BC. 
The slope at the free end due to a point load of 1000 N at B is given by equation (13.1 A) 
as 
WL? 
~ QEI 





6, (- @, = 8, here) 


2 1000 x 20007 
2x 2.1% 10° x 6.667 x 107 


The slope at the free end due to u.d.l. of 2 KN/m over a length of 1 m from the free end is 
given by equation (13.9) as 


= 0.0001428 rad. 


we w(L-a)* 7 
° GET GET (-: 0, = 8, here) 
2 x 2000° 2 x (2000 - 1000)8 


~ 6x 21x 10° x 6.667% 10" 6x21x 10° x 6.667 x 10° 
; = 0.0001904 — 0.000238 = 0.0001666 rad. 
-. Total slope at the free end 


= 6, + 8, = 0.0001428 + 0.0001666 = 0.0008094 rad. Ans. 


Bc 


BY 


Sone cesarean mnie tne pa ee gan wn 
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(it) Deflection at the free end 
Let ¥, = Deflection at the free end due to point load of 1000 N 
yy = Deflection at the free end due to u.d.1. on length BC. 
The deflection at the free end due to point load of 1000 N is given by equation (13.2 A) as 
WL? : 
“> 3ET . 
: 1000 x 20008 
3x 2.1x 10° x 6,667 x 10” 
The deflection at the free end due to u.d.l. of 2 N/mm over a length of 1 m from the free 
end is given by equation (13.10) as 


wl! i“ -a)* wh-a)® 
—_— xa 


Here y, = yp) 


= 0.1904 mm. 


2" pr |” 8EY° 6EI 


. 2x 20004 


7 2(2000 - 1000)* 
~ 8x 2.1« 105 x 6667x107 — 


8 x 2.1x 10° x 6.667 x 107 


4, 202000 - 1000)? x 1000 
6 x 2.1x 10° x 6.667 x 107 
= 0.2857 — [0.01785 + 0.0238] = 0.244 mm 
Total deflection at the free end 
=Y, + = 0.1904 + 0.244 = 0.4344 mm. Ans. 


13.7. DEFLECTION OF A CANTILEVER WITH A GRADUALLY VARYING LOAD 


A cantilever AB of length L fixed at the point A and free at the point B and carrying a 
gradually varying load from 0 at B to w per unit run at the fixed end A, is shown in Fig. 13.9. 





Fig. 13.9 


Consider a section X at a distance x from the fixed end A. 


The load at X will be = (Z — x) per unit run. Hence vertical height XC = 7 (L—«). 


Hence the B.M. at this section is given by 


Mx = — (Load on length Bx) x (Distance of C.G. of the load on BX from section X) 
= ~— (Area of ABXC) x (Distance of C.G. of area BXC from X) 


(Minus sign is due to hogging) 
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aes (F*) - (5 of length Bx) 
2 3 
(=x) w Lon |--4 me) 
~~ 3 Ban x[% x)h = ep ‘ea: 
But B.M. at any section is also given by equation (12.3) as 
dq” 
M=EI at 
Equating the two values of B.M., we get 
d’y w 3 
EY 2 =- 6L (L—xy 
Integrating the above equation, we get 
4 
ge 2 . & ER®) 
dx 6L 4 
pe _ x4 ; wi) 
= SIE (L—x)t+C, 


Integrating again, we get 





(-1)+C, 





5 
El 4 Sse 6G, 


Y"R4L OB 
=~ Tap Ww + Oe +0, ii) 


where C, and C, are constant of integrations. Their values are obtained from boundary condi- 
*" tions, which are : 
a dy 
(i) atx = 0, y = 0 and Gi) atx =0, 7° =0. 
(i) By substituting x = 0 and y = 0 in equation (i), we get 
w wit 
ToL (L-0 +C,x0+4C, or Cy= 907 


d : bet 
Gi) By substituting x = 0 and > = 0 in equation (), we get 


O=- 


= ee 
~ 9A 
wit wi? 


(b= 0) +C, 


Pee. aa - 
Substituting the values of C, and C, in equations (é) and (ii), we get 


dy we owt (iii) 
ee AE 
3 4 
fg was 5 WE we Civ) 
and Ely =- 120 (L—x) oa tt 130 


rs The equation (iii) is known as slope equation and equation (iv) as deflection equation. 
The slope and deflection at the free end (.e., point B) can be obtained by substituting x = L in 
these equations. 


; a: 
Let @, = Slope at the free end B ie., (2) at B and 


Ypg = Deflection at the free end B. 
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22.24 d. 
{a) Substituting x= and = = 6, in equation (i), we get 








3 
-_ gy we _ wht 
E18, = 577 (Lb L) oe oa 
’ hg : 
ae 83 =- saat radians. (13.11) 
(6) Substituting x = L and y = y, in equation (iv), we get 
3 4 
a hy BE wh 
Biya qog7, oY gg * 5G 
9 WE wht _ bwlt+wlt wit 
Oe OR Ta 120 =~ 30 
wt : : F 
Ygan S0nT (Minus sign means downward deflection) 
.. Downward deflection of B is given by 
wt 
Ye= 30n7 -413.12) 


Problem 13.10. A cantilever of length 4 m carries a uniformly varying load of zero 
intensity at the free end, and 50 kNim at the fixed end. 


If E = 2.0 x 10° Nimm? and I = 108 mm‘, find the slope and deflection at the free end. 


Sol. Given : 
Length, L=4m = 4000 mm 
50x1 
Load at fixedend, w =50kN/m= ara — = 50 N/mm 
Value of E=2x 10° N/mm? 
Value of I= 108 mm?* 


Let 8, = Slope at the free end and 

¥g = Deflection at the free end. 
(i) Using equation (13.11), we get , 

wl} 50 x (4000)* 
6,=- =- ——____. = 0.00667 rad. Ans. 
BU Q4ET 24x2x10°«10% . 
(ii) Using equation (13.12), we get 
_ wlt _ 50x (4000)* 
30EI 30x 2x 10° x 10° 

Problem 13.11. A cantilever of length 2 m carries a uniformly varying load of 25 kNim 








Yr = 21.33 mm. Ans. 


“at the free end to 75 kNim at the fixed end. If E = 1 x 10° N/mm? and I = 108 mm+4, determine the 


slope and deflection of the cantilever at the free end. 


Sol. Given : 
Length, £=2m= 2000 mm 
5 x 1000 
Load at the freeend = 25 kN/m= oe = 25 N/émm 
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Load at fixed end = 75 kN/m = 75 N/mm 

Value of E=1-x 105 N/mm? 

Value of I= 108 mm‘. 

The load acting on the cantilever is shown in Fig. 13.10. This load is equivalent to a 
uniformly distributed load of 25 kN/m (or 25 N/mm) over the entire length and a triangular 
load of zero intensity at free end and (75 — 25 = 50 kKN/m or 50 N/mm) 50 N/mm at the fixed end. 


75 kN/m 
50 kN/m 





Fig. 13.10 


(t) Slope at the free end : 
Let 6, = Slope at free end due to u.d.l. of 25 N/mm 
8, = Slope at free end due to triangular load of intensity 50 N/mm at fixed end. 
The slope at the free end due to u.d.l. of 25 N/mm (i.e., w = 25 N/mm) is given by equa- 
tion (13.5) as 
wit 
~ GET 
25 x 20008 
~ 6x 1x10 x 10° | 
F The slope at the free end due to triangular load of intensity of 50 N/mm (e. w = 
50 N/mm) is given by equation (13.11) as 
wi 
92 = S4ET 
50 x 2000° 
~ 24x 1x 10° x 10° 
= 0.00167 rad. 
Total slope at the free end 
= 0, + 6, = 0.0033 + 0.00167 = 0.00497. Ans. 
(tt) Deflection at the free end 
Let y, = Deflection at the free end due to w.d.l. of 25 N/mm 
¥_ = Deflection at the free end due to triangular load. 
Using equation (13.11), we get deflection at the free end due tou.d.L 


ae wht 25x 2000 | kann 
1 8EI ~ 8x1x10° x 108 
Using equation (13.12), we get deflection at the free end to uniformly varying load of 
zero at the free end and 50 N/mm at the fixed end. 
wht 50x 20004 


%2* 30EI ~ 30x1%10°x 108 


8 (Here 6, = 0,, and w = 25) 


0.0033 rad. 





(Here w = 50 N/mm) 


= 2.67 mm 
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Total deflection at the free end 
=y, +y¥,=5+2.67=7.67 mm. Ans. 


13.8. DEFLECTION AND SLOPE OF A CANTILEVER BY MOMENT AREA METHOD 


The moment area method is discussed in Art. 12.8, where this method was applied to a 
simply supported beam. Let us apply this method to a cantilever. According to this method the 
change of slope between any two points is equal to the net area of the B.M. diagram between 
these two points divided by EI. If one of the points is having zero slope, then we can obtain the 
slope at the other point. 

Similarly if the deflection at a point A is zero, then the deflection at the point B accord- 
ing to this method is given by 

Ax 
a RT 
where A = Area of B.M. diagram between A and B, and 
xX = Distance of C.G. of the area A from B. 

13.8.1. Cantilever Carrying a Point Load at the Free end. Fig. 13.11 (a) shows a 

cantilever of length ZL fixed at end A and free at the end B. It carries a point load W at B. 





a 
= 
| B.M. Diagram 
Cc 
Fig. 13.11 


The B.M. will be zero at B and will be W.L at A. The variation of B.M. between A and B 
is linear as shown in Fig. 13.11 (). . 
At the fixed end A, the slope and deflection are zero. 


Let 8, = Slope at B i.e., (2) at B and 


¥, = Deflection at B 
Then according to moment area method, 
Area of B.M. Diagram between A and B 


BO EI 
5 x ABx AC 
PE geo (Area of triangle ABC) 
L 
- gt eae 
. . EI 2EI 
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rs and Yg= Er (i) 
: Wi 
; Where A = Area of B.M. diagram between A and B = 2 
an, 
& = Distance of C.G. of area of B.M. diagram from B = > 
W.P aL 
2 -3 WD 
Xz = ——o . 
EI 3EI 


13.8.2. Cantilever Carrying a Uniformly Distributed load. Fig. 13.12 (a) shows a 
' cantilever of length Z fixed at end A and free at the end B. It carries a uniformly distributed 
load of w/unit length over the entire length. 


TT w/Unit Length 





2 
ie B.M. Diagram 


Fig. 13.12 


w.L? 


The B.M. will be zero at B and will be at A. The variation of B.M. between A and 





Bis parabolic as shown in Fig. 13.12 (6). At the fixed end A, the slope and deflection are zero. 
wT? wD 


Area of B.M. diagram (ABC), A= ; L, 2 6 
and the distance of the C.G. of the B.M. diagram from B, 











= _ 3b 
oe 
= . dy 
Let 6, = Slope at B, ie., and at B 
: dx 


¥p = Deflection at B. 
Then according to moment area method, 


_ Area of B.M. diagram _ wl 





B EI 6EI 
‘ _Ak wi.) 3b _ wit 
oe %e~ EI ~ 6EI~ 4 ~ 8EI° 


13.8.3. Cantilever Carrying a Uniformly Distributed Load upto a Length ‘a’ 

_._from the Fixed end. Fig. 13.13 (a) shows a cantilever of length L fixed at end A and free at 

'__ the end B. It carries a uniformly distributed load of w/unit length over a length ‘a’ from the 
fixed end. 





1 Re eR A 
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— w/Unit length 





Fig. 13.13 


2 
The B.M. will be zero at B and C. But B.M. at A will be “<2 


between C and A will be parabolic as shown in Fig. 13.18 (6). At the fixed end the slope and 
deflection are zero. 





. The variation of B.M. 


. 2 3 
Area of B.M. diagram A= :. ines = i es 
and the distance of the C.G. of B.M. diagram from B, 


=@-a)+ 








Let 0, = Slope at Bi.e., () at B and 


¥p = Deflection at B. 
Then according to moment area method, 











9 wt eee 
B™ EI 6EI 
AX w.a® 3a w.a> w.a‘ 
=— = _ = L- 
and 28 = ET * GET <u ws e| gar @~®* gar 


Problem 13.12. A cantilever of length 2 m carries a point load of 20 kN at the free end 
and another load of 20 kN at its centre. If E = 10° N/mm? and I = 108 mm# for the cantilever 
then determine by moment area method, the slope and deflection of the cantilever at the free 
end. : 


Sol. Given : 

Length, _L=2m 

Load at free end, W, = 20 kN = 20000 N 
Load at centre, W, = 20 KN = 20000 N 


Value of E = 10° N/mm? 

Value of T= 108 mm* 

First draw the B.M. diagram, 

B.M. at B =0 

B.M. at C =- 20x 1=-20kNm =- 20 x 103 x 10? Nmm 
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B.M. at A m-—- 20x 1-20 x 2=-— 60 kNm =- 60 x 108 x 103? Nmm 

B.M. diagram is shown in Fig. 13.14 (d). 

20kN 20kN 
A 
@) & 8 
ee ree eee 
al C B 
Or Nes 
8.M. Diagram 
Ee 
Fig. 13.14 

To find the area of B.M. diagram, divide the Fig. 13.14 (6) into two triangles and one 

rectangle. 2 
1 1 
Now area Ay = 5 x CD x BC= 5 x 20x1 
= 10 kNm?= 10 x 10° x 106° Nmm? (mm? = 10° mm?) 
= 1019 Nmm2 

Similarly area A, = CD x AC = 20 x 1 = 20 kNm? 

and area A= 5 x FD x BF = > x 1x 40 =20 kNm? 


Total area of B.M. diagram, 
A=A,+A,+A, = 10+ 20 + 20 = 50 kNm? 
= 50 x 103 x 10° Nmm? 
Slope and deflection at the fixed end is zero. 
Let 8, = Slope at the free end B. 
Then according to the moment area method, 
Area of B.M. diagram 
a> EI 
_ 50 x 10° x 10° 
10° x 10° 


(. m? = 106 mm?) 


= 0.005 radians. Ans. 


Let ¥pn = Deflection at the free end B. 
Then according to moment area method, 
Ax ; 
Ye= Fy ..(é) 


Now let us find ¥ or Ax. 
Then total moment of the bending moment diagram about B is given by 


A. #=A,x, + Ap, + AyX, 


2 
=10x($x1) +20 (142) +20x(1+ 21} 
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LT  , 


2 
= 2 30+ 22 = 70 Nm 3 
= 70 x 103 x 109 Nmm? (=m? = 10° mm?) 


=7x 10 Nmm? 
Substituting this value in equation (i), we get 


7x 107° 
7B 08 x 108 


HIGHLIGHTS 


1. The slope i.e., 2 or 8 of a cantilever at the free end is given by, 


=Tmm. Ans, 





2 
6, = a when the point load is at the free end 
8, = 8= ve when the point load is at a distance of ‘a’ from the fixed end 
2 
0, = a when it carries a uniformly distributed load over the whole length. 
EAR as wa® when it carries a uniformly distributed load over a length 

By = 

B GEI ‘a from the fixed end. 
G2 i _wib- a)” when it carries a uniformly distributed load over a 

B™ 6EI 6EI distance ‘a’ from the free end 


8, = wD when it carries a gradually varying load from zero at the free end to 
24Ei = w/mrun at fixed end. 
where W = Point load, 

w = Uniformly distributed load, 
L = Length of beam, 
I= Moment of inertia, and 
£ = Young’s modulus. 

2. The deflection i.e., y of a cantilever of length L, at the free end is given by, 


wo : , 
¥g= sy - when the point load is at the free end 
3EI ‘ 
Wa? _ We when the point load is ata distance of ‘a’ from the 


48> 3p * SET a) fixed end 


4 
Yaz ar when it carries a uniformly distributed load over the whole length 
wat when it carries a uniformly distributed load over a 
Ya* Spy t we a) length ‘a’ from the fixed end. 
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wet dab .a-(Fxax wa0),.(2) 











6EIL 2 EIL 3 
W.a.b..9 ,2, W.a%b 
L? - 6?) -—— 
‘GEL ) 6EIL 
eee ea ae 


6EIL 
Problem 14.1. A simply supported beam of length 5 m carries a point load of 5 kN at a 
distance of 3 m from the left end. If E = 2 x 10° Nimm? and I = 108 mm‘, determine the slope at 
the left support and deflection under the point load using conjugate beam method. 





Sol. Given : 
Length, L=5m 
Point load, W=5kN 
Distance AC, a=3m 
Distance BC, b=5-3=2m_ 
Value of E=2x 105 Nimm? = 2 x 105 x 10° N/m? 
= 2x 105 x 103 kN/m? = 2 x 108 kKN/m? 
Value of I=1x 108 mm* = 10+ m4 
Let R, = Reaction at A 
and R, = Reaction at B. 
Taking moments about A, we get 
R,x5=5x8 
o ho) oon 
and R, = Total load- Rg =5-3=2kN 
The B.M. atA=0 
B.M. at B=0 


BM. atC=R,x3=2x3=6kNm. 
Now B.M. diagram is drawn as shown in Fig. 14.3 (0). 
Now construct the conjugate beam as shown in Fig. 14.3 (c). The vertical load at C* on 
conjugate beam 
B.M.atC 6kNm 
“EI EI 
Now calculate the reaction at A* and B* for conjugate beam 
Let R,* = Reaction at A* for conjugate beam 
R,* = Reaction at B* for conjugate beam. 
Taking moments about A*, we get 
R,* x 5 = Load on A*C*D* x distance of C.G. of A*C*D* from A* 
+ Load on B*C*D* x Distance of C.G. of B*C*D* from A* 


=~ (33% )x(2x3)+($ x23) x(ae 3x2] 
2 EI 3 2 EI 3 
ig 6: 11 «8 

a ns ee 

FI EI 3° EI EI EI 

40,10 8 


* 2 


BEI 5 EI 


reise renter NAT ee nA = rN TAH AI HEI AR SMEAR PET SR tp i te 
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5 KN 


A < B 





R*, Conjugate Beam Ry 


Fig. 14.3 
&,* = Total load (i.z., load A*B*D*) ~ R,* 
2 (4 ee =) sie 
2 EI EI 
-15_ 8 7 
dy 


Let 4, = Slope at A for the given beam i.e., (2 


Java 


¥c = Deflection at C for the given beam 
Then according to conjugate beam method, 
9, = Shear force at A* for conjugate beam = R,* 
= = = sot (- E=2-x 108 kN/m? and J = 10-4 m4) 
= 0.00035 radians. Ans. 
Yc = B.M. at C* for conjugate beam 


=f,* x 3- Load A*C*D* x Distance of C.G. of A*C*D* from C* 


7 1 6). (i 
= % 3 | — Sessa pe, 
EI * (5x2 ¢}x(2x3) 


ee Ge 
“EL EL EI 
12 6 6x 1000 


= 950° x10 10° 10000 Om Ane 
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=R,* (-- ‘S.F. at A for conjugate beam = R 4.) 

_ WwW 

2 16EI 
and ¥o = B.M. at C for the conjugate beam {See Fig. 14.1 (¢)] 


=R,*x £ — Load corresponding to AC*D* 
x Distance of C.G. of AC*D* from C 
Wr L (; L WL (3 Al | 
= ar lae XS Xo *1 a sa i 
16EI 2 2% 2“ aer}"\3*2 ; 
we wi 3wi - WL? 


32EI 96EI  96ET 








: “48EI © 
_. 14.4, SIMPLY SUPPORTED BEAM CARRYING AN ECCENTRIC POINT LOAD 


Fig. 14.2 (a) shows a beam AB of length L, simply supported at A and B and carrying a 
.. point load of W at a distance ‘a’ from the end A. The reactions at A and B are given by 
W.b Wa 
Ry= >; and R,= a 
” The B.M. will be zero at A and B. AtC, the B.M. willbeR, xa = 


“Now the B.M. diagram can be drawn as shown in Fig. 14.2 (b). 


Wxb , W.b.a W.a.b 

















Ra Conjugate beam Rr, 


Fig. 14.2 


Se THAN ER RT RN ere met 
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tt A 


Construct now the conjugate beam. The load at any point on the conjugate beam will be 
equal to B.M. at that point divided by HI. Fig. 14.2 (c) shows the conjugate beam with the 





loads. The vertical load on conjugate beam at C* will be —- = ——— = 


Let R,* = Reaction at A for conjugate beam 
R,* = Reaction at B for conjugate beam 
Taking moments about A of the conjugate beam, we get 
R,* .L = Load AC*D* x Distance of C.G., of AC*D* from A + Load BC*D* 
x Distance of C.G. of BC*D* from A 


- (3x ao*xorD*)x(2xace]+(F.ncr.c+D*)x(acts 5x Bee] 


= (Geax Be?) (Fxa)s lis W.a.b x - 
“\9 EIL 3 gee) 8 


_W.a®.b  Wab? (« 2) 











+ 
3 

_ Ward | Wad? | W.a.b* 
3EIL 2EIL © GEIL 


““SEIL * 2EIL\°*3 














Wa.b 
Eee og 2 
= GEIL [2a? + 3ab + 67} 
Web (a? + b? + Qab + a? + ab) 
6EIL 
= “ae [a +b +a(a + d)] 
Wad oro 
°F i " = 
fe (s a4+b=2) 
Wa .(L- a) Wa 
Se eG meee L2 — z 
ean te eer 
. W.a 
R,* = [T?2- 2 
gm ee 
Similarly the reaction at A can be obtained as 
Wb 
R.¥=———_ (L2~—}? tit 
“A 6EIL (L? — b*) (Substitute 6 for a) 


Let 6, = Slope at A for the given beam ie., (= atA 


¥o = Deflection at C for the given beam. 
Then according to conjugate beam method, 
8, = Shear force at A for the conjugate beam 
=R,* (- S.F. at A for conjugate beam = R,*) 
Ws b (L? — 62) 
6EIL 
and Yo = B.M. at C for conjugate beam [See Fig. 14.2 (c)] 
=R,* .a— Load AC*D* x Distance of C.G. of AC*D* from C* 
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Conjugate Beam Method, Propped 
Cantilevers and Beams 








14.1. INTRODUCTION 


The slopes and deflections of beams and cantilevers may be obtained from various meth- 
ods like double integration method, moment area method, Macaulay’s method, etc. But these 
methods become laborious, when applied to beams whose flexural rigidity (i.e., the product of 
£ and J is known as flexural rigidity) is not uniform throughout the length of the beam. The 
slopes and deflections of such beams can be easily obtained by conjugate beam method. 


14.2. CONJUGATE BEAM METHOD 


Before describing the conjugate beam method, let us first define conjugate beam. 
Conjugate beam is an imaginary beam of length equal to that of the original beam but 


for which the load diagram is the a diagram* (i.e, the load at any point on the conjugate 


beam is equal to B.M. at that point divided by ED). 

The slopes and deflection at any section of a beam by conjugate beam method is given 
by: 

1. The slope at any section of the given beam is equal to the shear force at the corre- 
sponding section of the conjugate beam. 

2. The deflection at any section for the given beam is equal to the bending moment at the 
corresponding section of the conjugate beam. 

Hence before applying the conjugate beam method, conjugate beam is constructed. The 
load on the conjugate beam at any point is equal to the B.M. at that point divided by EI. Hence 
the loading on the conjugate beam is known, Then the shear force at any point on the conju- 
gate beam gives the slope at the corresponding point of actual beam. And the B.M. at any point 
on the conjugate beam gives the deflection at the corresponding point of the actual beam. 


14.3. DEFLECTION AND SLOPE OF A SIMPLY SUPPORTED BEAM WITH A POINT 
LOAD AT THE CENTRE 


Fig. 14.1 (¢) shows a simply supported beam AB of length L carrying a point load W at 
the centre C. The B.M. at A and B is zero and at the centre B.M. will be W. L/4. The B.M. 
varies according to straight line law. The B.M. diagram is shown in Fig. 14.1 (b). Now the 
conjugate beam AB can be constructed. The load on the conjugate beam will be obtained by 





“M/EI diagram is a diagram which shows the variation of M/EI over the length of the beam. 
578 
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A NA | 
dividing the B.M. at that point by ZI. The shape of the loading on the conjugate beam will be \ 
same as of B.M. diagram. The ordinate of loading on conjugate beam will be equal to i 


(oe 
M \4 _Wxlk 


EI KI , 4&I 
load diagram for conjugate beam is shown in Fig. 14.1 (c). 








. Hence ordinate at the centre will be cue as shown in Fig. 14.1 (c). The 





WwW 
A c B 
a; 
(2) U2 -————-| 
Ww WwW 
R, = = sit 
A 2 ut Re 2 
D 
(8) 
A a & CLI B 
B.M. Diagram 
o* 






Load 
Diagram 





Fig. 14.1 


Let &,° = Reaction at A for conjugate beam 

R,* = Reaction at B for conjugate beam 
Total load on the conjugate beam {See Fig. 14.1 (c)} 
= Area of the load diagram 








== x AB x C*D* = oe 
2 2 4kI 
_ WL? 
8EI 
Reaction at each support for the conjugate beam will be half of the total load 
2 2 
R,t=R,*=1,,WE _ WE 
2 8&I 16EI 
Let 6, = Slope at A for the given beam i.e., (2) atA : 


y, = deflection at C for the given beam. 
Then according to conjugate beam method, 
8, = Shear force at A for the conjugate beam 


“~ 
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De 


when it carries a uniformly distributed 


wit | w(L-a)t  w(L-a)® 
if Ke load over a length ‘a’ from the free end 


28" ger | BEI 6EI 


wit when it carries a gradually varying load from zero at the free end to 
30nF w/m run at the fixed end. 


8. Fora cantilever, at the fixed end slope and deflections are zero. Hence moment area method can 
be easily applied for finding slope and deflections of cantilevers. The slope (0) and deflection 
(yp) at the free end is given by, - 


_ Area of B.M. diagram between free end and fixed end 


Yp 


ae aS EL ese 


AE 
~ EL 
where A = Area of B.M. Diagram and 
x = Distance of C.G. of B.M. diagram from free end. 
4. Area of B.M. diagram sometimes is found easily by splitting the combined areas into triangles 


and rectangies. 
EXERCISE 13 


(A) Theoretical Questions 


1. What is a cantilever ? What are the different methods of finding of slope and deflection of a 
cantilever ? ; 
¢ 2. Derive an expression for the slope and deflection of a cantilever of length L, carrying a point load 
W at the free end by double integration method, 
3. Solve question 2, by moment area method. 
4, Prove that the slope and deflection of a cantilever carrying uniformly distributed load over the 
whole length are given by, : 


and ¥p 


_ wl? 
~ 6EI 
where w = Uniformly distributed load and 
EI = Flexural rigidity. 


5. Find the expression for the slope and deflection of a cantilever of length Z which carries a uni- 
formly distributed load over a length ‘a’ from the fixed end by 


(i) Double integration method and (ii) Moment area method. 
G. Prove that the slope and deflection of a cantilever length L, which carries a gradually varying 
load from zero at the free end to w/m run at the fixed end are given by : 
8, = whe and y,= wht 
RB 24EI 8” 30k! 
where EI = Flexural rigidity. 


wit 


and y,= BET 


8, 


(B) Numerical Problems 
1. A cantilever of length 2m carries a point load of 30 kN at the free end. If moment of inertia 
I= 108 mm‘ and value of E = 2 x 105 N/mm?2, then find : 
(i) slope of the cantilever at the free end and 


(ii) deflection at the free end. (Ans. (i) 0.003 rad., (zi) 4 mm] 


lS 


reer 
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2. Acantilever of length 3 m carries a point load of 60 KN at a distance of 2 m from the fixed end. If 
E=2x105 andJ= 108, find: 
{i} slope at the free end and (ii) deflection at the free end. 
[Ans. 0.006 rad., 14 mm] 
3. Acantilever of length 30 m carries a uniformly distributed load of 24 kN/m length over the entire 
length. If moment of inertia of the beam = 108 mm and value of E = 2 x 10° N/mm?, determine 
the slope and deflection at the free end. {Ans. 0.0054 rad. ; 12.15 mm] 
4. Acantilever of length 3 m carries a unifnrmly distributed load over the entire length. If the slope 
at the free end is 0.01777 radians, find the-deflection at the free end. {Ans. 39.99 mm] 
5. Determine the slope and deflection at the free end of a cantilever of length 4 m which is carrying 
a uniformly distributed load of 12 kN/m over a length of 3 m from the fixed end. Take EI = 2 x 
104? N/mm?, ; (Ans. 0.0027 rad., 8.775 mm] 
6. Acantilever of length 3 m carries a uniformly distributed load of 15 kKN/m over a length of 2m 
from the free end. If I= 108 mm‘ and E = 2 x 105 N/mm’, find : 
(i) slope at the free end and (ii) deflection at the free end. 
‘ {Ans. 0.00326 rad., 7.25 mm] 
7. A cantilever of length 2m carries a load of 20 KN at the free end and 30 kN at a distance 1 m 
from the end. Find the slope and deflection at the free end. Take E = 2.0 x 10° N/mm? and 
T=1.5x 108 mm*. (Ans. 0.00183 rad., 2.6 mm] 
8. Determine the deflection at the free end of a cantilever which is 2 m long and carries a point load 
of 9 KN at the free end and a uniformly distributed load of 8 kN/m over a length of 1 m from the 
fixed end. 
Take I = 2.25 x 107 mm? and E = 2.2 x 105 N/mm?. [Ans. 6.54 mmj 
9. Acantilever of length 2 m carries a uniformly varying load of zero intensity at the free end, and 
45 kN/m at the fixed end. If E = 2 x 10° N/mm? and J = 10% mm‘, find the slope and deflection. of 
the free end. [Ans. 0.00075 rad., ; 1.2 mm] 
10. Acantilever of length 2 m carries a point load of 30 KN at the free end and another load of 30 kN 
at its centre. If EI = 1013 N/mm? for the cantilever then determine by moment. area method, the 
slope and deflection at the free end of cantilever. (Ans. 0.0075 rad. ; 10.50 mm] 


11. A cantilever of length ‘Z’ carries a U.D.L. of w per unit for a length of f from the fixed end. 


Determine the slope and deflection at the free end using area moment method. 
(Bangalore University, 1990) 





























Hint. See Article 13.8.3 on page 572. Here a = & . Hence slope at free end, 
w fk : 
a _wxa _ (2 _wxB 
3 6EI 6EI 48EI © 
3 4 
‘ . = wxa A wre 
and deflection at freeend, yg= EI (L—a) + BEI 
LY L\ 
wx( 5 4) wx( Z| wx L wxtt 
SE S| Ee ys 
6EI 2 8HI 48EIT 2 128#T 
_wxt | wht _ wx ae 1) (es 
“"Q6ET 128EI EI \96 128) EI \128x3 
wei 7 7 wxLl 
= at x Ans. 
EI “384 ~ 384 EI a4 
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Problem 14.2. A simply supported beam of length 4 m carries a point load of 3 RN at a 
‘distance of 1 m from each end. If E = 2 x 10° Nimm? and I = 108 mm for the beam, then using 
_-conjugate beam method determine : 
(t) slope at each end and under each load 
(ii) deflection under each load and at the centre. 





Sol. Given : 
Length, L=4m 
Value of _H=2x 105 N/mm? = 2 x 105 x 106 N/m? 
= 2x 105 x 103 kN/m? = 2 x 108 kN/m? 
Value of I= 108 mm‘ = i m4 = 10-4 m‘. 
10 


As the load on the beam is symmetrical as shown in Fig. 14.4 (a), the reactions R, and 
Ry will be equal to 3 KN. 


Now B.M. at A and B are zero. 








m——>}¢—— 1m —>| 


Conjugate beam 


Fig. 14.4 


B.M. at C=R,x1=3x1=3kNm 
B.M. atD=R,x1=3x1=3kNm 
Now B.M. diagram can be drawn as shown in Fig. 14.4 (6). 
Now by dividing the B.M. at any section by EZ, we can construct the conjugate beam as 
shown i in Fig. 14.4 (c). The loading are shown on the conjugate beam. 
Let &,* = Reaction at A* for the conjugate beam and 
R,* = Reaction at B* for conjugate beam 


Sh 
ey 
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The loading on the conjugate beam is symmetrical 
: R,* = Rz* = Half of total load on conjugate beam 


1 
= 3 {Area of trapezoidal A*B*F*E*] 


2 ee xE*C+] 
2 “2 
sess 
2 2 EI| ET 
(i) Slope at each end and under each load 


a 
Let 8, = Slope at A for the given beam i.e., (z 


#) atA 


0, = Slope at B for the given beam 
ge = Slope at C for the given beam and 
8, = Slope at D for the given beam 
Then according to conjugate beam method, 
6, = Shear force at A* for conjugate beam = R,* 
45 45 


= EI “2x 10° x10" = 0.000225 rad. Ans. 


4.5 
0, = Ry" = 7 = 0.000225 rad. Ans. 


8¢ = Shear force at C* for conjugate beam 
= f,* - Total load A*C*D* 
_45 1 3 3 
x lx. =— 
" EF 2 EI EI 
Sane pe mr ie 0.00015 rad. Ans. 
Similarly, 6p = 0.00015 rad. Ans. 
(ii) Deflection under each load 
Due to symmetry, the deflection under each load will be equal 
Let ¥c = Deflection at C for the given beam and 
¥p = Deflection at D for the given beam. 
Now according to conjugate beam method, 
Yo = B.M. at C* for conjugate beam 
= R,* x 1.0 - (Load A*C*E*) x Distance of C.G. of A*C*E* from C* 


45 1-(Lere Se 


(By symmetry) 


ee 2 EI) 3 
45 0.5 _ 4.0 
“ET EY” ET 
. 4 _ 4x 1000 
~2x10®x10* 2x 104 
=@0.2mm. Ans. 

Also ¥p = 0.2 mm. 


586 STRENGTH OF MATERIALS 
en a Tt 
Deflection at the centre of the beam. 
= B.M. at the centre of the conjugate beam 
= R,* x 2.0- Load A*C*E* 
x Distance of C.G. of A*C*E* from the centre of beam 
— Load C*H*J*E* 
x Distance of C.G, of C*H*J*E* from the centre of beam 


gnoensieey bea 
= a ae 1+ 5)-|1x= 5D 
ero ooh)" (145 EL)” 2 


Ee ee) 
“EL EL Ef EI 
6.5 _ 6.5 x 1000 


~ 2x10 x10 2x 10* 
= 0.325 mm. Ans. 
Problem 14.3. A simply supported beam AB of span 4m carries a point of 100ORN 
at its centre C. The value f I for the left half is 1 x 10° mm# and for the right half portion I is 
2x 108 mm‘. Find the slopes at the two supports and deflection under the load. 


Take E = 200 GNim?. 








Sol. Given : 
Length, L=4m 
Length AC = Length BC =2m 
Point load, W=100kN 
Moment of inertia for AC 
T=1x 108 mm*= 10° = 10°* m4 
1032 

Moment of inertia for BC 

=2x 108 mmé4 

=2x 104 m= 2I Cs 104=D 


E = 200 GN/m? = 200 x 10° N/m? 
= 200 x 106 kN/m?. 
The reactions at A and B will be equal, as point load is acting at the centre. 
R,=Rg= Me 

Now B.M. at A and B are zero. 

B.M. at C =R,x2=50x2=100kNm 

Now B.M. can be drawn as shown in Fig. 14.5 (6). 

Now we can construct the conjugate beam by dividing B.M. at any section by the prod- 
uct of # and M.O.L. 

The conjugate beam is shown in Fig. 14.5 (c). The leading are shown on the conjugate 
beam. The loading on the length A*C* will be A*C*D* whereas the loading on length B*C* will 
be B*C*E*, 


Value of 


=50kN 


B.M. at C 100 


Th dinate C#D* = ROMA T he AM EY 
e ordinate C ExM.O.1.forAC EI 
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LL EL ere, 


The ordinate CXE*  =-____BMatC __—s__100__=50 
Product of E and M.O.1. forBC  Ex2I EI 
Let #,* = Reaction at A* for conjugate beam 


R,* = Reaction at B* for conjugate beam 








R*, 


Conjugate beam —- R*s 


Fig. 14.5 
First caleulate R ‘4° and R,* 
Taking moments of all forces about A*, we get 
R,* x 4 = Load A*C*D* x Distance of C.G. of A*C*D* from A 
+ Load B*C*E* x Distance of C.G. of B*C*E* from A* 


1 100 2 1 50 1 
=x2x— = = — = 
-(5« x rs (2 x2}+(2xax 7)*(2+3 x2] 


_ 400 4 400 _ 800 


~ BEI" SEI 3EI 
x 200 
B ~ 3EI 
and &,* = Total load on conjugate beam — R,* 
_f{l 100 1 50) 200 
= (3 Ox SP 4 x ax ZO) 200 
150 200 _ 250 
"EL SET 3EI' 
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() Slopes at the supports 
Let 8, = Slope at A iz, (2) at A for the given beam 
8, = Slope at B ie., (2} at B for the given beam 
The according to the conjugate beam method, 
@, = Shear force at A* for conjugate beam = R,,* 
SEI 
250 
=, = 0.004166 rad. Ans. 
3 x 200 x 10° x 104 s 
and 8, = Shear force at B* for conjugate beam = R,* 
= 200 -__200 ____ 0.003838 rad. Ans. 


(ii) Deflection under the load 
Let Yq = Deflection at C for the given beam. 
Then according to the conjugate beam method, 
¥o = B.M. at point C* of the conjugate beam 
=R,* x 2- (Load A*C*D*) x Distance of C.G. of A*C*D* from C* 


250 2-(4 02x |x (2x3) 


= 3EI 2 EI) \3 
_ 500 _ 200 _ 100 
~ 3EI 3EI ET 

100 


=? 
200 x 10° x 1074 


= os aera x1000=5mm. Ans. 
200 200 
Problem 14,4. A beam ABCD is simply supported at its ends A and D over a span of 
30 metres. It is made up of three portions AB, BC and CD each 10 m in length. The moments of 
inertia of the section of these portion are I, 3] and 2I respectively, where I = 2 x 10” mm*. The 
beam. carries a point load of 150 RN at B and a point load of 300 kN at C. Neglecting the weight 
of the beam calculate the slopes and deflections at A, B, C and D. Take E = 2 x 10° kNimm?. 


Sol. Given : 
Length, L=30m 
Length AB = Length BC = Length CD = 10m 
10 
M.O.L of AB, [= 2x10! mmt = == — mé = 2x 107 mt 
M.O.L. of BC, 3f=6~x 10°? mé 
M.O.1. of CD, QI = 4x 10°? m4 
Point load at B=150kN 
Point load at C= 300 kN 


Value of ~ E=2 x 10?kN/mm? = 2 x 102 x 108 kN/m? = 2 x 108 KN/m? 
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150 kN 









300 KN 







6 Cc 2 D 


10 m ~—-¢—— 10m 


F Rg = 250 kN 





(6) 





2500 kNm 





2000 kN 





Conjugate beam 


Fig. 14.6 
To find reactions R a and Rp, take moments about A. 
: Ry x 30 = 150 x 10+ 300 x 20 = 7500 


7500 
R= =2 
30 50 kN 


R, = Total load -—R D 
= (150 + 800) — 250 = 200 KN. 

Now draw B.M. diagram 

B.M. at A and D=0 

B.M., at B =R, x 10 = 200 x 10 = 2000 kNm 

B.M. atC = R, x 10 = 250 x 10 = 2500 kNm 

B.M. diagram is shown in Fig. 14.6 (8). 

Now construct the conjugate beam as shown in Fi 

. ; n in Fig. 14.6 (c) by dividine B: 

cee by their product of E and I. For the portion AB corresponding is pha ae ed 
or the portion BC corresponding conjugate beam is B¥C*H*K* and for the portion CD the 
corresponding conjugate beam is C*D*F™, The loading are shown in Fig. 14.6 (¢) 
BE - 2000 BeK* = 2000 





The ordinates 


’ =" et 


oe 8 
ape $2500 _ 2500 
CoR* — so, CRY = 

2E, s 3kI 
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preg = 2500 _ 2000 _ 500 


SEI 3EI  3ET 
Let #,* = Reaction at A* for conjugate beam 


R,* = Reaction at D* for conjugate beam. 
To find R,* and R*, take the moments of all loads acting on the conjugate beam about 
A*, we get 
Rp* x 30 = (4 x A*B* x B*E*) x (2 x A*B*) + (B*C* x B*K*) 
x (10 + 10)4 (4 x K*J* x H¥J*) x (10+ 10 x 2) 
+ (¢ x C*F* x C*D*) x (20 + 10 x 3) 


1 2000 2 | 
a |x} =x 10}4] 10 
(5 x 10x EI )» (2 x }+{ * aT x (15) 


1 500) (50) (1 2500 ) 
elle xe etd 
«(Fx 10% ox «(2)+ (> QET J. (2 
_ 200000 . 300000 125000 437500 


3El ° 3EI ° OBI 3EI 
600000 + 900000 + 125000 + 1812500 _ 2937500 


9EI GET 
2987500 293750 


Ro" = 981 x80 27KI_ 
R,* = Total load on conjugate beam — Rp* 











1 2000 2000 1 500 1 eas 
Pu Og ee ees 
(5x 10x 2" Bre ger a oar a om 
_ 298750 
QTEI 


_ (10000 | 20000 | 2500 | $350) 293750 
“\ ET SEI 3EI EI} 2Q7EI 
- me + 20000 + 2500 + 18150) _ 293750 








3EI QTE 
_ 71250 +293750 _ 641250 - 293750 _ 347500 
~ 3EI QTEI QTE QTEI 


(i) Slopes at A, B, C and D 
According to conjugate beam method 
(a) Slope at A for the given beam 
= §.F. at A* for conjugate beam 
347500 _ 347500 
QIEI = 27x2x10° x2x107 
= 0.003218 rad. Ans. 
(6) Slope at B for the given beam 
= 8.F. at B* for conjugate beam 
=R,* - Load A*B*E* 
347500 1 2000 
= -—x 10x —— 
27EI 2 EI 
_ 347500 10000 347500 - 270000 
- Q7Er EI 27EI 





6,=R,* = 
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Tt =e 
_ 77500 _ 77500 
~ Q7EI ” 27x2x108x 2x10 
= 0.0007176 radians. Ans. 
(c) Slope at C for the given beam 
=S.F. at C* for conjugate beam 
= Rp* — Load D*C*F* 


“ 298750 4 1 19. 2500 
Q7EI 2 QET 
= 293750 _ 6250 _ 293750 - 27x 6250 _ 125000 
Q7EL =s«xET QTEI ~ “TET 
125000 


= Seo ei6haotae x2 10° x2x102 = 0.001157 rad. Ans. 
{d) Slope at D for the given beam ° 
= 8.F. at D* for conjugate beam 
= R,# = 298750 
27EI 
293750 
~ 27x 2x 10x 2x 10% ~ 00272 rad. Ans. 
(zi) Deflection at A, B, Cand D 
(a) Deflection at A for the given beam 
= B.M. at A* for the conjugate beam 
=0. Ans. 
(6) Deflection at B for the given beam 
= B.M. at B* for the conjugate beam 
= R,* x 10 ~ Load A*B*E* x Distance of C.G. of A*B*E* from B* 


_ 347500 1 2000) 10 
“o7er *1°- [310 | 3 
.- 3475000 _ 100000 
“Q7EI  3ET_ 
_ 3475000- 900000 2575000 
~ 27 EI ‘QTE 
2575000 


- 27 x2x 10° x2x 107 ~ eerenete 
= 23.84 mm. Ans. 
(c) Deflection at C for the given beam 


= B.M: at C* for the conjugate beam ‘ 
=Rp*x 10- ae D*C*F* x Distance of C.G. of D*C*F* from Cc* 





_ 293750 2500 it 
BEE 8g OX oe eS 

_ 2937500 _ 62500 _ 2937500 — bhi 66 
Q7El  3ET Q7EI 
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7 avian = Soi ee aes = = 0.02199 m 
27EI 27x2x10° x2x10 
= 21.99 mm. Ans. 
(d) Deflection of D for the given beam = 0. Ans. 


14.5. RELATION BEFWEEN ACTUAL BEAM AND CONJUGATE BEAM 


The relations between an actual beam and the corresponding conjugate beam for differ- 
ent end conditions are given in Table 14.1. 


TABLE 14.1 





. Actual beam Conjugate beam 


Simply supported or roller supported end | Simply supported end B.M. = 0 but SF. exists 
(Deflection = 0 but slope exists) 
Free end (slope and deflection exist) Fixed end (S.F. and B.M. exist) 

Fixed end (slope and deflection are zero) | Free end (S.F. and B.M. are zero) 
Slope at any section S.F. at the corresponding section 
Deflection at any section B.M. at the corresponding section 


Given system of loading The loading diagram is M/EI diagram 


M/EI load diagram is positive (.e., loading 

is downward) 

MI/EI load diagram is negative (i.e., loading is 
upward) 


B.M. diagram positive (sagging) 


B.M. diagram negative (hogging) 





14.6. DEFLECTION AND SLOPE OF A CANTILEVER WITH A POINT LOAD AT THE 
FREE END 


Fig. 14.7 (a) shows a cantilever AB of length L and carrying a point load W at the free 
end B. The B.M. is zero at the free end B and B.M. at A is equal to W.L. The B.M. diagram is 
shown in Fig. 14.7 (b). The conjugate beam can be drawn by dividing the B.M. at any section by 
EI. Fig. 14.7 (c) shows the conjugate beam A*B* (free at A* and fixed at B*). The loading on the 
conjugate beam will be negative (.e., upwards) as B.M. for cantilever is negative. The loading 
on conjugate beam is shown in Fig. 14.7 (c). 


dx 
¥g = Deflection at B for the given cantilever. 
Then according to the conjugate beam method, 
6, = S.F. at B* for the conjugate beam 


d, 
Let @, = Slope at Bie. (2) at B for the given cantilever and 


= Load B*A*C* 
1 clipe gt Oa W.L wie 
= — x A*B* x A*C* = = x Lx —_— = —_. 
2* . 2° "ET ” ORT 
and Yn = B.M. at B* for the conjugate beam 


3 
~(5-0. 2 )x(Ext)- He. 
2 EI 3 3EI 








i 
| 
i 
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L 
Given beam 


Ar B 


(5) 
B.M. Diagram 








Ba 
* 


Bt 
Fixed end 


(¢) 


ME fe = — 
a 


Conjugate beam 


le 


9° 
‘ 


Fig. 14.7 


Problem 14.5. A cantilever of length 3 m carries a point load of 10 kN at a distance of 
2 m from the fixed end. If E = 2 x 10° N/imm? and I = 108 mm, find the slope and deflection at 
the free end using conjugate beam method. 


Sol. Given : 
Length, L=3m 
Point load, W=10kN 
Distance AC=2m 
Value of E=2.x 10° N/mm? 
= 2x 10° x 10° N/m? = 2 x 10® kN/m? 
Value of I=108 mm!‘ 





= 108 x “an m‘ = 10-* m4 


B.M. at B=0 
B.M. at C=0 
B.M. at A=~10x2=~20kNm 


Now B.M. can be drawn as shown in Fig. 14.8 (6). Now construct conjugate beam A*B* 
(free at A* and fixed at B*) by dividing the B.M. at any section by EJ, as shown in Fig. 14.8 (c). 
The loading on the conjugate beam will be negative (i.e., acting upwards) as B.M. is negative. 


d: 
Let 6, = Slope at the free end for the given cantilever i.e., (2) at B and 
¥p = Deflection at B for the given cantilever. 
Then according to the conjugate beam method, 
6, = S.F. at B* for conjugate beam 


= Load A*C*D* = 4 x A*C* x A*D* 
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a1 y,,20_ 20 
~Q EI EI 
20 = 0.001 rad. Ans. 


* 2x 108 x10 


10 KN 
















B 
(a) 
3m | 
Given beam 
A c B 
(b} ft 
ale B.M. Diagram 
D 
(c) 
Conjugate beam 
Fig. 14.8 
and ¥, = B.M. at B* for the conjugate beam 


= (Load A*C*D*) x Distance of C.G. of A*C*D* from B* 


(52x) (1422) 


20 7 20 7 
= WIxX+= ae ang Ch ainaae x— 
EI 3 2x10®x1i0 3 
= 0.00233 m = 2.33 mm. Ans. 
Problem 14.6. A cantilever beam AB of length 2 m is carrying a point load 10 RN at B. 
The moment of inertia for the right hall of the cantilever is 10° mm* whereas that for the left 
half is 2 x 10° mm4. If E = 2 x 10° kNim®, find the slope and deflection at the free end of the 
cantilever. 


Sol. Given : 

Length, L=2m 

Point load, W=10kN 

Length, AC = length BC =1m 


M.O.1. of length BC, I= 108 mm* = 10~ m‘* 

M.O.L of length AC =2~x 108 mm‘ = 2 x 10-4 m4 =2F 
Value of E = 2 x 108 kN/m? 

B.M. atB=0 








ED et eee 
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B.M. atC=~10x1L=-10kNm 
B.M. atA =-— 10x 2=-20kNm. 







20 _ 10 
O28 = 





Conjugate bear 


Fig. 14.9 


Now B.M. diagram can be drawn as shown in Fig. 14.9 (6). Now construct conjugate 
beam A*B* (free at A* and fixed at B*) by dividing the B.M. at any section by their EJ factor. 
The loading diagram will be as shown in Fig. 14.9 (¢) in which, 











A*E* = B.M.atA _ 20 _ 10 
Ex(M.O.Lof AC) Ex2I EI 
C#R* = B.M. at C ___ 10 28: 
Ex(M.O.Lof AC) Ex2I EI 
Cep* = B.M. atC __10 10 
Ex(M.O.Lof BC) ExI EI 
Let 0, = Slope at Bie., (=| at B for the given cantilever 


¥g = Deflection at B for the given cantilever. 
Then according to conjugate beam method, 
8, = 5.F. at B* for conjugate beam 
= Load A*C*F*E* + Load B*C*D* 
= 7 (A*E* + C*F*) x A*C* + 1 BEC* x C*D* 
1 & 5 } 1 10 


= —| —— 2 La ae 
2 EI Ei x ig te 
= 15, 10 25 
2EI 2K QKT 
25 


= 2x2x10°x10+ = 0.000625 rad. Ans. 
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¥, = BM. at B* for the conjugate beam 


"= Load A*C*F*H* x Distance of its C.G. from B* 
+ Load H*E*F* x Distance of its C.G. from B* 


+ Load A*C#D* x Distance of its C.G. from B* 


5 Lae) x (142 ea} +(Seax legen 
x (1x ease (Frege) (bg + 5 tay x(q 


> and 


75 25 10 _45+25+20 
“ei EI 3EI 6EI 
915 (15 


7m 
“6EI EI 2x10°x10* 
= 0.00075 m=0.75 mm. Ans. 


i i i ly distributed load of 
Problem 14.7. A cantilever of length 3m carries a uniform 
“80 kNinn length over the entire length. If E = 2 x 10° kNim2 and I = 108 mm‘, find the slope and 


~~ deflection at the free end using conjugate beam method. 


Sol. Given : 
Length, L=3m 
U.d.L, w = 80 kN/m 
Value of E=2x 108 kN/m? 

10° — 10-4 m4 
Value of T=108 mm*= io m*= 104m 
B.M. at B=0 

LE 80 3x 2 =-360kNm 

B.M. at A=- WL). 5 =~ x a= 


The variation of B.M. between A and B is parabolic as shown in Fig. 14.10 (b). 
Now construct conjugate beam A*B* (free at A* and fixed at B*) by dividing the B.M. at 
any section by EI. The loading diagram will be as shown in Fig. 14.10 (c). 
Let 6, = Slope at B for the given cantilever and 
¥p = Deflection at B for the given cantilever. 
Then according to conjugate beam method, 
0, = S.F. at B* for conjugate beam 
= Load B*A*C* or Area of B*A*C* 


of the rectangle containing parabola 


tt 
w wile clr cole 


a 
Oo 


x (A*B* x A*C*) 
360 
“EL 
360 
= "ET 2x 108x 10" 
= 0.008 rad. Ans. 


x 





ES ee Vey itenyerene em nneenneen tet aeett hte PTS RE ETI ARE 


r 
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A a 80 KN 





3m -—__—_—_-—_->| 


> 









Parabolic 


2 B.M. Diagram 


|<— 360 kNm ~—>| 


2 





Ay 5 


= Parabolic 


360 
r Conjugate beam 


Ct 


Fig. 14.10 


and Y_ = B.M., at B* for conjugate beam 
= Load A*C*B* x Distance of its C.G. from B* 


(3 =) 3L =360 3x3 810 
—x3 x /x— = Sy Da 
3 El 4 EI 4 Rr 

= 0.0405 m = 40.5 mm, Ans. 


7 810 
~ 2x108x 104 


14.7. PROPPED CANTILEVERS AND BEAMS 


When a cantilever or a beam carries some load, maximum deflection occurs at the free 
end in case of cantilever and at the middle point in case of simply supported beam. The deflection 
can be reduced by providing vertical support at these points or at any suitable point. Propped 
cantilevers means cantilevers supported on a vertical support at a suitable point. The vertical 
support is known as prop. The props which does not yield under the loads is known as rigid. 
The prop (or support) which is of the same height as the original position of the (unloaded) 
cantilever or beam, does not allow any deflection at the point of support (or prop) when the 
cantilever or beam is loaded. The prop exerts an upward force on the cantilever or beam. As 
the deflection at the point of prop is zero, hence the upward force of the prop is such a magnitude 
as to give an upward deflection at the point of prop equal to the deflection (at the point of prop) 
due to the load on the beam when there is no prop. 

Hence the reaction of the prop (or the upward force of the prop) is calculated by equat- 
ing the downward deflection due to load at the point of prop to the upward deflection due to 
prop reaction. 
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er 
14.8. S.F. AND B.M. DIAGRAMS FOR A PROPPED CANTILEVER CARRYING A POINT 
LOAD AT THE CENTRE AND PROPPED AT THE FREE END 
Fig. 14.11 (a) shows a cantilever AB of length L fixed at A and supported on a prop at B 
carrying a point load W at the centre. 


B.M. Diagram 





Fig. 14.11 


Let P= Reaction at the rigid prop. 

To find the reaction P at the prop*, the downward deflection due to W at the point of 
prop should be equal to the upward deflection due to prop reaction at B. 

Now we know that downward deflection at point B due to load W 


Ly i 
Ww|= Wi — 
EF GY iy 
= tt Xi 
3EI 2EI 2 
_ WE? | WE! 
| Q4EI  16EI 
_ 2WL? + 3WL? _ SWE! Ai) 
48EI 48EL 
The upward deflection at the point B due to prop reaction P alone 
3 
- Pe (ii) 
3EI 


(See equation 13.4) 











*Never calculate P by equating the clockwise moment due to the load W to the anticlockwise 
- moment due to P at the fixed end, as at the fixed end there exist a fixing moment. 


| 
t 
| 
i 
| 
| 
' 





ea mere eet 


SAV EER IN 
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Equating equations (2) and (ii), we get 








PL? _ 5WL* 
3HI 48kT 
5 
3 = 46 Ww (14.1) 
(i) SF. Diagrams 
S.F. at B=-P (Minus sign due to right upwards) 
=. ow 
16 
The S.F, will remain constant between B and C and equal to (-) ae 
SF. at ca OW wi, LW 
16 16 
: ‘ L1W 
The S8.F. will remain + between C and A. 





16 
The S.F. diagram is shown in Fig. 14.11 (8). 
(ii) B.M. Diagram 


B.M. at B=0 
BM at cu OWE SWE 
16 2 32 
B.M. at A= OW WE 
16 2 
, 5WL - 8WL a 3WL 


; 16 16 
The B.M. diagram is shown in Fig. 14.11 (c). As the B.M. is changing sign between C and 
A, hence there will be a point of contrafluxure between C and A. To find its location, equate the 
B.M. between A and C to zero. 


The B.M. at any section between C and A at a distance x from B 





16 
5x L 
or eo eo : 
or il, 2 
16 2 
or x= oe a 
Jix2 11 


Hence the point of contraflexure will be at a distance 8L/11 from B or 3L/11 from A. 


14.9. S.F. AND B.M. DIAGRAM FOR A PROPPED CANTILEVER CARRYING A UNI- 
FORMLY DISTRIBUTED LOAD AND PROPPED AT THE FREE END 


Fig. 14.12 (a) shows a cantilever AB of length L fixed at A and propped at B, carrying a 
uniformly distributed load of w/unit length over its entire length. 
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aenant Length 





S.F. Diagram 





if B.M. Diagram 


Fig. 14.12 


Let P = Reaction at the prop. 


: To find the reaction P at the prop, the downward deflection due to uniformly distributed 
‘load at B should be equated to the upward deflection due to prop reaction at B. 


We know that downward deflection at point B due to u.d.l. 


wl! : : 
Fgeuecdes ..€@i) (See equation 13.6) 
8EI ? 
The upward deflection at point B due to prop reaction P alone 
m Pr? 2 
a Gee »(H) 
Equating equations (Z) and (ii), we get 
PL _w.Lt 
3EI 8EI 
a 7 - w.b . (14.2) 
(i) S.F. diagram 
SF. at B=-P (Minus sign due to right upwards) 
3 
=-—wlL 
3 
‘ The S.F. at any section at a distance x from B is given by 
F,=-Sw.L+w.x wa (Lit) 


The 8.F. varies by a straight line law between A and B. S.F. at A is obtained by substi- 
~tuting x = L in the above equation. 





aS 
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th 
3 5 
F,=- 3 wh+w.L=+ow.b 
To find the point, at which S.F. is zero, equation (iii) should be equated to zero. 


3wL 3L 
soe HK Or x= 
8 8 


Hence the S.F. is zero at a distance 31/8 from B. The point of zero shear is shown by C. 
The S.F. diagram is shown in Fig. 14.12 (8). 
(i) B.M. diagram 
B.M. at B=0 
B.M. at any section at a distance x from B is given by, 
x . 
ge eo as (iv) 
At A,x = L and hence B.M. at A is given by, 


3 L 
M,=gw.L.L-w.h.> 








= sce inde 
8 2 

_8-4w.P wl? 

8 8 
L 
The S.F. is zero atx = =, hence B.M. at the point of zero shear is obtained by substitut- 
ing x = ae in equation (iv). Hence B.M. at C is given by 

3 3L 3L 3L 

=—-w.L.—-w.—. 

a aa ea ease EP 


2 2 
wl? ww. 9 2 


64 128 128 
The B.M. diagram is shown in Fig. 14.12 (c). 


(iz) Point of contraflexure 
Putting M, = 0 in equation (iv), we get 


O=Sw.L.x-w.x.% 





or Oe : Es 5 (Cancelling w-x) 
_ 3x2h 3b 
or se ri 
(iv) Deflection 
The B.M. at any section at a distance x from B is given by equation (iv). 
3 wx 
M, = 8 w.L.x- “o 


2 
But B.M. at any section is also equal to EZ a 
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Se HO 
ne 8x2 2 3 1 
ASO Fg x + C, ..-{v) 
16 6 
Integrating again, we get 
2 
3 x wx 
Ely= Tau L a gg en 
3 
SER vere e, (vi) 
16 24 


where C, and C, are constant of integration. At the fixed end the slope and deflection are zero. 
At the end B, deflection is zero. Hence at B, x = 0 and y = 0. 
Substituting x = 0 and y = 0 in equation (vi), we get 





0=C, 
Substituting x = L and y = 0 in equation (vi), we get 
3 
gee BC ba GC: C,=0) 
16 24 
we wD 
ee eG. 
16 24 
c= WEE wh! 2wh* - Buk? wl? 
' "24 16 48 48 
Substituting the values of C, and C, in equation (vi), we get 
30 3 
ig Oe aes .. (vii) 


16 24° 48 
The above equation gives the deflection at any section of the cantilever. 


Ses L., 
The deflection at the centre of the cantilever is obtained by substituting x = 3 in equa- 


tion (vii). If y¢ is the deflection at the centre then, we have 
wh (LY wf(Ly\ wh L 
El .yo= —x|=| -ae| >] ~ao +> 
16 2 24\ 2 48. 2 
wit wl! wlt 


~ 16x8 24x16 96 
3014 - wl - dwt QwLt wl 








24 x 16 "94x16 192 
wt : a 

=—-———— (Negative sign means that deflection is downwards) 

Yo=— Toon “Nee ee 
Downward deflection, 
wl! 

a ..(44.3) 

Ye T99HT 


TT LERNER pe 


c 
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(vu) Maximum deflection 


a 
Maximum deflection takes place where cs is zero. Differentiating equation (vii) w.r.t. 


x, we get 


7 oY _ 30h a 4w.x* wh? 





de 18 a ae 











_ Sw.L io wie? wi? 
16 6 48 
Putting, & = 0, we get 
8 a 
622 pte gk 
16 6 48 


0=9w.L.x?- 8w .x3 - wl, 
The above equation is solved by trial and error. Hence we get 


x = 0.422L (14.4) 
Substituting this value in equation (vii), we get maximum deflection. 
wh w wl 
EL = —— x (.4220)3 — —. (0.422L)* ~ — x (0.4221, 
Ve ae ie ) vn AL) 48 x ( ) 
=~ 0.005415wL4 
_ 0,005415w. L* 
7 aT 
Maximum downward deflection 
0.005415 
= —_———- w.L4 (14, 
a (14.5) 


Problem 14.8. A cantilever of length 6 m carries a point load of 48 RN at its centre. The 
cantilever is propped rigidly at the free end. Determine the reaction at the rigid prop. 


Sol. Given : 
Length, L=6m 
Point load, W =48kN 
Let P = Reaction at the rigid prop 
Using equation (14.1), we get 
= ae xW 
16 
2m x48=15KN. Ans. 
16 


Problem 14.9. A cantilever of length 4m carries a uniformly distributed load of 
I kN/m run over the whole length. The cantilever is propped rigidly at the free end. If the value 
of BE =2x 10° Nimm? and I of the cantilever = 108 mm4, then determine : 


(i) Reaction at the rigid prop, 
(it) The deflection at the centre of the cantilever, 
(ttt) Magnitude and position of maximum deflection. 
Sol. Given : 


Length, L=4m 


“604 
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ae U.d.l. w=1kN/m run : 
E=2x 105 N/mm? = 2 x 10° x 10° Nim? 


Value of 

=2x 101! N/m? 
Value of T= 108 mmé = 108 x 10-12 m‘ = 10-* m* 
(i) Reaction. at the rigid prop 
Let P = Reaction at the rigid prop 
Using equation (14.2), we get 

"P= : xw.L 

-3 1x4=15KN. Ans. 
(i) The deflection at the centre of the cantilever 
Let = Deflection at the centre of cantilever 
Using equation (14. a we get 

S wl! 

%o™ ToonT 
=~ 10004" im (: w=1kN=1000N) 
192x2x 10"! x 107 
256 2 1000 


= M=>% 
~ 384 x 104 3° 1 
= 0.0667 mm. Ans. 
(iii) Magnitude and position of maximum deflection 
The position of the maximum deflection is given by equation (14.4). 
x=0.422xL 
= 0.422 x 4 = 1.688 m. 
Hence maximum deflection will be at a distance 1.688 m from the free end of the canti- 
lever. 
Maximum deflection is given by equation (14.5) 
_ 0.005415w . L* 
Y max = EI 
_ 0,005415 x 1000 x 4* m Be 
~ 2x10" x 107 
_ 2 005415 x 1000 x 256 x 1000 
2x 10" 
= 0.0693 mm. Ans. . 
Problem 14.10. A cantilever ABC is fixed at A and rigidly propped at C and is loaded as 
shown in Fig. 14.13. Find the reaction at C. 


w = 1 KN = 1000 N) 


Sol. Given : 

Length, L=6m 
U.d., w=1kN/m 
Loaded length, L,=4m 


Let P = Reaction at the prop C. 





CONJUGATE BEAM METHOD, PROPPED CANTILEVERS AND BEAMS , 605 








Fig. 14.13 


To find the reaction P at the prop, the downward deflection due to uniformly distributed 
load on the AB at point C should be equated to the upward deflection due to prop reaction at C. 


We known that downward deflection at point C due to u.d.l. on length AB is given by, 











wL,! _ wh! 
BEI 6EI ¢ d 
1x44 1x43 32 «64 
+? 4 =— So 
ser’ ear ~~ Er * 3K 
._ 96 +64 160 @ 
~  3ET  3EI s 


The upward deflection at point C due to prop reaction P alone 


PE Px6>? 72P 2 
Ses See ..{ak) 


Since both the deflections given by equations (i) and (ii) should be equal. 


160 72P 
SEI EI 
160 
or P= 3,79 = 0-741 KN. Ans. 


14.10. S.F. AND B.M. DIAGRAMS FOR A SIMPLY SUPPORTED BEAM WITH A UNI- 
FORMLY DISTRIBUTED LOAD AND PROPPED AT THE CENTRE 


Fig. 14.14 (a) shows a simply supported beam AB of length L propped at its centre C and 
carrying a uniformly distributed load of w/unit length over its entire span. 

Let P = Reaction of the prop at C 

To find the reaction P at the prop, the downward deflection at C due to uniformly dis- 
tributed load should be equated to the upward deflection at C due to prop reaction. 

The downward deflection at the centre of a simply supported beam due to uniformly 
distributed load is given by, 








ie 5wL4 G) 
%e* 384EI i 
The upward deflection of the beam at C due to prop reaction P alone is given by, 
PL a 
= ... (ii) 
Yo™ 48EI 
Equating equations (i) and (zi), we get 
Pi bw 
48KI 384H7 
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p= 5wLt  48E1 
= 384EI LS 
LPS eae OU Gs W=w.L) 
8 8 
t— x 





w/Unit Length 
is 





B.M. Diagram 


Fig. 14.14 


Now reactions R, and Rz can be calculated. Due to symmetry, the reactions R, and Rg 
would be equal. 


But R, +R, + P = Total load on beam 
=w.L=W 
Ww 5W 
Ry+Ry+ 7 = Ww E Ry = Ry and P=") 
1 5W\) 1 3W _ 3W 
= R= 5 (WE )-36 5 = ae 
3w 
or Ry=Rg= 16° 
(i) SF. Diagram 
3w 
S.F. at A=R,= 16 
' The S.F. at any section X at a distance x from A is given by, 
= OW ox ..(é) 
* 16 
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arc ei shh iE 


and hence S.F. at C will be, 


‘4 L 
at €, x= 
3W wh 
Her aa ig 
sre a We 
16 2 


3w 5 
Hence for the span AC, the S.F. changes uniformly from + —~ at A to - 


Similarly for the span CB, the S.F. will change uniformly from 


16 


16 


16 


W=w.L) 


Ww 
ie 2t C. 


5W 
+ Fg arc to~ SE ate. 


Let at a distance x from A in the span AC, the S.F. is zero. Equating S.F. as zero in 


equation (i), we get 


3W 
ts 16 
_ 3w. 
~ 16 
38L 





—WX 


L 


—-W.X 


=—--x 


16 
_ 3b 
~ 16 


x 


W=w.L) 


Hence S.F. is zero at a distance =< from A. Also S.F. will be zero at a distance oe from 


16 
B due to symmetry. Now the S.F. diagram can be drawn as shown in Fig. 14.14 (3). 


(tt) B.M. Diagram 


B.M. at A is zero and also at B is zero. 


B.M. at any section X at a distance x from A is given by, 


x 
M,=R,.x-w.x.5 


30L 


= —— .x- 


16 


L 
The B.M. at C will be obtained by substituting x = 


2 


wx? 


2 





162 2 
_3w.P ow.P 
32 8 
__ wl 
“39 


(+ y= Bee BE) 


A” '6 16 


3 in the above equation. 


- Aw? 


32 


..(14.6) 
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‘ | qatar A CC A TL 


Now the B.M. will be maximum where S.F. is zero after changing its sign. But S.F. is 


a Se ate, fd “ 3L 
zero after changing its sign at a distance x = te from A. 


3L 
Hence by substituting x = —= in equation (ii), we get maximum B.M. 





16 
Max. B.M. neue oe (Ey 
16°16 2°\16 
9wi? = Sw? 18wi? - 9wL? 
~ "956 2x 256 2 x 256 
9w? 
~ 512 


To find the position of point of contraflexure, the B.M. must be equated to zero. Hence 


__ substituting M, = 0, in equation (ii), we get 


_ dwh _W og 
go 
3L ox ; 
“16 2 (Cancelling w . x to both sides) 
ots ‘Or ys 3L ee . 8L 
= 6° 


Now the B.M. diagram can be drawn as shown in Fig. 14.14 (c). 
Problem 14.11. A wniform\girder of length 8 m is subjected to a total load of 20 kN 


; uniformly distributed over the entire length. The girder is freely supported at its ends. Calcu- 


’ late the B.M. and the deflection at the centre. 


If a prop is introduced at the centre of the beam so as to nullify this deflection, find the 


.. net B.M. at the centre. 


“where EI = Stiffness of the girder. 
(ii) The B.M. at the centre of a simply supported beam due to uniformly distributed load 


Sol. Given : 
Length, L=8m 
Total load, W = 20 kN 
ay wee Soe ENA 
L 8 


(i) The deflection at the centre of a simply supported beam carrying a uniformly distrib- 


-~ uted load is given by (without prop) 


_ Bwlt _ 5x2.5x8* 400 


=v = Ans. 
384EI 384#EI  3EL" 


only (i.e., without prop) is given by 


2 2 
M= we EOS =20kNm. Ans. 


8 
Gii) Net B.M. at the centre when a prop is introduced at the centre 


Let M, = Net B.M. at centre when a prop is provided. 
Now using equation (14.6), we get 








care nee ee ret GY TE PN 
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14.11. YIELDING OF A PROP 


In case of a rigid prop the downward deflection due to load is equal to the upward 
deflection due to prop reaction. But if the prop sinks down by some amount say 6, then down- 
ward deflection due to load is equal to the upward deflection due to prop reaction plus the 
amount by which the prop sinks down. 

If y, = Downward deflection of beam at the point of prop due to load, 

¥_ = Upward deflection of the beam due to prop reaction, and 
8 = Amount by which the prop sinks down 

Then y=¥g+8 (14.7) 

Problem 14.12. A cantilever of length L carries a uniformly distributed load w per unit 
length over the whole length. The free end of the cantilever is supported on a prop. If the pr 4 
sinks by 8, find the prop reaction. 


Sol. Given : 

Length =Z 

Ud. =w 

Sinking of prop =$ 

The downward deflection (y,) of the free end of cantilever due to uniformly distributed 
wEs 


load is equal to —— 


3 
The upward deflection (y,) of the free end due to prop reaction P will be equal to — 


Now using equation (14.7), we get 


Ye =¥Qt 8 
wilt PB 
SEI 3EI" 
Pe PLY wht 
3EI 8ET 
_ 8EL( wit 
ot = 7 (se - 6} Ans. 


Problem 14.13. A simply supported beam of span 10 m carries a uniformly distributed 
load of 1152 N per unit length. The beam is propped at the middle of the span. Find the amount, 
by which the prop should yield, in order to make all the three reactions equal. 


Take E = 2x 105 Nimm? and I for beam = 10° mm‘. 


Sol. Given : 

Span, L=10m 

U.d.l., w = 1152 N/m 

Value of E = 2x 105 N/mm? = 2 x 10° x 106 N/m? 
=2x 10" N/m? : 

Value of T= 108 mm‘ = 108 x 10°72 m* = 10+ m4 


Total load on beam, W=w.L=1152x10=11520N 
If all the three reactions (i.e., R,, R, and P) are equal, then each reaction will be one 
third of the total load on the beam. 
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Fig. 14.15 
W 11520 
“Ryz=Rp= Fig Pg RON: 


Let § = Amount by which the prop should yield if all the three reactions are equal. 
Now the downward deflection of the beam at the centre due to uniformly distributed 
load alone is given by, ; 
SwL* 5 1152 x 10* 





“1* 384E 384“ 2x10" x 107 
= Lees x 10? mm = 7.5 mm.. 
10 10 ai. 
The upward deflection due to prop reaction at the point of prop is given by, 
3 3 
eee ee (: P= 3840 N) 
2" 48EI 48x2x10"'x 1074 
3 
a OY tar cid ink 
104 104 
Now using equation (14.7), we get 
¥,=¥gt 8 
or d=y,-¥,=75-40=3.5 mm. Ans, 


HIGHLIGHTS 


1. The conjugate beam method is used to find the slope and deflections of such beams whose flexural 
rigidity (@.e., EI) is not uniform throughout of its length. 

2. Conjugate beam is an imaginary beam of length equal to that of original beam but for which load 
diagram is M/EI diagram. 

8. The load on conjugate beam at any point is equal to the B.M. at that point divided by EL. 

4, The slope at any section of the given beam = S.F. at the corresponding section of the conjugate 
beam, 

5. The deflection at any point of the given beam = B.M. at the corresponding point of the conjugate 
beam. 

6. Propped cantilevers means cantilevers supported on a vertical supported at a suitable point. 

7. The rigid prop does not allow any deflection at the point of prop. 

8. The reaction of the prop (or the upward force of the prop) is calculated by equating the downward 
deflection due to load at the point of prop to the upward deflection due to prop reaction. 

9. For a cantilever carrying a uniformly. distributed load over the entire span and propped rigidly 
at the free end, we have 


3 
(i) Prop reaction, P= B wb 
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eA lA EPPS et a se three 


2 
(ii) B.M. at fixed end, M = we 


3L 
= 4 
= : wh 
(iv) Deflection at the centre, Yo= JooaT 
0.005415w14 

max = EI 

where w = Uniformly distributed load, 

x = Distance from free end. ; 

10. For a simply supported beam, carrying a uniformly distributed load over the entire span and 

propped at the centre, we have 


(iii) Point of contraflexure, x = 








(v) Maximum deflection, y 


5 
(i) Prop reaction, P= > W 


8 
5 : 3W 
(it} Support reactions, Ry =R,= a 
ee wl? 
(tz) B.M. at centre, M =— 32 
‘ : 3L 
(tv) Point of contraflexure, x = 3 


where W = Total load on beam 
=w 
w = Uniformly distributed load on beam 
x = Distance from the support. 


EXERCISE 14 


(A) Theoretical Questions 


1. Define and explain the terms : Conjugate beam, conjugate beam method, flexural rigidity and 
proppéd beam. 
2. What is the use of conjugate beam method over other methods ? 


3. How will you use conjugate beam method for finding slope and deflection at any section of a 
given beam ? 


4, Find the slope and deflection of a simply supported beam carrying a point load at the centre, 
using conjugate beam method. . : 

5. A cantilever carries a point load at the free end. Determine the deflection at the free end, using 
conjugate beam method. 

6. What is the relation between an actual beam and the corresponding conjugate beam for different 
end conditions ? 

7%. What do you mean by propped cantilevers and beams ? What is the use of propping the beam ? 

8. How will you find the reaction at the prop ? 


9. Acantilever of length L, carries a uniformly distributed load of w/m run over the entire length . 
It is rigidly propped at the free end. Prove that: 3 ; 


3 
{i) Prop reaction = g Land 


1 


Gi) Deflection at the centre = To2ET’ 
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: 4 10. A simply supported beam of length L, carries a uniformly distributed load of w/m run over the 
entire span. The beam is rigidly propped at the centre. Determine : 
(i) Prop reactions, 
(ii) Support reactions, 
(iii) B.M. at the centre, and 
(iv) Point of contraflexure, if any. 
(B) Numerical Problems 


1. Abeam6m long, simply supported at its ends, is carrying a point load at 50 KN at its centre. 
The moment of inertia of the beam is 76 x 10° mm‘. If F = 2.1 x 10° N/mm?, determine the slope 
at the supports and deflection at the centre of the beam using conjugate beam method. 

{Ans. (1) 3.935.and 13.736 mm] 

2. Asimply supported beam of length 10 m, carries a point load of 10 KN at a distance 6 m from the 
left support. If E = 2 x 10° N/mm? and J = 1 x 108 mm‘, determine the slope at the left support 
and deflection under the point load using conjugate beam method. 

[Ans. 6.00028 rad. and 0.96 mm] 

3. A beam of length 6 m is simply supported atits ends and carries two point loads of 48 KN and 
40 kN at a distance of 1 m and 3 m respectively from the left support. Find the deflection under 
each load. Take E = 2 x 10° N/mm? and I = 85 x 10° mm*‘. Use conjugate beam method. 

{Ans. 9.019 mm and 16.7 mm] 

4. A beam AB of span L is simply supported at A and B and carries a point load W at the centre C 
of the span. The moment of inertia of the beam section is I for the left half and 2/ for the right 
half. Calculate the slope at each end and deflection at the centre. 

BWI? WE wee 

‘96ET’? ~ Qamr °° 9° ~ GBEr 

5. . A cantilever of length 3 m is carrying a point load of 25 KN at the free end. If ]= 10° mm* andE 

= 2.1 x 105 N/mm’, then determine : (i) slope of the cantilever at the free end and (ii) deflection 

at the free end using conjugate beam method. (Ans. 0.005357 rad. and 10.71 mm] 

A cantilever of length 3 m is carrying a point load of 50 KN at a distance of 2 m from the fixed 

end. If J = 10° mm‘ and E = 2 x 105 N/mm, find (i) slope at the free end, and (ii) deflection at the 

free end using conjugate beam method. [Ans, 0.005 rad. and 11.67 mm] 

7. Acantilever of length 5 m carries a point load of 24 KN at its centre. The cantilever is propped 
rigidly at the free end. Determine the reaction at the rigid prop. {Ans. 7.5 kN] 
8. A cantilever of length 4 m carries a uniformly distributed load of 2 kN/m run over the whole 
length. The cantilever is propped rigidly at the free end. If E = 1x 105 N/mm? and J=108 mm, 
then determine : 
(i} reaction at the rigid prop 
(ti) the deflection at the centre of the cantilever, and 
G@ii) magnitude and position of maximum deflection. 
fAns. (i) 3 KN Gi) 0.0667 mm (iii) x = 1. 688 m, y, , = 0.0693 mm] 
9. A-simply supported beam of length 8 m carries a uniformly distributed load of 1 kN/m run over 
the entire length. The beam is rigidly propped at the centre. Determine : (i) reaction at the prop 
(ii) reactions at the supports (iii) net B.M. at the centre and (iv) positions of points of contraflexures. 
{Ans. (i) 5 KN (ii) 1.5 KN (ii) - 2.0 kNm (iv) 3 m from each support) 
10. A cantilever of length 10 m carries a uniformly distributed load of 800 N/m length over the 
whole length. The free end of the cantilever is supported on a prop. The prop sinks by 5 mm. If 
E£=3x 105 N/émm? and [= 108 mm‘, then find the prop reaction. {Ans, 2750 N} 


| Ans 04 = 
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Fixed and Continuous Beams 
SSS ———————————— 


15.1. INTRODUCTION 


; A beam whose both ends are fixed is known as a fixed beam, Fixed beam is also called a 
built-in or encaster beam. In case of a fixed beam both its ends are rigidly fixed and the slope 
and deflection at the fixed ends are zero. But the fixed ends are subjected to end face 
Hence end moments are not zero in case of a fixed beam. : 


Ww 


{@) 





Deflection curve 


(d) 





Deflection curve 


Fig. 15.1 


In case of simply supported bea ion i i 

et - ibaa es eye deflection is zero at the ends, But the slope is not 

; In case of fixed beam, the deflection and slope are zero at the fixed ends as shown in 
Fig. 15.1 (b). The slope will be zero at the ends if the deflection curve is horizontal at the ends 
To bring the slope back to zero (t.e., to make the deflection curve horizontal at the fixed ends), 
the end moments Af 4 and M,, will be acting in which M@ '4 Will be acting anti-clockwise and M 
will be acting clockwise as shown in F ig. 15.1 (6). 7 

; A beam which is supported on more than two supports is known as continuous beam 

This chapter deals with the fixed beams and continuous beam. In case of fixed beams the B M. 
diagram, slope and deflection for various types of loading such as point loads uniformly dis: 
tributed load and combination of point load and u.d.l., are discussed. In case of continuous 
beam, Clapeyron’s equation of three moments and application of this equation to the continu- 
ous beam of simply supported ends and fixed ends are explained. 


o 
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ee 
15.2. BENDING MOMENT DIAGRAM FOR FIXED BEAMS 


Fig. 15.1 (c) shows a fixed beam AB of length L subjected to two loads W and 2W ata 


L 
distance of a from each ends. 


Let R, = Reaction at A 





Fig. 15.1 (c) 

Ry, = Reaction at B 

M, = Fixed end moment at A 

M, = Fixed end moment at B 
The above four quantities i.e, R,, Ry, M, and M, are unknown. 
The values of R,, Ry, M, and M, are calculated by analysing the given beam in the 

following two stages : 

(i) A simply supported beam subjected to given vertical loads as shown in Fig. 15.2. 
Consider the beam AB as simply supported. 
Let R,* = Reaction at A due to vertical loads _ 

R,* = Reaction at B due to vertical loads. 
Taking moments about A, we get 








(b) 
A Cc D B 


B.M: diagram considering beam as simply supported 


Fig. 15.2 

L 3L 

Ry*xL=Wx 7 +2Wwx —- 
eo OW We 


B ? 
4 4 4 
and R,* = Total load - R,* 
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e3w- WV _ ow 
Sa ee od, 
B.M. atA=0, B.M. at B=0 

5W LL 5WL 
BMiatO 2 ee OO 
. 4 "4° 16 
BM. atp= 7,2 . WE 
4 4 16 


Now B.M. diagram can be drawn as shown in Fig. 15.2 (6). In this case, B.M. at any 
point is a sagging (+ve) moment. 


(it) A simply supported beam subjected to end moments only (without given loading) as 
shown in Fig. 18.3. 

Let M, = Fixed end moment at A 

M, = Fixed end moment at B 
R = Reaction* at each end due to these moments. 

As the vertical loads acting on the beam are not symmetrical (they are W at distance 
L/4 from A and 2W at a distance 1/4 from B), the fixed end moments will be different. 

Suppose M, is more than M, and reaction R at B is acting upwards. Then reaction R at 
A will be acting downwards as there is no other load on the beam. (=Fy = 0). Taking moments 
about A, we get clockwise moment at A = Anti-clockwise moment at A. 

M,=M,+RL 


-M 
= te AA) 


(a) 





B.M. diagram due to end moments 


Fig. 15.3 


As M, has been assumed more than M,, the R.H.S. of equation (A) will be positive. This 
means the magnitude of reaction R at B is positive. This also means that the direction of 
reaction R at B is according to our assumption. Hence the reaction 2 will be upwards at B and 
dewnwards at A as shown in Fig. 15.3 (a). The B.M. diagram for this condition is shown in 
Fig. 15.3 (6). In this case, B.M. at any point is a hogging (-ve) moment. 

Since the directions of the two bending moments given by Fig. 15.2 (6) and Fig. 15.3 (4) 
are opposite to each other, therefore their resultant effect may be obtained by drawing the two 
moments on the same side of the base AB, as shown in Fig. 15.4. 





*The reaction at each end will be equal. There is no vertical load on the beam hence reaction at 
A+ reaction at B = O. Or reaction at A =- reaction at. B. 
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A Cc DB B 


Resultant B.M. diagram 


Fig. 15.4 
Now the final reactions R, and R, are given by 
R,=R,*-R 
and Rg=R,*+R 


In the above two equations, R,* and R,* are already calculated. They are : R,* = 5W/4 
and R,* = 7W/4. But the value of R is in terms of M, and M,. It is given by R = (M, - M,\L. 
Hence to find the value of R, we must calculate the value of M, and M, first. 


To find the values of M, and M, 

Let M,=8.M. at any section at a distance x from A due to vertical loads 
_ M,’=B.M. at any section at a distance x from A due to end moments. 

The resultant B.M. at any section at a distance x from A 


=M,-M,' (M, is +ve but M,’ is ~ve) 

aCe d?y 

But B.M. at any section is also equal to EI ae 
d®y 
Ale =M,-M, .{t) 


Integrating the above equation for the entire length, we get 


But = represents the slope. And slope at the fixed ends i.e., at A and B are zero. The 


above equation can be written as 
EI (Bat v=1)-(Dat x=0)| 
L oF tie 
e [ M,.dx -f, z 
L L 
EI(0-0]= I M,.de~ | M,' de 
L cl # 
= Z ' .{ii) 
or 0 [Med [me dx 


Le Le 
Now J M,,.dx represents the area of B.M. diagram due to vertical loads and i, M,'.dx 


represents the area of B.M. diagram due to end moments. 


So 


oma 





he Ay acter 
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Let a = Area of B.M. diagram due to vertical loads 


a’= Area of B.M. diagram due to end moments. 


L 
Then I M,.dx =a 
& r a 
and 5 M,'.dx =a 
Substituting these values in equation (ii), we get 
O=a-a’ 
or a-a' .(15.1) 


The above equation shows that area of B.M. diagram due to vertical loads is equal to the 
area of B.M. diagram due to end moments. 


Again consider the equation (i) 
ad ¥ ; 
EI an M,- M, 
Multiplying the above equation by x, we get 
d? 
Elx. =x.M,~x.M,! 
Integrating for the whole length of the beam i.e., from 0 to L, we get 


(ers Ze. ax és [iemde ~ [ie M, ‘ax 


L dy L rs ad 
EI|,»-S 3 de ‘ is «M,.dx-f x. M,,' dec GH) 


In the above equation, M,.dx represents the area of B.M. diagram due to vertical loads 
at a distance x from the end A. And the term («.M,.dx) represents the moment of area of B.M. 


L 
diagram about the end A. Hence i, x.M,.dx represents the moment of the total area of B.M. 


diagram due to vertical loads about A, and it is equal to total area of B.M. diagram due to 
vertical loads multiplied by the distance of C.G. of area from A, 


L 
j ‘x.M,dx = a¥ 
where x = Distance of the C.G. of B.M. diagram due to vertical loads. 
L ane 
Similarly | x.M,'.dx = a'% 


where x’ = Distance of the C.G. of B.M. diagram due to end moments. 
Substituting the above values in equation (iii), we get 


ps 2 
Er| 1c dle = 8 ~ 02 
0 dx 
Gi sient, an eee )- d*y dy) _dy_ dy 
oF pr |x2-y| aor -0's : dx dx)” aa?” ax | ae * oe? 
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a 
xdy | ( dy } | at 

El > Saas wae Cy =| tS ¥ = ax ax 
oF. ( dx sé atxeal dx atx=0 
or EL {(L0,— 35) - (0 x 04-4) }= OF —O'*". 


Since slope and deflection at A and B are zero, hence 6,4, 9p, ¥, and yz are zero. 


0=ax -a’x' 


or ax =a'x' -..(15.2) 
But from equation (15.1), we have 
a=a' 
y= x! (15.3) 


Manis the distance of C.G. of B.M. diagram due to vertical loads from A is equal to the 
distance of C.G. of B.M. diagram due to end moments from A. 

Now by using equations (15.1) and (15.3) the unknowns M, and M, can be calculated. 

This also means that M, and Mg can be calculated by 

(i) equating the area of B.M. diagram due to vertical loads to the area of B.M. diagram 
due to end moments. 

(ii) equating the distance of C.G. of B.M. diagram due to vertical loads to the distance of 


C.G. of B.M. diagram due to end moments. The distance of C.G. must be taken from the same _ 


end in both cases. 
15.3. SLOPE AND DEFLECTION FOR A FIXED BEAM CARRYING A POINT LOAD 
AT THE CENTRE é 


Fig. 15.5 (a) shows a fixed beam AB of length L, carrying a point load W at the-centre Cc 
of the beam. : . 








S.F. diagram 


Fig. 15.5 
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Let M, = Fixed end moment at A 
M, = Fixed end moment at B 
R, = Reaction at A 
R, = Reaction at B. 
The above four are unknown ie., R,, Rp, M, and M, are unknown. 
(i) B.M. Diagram 
Due to symmetry, the end moments M, and M, will be equal. Hence the B.M. diagram 
due to end moments will be a rectangle as shown in Fig. 15.5 (6) by AEFB. Here the magnitude 
of M, and M, are unknown. The bending moment diagram for a simply supported beam carrying 
a point load at the centre will be a triangle with the maximum B.M. at the.centre equal to 
W.L 
a a The B.M. diagram for this case is shown in Fig. 15.5 (0) by a triangle ADB in which 


W.L 
ea 


Now according to equation (15.1), area of B.M. diagram due to vertical loads should be 


' equal to the area of B.M. diagram due to end moments. 


Equating the areas of the two bending moment diagrams, we get 
Area of triangle ADC = Area of rectangle AEFB 


or = x AB x CD = AB x AE 
1 W.L 
or g *Ex — HhxM, 
W.L 
he 
Also ; M, =M. = 


B Ae eS . (15.4) 
Now the B.M. diagram can be drawn as shown in Fig. 15.5 (8). 
Gi) S.F. Diagram 


Equating the clockwise moments and anti-clockwise moments about A, we get 


RyxL+M,=M,+W. 
But M,=M, 
RpxLb=W. = 
Ww 
or R,= — 
- 2 
Ww 
Due to symmetry, R,= 2 


Now the S.F. diagram can be drawn as shown in Fig. 15.5 (c). 


L 
There will be two points of contraflexure at a distance of z from the ends. 
| 
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(iii) Slope and Deflection 
The B.M. at any section between AC at a distance x from A is given by, 
d*y 
oS HIM = Ryxx—My 


Ww 
~ Wix WL ls ee R= ©] 





2 8 
Integrating the above equation, we get 


"where C, is a constant of integration. 


van 


Atx =0, ® =0. Hence C, = 0 


ae Therefore the above equation becomes as 


dy Wa WL w(Z) 


Hn. 4” 8 


The above equation (i) gives the slope of the beam at any point : 


Integrating equation (i) again, we get 


Ely = — 


“where C, is another constant of integration. At x = 0, y = 0. Hence C,= 9. 


Therefore the above equation becomes as 
W.x® W.Lx? ea 
My 5” 16 <s 
The above equation (ii) gives the deflection of the beam at any point. The deflection 1s 





fe ituti Be ation (zz), 
: “ maximum at the centre of the beam, where x = 2 Hence substituting x« = 5 in equ 


; we get 
| W/L? W.L (Ey 
“ EW max = 79\2) 16 \2 
wis Wi? _2wL?-swWi? __ WE 
“96 64 ~—~SO—~*«G2D 192 
-y _ - We 
ae Ymax~ [92 EI 
™ Minus sign means that the deflection is downwards. 
Was (15.5) 


Downward deflection, ¥,,., = 792 EI 





pn IT 


mo 
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Note. The deflection at the centre of a simply supported beam carrying a point load W at the 
_ we : 

centre is WaT Hence the deflection of the simply supported beam is four times the deflection of the 

fixed beam. 


Or in other words, the deflection of a fixed beam is one fourth times the deflection of the simply 
supported beam. Hence when fixed beams are used, the deflection will be less. 


Problem 15.1. A fixed beam AB, 6 m long, is carrying a point load of 50 RN at its centre. 
The moment of inertia of the beam is 78x 10° mm‘ and value of E for beam material 
is 2.1 x 105 Nimm?. Determine : 


(i) Fixed end moments at A and B, and 
(ii) Deflection under the load. 
Sol, Given: 
Length, L=6m = 6000 mm 
Point load, W = 50 kN = 50000 N 
M.O.L., I=78x 108 mm4 
Valueof E=2.1 x 105 Ninm? 
Let M,, = Fixed end moment at A, 
M, = Fixed end moment at B, 
Y max = Deflection under the central point load. 
Using equation (15.4), we get 
0x6 
8 


or 





= 37.5 kNm. Ans. 
Using equation (15.5), we get 


WL? 


Ymax > 792 BT 
3 
=z on TO ee = $.434mm. Ans. 
192 x 21x 10° x 78 x 10 


Alternate Method 


Fig. 15.54(6) shows the simply supported beam, which is having Max. B.M. at the cen- 
tre equal to R,* x 3 = 25 x 3 = 75 kNm. Fig. 15.5A (¢) shows the B.M. diagram for simply 
supported beam. 

Fig. 15.54(d) shows the fixed beam with end moments only. Due to symmetry end mo- 
ments are equal. Hence M, = Mj. Fig. 15.5A (e) shows the B.M. diagram due to end moments 
only, This diagram is a rectangle. 
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50 kN 
8 
{a) A 
6m 
50 kN 
B 
A 
() —= 3m———41 
-6m 
A,” = 25 KN Ra’ = 25 kN 
ja 75 KNM 
{c) 
§a———_—_—__ AI 
B.M. diagram for simply supported beam 
M, Mp 
A 
{d) 
|}——__—__— en —_—__—4 
M Me 
A 
@) 
B.M. diagram due to end moments only 
Fig. 15.54 
Equating the areas of two B.M. diagrams, we get 
iagram for simply supported beam / 
Scene = Area of B.M. diagram due to end moments. 
75x6 
L.€., mee = M a™ 6 
75 
= — = 37.5 kNm 
or M, 9 3 
But M,= Mg, 
? M,=M, 


= 37.5 kKNm. Ans. 


CCENTRIC 
15.4. SLOPE AND DEFLECTION FOR A FIXED BEAM CARRYING AN E 
POINT LOAD 
i i ta 
Fig. 15.6 (a) shows a fixed beam AB of length L, carrying a point er ie . - . 
distance of ‘a’ from A and at’a distance of ‘b’ from B. The fixed end moments !@, B 
also reactions at A and Bie., Ry and R, are shown in the same figure. 
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a ee ee 


@) B.M. Diagram 
As the load is not acting symmetrically, therefore M (, and M, will be different. In this 


case M, will be more than M, as the load is nearer to point B. The B.M. diagram due to end 


moments will be trapezium as shown in Fig. 15.6 (b) by AEFB. Here the length AE (i.e., M o 
and BF (i.e., M,) are unknown. 


The B.M diagram for a simply supported beam carrying an eccentric point load will be 





triangle with maximum B.M. under the pint load equal to eet The B.M. diagram for this 


case is shown in Fig. 15.6 (6) by a triangle ADB in which CD = W.ab, 


{a) 


(8) 


(} 





Fig. 15.6 


Equating the areas of the two bending moment diagrams, we get 
Area of trapezium AEFB = Area of triangle ADB 


5 (AR + BP).AB = 5 x AB x CD 





1 1, Wad 
3g (Ma + Mg).L = 5x = 
W.a.b 
or M,+M,=—7— Ai) 


Now using equation (15.3), 


x =X’ 


or Distance of C.G. of B.M. diagram due to vertical loads from A = Distance of C.G. of B.M. 
diagram due to end moments from A. 
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a {See Fig. 15.7 (a)] 
Now = (A, + Ay) 


= fears) 2L 
i (M4 .L). 5 +5 - LM - Ma) x 





My.L+5.L(Mg-M,) 


L L 
Ma-5+(Ma-Ma)-5  3M,.L+2M,.L-2M,.L 
ae Tats ~My) 32M, + Mz -M,) 

_ Mg. L+2My L 
3(M, + Mp) 


3 (M4 + Mp) 





Fig. 15.7 


Agxg + Ags [See Fig. 15.7 ()] 


(A + Aq} 
b 
(Jxaxco}x2245.9.cpx{a+5] 


_ and X= 


3. 2 


L g.co+4.o.cD 
3 3 


2a” ( 2) 

— +bla+ 5 
= “3 PE"3) (cancelling 2 

a+b 

Qa? + Bab +b? 2a? + 2ab + ab +b? 
“"Blatb) 8(a +) 

_ 2a(a+b)+b(a+b) _ @a+b)(a+d) 

= 3(a+b) 3(a+b) 

_2a+6 _ar+(arb) ath Cees 
7h 8 3 3 
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But : x'=X 
(M4 +2Mpz).L e ath 
3(M,+M,) ~~ 8 


2 M+ My = 22M +My 









































L 
(a+b) W.a.t [: M, +My, = Wie? ai equation | 
L iL 
=(a+L). ee (iz) 
Subtracting equ>.ton (2) from equation (di), we get 
W.a.b W.a.b 
Mn=(a+L), 2D 
_ Neb (ast -1] i 
~  £ L 
Weab(ack-h) W.a?.b bs 
= => w.-(bit} 
L L L 
Substituting the value of M, 'p in equation (i), we get 
W.a?b W.a.b 
M, + Te = L 
W.a.b Wab 
wae Eee 
W.a.b W.a.b.6 
= Zz (L-a)= a @ Dean) 
2 
: we .Aiv) 


Now M, and M, are known and hence bending moment diagram can be drawn. From 
equations (iii) and (iv), it is clear that if a > 6 than M p> M,. 
(ii) S. F. Diagram 
Equating the clockwise moments and anticlockwise about A, 
R,xl+M,=M,+W.a 
(4 Bo M A) +W. a 


R,= : 
y M = M ted 
Similarly R,= Mates? 


By substituting the values of M, and M, 3 from equations (iii) and (iv), in the above 
equations, we shall get R, and Ry. Now S.F. can be drawn as shown in Fig. 15.6 (). 
(uit) Slope and Deflection 3 
The B.M. at any section between AC at a distance « is given by 
d’y 
EI we Ryzxx-M, 


po 
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Substituting the value of R, in the above equation, we get 





wr Hy [Ma Ma 20-6) 2M, 
dx” L 
_(M,-Me), We? ey 
L L 
W.b 


x 
Webs [Ma + Oe Maz | 


Substituting the values of M, and Mg, we get 











eS aL i 
_W.b.z_W.a.b? W.g.b(,_») x 
SUB LP Le L 
W.b.x W.a-b(,_4) x W.a.b? 
a ee ee Es ‘ge 
W.a.b” 
Oe We - ala ~b) x]- =e 
W.a.b? 
= by ~a? +ab)x- ae 


But L=a+6 
< L2=(a +b)? =a? + b? + 2ab. 
Substituting the value of L? in the above equation, we get 











2 W.a.b? 
ait = = (a2 +b? + 2ab - a? + ab)x — ae 
x 
W.a.b? 
= We eo? + 8ab)x - a 
7 W.a.b” 
= 0 (+ 3a) ~ “5 
Integrating the above equation, we get 
2 2 W.a.b? 
a oe +30).5 zB ae 
where C, is a constant of integration. 
At.x = 0, 2S =0. Hence C, = 0. 
2 W.a.b? 
pr. = es g (b + 3a). x” - es oe -(v) 





dx 213 Stee 
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Integrating again, we get — 








Ww.? x? W.a.b® x? 
Ely = age BO) eg 
where C, is another constant of integration. At x = 0, y = 0. Hence C, = 0. 
2 2 
Ely = = B+ Ba)x9 ae a (vi) 


The deflection under the load is obtained by substituting x = a in the above equation. 
Let y, is the deflection under the load, then 


W.a.b’ 9 
ya 





2 
Ely, = = (b + 8a). a3 - 


_ Wb? a 
61? 


_ W.a®.b? 0? 
= “6R (3L ~ 8a -b) 


_ Wa.a®.b” Be 
=e ae = (8(Z - a}- 8] 


=~ woe (3b ~ 6) Ce 
W.a®.b? 
oP Oke 
W.a?.b? 


Jem a ..(15.6) 


.(6 + 8a - 8L) 


L-az=b) 


Maximum deflection 
Since a > 6, hence maximum deflection will take place between A and C. For maximum 


dy dy 
deflection, sad should be zero. Hence substituting —— os = 0 in equation (v), we get 











2 2 
62 ie iBae oe < 
L 
W.a.b" 2 
7 x= a (b + 8a)x 
W.a oe Abe 2aL 

aS Lv “W. b? (b ra 3a) ~ (b 4 3a) (15.7) 

Substituting this value of x in equation (vi), we get maximum deflection. If y,,,. repre- 


sents the maximum deflection, then 











2 2 
iy W.a.b (=) 


W.b? QaL \° 
{6 + 8a)} —— } -— 
6L? { } 2 “\b+8a 
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2 2 
See { 2a [+300 ae - sab 














613 “\b+3a (b + 3a) 
_ _ We ( 2aL ) aL 
~ 63. (b+8a) - 
_ Wet atl? 2 Wak? 
~~ 6r3 (6 +3a)? 8° (43a) 
2 Wah? 


Yar = --(15.8) 


~ BEL (b+ 3a)" 
Problem 15.2. A fixed beam AB of length 3 m carries a point load of 45 RN at a distance 
of 2 m from A. If the flexural rigidity (i.e., El) of the beam is 1 x 104 kNm?, determine : 
(i) Fixed end moments at A and B, 
(ii) Deflection under the load, 
(iii) Maximum deflection, and 
(iv) Position of maximum deflection. 


Sol, Given : 
Length, L=3m 
Point load, W=45kN 


Flexural rigidity, EJ = 1 x 10¢kNm? 
Distance of load from A, 


a=2m 
Distance of load from B, 
b=1m 
Let M, and M, = Fixed end moments, 


y, = Deflection under the load 
Ymax = Maximum deflection and 
x = Distance of maximum deflection from A. 
() The fixed end moments at A and B are given by 


M, = gay ae ae Ans 
W.a2.b 45x27 x1 
and Me ge Ans. 
Gi) Deflection under load is given by equation (15.6) as 
3,3 3. 43 
yee UE Me OS Se a oot 
: 3EIL' 3x1x104 x3 


=-0.444mm. Ans. 
-ve sign means the deflection is downwards. 
(iit) Maximum deflection is given by equation (15.8) as 
sz 2 Wa*.b? 
Ymox~ BEI” (b+ 3a)" 
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2 45x23 xI% 16x 45 
~ 8x1x 104" (1+3x2)2 3x104x 49 
=~ 0.00049 m =—0.49 m. Ans. 
(iv) The distance of maximum deflection from point A is given by equation (15.7) as 
2a.L 
** + 8a) 


2x2x3 12 
= 743x2 = = L714 m. Ans. 





Alternate Method 


Fig. 15.7A (6) shows the simply supported beam with vertical load of 45 kN at a distance 
2m from A. 


The reactions R,* and R,* due to vertical load will be : : 
3R,*=45x2 or Rz* = 90/3 = 30 kN and R,* = 45-30 = 15 kN. 


Fig. 15.7A (c) shows the B.M. diagram with max. B.M.at C and equal to Ry*x2=15x2 
= 80 kNm. 


Fig. 15.7A (d) shows the fixed beam with end moments and reactions. As the vertical 
load is not acting symmetrically, therefore M, and M, will be different. In this case M ig Will be 
more than M,, as load is nearer to point B. The B.M. diagram is shown in Fig. 15.7A(e) 


(i) Fixed end moments at A and B. To find the value of M, and M, a equate the areas of 
two B.M. diagrams. 


Area of B.M. diagram due to vertical loads 
= Area of B.M. diagram due to end moments 


30 x 2 30x1 
A, + Ay = Ay +A, where A, = >" = 80,4, == = 15 
(Mz -M,)x3 
ARM Aye 
= 1.5 (M,-M,) 
or 30+ 15=3M,+1.5M,-15M, 
or 45=1.5M,+15M, 
45 . 
or is 7Méa+ Ms or M,+M, =30 wed) 


Now equating the distance of C.G. of B.M. diagram due to vertical load to the distance of 
C.G. of B.M. diagram due to end moments from the some end (i.e., from end A) 


xe 





or X=Xx 
on Ayxy + Apxy _ Ag X x3 + Agry 
A, + Ag Ag + Ag 
4 1 
20x $+ 15x(2+3) 3M x5 +15(My -Ma)x2 
a 30+ 15 ~~ “3M, + 15M, - 15M, 
ise 40+35 45M,+3Mp-3M, = 15M, +3M,z 





45 15M,+15M, 15M, +15M, 
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ee 
15 _ 15(M, +2Mp) 5 _ Ma +2Mp 

o 45. 15(M,+Mz,) 3 M,z+M, 

or 5M, + 5M, = 38M, + 6M, 

on 2M,=M, ii) 


Solving equations (i) and (iz), we get 
M,=10kNm and My = 20 kNm. Ans. 





Ra“ Re* 
(8) 
R," = 15 KN 


(c) 


‘eee oe snc eamst 
3m 


B.M. diagram for simply supported beam with vertical loads 


Ma Ms 





@) 





B.M. diagram due to end moments only 


Fig. 15.7A 


Let us now find the reaction R due to end moments only. As the end moments are 
different, hence there will be reaction at A and B. Both the reactions will be equal and opposite 
in direction, as there is no vertical load, when we consider end moments only. As Mz is more, 
the reaction R will be upwards at.B and downwards at A as shown in Fig. 15.7A (d). 


n pectuthanns hgh Seine eemarnne i 


 sinaeninieneiaemeniamneammmaantl 
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Taking the moments about A for Fig. 15.7A(d), we get clockwise moment at A = Anti- 
clockwise moments at A 


M,=M,+Rx3 
pu Ma-Ma _ 20-1010, 
3 3 3 
Now the total reaction at A and B will be, 
10 «35 
R,=R,-R=15-— = — 
Pe cog 
and Rg = Ry + R= 30+ 2 = 20 un 


Now, consider the fixed beam as shown in Fig. 15.78. 
The B.M. at any section between AC at a distance x from A is given by R 4xx~M, 


M, = 10 kNm ie tai 








Xx} 
R= 8 
Fig. 15.7B 
d?y e 
or HE BARI MS 
= = xx~-10 
Integrating, we get 
dy 35 x? 
iT HX e+ C) 
at x=0, 2. . C€,=0 
EIT = “ge - 10x ; «-(ZiL) 
Integrating again, we get 
35 x? 10x? 
EI xy =—x—- 
y ; x -- <5 +C, 
at x=0,y=0, ~ C,=0 
35 3 2 
EIxy =TR* ~ 5x (iv) 


(it) Deflection under the load 
From equation (iv), we have - 
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To find the deflection under the load, substitute x = 2 m in the above equation. 


y= if sex2 52" | 
RIL 18 


1 35x 8 
E cael 18 -20| " 
=-— 0.000444 m=-0.444 mm. Ans. 
(— ve sign means the deflection is downwards). 
(iii) Maximum deflection 


EI=1x 104) 





Deflection (y) will be maximum when oe =0. 


Hence substituting the value of “ = 0 in equation (iii), we get 


35 


2 
=x -10 
0 6° 0 
or 0 = 35x? - 60x 
or 0 =x (35x — 60} 


‘This means that either x = 0 or 35x — 60 = 0 for maximum deflection. 
But x cannot be zero, because when x = 0, y = 0. 


35x — 60 = 0 
60 12 
or x= ge = 174m 


Substituting x = 1.714 m in equation (iv), we get maximum deflection. 


ED) nax = “cra - 5(1714)? 


1/35 3 | 
or = | ——(1714)° - 5(1714 
pre ale ) ‘ ) 


1 
= ——___[9.79 - 14.69 
1x 104 


= 0.00049 m = 0.49mm. Ans. 
(iv) Position of maximum deflection 
The maximum deflection will be at a distance of 1.714 m (Ze., x = 1.714 m) from end A. 
: Ans. 
Problem 15.3. A fixed beam AB of length 6 m carries point loads of 160 kN and 120 kN 
at a distance of 2 m and 4 m from the left end A. Find the fixed end moments and the reactions 
at the supports. Draw B.M. and S.F. diagrams. 


Sol. Given : 

Length =6m 
Load at C, We = 160 kN 
Load at D, W, = 120 KN 
Distance AC=2m 
Distance AD=4m 





er a en, 
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For the sake of convenience, let us first calculate the fixed end moments d 
‘ to 
C and D and then add up the moments. Sree een 


(i) Fixed end moments due to load at C. 





For the load at C.a=2mandb=4m % 
We.a.b? 
Ma,= Te 
160 x 2x 4? 
=a = 142.22 kNm 


Mp = SS = 5 = 71.11 kNm 


(ii) Fixed end moments due to load at D. 
Similarly for the load at D,a=4mandb=2m 


Wp.a.b? 
Ma,= BP 
120x4x 2? 
= ——— = 53.33 kNm 
6 
Wp.a7.b 160x 42 x2 
and Mp,= ~~ = 5 = = 106.66 kNm 





Fig. 15.8 


Total fixing moment at A, 
M,= M4, + Ma, = 142.22 + 53.33 
= 195.55 kKNm. Ans. 
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and total fixing moment at B, 


Mz= Map, + Mz, = 71.11 + 106.66 
= 177.77 kNm. Ans. 


B.M. diagram due to vertical loads 
Consider the beam AB as simply supported. Let R,* and R,* are the reactions at A and 
B due to simply supported beam. Taking moments about A, we get 
R,* x 6 = 160x 2+ 120x4 
= 320 + 480 = 800 


3 R,* = ae = 133.33 kN 
and R,* = Total load — R,z*= (160 + 120) — 183.33 
= 146.67 kN 
B.M. at A= 0 
B.M. at C= R,* x 2 = 146.67 x 2 = 293.34 kNm 
B.M. at D=R,* x 2 = 183.33 x 2 = 266.66 kNm 
B.M. at B=0. 
Now the B.M. diagram due to vertical loads can be drawn as shown in Fig. 15.8 (5). 
In the same figure the B.M. diagram due to fixed end moments is also shown. 
S.F. Diagram 
Let R, = Resultant reaction at A due to fixed end moments and vertical loads 
R, = Resultant reaction at B. 
Equating the clockwise moments and anti-clockwise moments about A, we get 
R,x 6+M,=160x2+120x4+M, 
or Rzx 6 + 195.55 = 320 + 480 + 177.77 
Ry = 300+ ua - 19555 _ 199.37 kN 
and R, = Total load- Rp 
= (160 + 120) — 180.37 = 149.63 kN 
S.F. at A=R, = 149.63 kN 
S.F. at C = 149.63 - 160 =— 10.37 KN 
S.F. at D =- 10.87 ~ 120 = — 130.37 kN 
S.F. at B =- 130.37 kN 
Now &.F. diagram can be drawn as shown in Fig. 15.8 (c). 
Alternate Method 
Fig. 15.8A (8) shows the simply supported beam with vertical loads. 
Let #,* and P * are the reactions at A and B due to vertical loads. Taking moments 


Rp 
about A, we get 





R,* x 6 = 160 x 2 + 120 x 4 = 320 + 480 = 800 
R,*= = : a = 133.33 KN 
and R,* = Total load - Ry* 
= (160 + 120) —- 133.33 = 146.67 kN 
B.M. at A=0 
B.M. at C = R,* x2 = 146.67 x 2 = 293.34 kNm 
B.M. at D = R,* x 2 = 133.33 x 2 = 266,66 kNm 


ret ae 





a 


FIXED AND CONTINUOUS BEAMS 635 
TT I A rE HAS attic 

Now the B.M. diagram due to vertical loads can be drawn as shown in Fig. 15.8A(c) 

ii are es shows the fixed beam with end moments only. As the load 160 KN is 
nearer to end A, hence M, will be more than M,. The B.M. dia d i 
enn ae a A B gram due to end moments is 

To find the values of M, and M,, equate the areas of two B.M. diagrams. 


Area of B.M. diagram due to vertical loads 


= Area of B.M. diagram due to end moments 


(a) 





160 420 


(8) 


(©) 





Ma Mp 

@ 

A . B 

te) 
T ae 
Ma { Ms 
(6) 5 

(M,-Mg) 


B.M. diagram due to end moments only 


Fig. 15.84 
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tee te se SD, 
A, +A, +A,+A,=A;+Ag Ad) 
where A, = BORE = cues = 293.33 
A,= CD x DF = 2 x 266.67 = 533.34 
Ay= GF ace 2 2x a = 66.66 
2 x 266.67 
A,= BExDE eet = 266.67 
6x (My ~ Mp) 


A, = M, x 6 = 6Mg, A, = 5 =3(M,-M,) = 3M,—3M, 


Substituting these values in equation (i), we get 
293.33 + 533.34 + 66.66 + 266.67 = 6M, + 3M, ~ 3M, 
or 1119.98 = 3M, + 8M, = 3 (M,+ M,) 


M,+M, = 111998 Joysa8 di) 


To get the other equation between M, and M, , equate the distance of C.G. of B.M. 
diagram due to vertical loads to the distance of C.G. of B.M. diagram due to end moments from. 
end A. 


or Ke" 





Ayx; + Apxe + Agts + Agty _ Apts + Ag%e 





= A, + Ag + Ag + Ay As + Ag 
293.33 x : + 533.34 x 3 + 26.66 x (2 + aL 266.66 x (4 + 2) 
or 
293.38 + 533.34 + 26.66 + 266.66 
6Mp x3 +3(M, ~3My) x = x6 ; 
7 6M, +3M, -3M, 
: 3911+ 1600 + 70.91+ 1245.35 _ 3(6Mz + 2M, - 2Mz) 
a 1119.98 3(Mz +M,) 
4M,+2M, 
or 2.95 = M,+M, 
or 2.95M,, + 2.95M, =4M, + 2M, 
or 2.95M,—- 2M, = 4M, ~ 2.95M, 
or 0.95M, = 1.05M, 
1.05 Bi 
—— Mz = (iit) 
or M,= 0.95 “2 11M, 
Substituting this value of M, in equation (zi), we get 
M, + 1.1 Mg = 373.33 . 
or B= ae is 177.77 kNm. Ans. 





From equation (iii), M, = 1.1 x 177.77 = 195.55 kNm. Ans, 








_ aceite lates ir nina ae pens ing 


rm 


FIXED AND CONTINUOUS BEAMS 637 
LT tr PPP =P ret rah 

Combined B.M. Diagram 

M,, = 195.55 kNm and M, = 177.77 kNm. Now the combined B.M, diagram can be drawn 
as shown in Fig. 15.8 (8). 

To draw the S.F. diagram, let us first find the values of resultant reactions due to verti- 
cal loads and fixed end moments R, and Ry. Refer to Fig. 15.8A(a). Taking moments about A, 
we get clockwise moments at A = ‘Andelockwiae moments at A 

160 x 2+120x4+M, =M,+R,x6 





or 320 + 480+ M,=M,+6R, 
or 800 + 177.77 = 195.55 + 6Rp 
800 + 177.77 - 195.55 
p= = 190.87 KN . 
and R,= Total load — Ry, = (160 + 120) — 130.37 = 149.63 kN 
S.F. Diagram 


S.F. at A = R, = 149.63 kN 

S.F. at C = 149.63 — 160 = - 10.37 kN 

S.F. at D =- 10.37 ~ 120 = - 130.37 kN 

$.F. at B = - 180.87 kN 

Now 8.F. diagram can be drawn as shown in Fig. 15.8(c). 

Problem 15.4. A fixed beam of length 6 m carries two point loads of 30 kN each at a 
distance of 2 m from both ends. Determine the fixed end moments and draw the B.M. diagram. 

Sol. Given : 

Length, L=6m 

Point load at C, W, = 30 kN 

Point load at D, W, =30 kN 

Distance AC =2m 

Distance AD=4m 

The fixing moment at A due to loads at C and D is given by 

M, = Fixing moment due to load at C + Fixing moment due to load at D 





Waid,” , Wate. by? 
a RR 2 
_ 80x2x4? 30x4x2" 80 40 
62 gO eae = 3 = 40kNm. 


Since the beam and loading is symmetrical, therefore fixing moments at A and B should 

be sapel 
M,=M,=40kNm. Ans. 

To draw the B.M. diagram due to vertical loads, consider the beam AB as simply sup- 
ported. The reactions at the simply supported beam will be equal to 30 kN each. 

B.M. at A and B=0 

B.M. at C = 30 x 2= 60 kNm 

B.M. at D = 30 x 2=60kNm. 

‘Now the B.M. diagram due to vertical loads and due to end moments can be drawn as 
shown in Fig. 15.9 (5). 
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Fig. 15.9 


15.5. SLOPE AND DEFLECTION FOR A FIXED BEAM CARRYING A UNIFORMLY 
DISTRIBUTED LOAD OVER THE ENTIRE LENGTH 


Fig. 15.10 (a) shows a fixed beam of length L, carrying uniformly distributed load of 
w/unit length over the entire length. 
Let M, = Fixed end moment at A 
M, = Fixed end moment at B 
FR, = Reaction at A 
Ry = Reaction at B. 
(i) B.M. Diagram 
Since the loading on the beam is symmetrical, hence M, = My. The B.M. diagram due to 
end moments will be a rectangle as shown in Fig. 15.10 (6) by AEFB. The magnitude of M, or 
M, is unknown. 
The B.M. diagram for a simply supported beam carrying a uniformly distributed load 
will be parabola whose central ordinate will be w.L7/8. The B.M. diagram for this case is shown 


2 
in Fig. 15.10 (6) by parabola ADB in which CD = as 





Equating the areas of the two bending moment diagrams, we get 
Area of rectangle AE FB = Area of parabola ADB 


AB x AB = = x (AB x CD] 








2 w.L w. 1? 
LxMy= 3 xLx 3 or M,= 5 
wl? 
M, =M, = — (15.9 
B A 12 ( ) 


Now the B.M. diagram can be drawn as shown in Fig. 15.10 (0). 
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w/unit length 


(a) 





SF. Diagram 





Fig. 15.10 


Gi) SF. Diagram 
Equating the.clockwise moments and anti-clockwise moments about A, we get 
L 
RyxL+M,=wL> + Mz 
But M,=M, 
L 5 
RgxLawL.y or pe 
Due to symmetry, 
w.L 


R,=Rg= 


Now the S.F. diagram can be drawn as shown in Fig. 15.10 (¢). 
(iti) Slope and deflection 
The B.M. at any section at a distance x from A is given by, 


..(15.10) 





dy x 
EI 73 =Ryxx-M,-wa 
wl wl? wx? wi wi? 
a Wh , WL wx Riese ae ee 
2 °° 122 [ Ceege es Ue 
ts wh.x wx" _wi? @ 
2 #2 2 ay 


where C, is a constant of integration. 


oo 
HH 
5 
a 
® 
e 
a. 
5 

a 
o 
= 
© 
» 
oa 
° 
2 
© 
© 

2 
Sc 
9 
cf, 
o 

B 
a 

2 
+ 


528 : : STRENGTH OF MATERIALS 








wb, w 4 {. wh 

_ and ELy = wo on [we x+0 C2 C,=9) 
w.b 3 w 4 wi * 
12 24°” "24 * Bis 





OF / Ely = 


The equation (2it) is known as slope equation. We can find the slope (ie. the value of 2) 


at any point on the beam by substituting the different values of x in this equation. 


The equation (iv) is known as deflection equation. We can find the deflection (i.e., the 
value of y) at any point on the beam by substituting the different values of x in this equation. 


~~ Slope at the supports 


Let 8, = Slope at support A. This is equal to (2) 
dx ata 
‘ iy 
- and 6, = Slop at support B = | 
dx atB 
AtA, x=0 and 2 = 0,. 
: Substituting these values in equation (iii), we get 
3 
pis 2 gc gee 
4 6 24 
wie = WL? 
Sie sa (. w.L= W= Total load) 
WL? 
a=” SaRT ..(12.12) 


(Negative sign means that tangent at A makes an angle with AB in the anti-clockwise 
~~ direction) 
, wl? 


6.2% 
i Say (12.18) 





By symmetry, 
™ Maximum Deflection 


: we L 
The maximum deflection is at the centre of the beam i.e., at point C, where x = 5" Let yo 


= deflection at C which is also maximum deflection. Substituting y= y, and x = 2 in the 


EI w.b (LY w (LY wh (Lh 
Ve= ee S| Sele |) Rae ee 
12 “\2 24°\ 2 24 (2 

w.Lt _wi* wit __ Sw.L* 
96 384 48 384 
5 wht 5 Wb 


~ 384° EI 384° «CET 


~. equation (iv), we get 





¥e= (. w= W = Total load) 
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Negative sign indicates that deflection is downwards. 
Downward deflection, 


_ 5 Wwe 
Yo* 384° EI 
Problem 12.5. A beam of uniform rectangular section 200 mm wide and 300 mm deep is 
simply supported at its ends. It carries a uniformly distributed load of 9 kNim run over the 
entire span of 5 m. If the value of E for the beam material is 1 x 10¢ N/mm®, find : 


(i) the slope at the supports and (ii) maximum deflection. 


-{12,14) 





Sol. Given : 
Width, b= 200 mm 
Depth, d= 300 mm 
M.O.L, pa bd _ 200% 300° 45 108 mm! 
12 12 
U.d.L, w = 9 kN/m = 9000 N/m 
Span, £=5m-= 5000 mm 
Total load, W=w. L* = 9000 x 5 = 45000 N 
Value of E=1.x 104 N/mm? 
Let 8, = Slope at the support 
and ¥o = Maximum deflection. 
(i) Using equation (12.12), we get 
_ WP 
AW” 94EI 
45000 x 50007 


=— ————_____._.__—~ radians 
24x1x10* x 45x 108 


= 0.0104 radians. Ans. 
(ii) Using equation (12.14), we get 
6 Wie 
%e* 384°” ET 
_ 5, 45000 x 50007 _ 
~ 884° 1x 104 x 4.5 x 108 
= 16.27 mm. Ans. 

Problem 12.6. A beam of length 5 m and of uniform rectangular section is simply 
supported at its ends. It carries a uniformly distributed load of 9 kNim run over the entire 
length. Calculate the width and depth of the beam if permissible bending siress is 7 Nimm? and- 
central deflection is not to exceed I cm. 

Take E for beam material = 1 x 104 Nimm?. 





Sol. Given : 
Length, L=5m=5000 mm 


U.dl., w=9kN/m 





*Here L should be taken in metre. Hence for calculating total load, 2 must be in metre and in 
other calculations L is taken in mm. 
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Lt 
Total load, W=wL=9x5=45 KN = 45000N 
Bending stress, f=7Nimm? 
Central deflection, y,=1lem=10mm 





Value of E=1x104N/mm? 
Let 6 = Width of beam is mm 
and d = Depth of beam in mm 
ba® 
M.O.L., I= 
“12, 
Using equation (12. 14), we get 
_5 Wil 
Yo 384°” EI 
speehs 45000 x 5000° 
or 2S hh So 
384 3 
; 1x 104 x oe 
12 
5 45000 x 5000° x 12 
De ee net 
a bere 0" x10 
= 878.906 x 10? mm4 w(E) 


The maximum bending moment for a simply supported beam carrying a uniformly dis- 
tributed load is given by, 





2 
M=¥ f se Se (: We=w.L = Total load) 
2 os as a Jagiee 
= 28125000 Nmm 
Now using the bending equation as 
Mf 
I sy 
a 281250007 & Hes ye ® } 
fa (2) 4 
2 
seiieiee: x12 14 
or bd? d 
125000 x 12 
or pf SOI OOOD x 2 7143 88 ean iy 


14 

Dividing equation (é) by equation (ii), we get 
_ 838.906 x 107 

24107142.85 

Substituting this value of ‘d’ in equation (ii), we get 

b x (864.58)? = 24107142.85 
_ 2410714285 
364.587 


= 364.58 mm. Ans. 


= 181.36 mm. Ans. 





é 
: 
\ 
t 
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Problem 12.7. A beam of length 5 m and of uniform rectangular section is supported at 
its ends and carries uniformly distributed load over the entire length. Calculate the depth of the 
section if the maximum permissible bending stress is 8 Niram? and central deflection is not to 
exceed 10 mm. 

Take the value of E = 1.2 x 104 Nimm?. 

Sol. Given : 

Length, L£=5m = 5000 mm 

Bending stress, f=8 N/mm? 

Central deflection, yo = 10mm 


Value of E=1.2 x 10* N/mm? 
Let W = Total load 
and d = Depth of beam 


The maximum bending moment for a simply supported beam carrying a uniformly dis- 
tributed load is given by, 














2 - 
ee -“= (. W=wL) xs .G) 
Now using the bending equation, 
Mf 
ly 
 fxl_ 8&xI iG -5) 
or May (al) a 
16 
Me= Sat w(EL) 
Equating the two values of B.M., we get 
W.L _ 161 
8 d 
16x8l 1287 , 
or We= Loa Ee (Gti) 
Now using equation (12.14), we get 
AB As We 
Yo™ 384 ~ EI 
5 le 2B 1287 
eee = ‘* yo = 10 mm and W = 
384° Lxd EI ( ae ar) 
_ 5 128x P 
~ 384 dxE 
glass 128x1? 5 128 x 5000” 
oF “384 10xE 384 10x12x104 


= 347.2 mm = 34.72 cm. Ans. 


12.7. MACAULAY’S METHOD 


The procedure of finding slope and deflection for a simply supported beam with an 
eccentric point load as mentioned in Art. 12.5, is a very laborious. There is a convenient method 
for determining the deflections of the beam subjected to point loads. 
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This method was devised by Mr. M.H. Macaulay and is known as Macaulay's method. 
_ This method mainly consists in the special manner in which the bending moment at any sec- 
tion is expressed and in the manner in which the integrations are carried out. 

12.7.1. Deflection of a Simply Supported Beam with an Eccentric Point Load. A 
simply supported beam AB of length L and carrying a point load W ata distance ‘a’ from left 
support and at a distance ‘b’ from right support is shown in Fig. 12.7. The reactions at A andB 
are given by, 


W.b and Ry= “4 





Fig. 12.7 


The bending moment at any section between A and C ata distance x from A is given by, 
M,=R,xx= ss xx 
The above equation of B.M. holds good for the values of x between 0 and ‘a’. The B.M. at 
any section between C and B at a distance x from A is given by, 
M,=Ryx- Wx (&- a) 
W.b 
i ee .x— W&- a) 
The above equation of B.M. holds good for all values of x between x = a and x = b. 


The B.M. for all sections of the beam can be expressed in a single equation written as 


W.b 
so eee oS 
Stop at the dotted line for any point in section AC. But for any point in section CB, add 

the expression beyond the dotted line also. 


x i -W&-a) i) 


The B.M. at any section is also given by equation (12.3) as 


a 6 
ds EI at {it} 
Hence equating (i) and (ii), we get 
4 - 
EI ae | Wea) (dit) 
Integrating the above equation, we get 
2 2 
iO Eee GS ee liv) 
dx L 2 2 
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where C, is a constant of integration. This constant of integration should be written after the 
first term. Also the brackets are to be integrated as a whole. Hence the integration of (x — a) will 


2 2 
wa) and not ra. 





be 


Integrating equation (iv) once again, we get 
W.b x° i: W(x-a)® 
Ely = ——.— + Ox+€, 3: -—- si 
eae ge. ee ae wy) 
where C, is another constant of integration. This constant is written after C,x. The integration 


3 
x-a 


of (x ~ a)? will be . This type of integration is justified as the constant of integrations 





C, and C, are valid for all values of x. 

The values of C, and C, are obtained from boundary conditions. The two boundary con- 
ditions are : 

G) Atx=0, y =0 and (ii) Atx =L,y =0 

(i) At A, x = 0 and y = 0. Substituting these values in equation (v) upto dotted line only, 
we get 





0=0+0+C, 
a C,=0 
(ii) At B, x = L and y = 0. Substituting these values in equation (uv), we get 
wo W (L-a)® 
=—. L+0-—--———- 
re eg 
(- C= 0. Here complete Eq. (v) is to be taken) 
W.b.L? w b* 
ie = +O, xL- o> (. L-a=b) 
W W.o.L? Wid 
C,xLe= 6 ier ae (L? b?) 
W.b 
aie SD pe : 
C,= 6L (L? — 5°) (vi) 
Substituting the value of C, in equation (iv), we get 
dy W.b x? W.b jo 32 W(x - a)” 
Ye IE eee Ee oh 3 eee SE 
So el ee } 2 
W.b.x? W.by.o 10 Wx - a)? x 
ery ane (L -b ) ear es . {uit} 


The equation (vii) gives the slope at any point in the beam. Slope is maximum at A or B. 
To find the slope at A, substitute x = 0 in the above equation upto dotted line as point A lies in 
AC. 


. We d 
EL, = G2" «0-22 A 6% (: # at A=04) 
We 15 30 
=~ a7 (L? — 5*) 
Wb 
So TB 2 : f 
84 GEIL (L* - b*) (as given before) 
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Substituting the values of C, and C, in equation (v), we get 


W.b 3 Wb 2 72 : OW nee cts 
=, ~-— (1? -b7)|x"4+0 : ->@-a) v«a( DEEL) 
EA ig 6L | 6 j 

The equation (viii) gives the deflection at any point in the beam. To find the deflection Ve 
under the load, substitute x = a in equation (viii) and consider the equation upto dotted line (as 


point C lies in AC). Hence, we get 














Ely, = = a =o. (L? - 6?)a = ve a (a? I? + b?) 
nas Wee (L2— a2 - b) 
=- WE: (a +b a2 - BI ¢: L=a+b) 
= 88 [gh + bY + tab — a2 — 8 
=- we [2ab) =— We 
I= > Wao . (same as before) 


Note. While using Macaulay’s Method, the section x is to be taken in the last portion of the 
beam. 


Problem 12.8. A beam of length 6 m is simply supported at its ends and carries a point ~ 


load of 40 kN at a distance of 4 m from the left support. Find the deflection under the load and 
maximum deflection. Also calculate the point at which maximum deflection takes place. Given 
M.O.L of beam = 7.33 x 107 mm? and E = 2 x 10° Nimm?. 


Sol. Given : 
Length, L=6m = 6000 mm 
Point load, W = 40 kN = 40,000 N 


Distance of point load from left support, a = 4m = 4000 mm 
: b=L-a=6-4=2m= 2000 mm 


Let y, = Deflection under the load 
¥max = Maximum deflection 
W.a?.b? 
Usi ti =- 
sing equation Ve SIL 


40000 x 4000? x 20007 
ve 3x 2x 10° x 7.33 x 107 x 6000 
=-9.7mm. Ans. 

Problem 12.9. A beam. of length 6 m is simply supported at its ends and carries two 
point loads of 48 kN and 40 kN at a distance of 1 m and 3 m respectively from the left support. 
Find : 

(i) deflection under each load, 

(it) maximum deflection, and 

(iii) the point at which maximum deflection occurs. 

Given E =2 x 10° Nimm? and I = 85 x 10° mm?. 


ade 
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Sol. Given : 


T= 85x 10° mm?;#=2x 10° N/mm? 
First calculate the reactions 2, and Rp. 
Taking moments about A, we get 
R,x6=48x1+40x3=168 
168 
Ry = “;e = 28 kN 
R, = Total load - Ry = (48 + 40) - 28 = 60 KN 


48 kN 40 KN 






Ra Rg 
Fig. 12.8 


Consider the section X in the last part of the beam (e., in length DB) at a distance x 
from the left support A. The B.M. at this section-is given by, 








2 
er2 2 Rye | - 48-1) | - 40e-3) 
dx 
=60x i 48-1) } ~ 40-8) 
Integrating the above equation, we get 
dy 60x” (x-1? : (x - 3) 
EI —= +C, : -48 -——— : -40 —— 
dx 2 Be 2 : 2 
= 80x? + C, = 24(x ~ 1)? - 20(x - 8)? (i) 
Integrating the above equation again, we get 
3 z 
Ely = we +Cx+C, } ~24@- 0° ~ 20(x - 3)° 
~ 10x3 : 3 20 3 
=10x°+Cyx+C, 3 -8@-1) - 3 -3) (it) 


To find the values of C, and C,, use two boundary conditions. The boundary conditions 


(i) atx=0,y=0, and (i) atx=6m,y=0. 
(i) Substituting the first boundary condition ie2., at x = 0, y = 0 in equation (ii) and 
considering the equation upto first dotted line (as x = 0 lies in the first part of the beam), we get 
0=04+0+C, « C,=0 
(i) Substituting the second boundary condition i.e., atx = 6 m, y = 0 in equation (ii) and 
considering the complete equation (as x = 6 lies in the last part of the beam), we get 


2 
0=10x69+C,x6+0- 816-1 - > (6-38. (2 C,=0) 


or 0 = 2160 +60, - 8x 5°— > x38 
= 2160 + 6C, — 1000 — 180 = 980 + 6C, 
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C= = =- 163.33 


Now substituting the values of C, and C, in equation (iz), we get 
: 20 ee 
Ely = 0x3 - 168.88x | ~ 8-18 | -@- 3) «..(éii) 
: (i) (a) Deflection under first load i.e., at point C. This is obtained by substituting x = 1 in 
~ equation (iii) upto the first dotted line (as the point C lies in the first part of the beam). Hence, 
we get 
EL. y,=10x 1° — 168.33 x 1 
= 10 — 163.33 =— 153.33 kNm3 
=— 153.33 x 103 Nm? 
=— 153.33 x 103 x 10? Nmm? 
=~ 153.33 x 10!2 Nmm# 
- 153.3310"? — - 153.38 x 10” 
wa EI 2x 10° x 85 x 10° 
=— 9.019 mm. Ans. 
(Negative sign shows that deflection is downwards). 


(b) Deflection under second load i.e. at point D. This is obtained by substituting x = 3 m 
in equation (iii) upto the second dotted line (as the point D lies in the second part of the beam). 
Hence, we get 


mm 


EL yp = 10 x 3° — 163.33 x 3 - 8(3 — 18 
= 270 - 489.99 ~ 64 = ~ 283.99 kNm? 
=~ 283.99 x 10!2 Nmm? 
~ 283.99 x 10” 
2x 10° x 85 x 108 
(ii) Maximum Deflection. The deflection is likely to be maximum at a section between C 


p= =~16.7mm. Ans. 


d: . : 
» and D. For maximum deflection, a should be zero. Hence equate the equation (i) equal to 


zero upto the second dotted line. 
fs 30x? + C, - 24(x - 1)? = 0 
. or 30x? 163.33 — 24(x? + 1- 2x) =0 : (. C, =~ 163.33) 
"or 6x? + 48x ~ 187.33 = 0 
The above equation is a quadratic equation. Hence its solution is , 


- 48 + 48” 6 x 187.383 
48 = 48° +4x6x en 


2x6 


(Neglecting — ve root) 
Now substituting x = 2.87 m in equation (iii) upto the second dotted line, we get maxi- 


- mum deflection as 


Ely,,., = 10 x 2.879 — 163.33 x 2.87 - 8(2.87 - 1) 
= 236.39 — 468.75 — 52.31 
= 284.67 kNm = — 284.67 x 10!2 Nmm3 
~ 284.67 x 101” 


Vmax = = 16.745 mm. Ans. 
. 2x 10° x 85x 10 


feats Ganinia ies 


deanna tnentnlimtiniy Said ceeaisaaeeat 
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Problem 12.10. A beam of length 8 m is simply supported at its ends. It carries a uni- 
formly distributed load of 40 kN/m as shown in Fig. 12.9. Determine the deflection of the beam 
at its mid-point and also the position of maximum deflection and maximum deflection. Take E 
=2x 10° Nimm? and I = 4.8 x 10° mm‘. 


40 kN/m 
C ra 


1 m}<————— 4m + 3m 


8m 


Ra Rg 
Fig. 12.9 
Sol. Given : 
Length, L=8m 
U.d.l., W = 40 kN/m 
Value of E=2-x 10° N/iémm? 
Value of I=4.3 x 108 mm4 


First calculate the reactions R, and Rp. 
Taking moments about A, we get 


By x8=40 4x (144) = 480 4 


480 
Rg ae 60 kN 
R, = Total load - R, = 40 x 4- 60 = 100 kN 
In order to obtain the general expression for the bending moment at a distance x from 
the left end A, which will apply for all values of x, it is necessary to extend the uniformly 
distributed load upto the support B, compensating with an equal upward load of 40 kN/m over 
the span DB as shown in Fig. 12.10. Now Macaulay’s method can be applied. 


’ 40kN/m 


SSS geen B 
D  4oKnm7 
a 4m ———-—--- le _—— 3m 





8m 





Ra Ra 
Fig. 12.10 
The B.M. at any section at a distance x from end A is given by, 
ar £4 = Ryx i — 40(« ~ 1) x ae i440 x (x5) x ao 
or ary 100x | -20@-1% § +20(:-5) 


Integrating the sion equation, we get 
2 3, _ 5B 
dy 100x Cc 20(x - 1) +20 (x = 


a ae 1p "3 


wi) 
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Integrating again, we get 


3 . 4 4 
_en © : 20 (n- 1)": 20 (x ~ 5} 
Ely = 50 a + Crt Cy : See? Pasa 
2 5 5 
=50 7 12s (en 454 © ty — 54 5 
= 50 3 +C,x+C, 3 1) +3 & 5) w(UE) 


where C, and C, are constants of integration. Their values are obtained from boundary condi- 
tions which are : 

@atx=0,y=0 and (ii) atx=8m,y=0 

(i) Substituting x = 0 and y = 0 in equation (iz) upto first dotted line (as x = 0 lies in the 
first part AC of the beam), we get : 

0=04C,x0+C,  C,=0 

Gi) Substituting x = 8 and y = 0 in complete equation (zi) (as point x = 8 lies in the last 

part DB of the beam), we get 


50 5 5 
O= > x 8740, x 840-3 (8-~ Dit 5 8-5) (. C, = 0) 


= 8533.33 + 8C, — 4001.66 + 135 
or 8C, = — 4666.67 


- 4666.67 . 
or Ci= ee =— $83.33 


Substituting the value of C, and C, in equation (i), we get 


50 
El, = 7 x3 583.33x 
{a) Deflection at the centre 
By substituting x = 4 m in equation (iz) upto second dotted line, we get the deflection at 
the centre. {The point x = 4 lies in the second part (i.e., CD) of the beam]. 


5 5 
— ty — 1\4 bine _ 44 ane 
3% 1) + 3 (x ~ 4) .{ili) 


ELy = = x 43 — 583.33 x 4— : (4—1)4 
1066.66 — 2333.32 - 1385 =- 1401.66 kNm? 
— 1401.66 x 1000 Nm? 
— 1401.66 x 1000 x 109 Nmm? 
=~ 1401.66 x 10!2 Nmm? 
-140166x10" —_- 1401.66 x 10” 
EI ~ 2x 10° x 4.5 x 108 
=~-— 16.29 mm downward. Ans. 
(6) Position of maximum. deflection 
The maximum deflection is likely to lie between C and D. For maximum deflection the 


d . : i Sept : 
slope = should be zero. Hence equating the slope given by equation (i) upto second dotted line 
to zero, we get 

, ‘ 
x 20 
0= 100 +C,- > @-18 


0 = 50x? — 583.33 - 6.667(x - 1) ...(iv)} 
The above equation is solved by trial and error method. 





end panen 
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Let x = 1, then R.HLS. of equation (iv) 
= 50 — 583.33 — 6.667 x 0 = — 533.33 

Let x = 2, then RS. = 50x 4- 583.33 - 6.667 x 1 =— 390.00 

Let x = 3, then R.H.S. = 50 x 9 - 583.33 - 6.667 x 8 = - 136.69 

Letx=4,then R.H.S. = 50x 16 - 583.33 - 6.667 x 27 = + 36.58 

In equation (iv), when x = 3 then R.H.S. is negative but when x = 4 then R.HLS. is 
positive. Hence exact value of x lies between 3 and 4. 

Let x = 3.82, then R.HLS. = 50 x 3.82 — 583.38 — 6.667 (8.82 — 1)8 
= 729.63 — 583.33 - 149.51 = - 3.22 
= 50 x 3.83? - 583.33 = 6.667 (3.83 — 1)8 
= 733.445 — 583.33 - 151.1 =- 0.99 

The R.H.S. is approximately zero in comparison to the three terms (i.e., 733.445, 583.33 
and 151.1). 

Value of x = 3.83. Ans. 

Hence maximum deflection will be at a distance of 3.83 m from support A. 

(c) Maximum. deflection 

Substituting « = 3.83 m in equation (iii) upto second dotted line, we get the maximum 
deflection [the point x = 3.83 lies in the second part t.e., CD of the beam.] 


Let x = 3.83, then R.H.S. 


50 5 
ELY wax = 3% 3.835 — 583.33 x 3.83 — 3 (3.83 - 1)4 


= 936.36 — 2234.15 - 106.9 =~ 1404.69 kNm? 
=~ 1404.69 x 10! Nmm? 


_ _— 1404.69 x 10” 
J mar 9 10° x 4.3% 10° 
Problem 12.11. An overhanging beam ABC is loaded as shown in Fig. 12.11. Find the 


slopes over each support and at the right end. Find also the maximum upward deflection be- 
tween the supports and the deflection at the right end. 


Take E =2x 10° Ninm? and I = 5 x 108 mm/4. 


=-—16.33 mm. Ans. 





Fig. 12,11 
Sol, Given : 
Point load, W=10kN 
Value of E=2x 10° N/mm? 
Value of I=5x 108 mm* 


First calculate the reaction R, and Ry. 
Taking moments about A, we get 2 
Rzx6=10x9 
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10x9 
Rae eS 15 kN 
R, = Total load-R, =10~15=—5kN 
Hanes the reaction R, ‘will be in the dowavani direction. Hence Fig. 12.11 will be modi- 
~died as shown in Fig. 12.12. “Now write down an expression for the B.M. in the last section of 
the beam. 


10 kN 
















3m ——+| 
Ra =5 kN Rg = 15kN 
Fig. 12.12 
The B.M. at any section at a distance x from the support A is given by, 
: 2 
BI S$ =-Ryxx + Rp x - 6) 
=~5x } +16(¢-6) (Ry =5) 
Integrating the above equation, we get 
dy _-5x? .  18(x-6)? 4 
EI Ae et a ee ae .(é) 
Integrating again, we get 
3 
5 x? ib (x re 6} 
LAV Sa +Ox+C, 3 + 2 aa 
=- = 34 Cx+C, + 20- 6) .- (it) 


eis C, and C, are constant of integration. Their see are obtained from boundary condi- 

"sions ‘hich are: 

(i) atx =0,y =0 and (ti) atx=6m,y=0. 

(i) Substituting x = 0 and y = 0 in equation (ii) upto dotted line (as x = 0 lies in the first 
_part AB of the beam), we get 

‘ 0=0+C,x0+C, beats 

(i) Substituting x =6m and y = 0 in equation (i) upto dotted line (as x = 6 lies in the 

: Srst part AB of the beam), we get : 





0= x4 C,x6+0 ( C,=0) 

=-5x 36+ 6C, 

ae + as 86 = 30 

Substituting the values of C, and C, in equations (é) and (iz), we get 
ieee 2G 68 Adit) 
Ele gt + 30 +a & 6) 

ae 5 5 : 
and Ely =- é x3 + 80x +5 (x - 6) wiv 
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(a) Slope over the support A 
By substituting x = 0 in equation (iii) upto dotted line, we get the slope at support A (the 
point x = 0 lies in the first part AB of the beam). 


5 
ELO,=- > x0 +30= 30 kNin? = 80 x 1000 Ni? (. & at A~o,) 


= 30 x 1000 x 10° Nmm? = 30 x 10? Nmm? 


9, = 30x10° 80x 109 
Aw ExI 2% 105x5x 108 


= 0.0003 radians. Ans. 
(6) Slope at the support B 


By substituting x = 6 min equation (iii) upto dotted line, we get the slope at support B 
(the point x = 6 lies in the first part AB of the beam). 


5 di: 
EO, =~ 5 x 6? + 30 =- 90 + 30 («Ba B05) 
=~ 60 kNm? = — 60 x 109 Nmm? 
~60x10° ~~ 60x 10° 


ia Bak aol eave 
=-— 0.0006 radians. Ans. 


(c) Slope at the right end i.e., at C 


By substituting x = 9 m in equation (iii), we get the slope at C. In this case, complete 
equation is to be taken as point x = 9 m lies in the last part of the beam. 
dy } 
“= at C=60 
( dx : 


BLO. =- 3 x 92430442 (9-6 


=— 202.5 + 30 + 67.5 =— 105 kNm? 
=- 105 x 10° Nmm? 


9. —205x10° _— - 105 x 10° 
Cc" ExT 2x 10° x 5 x 108 


=-— 0.00105 radians. Ans. 


(d) Maximum upward deflection between the supports 
For maximum deflection between the supports, ° should be zero. Hence equating the 
slope given by the equation (iii) to be zero upto dotted line, we get 


eae fe eer a 


2 
or n= fo Vid = 3.464 m 


Now substituting x = 3.464 m in equation (iv) upto dotted line, we get the maximum 
deflection as 


or 5x? = 60 


ET ax =~ é x 3.4643 + 30 x 3.464 
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i 
. = — 34.638 + 103.92 = 69.282 kNm? 
= 69.282 x 1000 x 10° Nmm? = 69.282 x 10!” mm® 


69.282 x 10 
Ymax = 9% 108 x5 x 108 
= 0.6928 mm (upward). Ans. 


(e) Deflection at the right end i.e., at point Cc ; 
By substituting x = 9 m in equation (iv), we get the defiection at point C. Here complete 
equation is to be taken as point x = 9 m lies in the last part of the beam. 


5 
EI yg=- 2x 99+ 80x94 5 9-6) 


= — 607.5 + 270 + 67.5 
~ 270 kNm? = — 270 x 1012 Nmm? 


~270x 10” 
Yo" 9% 10% x5 x 10° 
=-2.7 mm (downwards). Ans. 

Problem 12.12. A beam ABC of length 9 m has one support of the left end and the other 
support at a distance of 6 m from the left end. The beam carries a point load of 1 RN at right end 
and also carries a uniformly distributed load of 4 kNim over a length of 3 m as shown in 
Fig. 12.13. Determine the slope and deflection at point C, 

Take E = 2x 105 Nimm? and I= 5 x 108 mm‘. 


Sol. Given : 

Point load, W=12kN 

U.d.L, w=4kN/m 

Value of E = 2x 10° Nénm? 
Value of T=5 x 108 mm* 


First calculate the reactions R, and Fz. 








Fig. 12.13 


Taking moments about A, we get 


Ryx6=4x8x (345) 412x9 


= 544108 = 162 
162 
Rg= 3 = 27kN (fT) 
and R, = Total load - Rp = 24- 27=-3kN(}) 
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Negative sign shows that R, will be acting downwards. In order to obtain general ex- 
pression for the bending moment at a distance x from the left end A, which will apply for all 
values of x, it is necessary to extend the uniformly distributed load upto point C, compensating 
with an equal upward load of 4 kN/m over the span BC as shown in Fig. 12.14. Now Macaulay's 
method can be applied. 

















Ry =3KN Rg = 27 KN 
Fig. 12.14 
The B.M. at any section at a distance x from the support A is given by, 
d’y : (x - 3) : 3 
HY Wg = Ry xe i ~ 4-3) 3 +Ryx- 6) 3+ 4-6) e= 
=-Bx | -2@-3% | 427-6) | +2@-6) 
Integrating the above equation, we get 
dy 3x” 2 (x - 3) Q7(x-6)?  2(x-6)° 
gy 2.2 3% _ 2&-3)" : 27(x-6)" | ale -6)" 2 
a aoe Cc, 3 ot ° + 3 -{d) 
Integrating again, we get 
3 : 4 
pies UegeG, 2 2 Se ee GEO 
23 : 3 4 : 2 3 3 4 
x? (x - 3)? 9 1 
or Ely =- sort Cix+C, aa + a” - 6)? +] (x ~ 6)? ..Gi} 


where C, and C, are constant of integration. Their values are obtained from boundary condt- 
tions which are : 
(i) atx = 0, y = 0 and 
(i) Substituting the x = 0 and y = 0 in equation (iz) upto fir i ies i 
pto first dotted line (as x = 01 
the first part AD of the beam), we get ee 
0=0+C,x0+C, «C,=0 
Gi) Substituting x = 6 and y = 0 in equation (7) upto second dotted line (as x = 6 lies in 
the second part DB of the beam), we get 


6° ~ 3) 
o=- 5 +0,x6+0- O-9 


=~ 108 + 6C, - 18.5 =~ 121.5 + 6C, 


Gi) atx = 6m, y = 0. 


1215 
or C, = = 20.25 
Substituting the values of C, and C, in equations (2) and (ii), we get 
dy 3, : | 2-3) 27 ace 
EI T= - 9% + 20.25 } Sars + &-6P : +4 &~ 6 (UE) 


and Bly 3 2 + 209%2' 4G, — ay 2 8 : 
yen 2xxil - e@-3) +5 &~6) + 4% &- 6) 


.(iv) 
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(a) Slope at the point C 
By substituting x = 9 m in equation (ii), we get the slope at C. Here complete equation 
is to be taken as point x = 9 m lies in the last part of the beam. 


2 27 Ms ee 
El8g=- 5 x 9 +20.25- 5 (9-3) +S @- 6) + 3 9-6? 


d 
(: # at cee) 


=— 121.5 + 20.25 - 144 + 121.5 + 18 =— 105.75 kNm? 
=~ 105.75 x 103 x 10° Nmm? =~ 105.75 x 10° Nmm? 


405.75 x 10° 


- ET 0.0010575 radians. Ans. 
2x10° x5x10 


Qe = 


(b) Deflection at the point C 
By substituting « = 9 m in complete equation (iv), we get the deflection at Cc. 


3 1 9 1 
El xye=- = + 20.25 x9- = (9-3 + 5 (9-6) + | (9- 6) 


=~ 364.5 + 182.25 — 216 + 121.5 + 13.5 
=~ 263.25 kNm® = — 263.25 x 10! Nmm? 


_ 268.25 x 10" 
2x 10° x5 x 10° 
Problem 12.13. A horizontal beam AB is simply supported at A and B, 6 m apart. The 
beam is subjected to a clockwise couple of 300 kNm at a distance of 4 m from the left end as 
shown in Fig. 12.15. If E = 2 x 105 Nimm? and I = 2 x 108 mm, determine : 


(i) deflection at the point where couple is acting and 
(ii) the maximum deflection. 


oF =—2.6325 mm. Ans. 


A 








Sol. Given : 

Length, L=6m 

Couple = 300 kNm 
Value of | E=2x 10° N/imm’? 
Value of I=2x 108 mm4 


First calculate the reactions R, and Rp. 
Taking moments about A, we get 


Rg x 6 = 300 
300 
. Rg=~_ = 50KN (f) 
and R, = Total load - R, = 0-50 kN (-: There is no load on beam) 
=—50kN 
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SE PE SSS Yh SSSR fpf SAS RS SSS RS SE 


Negative sign shows that R, is acting downwards as shown in Fig. 12.16. 








R, = 50 kN Re = 50 kN 
Pig. 12.16 
The B.M. at any section at a distance x from A, is given by 
2 : 
er TF =~ 502 : + 300 
=—- 50x ioe 300(x — 4)° 
Integrating the above equation, we get 
d - 50x" ; 
EI 2 =- +, | +300K-4) fi) 
Integrating again, we get . 
50 x® > 300(« - 4)? 
Ely =- og +Cx+C, 2 + eS 
za 25 3 : 2 : ot 
=e + yx +C, > 150(x -— 4)* (ii) 


where C, and C, are constants of integration. Their values are obtained from boundary condi- 
tions which are : 


@)atx=0,y=0 and (ii) atx =Gmandy=0. 

(i) Substituting x =0 and y =0 in equation (ii) upto dotted line, we get 
0=0+C,x0+C, « C,=0 

(ii) Substituting x =6m and y= 0 in complete equation (zi), we get 


25 
O=- > x6 +C, x6 +0 + 150(6- 4)? 


=~ 1800 + 6C, + 600 

1800 ~ 600 

Sa 

Substituting the values of C, and C, in equation (ii), we get 


= 200 


25 
Ely =- ~> x9 + 200x {+ 150(¢~ 4)? (0 Cy = 0) ...Gii) 


(i) Deflection at C (i.e., ¥¢) 
By substituting x = 4 in equation (ii) upto dotted line, we get the deflection at C. 


25 
Elyg=-"3 x 43 + 200 x 4 
= ~ 583.33 + 800 = + 266.67 kNm? 
= 266.67 x 10! Nmm? 


266.67 x 107” 


= ———_,-_—_, = 6.66 ards. . 
Yo 2x10 x2x10° mm upwards. Ans 
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(ii) Maximum deflection 
First find the point where maximum deflection takes place. The maximum deflection is 


: ._ dy 
likely to occur in the larger segment AC of the beam. For maximum deflection ae should be 
zero. Hence equating the slope given by equation (i) upto dotted line to zero, we get 


- > 22 +200=0 G:C, = 200) 


or — 25x? + 200 =0 


or w= [20 =2x 2m 


Now substituting x = 2 x 2 in equation (ii) upto dotted line, we get the maximum 
deflection. 


EL Inge > x (2 x ¥2)9 + 200(2 x V2) 


= — 188.56 + 565.68 
= 377.12 kNm? = 377.12 x 10/2 Nmm? 


377.12 x 10 


== 9.428 mm upwards. Ans. 
ymax 310° x 2x 10° s 


12.8. MOMENT AREA METHOD 


Fig. 12.17 shows a beam AB carry- 
ing some type of loading, and hence sub- 
jected to bending moment as shown in 
Fig. 12.17 (a). Let the beam bent into 
AQ,P,B as shown in Fig. 12.17 (6). 

Due to the load acting on the beam. 
Let A be a point of zero slope and zero 
deflection. 

Consider an element PQ of small 
length dx at a distance x from B. The 
corresponding points on the deflected , 

[7 


Area = M.dx 


beam are P,Q, as shown in Fig. 12.17 (6). 
Let R = Radius of curvature of de- 
flected part P,Q, 
d6= Angle subtended by the 
are P,Q, at the centre O 
M = Bending moment between 


PandQ A 
P,C = Tangent at point P, \\ ae 
@,D = Tangent at point Q,. \ 
The tangent at P, and Q, are cut- \ 
ting the vertical line through B at points O 


C and D. The angle between the normals 


at P, and .Q, will be equal to the angle Fig. 12.17 
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between the tangents at P, and Q,. Hence the angle between the lines CP, and DQ, will be 
equal to dé. 


For the deflected part P,Q, of the beam, we have 


PQ, = R.dé 
But P1Q, ~ dx 
: dx = R.d@ 
d0 = Ss my) 
But for a loaded beam, we have 
M _E _ EI 
Sa, ag 
Substituting the values of R in equation (i), we get 
dx Mdx i 
d@ = () = ET w EZ) 
M 


Since the slope at point A is assumed zero, hence total slope at B is obtained by integrat- 
ing the above equation between the limits 0 and L. 


LM.dx 1 fb 
7 (ser EI ET f, mee 
L 
But M.dx represents the area of B. M. diagram of length dx. Hence ie M.dx represents 
the area of B. M. perm Pe A and B. 


py [Area of B. M. diagram between A and B] 
But = ae at B=6, 
Slope at B, 
Area of B. M. diagram between A and B 


(12, 
EI (12.15) 





82 = 


If the slope at A is not zero then, we have 


“Total change of slope between B and A is equal to the erea of B. M. dinram, between B 
and A divided by the flexural rigidity EI’ 


Area of B.M. between A and B 





or @,—-8,4= Er ..(12.16) 
Now the deflection, due to bending of the portion P,Q, is given by 
dy = x.d0 
Substituting the value of d6 from equation (ii), we get 
ica ..Aiii) 
EI 


Since deflection at A is assumed to be zero, hence the total deflection at B is obtained by 
integrating the above equation between the limits zero and L. 


y= [3 a -=f xM dx 


But x x M.dx represents the moment of area of the B.M. diagram of length dx about 
point B. 
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2 
Hence ib xM.dx represents the moment of area of the B.M. diagram between B and A 


about B. This is equal to the total area of B.M. diagram between B and A multiplied by the 
distance of the C.G. of the B.M. diagram area from B. 


1 _ AX 
Per ONE 
where A = Area of B.M. diagram between A and B 
x = Distance of C.G. of the area A from B. 


12.17) 


12.9. MOHR’S THEOREMS 

The results given by equation (12.15) for slope and (12.17) for deflection are known as 
Mohr’s theorems. They are state as: 

I. The change of slope between any two points is equal to the net area of the B.M. 
diagram between these points divided by EI. 

Il. The total deflection between any two points is equal to the moment of the area of 
B.M. diagram between the two points about the last point (i.e., B) divided by EI. 

The Mohr’s theorems is conveniently used for following cases : 

1. Problems on cantilevers (zero slope at fixed end). 
2. Simply supported beams carrying symmetrical loading (zero slope at the centre). 
3. Beams fixed at both ends (zero slope at each end). 

The B.M. diagram is a parabola for uni- 0D 
formly distributed loads. The following prop- 
erties of area and centroids or parabola are 
given as: 

Let BC=d 

AB=b 
In Fig. 12.18, ABC is a parabola and 
ABCD is a surrounding rectangle. 
Let A, = Area of ABC 
x, = Distance of C.G. of A, from AD 
A, = Area of ACD 
¥ 9 = Distance of C.G. ofA, fromAD 
G, = C.G. of area A, 
G, = C.G. of area Ao. 

Then A, = Area of parabola ABC 





Fig. 12.18 


2 
= god 
A, = Area ACD = Area ABCD — Area ABC 
aha Agee pa 
3 3 


b 


BY 
ay 
i 


b. 


nw 
‘| 
w]e Color 
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12.10. SLOPE AND DEFLECTION OF A SIMPLY SUPPORTED BEAM CARRYING A 
POINT LOAD AT THE CENTRE BY MOHR’S THEOREM 


Fig. 12.19 (a) shows a simply supported AB of length L and carrying a point load W at 
the centre of the beam i.e., at point C. The B.M. diagram is shown in Fig. 12.19 (8). This is a 
case of symmetrical loading, hence slope is zero at the centre i.e., at point C. 

But the deflection is maximum at the centre. 





B.M. Diagram 


Fig. 12.19 


Now using Mohr’s theorem for slope, we get 
_ Area of B.M. diagram between Aand C 





Slope at A EI 
But area of B.M. diagram between A and C 
= Area of triangle ACD 
1 L WL WL? 
= xX KR oe 
2 2 4 16 
2 
Slope at A or 6, = = 
Now using Mohr’s theorem for deflection, we get from equation (12.17) as 
_ Az 
ei 
where A = Area of B.M. Diagram between A and C 
_ We 
16 
x% = Distance of C.G. of area A from A 
2 LOL 
=~ xo re 
3 2 3. 
we ob 
Siac NG Bot NE 
EI 48EI 
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12.11. SLOPE AND DEFLECTION OF A SIMPLY SUPPORTED BEAM CARRYING A 
UNIFORMLY DISTRIBUTED LOAD BY MOHR’S THEOREM 


Fig. 12.20 (a) shows a simply supported beam AB of length L and carrying a uniformly 
distributed load of w/unit length over the entire span. The B.M. diagram is shown in Fig. 12.20 
(6). This is a case of symmetrical loading, hence slope is zero at the centre i.e., at point Cc. 


es 


w/Unit length 








: L iY B.M. Diagram B 
Jb 
Fig. 12.20 


(@) Now using Mohr’s theorem for slope, we get 
__ Area of B.M. diagram between A and C 











Slope at A ET 
But area of B.M. diagram between A and C 
= Area of parabola ACD 
=—xACxCD 
Bh wee aps 
=—~x—x = 
38 2 8 24 
3 
Slope at asi 
24ET 
(ii) Now using Mohr’s theorem for deflection, we get from equation (12.17) as 
_ At 
7S ET 
where A = Area of B.M. diagram between A and C 
_ Ww. B 
24 
and Xx = Distance of C.G. of area A from A 
5 5 L 5L 
=—x AC =—x ~—=— 
oo ee IG 
wt? 5h 
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HIGHLIGHTS 


The relation between curvature, slope, deflection etc. at a section is given by : 
Deflection = y 
dy 
Slope = —- 
ope = 
2 
B.M. = EI oy 
Be 
SF. = Er 2% 
dx? 
4 
unr oy 
ax! 


As deflection is very small, hence slope is also given by & =tan@=<@. 


Slope at the supports of a simply supported beam carrying a point load at the centre is given by: 
we? 
16HT 
where W = Point load at the centre, L = Length of beam 
E = Young’s modulus, r=MO1, 
The deflection at the centre of a simply supported beam carrying a point load at the centre is 
iven b = Wo 
Bey ae anal 
The slope and deflection of a simply supported beam, carrying a uniformly distributed load of 
w/unit length over the entire span, are given by, 
wr? 5 Wi? 
—— and yo= ———. 
24k 384 ET 
Macaulay’s method is used in finding slopes and deflections at any point of a beam. In this 
method : 


(t) Brackets are to be integrated as a whole. 
’ (i) Constants of integrations are written after the first term. 


(iii) The section, for which B.M, equation is to be written, should be taken in the last part of the 
beam. 


6, =6,> 


6, = 60,5 


For maximum deflection, the slope o is zero. 
The slope at point B if slope ot A is zero by moment-area method is given by, 
_ Area of B.M. diagram between A and B 
EI . 
The deflection by moment area method is given by 
As 
EI 
where A = Area of B.M. diagram between A and B 


Op 


y= 


x = Distance of C.G. of area from B. 
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EXERCISE 12 


(A) Theoretical Questions 


Derive an expression for the slope and deflection of a beam subjected to uniform bending mo- 
ment. : 

: a d’y 
Prove that the relation that M = EI a 
where M= Bending moment, # = Young’s modulus, f = M.Q.1. 
Find an expression for the slope at the supports of a simply supported beam, carrying a point 
load at the centre. 
Prove that the deflection at the centre of a simply supported beam, carrying a point load at the 
we? 
48EI 
where W = Point load, L = Length of beam. 
Find an expression for the slope and deflection of a simply supported beam, carrying a point load 
W at a distance ‘a’ from left support and at a distance ‘b’ from right support where a > b. 
Prove that the slope and deflection of a simply supported beam of length Z and carrying a uni- 
formly distributed load of w per unit length over the entire length are given by 


centre, is given by yo = 


wr? 5 WE 
——,and Deflection at centre = ———— 
Q4KI’ 384 EI 


where W = Total load = w x L. 

What is a Macaulay's method ? Where is it used ? Find an expression for deflection at any. section 
of a simply supported beam with an eccentric point load, using Macaulay’s method. 

What is moment-area method ? Where is it conveniently used ? Find the slope and deflection of 
a simply supported beam carrying a (i) point load at the centre and (di) uniformly distributed 
load over the entire length using moment-area method. 


Slope at supports =- 


(B) Numerical Problems 


A wooden beam 4m long, simply supported at its ends, is carrying a point load of 7.25 kN at 
its centre. The cross-section of the beam is 140 mm wide and 240 mm deep. If # for the beam = 
6 x 10° N/mm”, find the deflection at the centre. [Ans. 10 mm] 
A beam 5 m long, simply supported at its ends, carries a point load W at its centre. If the slope at 
the ends of the beam is not to exceed 1°, find the deflection at the centre of the beam. 

, [Ans. 29.08 mm] 
Determine : (i) slope at the left support, (ii) deflection under the load and (iii) maximum deflec- 
tion of a simply supported beam of length 10 m, which is carrying a point load of 10 KN at a 
distance 6 m from the left end. 
Take BE = 2 x 105 N/mm? and J = 1 x 108 mmf. [Ans: 0.00028 rad., 0.96 mm and 0.985 mm] 
A beam of uniform rectangular section 100 mm wide and 240 mm deep is simply supported at its 
ends. It carries a uniformly distributed load of 9.125 kN/m run over the entire span of 4 m. Find 
the deftection at the centre if Z = 1.1 x 104 N/mm?. [Ans. 6.01 mm] 
A beam of length 4.8 m and of uniform rectangular section is simply supported at its ends. It 
carries a uniformly distributed load of 9.375 kN/m run over the entire length. Calculate the 
width and depth of the beam if permissible bending stress is 7 N/mm? and maximum deflection 
is not to exceed 0.95 cm. 
Take E for beam material = 1.05 x 10 N/mm?. 
Solve problem 3, using Macaulay’s method. 


[Ans. 6 = 240 mm and a = 336.8 mm] 
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4. 


10. 


11. 


12. 


A beam of length 10 m is simply supported at its ends and carries two point loads of 100 KN and 
60 KN at a distance of 2 m and 5 m respectively from the left support. Calculate the deflections 
under each load. Find also the maximum deflection. 
Take I = 18 x 108 mm‘ and E = 2 x 105 N/mm”. 

(Ans. (i) — 4.35 mm (ii) — 6.76 mm (ii) y,,,, = — 6.78 mm] 
A beam of length 20 m is simply supported at its ends and carries two point loads of 4 KN and © 
10 KN at a distance of 8 m and 12 m from left end respectively. Calculate : - deflection under 
each load (ii) maximum deflection. 
Take E = 2 x 10° N/mm? and I = 1 x 10° mm‘. 

{Ans. (Z) 10.38 mm and 10.6 downwards, (ii) 11 mm] 

A beam of length 6 m is simply supported at its ends. It carries a uniformly distributed load of 
10 kN/m as shown in Fig. 12.21. Determine the deflection of the beam at its mid-point and also 
the position and the maximum deflection. 








Take EI = 4.5 x 108 N/mm2. [Ans. - 2.578 mm, x = 2.9m, y_,, =~ 2.582 mm 
10 kN/m 
4m} 3m >| 2m 
— §m 
Fig. 12.21 


A beam ABC of length 12 metre has one support at the left end and other support at a distance 
of 8 m from the left end. The beam carries a point lead of 12 kN at the right end as shown in 
Fig. 12.22. Find the slopes over each support and at the right end. Find also the deflection at the 
right end. 
Take E = 2 x 105 N/mm? and J = 5 x 108 mm?4. 

[Ans. 6, = 6.00364, @, = - 0.00128, 8, = ~ 0.00224, y, = - 7.68 mm] 


12 KN 


A B c 
-—— eee 4m ———>} 
Fig. 12.22 


An overhanging beam ABC is loaded as shown in-Fig. 12.23. Determine the deflection of the 
beam at point C. 
Take E = 2 x 10° N/mm? and J = 5 x 108 mm‘. 








(Ans. y, = — 4.16 mm] 






8 kN 
2kN/im 







4m 


Fig. 12.23 


A beam of span 8 m and of uniform flexural rigidity ET = 40 MN-m?, is simply supported at its 
ends. It carries a uniformly distributed load of 15 kN/m run over the entire span. It is also 
subjected to a clockwise moment of 160 kNm at a distance of 3 m from the left support. Calculate 
the slope of the beam at the point of application of the moment. [Ans. 0.0061 rad.] 
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Deflection of Cantilevers 


13.1. INFRODUCTION 


Cantilever is a beam whose one end is fixed and other end is free. In this chapter we 
shall discuss the methods of finding slope and deflection for the cantilevers when they are 
subjected to various types of loading. The important methods are (i) Double integration method 
(ii) Macaulay’s method and (iit) Moment-area-method. These methods have also been used for 
finding deflections and slope of the simply supported beams. 


13.2. DEFLECTION OF A CANTILEVER WITH A POINT LOAD 
BY DOUBLE INTEGRATION METHOD 


A cantilever AB of length LZ fixed at the point A and free at the point B and carrying a 
point load at the free end B is shown in Fig. 13.1. AB shows the p 


osition of cantilever before 
any load is applied whereas AR’ shows the position of the cantilever after loading. 


AT THE FREE END 





Fig. 13.1 
Consider a section X, at a distance x from the fixed end A. The B.M. at this section is 
given by, 
M,=-W(L—x) (Minus sign due to hogging) 
But B.M. at any section is also given by equation (12.3) as 
2 
M= Ei 22 
dx? 


Equating the two values of B.M., we get 
a2 
EI 2 =-W(L-x)=-WL+ We 
dx 
Integrating the above equation, we get 


a 2 
BY Gy =~ Wx + ME 4g, x6 
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Integration again, we get 


2 3 . 

Ely =-WL a + = +C\x+C, (ii) 

where C, and C, are constant of integrations. Their values are obtained from boundary condi- 
1 


dy _ 
tions, which are : (i) at x = 0, y = 0 (ii) x = 0, a 0 
[At the fixed end, deflection and slopes are zero] 

(i) By substituting x = 0, y = 0 in equation (ii), we get 

0=0+0+0+C, ~ C,=0 

. dy : o6,Ue 

(ii) By substituting x = 0, ae 0 in equation {Z), we get 

0=0+0+C, « C,=0 
Substituting the value of C, in equation (i), we get 


2 

EI 2 Wi + ee 
x ..Aéii) 

=-W [ux -= 


ion (iit) i i find the slope at any point on the 
ation (iii) is known as slope equation. We can. L : 
Recdisas by substituting the value of x. The slope and deflection are maximum at the free 


end. These can be determined by substituting x = ZL in these equations. 
Substituting the values of C, and C, in equation (ii), we get 
2 3 
Bly =- WE e+ (2 C,=0,C,=0) 

=-W Ex? 2a ... (iv) 

> 2 6 
The equation (iv) is known as deflection equation. 

. {dy 

Let 0, = slope at the free end B i.e., (2) at B = 6, and 


¥y = Deflection at the free end B 


(a) Substituting 6, for cu and x = L in equation (¢ii), we get 


dx 
I? Lv 
EL®, =~ w(e.2-%) =-W. : 
he (13.1) 
BY” OET 


Negative sign shows that tangent at B makes an angle in the anti-clockwise direction 
with AB 
WL? 


= ..(18.1A) 
~ 2ET 
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(b) Substituting ¥p for y and x = L in equation (iv), we get 


2 3 Bb PB 3 
piyge—w (LEE) aw [F- Za wo 


6 2 6 3 
WL? 
=- —— (13.2) 
%8°~ SEI 
(Negative sign shows that deflection is downwards) 
WL 


Downward deflection, y, = .. (13.2 A) 


3EI 
13.3. DEFLECTION OF A CANTILEVER WITH A POINT LOAD AT A DISTANCE ‘a’ 
FROM THE FIXED END 


A cantilever AB of length L fixed at point A and free at point B and carrying a point load 
W at a distance ‘a’ from the fixed end A, is shown in Fig. 13.2. 





Fig. 13.2 


: d. 
Let 8, = Slope at point C ie., (2) atc 
¥c = Deflection at point C 
¥n = Deflection at point B 
The portion AC of the cantilever may be taken as similar to a cantilever in Art. 13.1 @e., 
load at the free end). 


Wa? 
8o=+ oer [In equation (13.1 A) change L to a] 
noe Wa? ; 
and Yo= Sar [In equation (18.2 A) change L to a] 


The beam will bend only between A and C, but from C to B it will remain straight since 
B.M. between C and 8 is zero. 
Since the portion CB of the cantilever is straight, therefore 
Slope at C = slope at B 


We 2 
or Sgai0g oer (18.3) 
Now from Fig. 13.2, we have 
Yn =¥ot 8(L—-a) 
Wa? Wa? i rs. Wa? 
~ 3EI * DET (L-a) ( 80 = SRT . (13.4) 


rr re A Her rt RN 
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Problem 13.1. A cantilever of length 3 m is carrying a point load of 25 kN at the free 
end. If the moment of inertia of the beam = 10° mm? and value of E = 2.1 x 10° N/mm*, find 
(i) slope of the cantilever at the free end and (ti) deflection at the free end. 


Sol. Given : 
Length, L=3m=3000 mm 
Point load, W = 25 KN = 25000 N | 


M.O.L., I= 108 mm?* 
Value of F = 2.1 x 105 N/mm? 
(i) Slope at the free end is given by equation (13.1 A). 


Wr? 25000 x 3000? 
0, = = = “= 0.005357 rad. Ans. 
B ORT ~ 2x21x 10° x 10° oF. : 


(ii) Deflection at the free end is given by equation (13.2 A), 


WL? —- 25000 x 30007 
=o OS = 10.71 mm. Ans. 
eo Sh SI ki 


; Problem 13.2. A cantilever of length 3 m is carrying a point load of 50 RN at a distance 
of 2 m from the fixed end. If I = 10° mm# and E = 2 x 10° N/mm/’, find (i) slope at the free end 
and (ii) deflection at the free end. 

Sol. Given : 
Length, L=3m=3000 mm 
Point load, W = 50 kN = 50000 N 
Distance between the load and the fixed end, 
a=2m= 2000 mm 
M.O.L, I= 108 mm4 
Value of E = 2 x 105 N/mm? 
(z) Slope at the free end is given by equation (13.3) as 
- Wa? _ 50000 x 2000? 
8 QED. 2x2x 10° x 108 
(ii) Deflection at the free end is given by equation (13.4} as 
Wa? Wa? 
%a* 3m ” ORT 

50000 x 2000° , 50000 x 2000? 
3x2x10°x108 2x2x 10° x 108 
6.67+5.0=11.67 mm. Ans. 


= 0.005 rad. Ans. 


(L—a) 





(3000 — 2000) 


hi 


13.4. DEFLECTION OF A CANTILEVER WITH A UNIFORMLY DISTRIBUTED LOAD 


__ Acantilever AB of length L fixed at the point A and free at the point B and carrying a 
uniformly distributed load of w per unit length over the whole length, is shown in Fig. 13.3. 
Consider a section X, at a distance x from the fixed end A. The B.M. at this section is 
given by, 
(L-x) 
2 





M,=-w(L-x). (Minus sign due to hogging) 
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Fig. 13.3 
But B.M. at any section is also given by equation (12.3) as 
2 
M=EI oS 
Equating the two values of B.M., we get 
ad’y_ — w 2 
El Dm =o 2 (L — x) 
Integrating the above equation, we get 
dy _ w (L- 2 
= =- = -1)+¢, 
EI os a (- I+ 
3 t (L—x +C, ) 
Integrating again, we get 
w =x)" x)* 
Ely = -1)+Cx+, 
== (=x) +0240 GE) 
94 r 2 


where C, and C, are constant of integrations. Their values are obtained from Bonner condi- 


dy 
tions, which are : (i) atx = 0, y = 0 and (zz) atx =0, —— ae = 0 (as the deflection and ares at fixed 


end A are zero). 
(i) By substituting x = 0, y = 0 in equation (iz), we get 


4 
arr ses 4 __ wl 
Os- 57 L- Of +C, x04 C= 24 +, 

wl 
Cae 24 


a ; hess 
(i) By substituting x =0 and = 0 in equation (@), we get 


Ee 
0= 2-08 + C= +0, 


wl? 
rr 
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Sv Eh PP hse 
Substituting the values of Cc, and C, in equation (z) and (di), we get 


ad 3 
EI m6 = = (L-x)?- a (iii) 
4 
and Ely =— 5g b-* te we “4 en (iv) 


The equation (iii) is known as oe equation and equation (iv) as deflection equation. 
From these equations the slope and deflection can be obtained at any sections. To find the 
slope and deflection at point B, the value of x = L is substituted in these equations. . 


Let 8, = Slope at the free end B z.e., (2) at B 


¥p = Deflection at the free end B. 
From equation (iii), we get slope at B as 


73 3 
E10, = & L-Ly= =~ 4 
wl WL? 


0, =- cap eer (.) We Total load = w.L) ...(18.5) 


From equation (iv), we get the deflection at B as 











4 
oe AA es cag wh 
Ely, = 24 (L-L) 6 xb+ 24 
wlt wit 3 wit 
wats Siege a! eee tee ar . es 
Sr ge ag og ee 8 
wlt we 
Ye =- BET = SET Ce We= w.L) 
.. Downward deflection at B, 
wht WL 
¥z= BEI SET ...(13.6) 


Problem 13.8. A cantilever of length 2.5 m carries a uniformly distributed load of 
16.4kN per metre length over the entire length. If the moment of inertia of the beam = 7.95 
x 10’ mm# and value of E = 2 x 10° N/mm?, determine the deflection at the free end. 

Sol. Given : 


Length, Z = 2.5 mm = 2500 mm 
U.d.1., w = 16.4 kKN/m 
“. Total load, W=wxLl=164x25=41kN =41000N 
Value of J =7.95 x 107 mm* 
Value of E =2.x 10° N/mm? 
Let ¥, = Deflection at the free end, 
Using equation (13.6), we get 

WL 41000 x 2500° 

%B* BEI ~ 8x2x 10° x 7.95% 10" 


= 5.036 mm. Ans. 
Problem 13.4. A cantilever of length 3 m carries a uniformly distributed load over the 
entire length. If the deflection at the free end is 40 mm, find the slope at the free end. 
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eee 
Sol. Given : 
Length, -L=3m=3000m 
Deflection at free end, y, = 40 mm 
Let 8, = slope at the free end 
Using equation (13.6), we get 
y WL? 
Ye> SEI 
WI? xL WL? x 3000 
os 40= "Ser «BEI 
WL? _ 40x8 _@) 
= EI — 3000 


Slope at the free end is given by equation (13.5), 


qe we WL 40x81 
BB” G6EI I 6 3000 








WL? 40x | 


E From equation {), zr = 3000 


= 0.01777 rad. Ans. 

Problem 13.4 (A). A cantilever 120 mm wide and 200 mm deep is 2.5 m long. What is 

the uniformly distributed load which the beam can carry in order to produce a pe beetle of 
5 mm at the free end ? Take E = 200 GN/ m?, (Annamalai University, 1991) 


Sol. Given: 
Width, b= 120mm 
Depth, d = 200 mm 
Length, L=2.5 m= 2.5 x 1000 = 2500 mm 
Deflection at free end, y, = 5 mm : 
Value of E = 200 GN/m? = 200 x 10° N/n? (: G= Giga = 10°) 
200 x 10° N 


= Fann? sam? [v 1m? = (1000 mm)"] 
(1000}° mm 
= 2x 105 N/mm? 


bd? _ 120 x 200° 


Moment of inertia, T= aa 12 =8x 107 mm* 
Let w = uniformly distributed load per m length in N 
W = Total load 
=wxlL (Here L is in metre) 


=wx25=25xwN 
Using equation (13.6), we get 
wee 
%B~ BEI 
2.5 w x 2500° 


an ~ Bx 2x 10° x8x 10" 





| 
| 
| 
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wy = DXBX2x 10° x8 x 107 
. 2.5 x 25008 
= 16.384 kN/m. Ans. 


or = 16384 N/m 


13.5, DEFLECTION OF A CANTILEVER WITH A UNIFORMLY DISTRIBUTED LOAD 
FOR A DISTANCE ‘a’ FROM THE FIXED END 


A cantilever AB of length L fixed at the point A and free at the point B and carrying 
a uniformly distributed load of w/m length for a distance ‘a’ from the fixed end, is shown 
in Fig. 13.4. 

The beam will bend only between A and C, but from C to B it will remain straight since 
B.M. between C and B is zero. The deflected shape of the cantilever is shown by AC’B’ in which 
portion C’B' is straight. 


Let 8, = Slope at C, Le., (2) at C 


¥¢ = Deflection at point C, and 
Yp = Deflection at point B. 





Fig. 13.4 


The portion AC of the cantilever may be taken as similar to a cantilever in Art. 13.4. 
3 





w.a a. 
9c = “Gar [In equation (13.5) put L =a} 
w.at 
ang ¥o= 8EI {In equation (13.6) put L =a] 


Since the portion C’B’ of the cantilever is straight, therefore slope at C = slope at B 


wa" 





or Q¢= 3 = gay (13.7) 
Now from Fig. 13.4, we have 
Ya =¥o+ Oba) 
wat w.a® 
= SEI * GET {(L-a) .{13.8) 


13.6. DEFLECTION OF A CANTILEVER WITH A UNIFORMLY DISTRIBUTED LOAD 
FOR A DISTANCE ‘a’ FROM THE FREE END 


A cantilever AB of length Z fixed at the point A and free at the point B and carrying 
a uniformly distributed load of w/m length for a distance ‘a’ from the free end is shown in 
Fig. 13.5 (a). 
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The slope and deflection at the point B is determined by considering : 

() the whole cantilever AB loaded with a uniformly distributed load of w per unit length 
as shown in Fig. 13.5 (6). 

(ii) a part of cantilever from A to C of length (LZ — a) loaded with an upward uniformly 
distributed load of w per unit length as shown in Fig. 13.5 (c). 


iL 
———__—___ >i—__--— a 
cl 7 wiUnit Length B 






(L-a) 


 * 


Ss w/Unit Length 


Fig. 13.5 
Then slope at B = Slope due to downward uniform load over the whole length 
— slope due to upward uniform load from A to C 
and deflection at B = Deflection due to downward uniform load over the whole length 
— deflection due to upward uniform load from A to C. 
(a) Now slope at B due to downward uniformly distributed load over the whole length 


= wi} 
~ 6ET 
(b) Slope at B or at C due to upward uniformly distributed load over the length (Z — a) 
_ Wh - ay? 
6EI 
Hence net slope at B is given by, 
wi wL~a)® 
gra Sie (13.9) 
8” 6EI 6EI 


The downward deflection of point B due to downward distributed load over the whole 
length AB 
_ wit 
~ 8EI 
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The upward deflection of point B due to upward uniformly distributed load acting on 
the portion AC = upward deflection of C + slope at C x CB 


wL-a)* w.(L-a)? 
= Say Se” Am Oe 


~ BEI 6EI oo Ba) 
-. Net downward deflection of the free end B is given by | 
wit |wL-a)* w(L-a)® 
%B> BET -| SEI *  6EI <° oN 


Problem 13.5. Determine the slope and deflection of the free end of a cantilever of length 
3m which is carrying a uniformly distributed load of 10 kN/m over a length of 2 m from the 





fixed end. 
Take I = 108 mm4 and E = 2 x 10° N/mm?2, 
Sol. Given : 
Length, L=3m=3000m 
U.d.L, w = 10 kN/m = 10000 N/m = alla N/mm = 10 Nénm 


1000 
Length of u.d.l. from fixed end, a = 2 m = 2000 mm. 


Value of I= 108 mm# 

Value of E=2-x 10° N/mm? 

Let @, = Slope of the free end and 
¥z = Deflection at the free end. 

(i) Using equation (13.7), we have 


ge tn conan Tate 
BY 6EI 6x2x10°x10® —" : : 
(ii) Using equation (13.8), we get 
wat Ww, a 
Ye= gar * 6er /-® 
10 x 20004 10 x 20008 


oS  E -lelooeeeeeens = 
8x2x10°x108 6x2x10°x 108 eee = enup 


=1+0.67=1.67 mm. Ans. 


Problem 13.6. A cantilever of length 3m carries a uniformly distributed load of 
10 kN/m over a length of 2 m from the free end. If I = 108 mm4 and E' = 2 x 10° N/mm? ; find: 
(i) slope at the free end, and (ii) deflection at the free end. 


Sol. Given : 
Length, L=3m= 3000 mm 
10000 
U.d.l., w= 10 kN/m = 10000 N/m = — N/mm = 10 N/mm 
Length of u.d.l. from free end, a = 2m = 2000 mm 
Value of I= 108 mm4 
Value of E=2 x 105 N/mm? 
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Let 8, = Slope at the free end i.e., (2) at B and 


¥y = Deflection at the free end. 

(i) Using equation (13.9), we get 

wh? w(L -a)* 
“6EI ‘GET 
_ 10x 30007 __10(8000 - 2000) 
~ 6x2x10°x 108 6x2 10° x 108 
= 0.00225 — 0.000083 = 0.002167 rad. Ans. 
(i) Using equation (13.10), we get 7 

_ oe | ee wh - a)? 4 
8EI SEI 6EI 


10 x 30004 Es -2000)4 10(3000 —- 2000)? 


98 


Ye 


= Bx2x10°x10® | 8x2x10°x10®  6x2x10°x 10° 
= 5.0625 ~ {0.0625 + 0.1667] = 4.8333 mm. Ans. 


Problem 13.7. A cantilever of length 3 m carries two point loads of 2 RN at the free end 
-. and 4kN at a distance of 1 m from the free end. Find the deflection at the free end. 


Take E = 2x 10° N/mm? and I = 108 mm4. 
Sol. Given : 

_ Length, £=3m = 3000 mm 
Load at free end, W, =2 KN = 2000 N 
Load at a distance one m from free end, 

: W, = 4kN = 4000 N 


x 2000 


Distance AC, 


a=2m = 2000 mm 
Value of E=2~x 10° N/mm? 
Value of I=108 mm* 


Let ¥, = Deflection at the free end due to load 2 KN alone 
Yo = Deflection at the free end due to load 4 kN alone. 


4kN 2kN 


A c B 


#— 1m 


3m 
Fig. 13.6 


Downward deflection due to load 2 KN alone at the free end is given by equation (13.2 A) 
as 


~ BEL 3x2x10°x108 © 
Downward deflection at the free end due to load 4 kN (i.e., 4000 N) alone at a distance 
2 m from fixed end is given by (13.4) as 
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Wa? Wa" 
Ya" gar * ony “E-® 
3 2 
_ 400020009, _4000 = 20007 sn9 2990) 
38x 2x 10° x10 2x2x10° x10 
= 0.54 + 0.40 = 0.94 mm 
“. Total deflection at the free end 
= yy + Xe 
=0.9+0.94=1.84mm. Ans. 
Problem 13.8. A cantilever of length 2 m carries a uniformly distributed load of ~ 
2.5 RNim run for a length of 1.25 m from the fixed end and a point load of 1 RN at the free 
end. Find the deflection at the free end if the section is rectangular 12 cm wide and 24 cm 
deep and E = 1 x 104 Nimm’. (Annamalai University, 1990) 


Sol. Given : 
Length, L=2m-= 2000 mm 
U.d.i., w = 2.5 KN/m = 2.5 x 1000 N/m 
2.5 x 1000 
=—Jo00 N/mm = 2.5 N/mm 


Point load at free end, W=1kN =1000N 


Distance AC, a@= 1.25 m = 1250 mm 
Width, . 6=12mm 
Depth, d=24mm 
bd? 12x24 
Value of I= Te ea 
= 13824 em4 = 13824 x 104 mm‘ = 1.3824 x 104 mm‘ 
Value of E=1x 108 Nimm? 


Let y, = Deflection at the free end due to point load 1 KN alone 
Yo = Deflection at the free end due to u.dJl. on length AC. 





Fig. 13.7 


() Now the downward deflection at the free end due to point load of 1 KN (or 1000 N) at 
the free end is given by equation (13.2 A) as 
WL ___ 1000x2000" g99 mm 
%1* SEI ~ 3x 104 x 13824 10° ~~" : 
(ii) The downward deflection at the free end due to uniformly distributed load of 
2.5 N/mm on a length of 1.25 m (or 1250 mm) is given by equation (13.8) as 


4 3 
wa wd 
Yo= gar * eer E~® 
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S 2.5 x 12504 : 2.5 x 1250° eit seb 
8x 104 x 13824x 108 6x 104 x 13824 x 10° 
= 0.5519 + 0.4415 = 0.9934 
.. Total deflection at the free end due to point load and u.d.l. 
=) + Yq = 1.929 + 0.9934 = 2.9224 mm. Ans. 
Problem 13.9. A cantilever of length 2 m carries a uniformly distributed load 2 kN/m 
over a length of 1 m from the free end, and a point load of I kN at the free end. Find the slope 
and deflection at the free end if E = 2.1 x 10° Nimm? and I = 6.667 x 107 mm#. 


Sol. Given : (See Fig. 13.8) 


Length, L=2m = 2000 mm 

U.dl. w = 2kKN/m = aes N/fimm * 2 N/mm 
Length BC, a=1m-=1000 mm 

Point load, W=1kN=1000N 

Value of E=2.1 x 10° N/mm? 

Value of I = 6.667 x 107 mm‘. 





(i) Slope at the free end 
Let 8, = Slope at the free end due to point load of 1 KN i.e., 1000 N 
9, = Slope at the free end due to u.d.l. on length BC. 
The slope at the free end due to a point load of 1000 N at B is given by equation (13.1 A) 
as 
WL? 
~ QEI 





6, (- @, = 8, here) 


2 1000 x 20007 
2x 2.1% 10° x 6.667 x 107 


The slope at the free end due to u.d.l. of 2 KN/m over a length of 1 m from the free end is 
given by equation (13.9) as 


= 0.0001428 rad. 


we w(L-a)* 7 
° GET GET (-: 0, = 8, here) 
2 x 2000° 2 x (2000 - 1000)8 


~ 6x 21x 10° x 6.667% 10" 6x21x 10° x 6.667 x 10° 
; = 0.0001904 — 0.000238 = 0.0001666 rad. 
-. Total slope at the free end 


= 6, + 8, = 0.0001428 + 0.0001666 = 0.0008094 rad. Ans. 


Bc 


BY 


Sone cesarean mnie tne pa ee gan wn 
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(it) Deflection at the free end 
Let ¥, = Deflection at the free end due to point load of 1000 N 
yy = Deflection at the free end due to u.d.1. on length BC. 
The deflection at the free end due to point load of 1000 N is given by equation (13.2 A) as 
WL? : 
“> 3ET . 
: 1000 x 20008 
3x 2.1x 10° x 6,667 x 10” 
The deflection at the free end due to u.d.l. of 2 N/mm over a length of 1 m from the free 
end is given by equation (13.10) as 


wl! i“ -a)* wh-a)® 
—_— xa 


Here y, = yp) 


= 0.1904 mm. 


2" pr |” 8EY° 6EI 


. 2x 20004 


7 2(2000 - 1000)* 
~ 8x 2.1« 105 x 6667x107 — 


8 x 2.1x 10° x 6.667 x 107 


4, 202000 - 1000)? x 1000 
6 x 2.1x 10° x 6.667 x 107 
= 0.2857 — [0.01785 + 0.0238] = 0.244 mm 
Total deflection at the free end 
=Y, + = 0.1904 + 0.244 = 0.4344 mm. Ans. 


13.7. DEFLECTION OF A CANTILEVER WITH A GRADUALLY VARYING LOAD 


A cantilever AB of length L fixed at the point A and free at the point B and carrying a 
gradually varying load from 0 at B to w per unit run at the fixed end A, is shown in Fig. 13.9. 





Fig. 13.9 


Consider a section X at a distance x from the fixed end A. 


The load at X will be = (Z — x) per unit run. Hence vertical height XC = 7 (L—«). 


Hence the B.M. at this section is given by 


Mx = — (Load on length Bx) x (Distance of C.G. of the load on BX from section X) 
= ~— (Area of ABXC) x (Distance of C.G. of area BXC from X) 


(Minus sign is due to hogging) 
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aes (F*) - (5 of length Bx) 
2 3 
(=x) w Lon |--4 me) 
~~ 3 Ban x[% x)h = ep ‘ea: 
But B.M. at any section is also given by equation (12.3) as 
dq” 
M=EI at 
Equating the two values of B.M., we get 
d’y w 3 
EY 2 =- 6L (L—xy 
Integrating the above equation, we get 
4 
ge 2 . & ER®) 
dx 6L 4 
pe _ x4 ; wi) 
= SIE (L—x)t+C, 


Integrating again, we get 





(-1)+C, 





5 
El 4 Sse 6G, 


Y"R4L OB 
=~ Tap Ww + Oe +0, ii) 


where C, and C, are constant of integrations. Their values are obtained from boundary condi- 
*" tions, which are : 
a dy 
(i) atx = 0, y = 0 and Gi) atx =0, 7° =0. 
(i) By substituting x = 0 and y = 0 in equation (i), we get 
w wit 
ToL (L-0 +C,x0+4C, or Cy= 907 


d : bet 
Gi) By substituting x = 0 and > = 0 in equation (), we get 


O=- 


= ee 
~ 9A 
wit wi? 


(b= 0) +C, 


Pee. aa - 
Substituting the values of C, and C, in equations (é) and (ii), we get 


dy we owt (iii) 
ee AE 
3 4 
fg was 5 WE we Civ) 
and Ely =- 120 (L—x) oa tt 130 


rs The equation (iii) is known as slope equation and equation (iv) as deflection equation. 
The slope and deflection at the free end (.e., point B) can be obtained by substituting x = L in 
these equations. 


; a: 
Let @, = Slope at the free end B ie., (2) at B and 


Ypg = Deflection at the free end B. 
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22.24 d. 
{a) Substituting x= and = = 6, in equation (i), we get 








3 
-_ gy we _ wht 
E18, = 577 (Lb L) oe oa 
’ hg : 
ae 83 =- saat radians. (13.11) 
(6) Substituting x = L and y = y, in equation (iv), we get 
3 4 
a hy BE wh 
Biya qog7, oY gg * 5G 
9 WE wht _ bwlt+wlt wit 
Oe OR Ta 120 =~ 30 
wt : : F 
Ygan S0nT (Minus sign means downward deflection) 
.. Downward deflection of B is given by 
wt 
Ye= 30n7 -413.12) 


Problem 13.10. A cantilever of length 4 m carries a uniformly varying load of zero 
intensity at the free end, and 50 kNim at the fixed end. 


If E = 2.0 x 10° Nimm? and I = 108 mm‘, find the slope and deflection at the free end. 


Sol. Given : 
Length, L=4m = 4000 mm 
50x1 
Load at fixedend, w =50kN/m= ara — = 50 N/mm 
Value of E=2x 10° N/mm? 
Value of I= 108 mm?* 


Let 8, = Slope at the free end and 

¥g = Deflection at the free end. 
(i) Using equation (13.11), we get , 

wl} 50 x (4000)* 
6,=- =- ——____. = 0.00667 rad. Ans. 
BU Q4ET 24x2x10°«10% . 
(ii) Using equation (13.12), we get 
_ wlt _ 50x (4000)* 
30EI 30x 2x 10° x 10° 

Problem 13.11. A cantilever of length 2 m carries a uniformly varying load of 25 kNim 








Yr = 21.33 mm. Ans. 


“at the free end to 75 kNim at the fixed end. If E = 1 x 10° N/mm? and I = 108 mm+4, determine the 


slope and deflection of the cantilever at the free end. 


Sol. Given : 
Length, £=2m= 2000 mm 
5 x 1000 
Load at the freeend = 25 kN/m= oe = 25 N/émm 
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Load at fixed end = 75 kN/m = 75 N/mm 

Value of E=1-x 105 N/mm? 

Value of I= 108 mm‘. 

The load acting on the cantilever is shown in Fig. 13.10. This load is equivalent to a 
uniformly distributed load of 25 kN/m (or 25 N/mm) over the entire length and a triangular 
load of zero intensity at free end and (75 — 25 = 50 kKN/m or 50 N/mm) 50 N/mm at the fixed end. 


75 kN/m 
50 kN/m 





Fig. 13.10 


(t) Slope at the free end : 
Let 6, = Slope at free end due to u.d.l. of 25 N/mm 
8, = Slope at free end due to triangular load of intensity 50 N/mm at fixed end. 
The slope at the free end due to u.d.l. of 25 N/mm (i.e., w = 25 N/mm) is given by equa- 
tion (13.5) as 
wit 
~ GET 
25 x 20008 
~ 6x 1x10 x 10° | 
F The slope at the free end due to triangular load of intensity of 50 N/mm (e. w = 
50 N/mm) is given by equation (13.11) as 
wi 
92 = S4ET 
50 x 2000° 
~ 24x 1x 10° x 10° 
= 0.00167 rad. 
Total slope at the free end 
= 0, + 6, = 0.0033 + 0.00167 = 0.00497. Ans. 
(tt) Deflection at the free end 
Let y, = Deflection at the free end due to w.d.l. of 25 N/mm 
¥_ = Deflection at the free end due to triangular load. 
Using equation (13.11), we get deflection at the free end due tou.d.L 


ae wht 25x 2000 | kann 
1 8EI ~ 8x1x10° x 108 
Using equation (13.12), we get deflection at the free end to uniformly varying load of 
zero at the free end and 50 N/mm at the fixed end. 
wht 50x 20004 


%2* 30EI ~ 30x1%10°x 108 


8 (Here 6, = 0,, and w = 25) 


0.0033 rad. 





(Here w = 50 N/mm) 


= 2.67 mm 
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Total deflection at the free end 
=y, +y¥,=5+2.67=7.67 mm. Ans. 


13.8. DEFLECTION AND SLOPE OF A CANTILEVER BY MOMENT AREA METHOD 


The moment area method is discussed in Art. 12.8, where this method was applied to a 
simply supported beam. Let us apply this method to a cantilever. According to this method the 
change of slope between any two points is equal to the net area of the B.M. diagram between 
these two points divided by EI. If one of the points is having zero slope, then we can obtain the 
slope at the other point. 

Similarly if the deflection at a point A is zero, then the deflection at the point B accord- 
ing to this method is given by 

Ax 
a RT 
where A = Area of B.M. diagram between A and B, and 
xX = Distance of C.G. of the area A from B. 

13.8.1. Cantilever Carrying a Point Load at the Free end. Fig. 13.11 (a) shows a 

cantilever of length ZL fixed at end A and free at the end B. It carries a point load W at B. 





a 
= 
| B.M. Diagram 
Cc 
Fig. 13.11 


The B.M. will be zero at B and will be W.L at A. The variation of B.M. between A and B 
is linear as shown in Fig. 13.11 (). . 
At the fixed end A, the slope and deflection are zero. 


Let 8, = Slope at B i.e., (2) at B and 


¥, = Deflection at B 
Then according to moment area method, 
Area of B.M. Diagram between A and B 


BO EI 
5 x ABx AC 
PE geo (Area of triangle ABC) 
L 
- gt eae 
. . EI 2EI 
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rs and Yg= Er (i) 
: Wi 
; Where A = Area of B.M. diagram between A and B = 2 
an, 
& = Distance of C.G. of area of B.M. diagram from B = > 
W.P aL 
2 -3 WD 
Xz = ——o . 
EI 3EI 


13.8.2. Cantilever Carrying a Uniformly Distributed load. Fig. 13.12 (a) shows a 
' cantilever of length Z fixed at end A and free at the end B. It carries a uniformly distributed 
load of w/unit length over the entire length. 


TT w/Unit Length 





2 
ie B.M. Diagram 


Fig. 13.12 


w.L? 


The B.M. will be zero at B and will be at A. The variation of B.M. between A and 





Bis parabolic as shown in Fig. 13.12 (6). At the fixed end A, the slope and deflection are zero. 
wT? wD 


Area of B.M. diagram (ABC), A= ; L, 2 6 
and the distance of the C.G. of the B.M. diagram from B, 











= _ 3b 
oe 
= . dy 
Let 6, = Slope at B, ie., and at B 
: dx 


¥p = Deflection at B. 
Then according to moment area method, 


_ Area of B.M. diagram _ wl 





B EI 6EI 
‘ _Ak wi.) 3b _ wit 
oe %e~ EI ~ 6EI~ 4 ~ 8EI° 


13.8.3. Cantilever Carrying a Uniformly Distributed Load upto a Length ‘a’ 

_._from the Fixed end. Fig. 13.13 (a) shows a cantilever of length L fixed at end A and free at 

'__ the end B. It carries a uniformly distributed load of w/unit length over a length ‘a’ from the 
fixed end. 





1 Re eR A 
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— w/Unit length 





Fig. 13.13 


2 
The B.M. will be zero at B and C. But B.M. at A will be “<2 


between C and A will be parabolic as shown in Fig. 13.18 (6). At the fixed end the slope and 
deflection are zero. 





. The variation of B.M. 


. 2 3 
Area of B.M. diagram A= :. ines = i es 
and the distance of the C.G. of B.M. diagram from B, 


=@-a)+ 








Let 0, = Slope at Bi.e., () at B and 


¥p = Deflection at B. 
Then according to moment area method, 











9 wt eee 
B™ EI 6EI 
AX w.a® 3a w.a> w.a‘ 
=— = _ = L- 
and 28 = ET * GET <u ws e| gar @~®* gar 


Problem 13.12. A cantilever of length 2 m carries a point load of 20 kN at the free end 
and another load of 20 kN at its centre. If E = 10° N/mm? and I = 108 mm# for the cantilever 
then determine by moment area method, the slope and deflection of the cantilever at the free 
end. : 


Sol. Given : 

Length, _L=2m 

Load at free end, W, = 20 kN = 20000 N 
Load at centre, W, = 20 KN = 20000 N 


Value of E = 10° N/mm? 

Value of T= 108 mm* 

First draw the B.M. diagram, 

B.M. at B =0 

B.M. at C =- 20x 1=-20kNm =- 20 x 103 x 10? Nmm 
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B.M. at A m-—- 20x 1-20 x 2=-— 60 kNm =- 60 x 108 x 103? Nmm 

B.M. diagram is shown in Fig. 13.14 (d). 

20kN 20kN 
A 
@) & 8 
ee ree eee 
al C B 
Or Nes 
8.M. Diagram 
Ee 
Fig. 13.14 

To find the area of B.M. diagram, divide the Fig. 13.14 (6) into two triangles and one 

rectangle. 2 
1 1 
Now area Ay = 5 x CD x BC= 5 x 20x1 
= 10 kNm?= 10 x 10° x 106° Nmm? (mm? = 10° mm?) 
= 1019 Nmm2 

Similarly area A, = CD x AC = 20 x 1 = 20 kNm? 

and area A= 5 x FD x BF = > x 1x 40 =20 kNm? 


Total area of B.M. diagram, 
A=A,+A,+A, = 10+ 20 + 20 = 50 kNm? 
= 50 x 103 x 10° Nmm? 
Slope and deflection at the fixed end is zero. 
Let 8, = Slope at the free end B. 
Then according to the moment area method, 
Area of B.M. diagram 
a> EI 
_ 50 x 10° x 10° 
10° x 10° 


(. m? = 106 mm?) 


= 0.005 radians. Ans. 


Let ¥pn = Deflection at the free end B. 
Then according to moment area method, 
Ax ; 
Ye= Fy ..(é) 


Now let us find ¥ or Ax. 
Then total moment of the bending moment diagram about B is given by 


A. #=A,x, + Ap, + AyX, 


2 
=10x($x1) +20 (142) +20x(1+ 21} 
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LT  , 


2 
= 2 30+ 22 = 70 Nm 3 
= 70 x 103 x 109 Nmm? (=m? = 10° mm?) 


=7x 10 Nmm? 
Substituting this value in equation (i), we get 


7x 107° 
7B 08 x 108 


HIGHLIGHTS 


1. The slope i.e., 2 or 8 of a cantilever at the free end is given by, 


=Tmm. Ans, 





2 
6, = a when the point load is at the free end 
8, = 8= ve when the point load is at a distance of ‘a’ from the fixed end 
2 
0, = a when it carries a uniformly distributed load over the whole length. 
EAR as wa® when it carries a uniformly distributed load over a length 

By = 

B GEI ‘a from the fixed end. 
G2 i _wib- a)” when it carries a uniformly distributed load over a 

B™ 6EI 6EI distance ‘a’ from the free end 


8, = wD when it carries a gradually varying load from zero at the free end to 
24Ei = w/mrun at fixed end. 
where W = Point load, 

w = Uniformly distributed load, 
L = Length of beam, 
I= Moment of inertia, and 
£ = Young’s modulus. 

2. The deflection i.e., y of a cantilever of length L, at the free end is given by, 


wo : , 
¥g= sy - when the point load is at the free end 
3EI ‘ 
Wa? _ We when the point load is ata distance of ‘a’ from the 


48> 3p * SET a) fixed end 


4 
Yaz ar when it carries a uniformly distributed load over the whole length 
wat when it carries a uniformly distributed load over a 
Ya* Spy t we a) length ‘a’ from the fixed end. 
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ee 


wet dab .a-(Fxax wa0),.(2) 











6EIL 2 EIL 3 
W.a.b..9 ,2, W.a%b 
L? - 6?) -—— 
‘GEL ) 6EIL 
eee ea ae 


6EIL 
Problem 14.1. A simply supported beam of length 5 m carries a point load of 5 kN at a 
distance of 3 m from the left end. If E = 2 x 10° Nimm? and I = 108 mm‘, determine the slope at 
the left support and deflection under the point load using conjugate beam method. 





Sol. Given : 
Length, L=5m 
Point load, W=5kN 
Distance AC, a=3m 
Distance BC, b=5-3=2m_ 
Value of E=2x 105 Nimm? = 2 x 105 x 10° N/m? 
= 2x 105 x 103 kN/m? = 2 x 108 kKN/m? 
Value of I=1x 108 mm* = 10+ m4 
Let R, = Reaction at A 
and R, = Reaction at B. 
Taking moments about A, we get 
R,x5=5x8 
o ho) oon 
and R, = Total load- Rg =5-3=2kN 
The B.M. atA=0 
B.M. at B=0 


BM. atC=R,x3=2x3=6kNm. 
Now B.M. diagram is drawn as shown in Fig. 14.3 (0). 
Now construct the conjugate beam as shown in Fig. 14.3 (c). The vertical load at C* on 
conjugate beam 
B.M.atC 6kNm 
“EI EI 
Now calculate the reaction at A* and B* for conjugate beam 
Let R,* = Reaction at A* for conjugate beam 
R,* = Reaction at B* for conjugate beam. 
Taking moments about A*, we get 
R,* x 5 = Load on A*C*D* x distance of C.G. of A*C*D* from A* 
+ Load on B*C*D* x Distance of C.G. of B*C*D* from A* 


=~ (33% )x(2x3)+($ x23) x(ae 3x2] 
2 EI 3 2 EI 3 
ig 6: 11 «8 

a ns ee 

FI EI 3° EI EI EI 

40,10 8 


* 2 


BEI 5 EI 


reise renter NAT ee nA = rN TAH AI HEI AR SMEAR PET SR tp i te 
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5 KN 


A < B 





R*, Conjugate Beam Ry 


Fig. 14.3 
&,* = Total load (i.z., load A*B*D*) ~ R,* 
2 (4 ee =) sie 
2 EI EI 
-15_ 8 7 
dy 


Let 4, = Slope at A for the given beam i.e., (2 


Java 


¥c = Deflection at C for the given beam 
Then according to conjugate beam method, 
9, = Shear force at A* for conjugate beam = R,* 
= = = sot (- E=2-x 108 kN/m? and J = 10-4 m4) 
= 0.00035 radians. Ans. 
Yc = B.M. at C* for conjugate beam 


=f,* x 3- Load A*C*D* x Distance of C.G. of A*C*D* from C* 


7 1 6). (i 
= % 3 | — Sessa pe, 
EI * (5x2 ¢}x(2x3) 


ee Ge 
“EL EL EI 
12 6 6x 1000 


= 950° x10 10° 10000 Om Ane 
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=R,* (-- ‘S.F. at A for conjugate beam = R 4.) 

_ WwW 

2 16EI 
and ¥o = B.M. at C for the conjugate beam {See Fig. 14.1 (¢)] 


=R,*x £ — Load corresponding to AC*D* 
x Distance of C.G. of AC*D* from C 
Wr L (; L WL (3 Al | 
= ar lae XS Xo *1 a sa i 
16EI 2 2% 2“ aer}"\3*2 ; 
we wi 3wi - WL? 


32EI 96EI  96ET 








: “48EI © 
_. 14.4, SIMPLY SUPPORTED BEAM CARRYING AN ECCENTRIC POINT LOAD 


Fig. 14.2 (a) shows a beam AB of length L, simply supported at A and B and carrying a 
.. point load of W at a distance ‘a’ from the end A. The reactions at A and B are given by 
W.b Wa 
Ry= >; and R,= a 
” The B.M. will be zero at A and B. AtC, the B.M. willbeR, xa = 


“Now the B.M. diagram can be drawn as shown in Fig. 14.2 (b). 


Wxb , W.b.a W.a.b 

















Ra Conjugate beam Rr, 


Fig. 14.2 


Se THAN ER RT RN ere met 
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tt A 


Construct now the conjugate beam. The load at any point on the conjugate beam will be 
equal to B.M. at that point divided by HI. Fig. 14.2 (c) shows the conjugate beam with the 





loads. The vertical load on conjugate beam at C* will be —- = ——— = 


Let R,* = Reaction at A for conjugate beam 
R,* = Reaction at B for conjugate beam 
Taking moments about A of the conjugate beam, we get 
R,* .L = Load AC*D* x Distance of C.G., of AC*D* from A + Load BC*D* 
x Distance of C.G. of BC*D* from A 


- (3x ao*xorD*)x(2xace]+(F.ncr.c+D*)x(acts 5x Bee] 


= (Geax Be?) (Fxa)s lis W.a.b x - 
“\9 EIL 3 gee) 8 


_W.a®.b  Wab? (« 2) 











+ 
3 

_ Ward | Wad? | W.a.b* 
3EIL 2EIL © GEIL 


““SEIL * 2EIL\°*3 














Wa.b 
Eee og 2 
= GEIL [2a? + 3ab + 67} 
Web (a? + b? + Qab + a? + ab) 
6EIL 
= “ae [a +b +a(a + d)] 
Wad oro 
°F i " = 
fe (s a4+b=2) 
Wa .(L- a) Wa 
Se eG meee L2 — z 
ean te eer 
. W.a 
R,* = [T?2- 2 
gm ee 
Similarly the reaction at A can be obtained as 
Wb 
R.¥=———_ (L2~—}? tit 
“A 6EIL (L? — b*) (Substitute 6 for a) 


Let 6, = Slope at A for the given beam ie., (= atA 


¥o = Deflection at C for the given beam. 
Then according to conjugate beam method, 
8, = Shear force at A for the conjugate beam 
=R,* (- S.F. at A for conjugate beam = R,*) 
Ws b (L? — 62) 
6EIL 
and Yo = B.M. at C for conjugate beam [See Fig. 14.2 (c)] 
=R,* .a— Load AC*D* x Distance of C.G. of AC*D* from C* 
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Conjugate Beam Method, Propped 
Cantilevers and Beams 








14.1. INTRODUCTION 


The slopes and deflections of beams and cantilevers may be obtained from various meth- 
ods like double integration method, moment area method, Macaulay’s method, etc. But these 
methods become laborious, when applied to beams whose flexural rigidity (i.e., the product of 
£ and J is known as flexural rigidity) is not uniform throughout the length of the beam. The 
slopes and deflections of such beams can be easily obtained by conjugate beam method. 


14.2. CONJUGATE BEAM METHOD 


Before describing the conjugate beam method, let us first define conjugate beam. 
Conjugate beam is an imaginary beam of length equal to that of the original beam but 


for which the load diagram is the a diagram* (i.e, the load at any point on the conjugate 


beam is equal to B.M. at that point divided by ED). 

The slopes and deflection at any section of a beam by conjugate beam method is given 
by: 

1. The slope at any section of the given beam is equal to the shear force at the corre- 
sponding section of the conjugate beam. 

2. The deflection at any section for the given beam is equal to the bending moment at the 
corresponding section of the conjugate beam. 

Hence before applying the conjugate beam method, conjugate beam is constructed. The 
load on the conjugate beam at any point is equal to the B.M. at that point divided by EI. Hence 
the loading on the conjugate beam is known, Then the shear force at any point on the conju- 
gate beam gives the slope at the corresponding point of actual beam. And the B.M. at any point 
on the conjugate beam gives the deflection at the corresponding point of the actual beam. 


14.3. DEFLECTION AND SLOPE OF A SIMPLY SUPPORTED BEAM WITH A POINT 
LOAD AT THE CENTRE 


Fig. 14.1 (¢) shows a simply supported beam AB of length L carrying a point load W at 
the centre C. The B.M. at A and B is zero and at the centre B.M. will be W. L/4. The B.M. 
varies according to straight line law. The B.M. diagram is shown in Fig. 14.1 (b). Now the 
conjugate beam AB can be constructed. The load on the conjugate beam will be obtained by 





“M/EI diagram is a diagram which shows the variation of M/EI over the length of the beam. 
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A NA | 
dividing the B.M. at that point by ZI. The shape of the loading on the conjugate beam will be \ 
same as of B.M. diagram. The ordinate of loading on conjugate beam will be equal to i 


(oe 
M \4 _Wxlk 


EI KI , 4&I 
load diagram for conjugate beam is shown in Fig. 14.1 (c). 








. Hence ordinate at the centre will be cue as shown in Fig. 14.1 (c). The 





WwW 
A c B 
a; 
(2) U2 -————-| 
Ww WwW 
R, = = sit 
A 2 ut Re 2 
D 
(8) 
A a & CLI B 
B.M. Diagram 
o* 






Load 
Diagram 





Fig. 14.1 


Let &,° = Reaction at A for conjugate beam 

R,* = Reaction at B for conjugate beam 
Total load on the conjugate beam {See Fig. 14.1 (c)} 
= Area of the load diagram 








== x AB x C*D* = oe 
2 2 4kI 
_ WL? 
8EI 
Reaction at each support for the conjugate beam will be half of the total load 
2 2 
R,t=R,*=1,,WE _ WE 
2 8&I 16EI 
Let 6, = Slope at A for the given beam i.e., (2) atA : 


y, = deflection at C for the given beam. 
Then according to conjugate beam method, 
8, = Shear force at A for the conjugate beam 


“~ 
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De 


when it carries a uniformly distributed 


wit | w(L-a)t  w(L-a)® 
if Ke load over a length ‘a’ from the free end 


28" ger | BEI 6EI 


wit when it carries a gradually varying load from zero at the free end to 
30nF w/m run at the fixed end. 


8. Fora cantilever, at the fixed end slope and deflections are zero. Hence moment area method can 
be easily applied for finding slope and deflections of cantilevers. The slope (0) and deflection 
(yp) at the free end is given by, - 


_ Area of B.M. diagram between free end and fixed end 


Yp 


ae aS EL ese 


AE 
~ EL 
where A = Area of B.M. Diagram and 
x = Distance of C.G. of B.M. diagram from free end. 
4. Area of B.M. diagram sometimes is found easily by splitting the combined areas into triangles 


and rectangies. 
EXERCISE 13 


(A) Theoretical Questions 


1. What is a cantilever ? What are the different methods of finding of slope and deflection of a 
cantilever ? ; 
¢ 2. Derive an expression for the slope and deflection of a cantilever of length L, carrying a point load 
W at the free end by double integration method, 
3. Solve question 2, by moment area method. 
4, Prove that the slope and deflection of a cantilever carrying uniformly distributed load over the 
whole length are given by, : 


and ¥p 


_ wl? 
~ 6EI 
where w = Uniformly distributed load and 
EI = Flexural rigidity. 


5. Find the expression for the slope and deflection of a cantilever of length Z which carries a uni- 
formly distributed load over a length ‘a’ from the fixed end by 


(i) Double integration method and (ii) Moment area method. 
G. Prove that the slope and deflection of a cantilever length L, which carries a gradually varying 
load from zero at the free end to w/m run at the fixed end are given by : 
8, = whe and y,= wht 
RB 24EI 8” 30k! 
where EI = Flexural rigidity. 


wit 


and y,= BET 


8, 


(B) Numerical Problems 
1. A cantilever of length 2m carries a point load of 30 kN at the free end. If moment of inertia 
I= 108 mm‘ and value of E = 2 x 105 N/mm?2, then find : 
(i) slope of the cantilever at the free end and 


(ii) deflection at the free end. (Ans. (i) 0.003 rad., (zi) 4 mm] 


lS 


reer 
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2. Acantilever of length 3 m carries a point load of 60 KN at a distance of 2 m from the fixed end. If 
E=2x105 andJ= 108, find: 
{i} slope at the free end and (ii) deflection at the free end. 
[Ans. 0.006 rad., 14 mm] 
3. Acantilever of length 30 m carries a uniformly distributed load of 24 kN/m length over the entire 
length. If moment of inertia of the beam = 108 mm and value of E = 2 x 10° N/mm?, determine 
the slope and deflection at the free end. {Ans. 0.0054 rad. ; 12.15 mm] 
4. Acantilever of length 3 m carries a unifnrmly distributed load over the entire length. If the slope 
at the free end is 0.01777 radians, find the-deflection at the free end. {Ans. 39.99 mm] 
5. Determine the slope and deflection at the free end of a cantilever of length 4 m which is carrying 
a uniformly distributed load of 12 kN/m over a length of 3 m from the fixed end. Take EI = 2 x 
104? N/mm?, ; (Ans. 0.0027 rad., 8.775 mm] 
6. Acantilever of length 3 m carries a uniformly distributed load of 15 kKN/m over a length of 2m 
from the free end. If I= 108 mm‘ and E = 2 x 105 N/mm’, find : 
(i) slope at the free end and (ii) deflection at the free end. 
‘ {Ans. 0.00326 rad., 7.25 mm] 
7. A cantilever of length 2m carries a load of 20 KN at the free end and 30 kN at a distance 1 m 
from the end. Find the slope and deflection at the free end. Take E = 2.0 x 10° N/mm? and 
T=1.5x 108 mm*. (Ans. 0.00183 rad., 2.6 mm] 
8. Determine the deflection at the free end of a cantilever which is 2 m long and carries a point load 
of 9 KN at the free end and a uniformly distributed load of 8 kN/m over a length of 1 m from the 
fixed end. 
Take I = 2.25 x 107 mm? and E = 2.2 x 105 N/mm?. [Ans. 6.54 mmj 
9. Acantilever of length 2 m carries a uniformly varying load of zero intensity at the free end, and 
45 kN/m at the fixed end. If E = 2 x 10° N/mm? and J = 10% mm‘, find the slope and deflection. of 
the free end. [Ans. 0.00075 rad., ; 1.2 mm] 
10. Acantilever of length 2 m carries a point load of 30 KN at the free end and another load of 30 kN 
at its centre. If EI = 1013 N/mm? for the cantilever then determine by moment. area method, the 
slope and deflection at the free end of cantilever. (Ans. 0.0075 rad. ; 10.50 mm] 


11. A cantilever of length ‘Z’ carries a U.D.L. of w per unit for a length of f from the fixed end. 


Determine the slope and deflection at the free end using area moment method. 
(Bangalore University, 1990) 





























Hint. See Article 13.8.3 on page 572. Here a = & . Hence slope at free end, 
w fk : 
a _wxa _ (2 _wxB 
3 6EI 6EI 48EI © 
3 4 
‘ . = wxa A wre 
and deflection at freeend, yg= EI (L—a) + BEI 
LY L\ 
wx( 5 4) wx( Z| wx L wxtt 
SE S| Ee ys 
6EI 2 8HI 48EIT 2 128#T 
_wxt | wht _ wx ae 1) (es 
“"Q6ET 128EI EI \96 128) EI \128x3 
wei 7 7 wxLl 
= at x Ans. 
EI “384 ~ 384 EI a4 
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Problem 14.2. A simply supported beam of length 4 m carries a point load of 3 RN at a 
‘distance of 1 m from each end. If E = 2 x 10° Nimm? and I = 108 mm for the beam, then using 
_-conjugate beam method determine : 
(t) slope at each end and under each load 
(ii) deflection under each load and at the centre. 





Sol. Given : 
Length, L=4m 
Value of _H=2x 105 N/mm? = 2 x 105 x 106 N/m? 
= 2x 105 x 103 kN/m? = 2 x 108 kN/m? 
Value of I= 108 mm‘ = i m4 = 10-4 m‘. 
10 


As the load on the beam is symmetrical as shown in Fig. 14.4 (a), the reactions R, and 
Ry will be equal to 3 KN. 


Now B.M. at A and B are zero. 








m——>}¢—— 1m —>| 


Conjugate beam 


Fig. 14.4 


B.M. at C=R,x1=3x1=3kNm 
B.M. atD=R,x1=3x1=3kNm 
Now B.M. diagram can be drawn as shown in Fig. 14.4 (6). 
Now by dividing the B.M. at any section by EZ, we can construct the conjugate beam as 
shown i in Fig. 14.4 (c). The loading are shown on the conjugate beam. 
Let &,* = Reaction at A* for the conjugate beam and 
R,* = Reaction at B* for conjugate beam 


Sh 
ey 
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The loading on the conjugate beam is symmetrical 
: R,* = Rz* = Half of total load on conjugate beam 


1 
= 3 {Area of trapezoidal A*B*F*E*] 


2 ee xE*C+] 
2 “2 
sess 
2 2 EI| ET 
(i) Slope at each end and under each load 


a 
Let 8, = Slope at A for the given beam i.e., (z 


#) atA 


0, = Slope at B for the given beam 
ge = Slope at C for the given beam and 
8, = Slope at D for the given beam 
Then according to conjugate beam method, 
6, = Shear force at A* for conjugate beam = R,* 
45 45 


= EI “2x 10° x10" = 0.000225 rad. Ans. 


4.5 
0, = Ry" = 7 = 0.000225 rad. Ans. 


8¢ = Shear force at C* for conjugate beam 
= f,* - Total load A*C*D* 
_45 1 3 3 
x lx. =— 
" EF 2 EI EI 
Sane pe mr ie 0.00015 rad. Ans. 
Similarly, 6p = 0.00015 rad. Ans. 
(ii) Deflection under each load 
Due to symmetry, the deflection under each load will be equal 
Let ¥c = Deflection at C for the given beam and 
¥p = Deflection at D for the given beam. 
Now according to conjugate beam method, 
Yo = B.M. at C* for conjugate beam 
= R,* x 1.0 - (Load A*C*E*) x Distance of C.G. of A*C*E* from C* 


45 1-(Lere Se 


(By symmetry) 


ee 2 EI) 3 
45 0.5 _ 4.0 
“ET EY” ET 
. 4 _ 4x 1000 
~2x10®x10* 2x 104 
=@0.2mm. Ans. 

Also ¥p = 0.2 mm. 
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en a Tt 
Deflection at the centre of the beam. 
= B.M. at the centre of the conjugate beam 
= R,* x 2.0- Load A*C*E* 
x Distance of C.G. of A*C*E* from the centre of beam 
— Load C*H*J*E* 
x Distance of C.G, of C*H*J*E* from the centre of beam 


gnoensieey bea 
= a ae 1+ 5)-|1x= 5D 
ero ooh)" (145 EL)” 2 


Ee ee) 
“EL EL Ef EI 
6.5 _ 6.5 x 1000 


~ 2x10 x10 2x 10* 
= 0.325 mm. Ans. 
Problem 14.3. A simply supported beam AB of span 4m carries a point of 100ORN 
at its centre C. The value f I for the left half is 1 x 10° mm# and for the right half portion I is 
2x 108 mm‘. Find the slopes at the two supports and deflection under the load. 


Take E = 200 GNim?. 








Sol. Given : 
Length, L=4m 
Length AC = Length BC =2m 
Point load, W=100kN 
Moment of inertia for AC 
T=1x 108 mm*= 10° = 10°* m4 
1032 

Moment of inertia for BC 

=2x 108 mmé4 

=2x 104 m= 2I Cs 104=D 


E = 200 GN/m? = 200 x 10° N/m? 
= 200 x 106 kN/m?. 
The reactions at A and B will be equal, as point load is acting at the centre. 
R,=Rg= Me 

Now B.M. at A and B are zero. 

B.M. at C =R,x2=50x2=100kNm 

Now B.M. can be drawn as shown in Fig. 14.5 (6). 

Now we can construct the conjugate beam by dividing B.M. at any section by the prod- 
uct of # and M.O.L. 

The conjugate beam is shown in Fig. 14.5 (c). The leading are shown on the conjugate 
beam. The loading on the length A*C* will be A*C*D* whereas the loading on length B*C* will 
be B*C*E*, 


Value of 


=50kN 


B.M. at C 100 


Th dinate C#D* = ROMA T he AM EY 
e ordinate C ExM.O.1.forAC EI 
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LL EL ere, 


The ordinate CXE*  =-____BMatC __—s__100__=50 
Product of E and M.O.1. forBC  Ex2I EI 
Let #,* = Reaction at A* for conjugate beam 


R,* = Reaction at B* for conjugate beam 








R*, 


Conjugate beam —- R*s 


Fig. 14.5 
First caleulate R ‘4° and R,* 
Taking moments of all forces about A*, we get 
R,* x 4 = Load A*C*D* x Distance of C.G. of A*C*D* from A 
+ Load B*C*E* x Distance of C.G. of B*C*E* from A* 


1 100 2 1 50 1 
=x2x— = = — = 
-(5« x rs (2 x2}+(2xax 7)*(2+3 x2] 


_ 400 4 400 _ 800 


~ BEI" SEI 3EI 
x 200 
B ~ 3EI 
and &,* = Total load on conjugate beam — R,* 
_f{l 100 1 50) 200 
= (3 Ox SP 4 x ax ZO) 200 
150 200 _ 250 
"EL SET 3EI' 
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() Slopes at the supports 
Let 8, = Slope at A iz, (2) at A for the given beam 
8, = Slope at B ie., (2} at B for the given beam 
The according to the conjugate beam method, 
@, = Shear force at A* for conjugate beam = R,,* 
SEI 
250 
=, = 0.004166 rad. Ans. 
3 x 200 x 10° x 104 s 
and 8, = Shear force at B* for conjugate beam = R,* 
= 200 -__200 ____ 0.003838 rad. Ans. 


(ii) Deflection under the load 
Let Yq = Deflection at C for the given beam. 
Then according to the conjugate beam method, 
¥o = B.M. at point C* of the conjugate beam 
=R,* x 2- (Load A*C*D*) x Distance of C.G. of A*C*D* from C* 


250 2-(4 02x |x (2x3) 


= 3EI 2 EI) \3 
_ 500 _ 200 _ 100 
~ 3EI 3EI ET 

100 


=? 
200 x 10° x 1074 


= os aera x1000=5mm. Ans. 
200 200 
Problem 14,4. A beam ABCD is simply supported at its ends A and D over a span of 
30 metres. It is made up of three portions AB, BC and CD each 10 m in length. The moments of 
inertia of the section of these portion are I, 3] and 2I respectively, where I = 2 x 10” mm*. The 
beam. carries a point load of 150 RN at B and a point load of 300 kN at C. Neglecting the weight 
of the beam calculate the slopes and deflections at A, B, C and D. Take E = 2 x 10° kNimm?. 


Sol. Given : 
Length, L=30m 
Length AB = Length BC = Length CD = 10m 
10 
M.O.L of AB, [= 2x10! mmt = == — mé = 2x 107 mt 
M.O.L. of BC, 3f=6~x 10°? mé 
M.O.1. of CD, QI = 4x 10°? m4 
Point load at B=150kN 
Point load at C= 300 kN 


Value of ~ E=2 x 10?kN/mm? = 2 x 102 x 108 kN/m? = 2 x 108 KN/m? 
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150 kN 









300 KN 







6 Cc 2 D 


10 m ~—-¢—— 10m 


F Rg = 250 kN 





(6) 





2500 kNm 





2000 kN 





Conjugate beam 


Fig. 14.6 
To find reactions R a and Rp, take moments about A. 
: Ry x 30 = 150 x 10+ 300 x 20 = 7500 


7500 
R= =2 
30 50 kN 


R, = Total load -—R D 
= (150 + 800) — 250 = 200 KN. 

Now draw B.M. diagram 

B.M. at A and D=0 

B.M., at B =R, x 10 = 200 x 10 = 2000 kNm 

B.M. atC = R, x 10 = 250 x 10 = 2500 kNm 

B.M. diagram is shown in Fig. 14.6 (8). 

Now construct the conjugate beam as shown in Fi 

. ; n in Fig. 14.6 (c) by dividine B: 

cee by their product of E and I. For the portion AB corresponding is pha ae ed 
or the portion BC corresponding conjugate beam is B¥C*H*K* and for the portion CD the 
corresponding conjugate beam is C*D*F™, The loading are shown in Fig. 14.6 (¢) 
BE - 2000 BeK* = 2000 





The ordinates 


’ =" et 


oe 8 
ape $2500 _ 2500 
CoR* — so, CRY = 

2E, s 3kI 
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preg = 2500 _ 2000 _ 500 


SEI 3EI  3ET 
Let #,* = Reaction at A* for conjugate beam 


R,* = Reaction at D* for conjugate beam. 
To find R,* and R*, take the moments of all loads acting on the conjugate beam about 
A*, we get 
Rp* x 30 = (4 x A*B* x B*E*) x (2 x A*B*) + (B*C* x B*K*) 
x (10 + 10)4 (4 x K*J* x H¥J*) x (10+ 10 x 2) 
+ (¢ x C*F* x C*D*) x (20 + 10 x 3) 


1 2000 2 | 
a |x} =x 10}4] 10 
(5 x 10x EI )» (2 x }+{ * aT x (15) 


1 500) (50) (1 2500 ) 
elle xe etd 
«(Fx 10% ox «(2)+ (> QET J. (2 
_ 200000 . 300000 125000 437500 


3El ° 3EI ° OBI 3EI 
600000 + 900000 + 125000 + 1812500 _ 2937500 


9EI GET 
2987500 293750 


Ro" = 981 x80 27KI_ 
R,* = Total load on conjugate beam — Rp* 











1 2000 2000 1 500 1 eas 
Pu Og ee ees 
(5x 10x 2" Bre ger a oar a om 
_ 298750 
QTEI 


_ (10000 | 20000 | 2500 | $350) 293750 
“\ ET SEI 3EI EI} 2Q7EI 
- me + 20000 + 2500 + 18150) _ 293750 








3EI QTE 
_ 71250 +293750 _ 641250 - 293750 _ 347500 
~ 3EI QTEI QTE QTEI 


(i) Slopes at A, B, C and D 
According to conjugate beam method 
(a) Slope at A for the given beam 
= §.F. at A* for conjugate beam 
347500 _ 347500 
QIEI = 27x2x10° x2x107 
= 0.003218 rad. Ans. 
(6) Slope at B for the given beam 
= 8.F. at B* for conjugate beam 
=R,* - Load A*B*E* 
347500 1 2000 
= -—x 10x —— 
27EI 2 EI 
_ 347500 10000 347500 - 270000 
- Q7Er EI 27EI 





6,=R,* = 
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Tt =e 
_ 77500 _ 77500 
~ Q7EI ” 27x2x108x 2x10 
= 0.0007176 radians. Ans. 
(c) Slope at C for the given beam 
=S.F. at C* for conjugate beam 
= Rp* — Load D*C*F* 


“ 298750 4 1 19. 2500 
Q7EI 2 QET 
= 293750 _ 6250 _ 293750 - 27x 6250 _ 125000 
Q7EL =s«xET QTEI ~ “TET 
125000 


= Seo ei6haotae x2 10° x2x102 = 0.001157 rad. Ans. 
{d) Slope at D for the given beam ° 
= 8.F. at D* for conjugate beam 
= R,# = 298750 
27EI 
293750 
~ 27x 2x 10x 2x 10% ~ 00272 rad. Ans. 
(zi) Deflection at A, B, Cand D 
(a) Deflection at A for the given beam 
= B.M. at A* for the conjugate beam 
=0. Ans. 
(6) Deflection at B for the given beam 
= B.M. at B* for the conjugate beam 
= R,* x 10 ~ Load A*B*E* x Distance of C.G. of A*B*E* from B* 


_ 347500 1 2000) 10 
“o7er *1°- [310 | 3 
.- 3475000 _ 100000 
“Q7EI  3ET_ 
_ 3475000- 900000 2575000 
~ 27 EI ‘QTE 
2575000 


- 27 x2x 10° x2x 107 ~ eerenete 
= 23.84 mm. Ans. 
(c) Deflection at C for the given beam 


= B.M: at C* for the conjugate beam ‘ 
=Rp*x 10- ae D*C*F* x Distance of C.G. of D*C*F* from Cc* 





_ 293750 2500 it 
BEE 8g OX oe eS 

_ 2937500 _ 62500 _ 2937500 — bhi 66 
Q7El  3ET Q7EI 
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7 avian = Soi ee aes = = 0.02199 m 
27EI 27x2x10° x2x10 
= 21.99 mm. Ans. 
(d) Deflection of D for the given beam = 0. Ans. 


14.5. RELATION BEFWEEN ACTUAL BEAM AND CONJUGATE BEAM 


The relations between an actual beam and the corresponding conjugate beam for differ- 
ent end conditions are given in Table 14.1. 


TABLE 14.1 





. Actual beam Conjugate beam 


Simply supported or roller supported end | Simply supported end B.M. = 0 but SF. exists 
(Deflection = 0 but slope exists) 
Free end (slope and deflection exist) Fixed end (S.F. and B.M. exist) 

Fixed end (slope and deflection are zero) | Free end (S.F. and B.M. are zero) 
Slope at any section S.F. at the corresponding section 
Deflection at any section B.M. at the corresponding section 


Given system of loading The loading diagram is M/EI diagram 


M/EI load diagram is positive (.e., loading 

is downward) 

MI/EI load diagram is negative (i.e., loading is 
upward) 


B.M. diagram positive (sagging) 


B.M. diagram negative (hogging) 





14.6. DEFLECTION AND SLOPE OF A CANTILEVER WITH A POINT LOAD AT THE 
FREE END 


Fig. 14.7 (a) shows a cantilever AB of length L and carrying a point load W at the free 
end B. The B.M. is zero at the free end B and B.M. at A is equal to W.L. The B.M. diagram is 
shown in Fig. 14.7 (b). The conjugate beam can be drawn by dividing the B.M. at any section by 
EI. Fig. 14.7 (c) shows the conjugate beam A*B* (free at A* and fixed at B*). The loading on the 
conjugate beam will be negative (.e., upwards) as B.M. for cantilever is negative. The loading 
on conjugate beam is shown in Fig. 14.7 (c). 


dx 
¥g = Deflection at B for the given cantilever. 
Then according to the conjugate beam method, 
6, = S.F. at B* for the conjugate beam 


d, 
Let @, = Slope at Bie. (2) at B for the given cantilever and 


= Load B*A*C* 
1 clipe gt Oa W.L wie 
= — x A*B* x A*C* = = x Lx —_— = —_. 
2* . 2° "ET ” ORT 
and Yn = B.M. at B* for the conjugate beam 


3 
~(5-0. 2 )x(Ext)- He. 
2 EI 3 3EI 








i 
| 
i 
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L 
Given beam 


Ar B 


(5) 
B.M. Diagram 








Ba 
* 


Bt 
Fixed end 


(¢) 


ME fe = — 
a 


Conjugate beam 


le 


9° 
‘ 


Fig. 14.7 


Problem 14.5. A cantilever of length 3 m carries a point load of 10 kN at a distance of 
2 m from the fixed end. If E = 2 x 10° N/imm? and I = 108 mm, find the slope and deflection at 
the free end using conjugate beam method. 


Sol. Given : 
Length, L=3m 
Point load, W=10kN 
Distance AC=2m 
Value of E=2.x 10° N/mm? 
= 2x 10° x 10° N/m? = 2 x 10® kN/m? 
Value of I=108 mm!‘ 





= 108 x “an m‘ = 10-* m4 


B.M. at B=0 
B.M. at C=0 
B.M. at A=~10x2=~20kNm 


Now B.M. can be drawn as shown in Fig. 14.8 (6). Now construct conjugate beam A*B* 
(free at A* and fixed at B*) by dividing the B.M. at any section by EJ, as shown in Fig. 14.8 (c). 
The loading on the conjugate beam will be negative (i.e., acting upwards) as B.M. is negative. 


d: 
Let 6, = Slope at the free end for the given cantilever i.e., (2) at B and 
¥p = Deflection at B for the given cantilever. 
Then according to the conjugate beam method, 
6, = S.F. at B* for conjugate beam 


= Load A*C*D* = 4 x A*C* x A*D* 
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a1 y,,20_ 20 
~Q EI EI 
20 = 0.001 rad. Ans. 


* 2x 108 x10 


10 KN 
















B 
(a) 
3m | 
Given beam 
A c B 
(b} ft 
ale B.M. Diagram 
D 
(c) 
Conjugate beam 
Fig. 14.8 
and ¥, = B.M. at B* for the conjugate beam 


= (Load A*C*D*) x Distance of C.G. of A*C*D* from B* 


(52x) (1422) 


20 7 20 7 
= WIxX+= ae ang Ch ainaae x— 
EI 3 2x10®x1i0 3 
= 0.00233 m = 2.33 mm. Ans. 
Problem 14.6. A cantilever beam AB of length 2 m is carrying a point load 10 RN at B. 
The moment of inertia for the right hall of the cantilever is 10° mm* whereas that for the left 
half is 2 x 10° mm4. If E = 2 x 10° kNim®, find the slope and deflection at the free end of the 
cantilever. 


Sol. Given : 

Length, L=2m 

Point load, W=10kN 

Length, AC = length BC =1m 


M.O.1. of length BC, I= 108 mm* = 10~ m‘* 

M.O.L of length AC =2~x 108 mm‘ = 2 x 10-4 m4 =2F 
Value of E = 2 x 108 kN/m? 

B.M. atB=0 
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B.M. atC=~10x1L=-10kNm 
B.M. atA =-— 10x 2=-20kNm. 







20 _ 10 
O28 = 





Conjugate bear 


Fig. 14.9 


Now B.M. diagram can be drawn as shown in Fig. 14.9 (6). Now construct conjugate 
beam A*B* (free at A* and fixed at B*) by dividing the B.M. at any section by their EJ factor. 
The loading diagram will be as shown in Fig. 14.9 (¢) in which, 











A*E* = B.M.atA _ 20 _ 10 
Ex(M.O.Lof AC) Ex2I EI 
C#R* = B.M. at C ___ 10 28: 
Ex(M.O.Lof AC) Ex2I EI 
Cep* = B.M. atC __10 10 
Ex(M.O.Lof BC) ExI EI 
Let 0, = Slope at Bie., (=| at B for the given cantilever 


¥g = Deflection at B for the given cantilever. 
Then according to conjugate beam method, 
8, = 5.F. at B* for conjugate beam 
= Load A*C*F*E* + Load B*C*D* 
= 7 (A*E* + C*F*) x A*C* + 1 BEC* x C*D* 
1 & 5 } 1 10 


= —| —— 2 La ae 
2 EI Ei x ig te 
= 15, 10 25 
2EI 2K QKT 
25 


= 2x2x10°x10+ = 0.000625 rad. Ans. 
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¥, = BM. at B* for the conjugate beam 


"= Load A*C*F*H* x Distance of its C.G. from B* 
+ Load H*E*F* x Distance of its C.G. from B* 


+ Load A*C#D* x Distance of its C.G. from B* 


5 Lae) x (142 ea} +(Seax legen 
x (1x ease (Frege) (bg + 5 tay x(q 


> and 


75 25 10 _45+25+20 
“ei EI 3EI 6EI 
915 (15 


7m 
“6EI EI 2x10°x10* 
= 0.00075 m=0.75 mm. Ans. 


i i i ly distributed load of 
Problem 14.7. A cantilever of length 3m carries a uniform 
“80 kNinn length over the entire length. If E = 2 x 10° kNim2 and I = 108 mm‘, find the slope and 


~~ deflection at the free end using conjugate beam method. 


Sol. Given : 
Length, L=3m 
U.d.L, w = 80 kN/m 
Value of E=2x 108 kN/m? 

10° — 10-4 m4 
Value of T=108 mm*= io m*= 104m 
B.M. at B=0 

LE 80 3x 2 =-360kNm 

B.M. at A=- WL). 5 =~ x a= 


The variation of B.M. between A and B is parabolic as shown in Fig. 14.10 (b). 
Now construct conjugate beam A*B* (free at A* and fixed at B*) by dividing the B.M. at 
any section by EI. The loading diagram will be as shown in Fig. 14.10 (c). 
Let 6, = Slope at B for the given cantilever and 
¥p = Deflection at B for the given cantilever. 
Then according to conjugate beam method, 
0, = S.F. at B* for conjugate beam 
= Load B*A*C* or Area of B*A*C* 


of the rectangle containing parabola 


tt 
w wile clr cole 


a 
Oo 


x (A*B* x A*C*) 
360 
“EL 
360 
= "ET 2x 108x 10" 
= 0.008 rad. Ans. 


x 
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A a 80 KN 





3m -—__—_—_-—_->| 


> 









Parabolic 


2 B.M. Diagram 


|<— 360 kNm ~—>| 


2 





Ay 5 


= Parabolic 


360 
r Conjugate beam 


Ct 


Fig. 14.10 


and Y_ = B.M., at B* for conjugate beam 
= Load A*C*B* x Distance of its C.G. from B* 


(3 =) 3L =360 3x3 810 
—x3 x /x— = Sy Da 
3 El 4 EI 4 Rr 

= 0.0405 m = 40.5 mm, Ans. 


7 810 
~ 2x108x 104 


14.7. PROPPED CANTILEVERS AND BEAMS 


When a cantilever or a beam carries some load, maximum deflection occurs at the free 
end in case of cantilever and at the middle point in case of simply supported beam. The deflection 
can be reduced by providing vertical support at these points or at any suitable point. Propped 
cantilevers means cantilevers supported on a vertical support at a suitable point. The vertical 
support is known as prop. The props which does not yield under the loads is known as rigid. 
The prop (or support) which is of the same height as the original position of the (unloaded) 
cantilever or beam, does not allow any deflection at the point of support (or prop) when the 
cantilever or beam is loaded. The prop exerts an upward force on the cantilever or beam. As 
the deflection at the point of prop is zero, hence the upward force of the prop is such a magnitude 
as to give an upward deflection at the point of prop equal to the deflection (at the point of prop) 
due to the load on the beam when there is no prop. 

Hence the reaction of the prop (or the upward force of the prop) is calculated by equat- 
ing the downward deflection due to load at the point of prop to the upward deflection due to 
prop reaction. 
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er 
14.8. S.F. AND B.M. DIAGRAMS FOR A PROPPED CANTILEVER CARRYING A POINT 
LOAD AT THE CENTRE AND PROPPED AT THE FREE END 
Fig. 14.11 (a) shows a cantilever AB of length L fixed at A and supported on a prop at B 
carrying a point load W at the centre. 


B.M. Diagram 





Fig. 14.11 


Let P= Reaction at the rigid prop. 

To find the reaction P at the prop*, the downward deflection due to W at the point of 
prop should be equal to the upward deflection due to prop reaction at B. 

Now we know that downward deflection at point B due to load W 


Ly i 
Ww|= Wi — 
EF GY iy 
= tt Xi 
3EI 2EI 2 
_ WE? | WE! 
| Q4EI  16EI 
_ 2WL? + 3WL? _ SWE! Ai) 
48EI 48EL 
The upward deflection at the point B due to prop reaction P alone 
3 
- Pe (ii) 
3EI 


(See equation 13.4) 











*Never calculate P by equating the clockwise moment due to the load W to the anticlockwise 
- moment due to P at the fixed end, as at the fixed end there exist a fixing moment. 


| 
t 
| 
i 
| 
| 
' 
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Equating equations (2) and (ii), we get 








PL? _ 5WL* 
3HI 48kT 
5 
3 = 46 Ww (14.1) 
(i) SF. Diagrams 
S.F. at B=-P (Minus sign due to right upwards) 
=. ow 
16 
The S.F, will remain constant between B and C and equal to (-) ae 
SF. at ca OW wi, LW 
16 16 
: ‘ L1W 
The S8.F. will remain + between C and A. 





16 
The S.F. diagram is shown in Fig. 14.11 (8). 
(ii) B.M. Diagram 


B.M. at B=0 
BM at cu OWE SWE 
16 2 32 
B.M. at A= OW WE 
16 2 
, 5WL - 8WL a 3WL 


; 16 16 
The B.M. diagram is shown in Fig. 14.11 (c). As the B.M. is changing sign between C and 
A, hence there will be a point of contrafluxure between C and A. To find its location, equate the 
B.M. between A and C to zero. 


The B.M. at any section between C and A at a distance x from B 





16 
5x L 
or eo eo : 
or il, 2 
16 2 
or x= oe a 
Jix2 11 


Hence the point of contraflexure will be at a distance 8L/11 from B or 3L/11 from A. 


14.9. S.F. AND B.M. DIAGRAM FOR A PROPPED CANTILEVER CARRYING A UNI- 
FORMLY DISTRIBUTED LOAD AND PROPPED AT THE FREE END 


Fig. 14.12 (a) shows a cantilever AB of length L fixed at A and propped at B, carrying a 
uniformly distributed load of w/unit length over its entire length. 
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aenant Length 





S.F. Diagram 





if B.M. Diagram 


Fig. 14.12 


Let P = Reaction at the prop. 


: To find the reaction P at the prop, the downward deflection due to uniformly distributed 
‘load at B should be equated to the upward deflection due to prop reaction at B. 


We know that downward deflection at point B due to u.d.l. 


wl! : : 
Fgeuecdes ..€@i) (See equation 13.6) 
8EI ? 
The upward deflection at point B due to prop reaction P alone 
m Pr? 2 
a Gee »(H) 
Equating equations (Z) and (ii), we get 
PL _w.Lt 
3EI 8EI 
a 7 - w.b . (14.2) 
(i) S.F. diagram 
SF. at B=-P (Minus sign due to right upwards) 
3 
=-—wlL 
3 
‘ The S.F. at any section at a distance x from B is given by 
F,=-Sw.L+w.x wa (Lit) 


The 8.F. varies by a straight line law between A and B. S.F. at A is obtained by substi- 
~tuting x = L in the above equation. 





aS 
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th 
3 5 
F,=- 3 wh+w.L=+ow.b 
To find the point, at which S.F. is zero, equation (iii) should be equated to zero. 


3wL 3L 
soe HK Or x= 
8 8 


Hence the S.F. is zero at a distance 31/8 from B. The point of zero shear is shown by C. 
The S.F. diagram is shown in Fig. 14.12 (8). 
(i) B.M. diagram 
B.M. at B=0 
B.M. at any section at a distance x from B is given by, 
x . 
ge eo as (iv) 
At A,x = L and hence B.M. at A is given by, 


3 L 
M,=gw.L.L-w.h.> 








= sce inde 
8 2 

_8-4w.P wl? 

8 8 
L 
The S.F. is zero atx = =, hence B.M. at the point of zero shear is obtained by substitut- 
ing x = ae in equation (iv). Hence B.M. at C is given by 

3 3L 3L 3L 

=—-w.L.—-w.—. 

a aa ea ease EP 


2 2 
wl? ww. 9 2 


64 128 128 
The B.M. diagram is shown in Fig. 14.12 (c). 


(iz) Point of contraflexure 
Putting M, = 0 in equation (iv), we get 


O=Sw.L.x-w.x.% 





or Oe : Es 5 (Cancelling w-x) 
_ 3x2h 3b 
or se ri 
(iv) Deflection 
The B.M. at any section at a distance x from B is given by equation (iv). 
3 wx 
M, = 8 w.L.x- “o 


2 
But B.M. at any section is also equal to EZ a 
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Se HO 
ne 8x2 2 3 1 
ASO Fg x + C, ..-{v) 
16 6 
Integrating again, we get 
2 
3 x wx 
Ely= Tau L a gg en 
3 
SER vere e, (vi) 
16 24 


where C, and C, are constant of integration. At the fixed end the slope and deflection are zero. 
At the end B, deflection is zero. Hence at B, x = 0 and y = 0. 
Substituting x = 0 and y = 0 in equation (vi), we get 





0=C, 
Substituting x = L and y = 0 in equation (vi), we get 
3 
gee BC ba GC: C,=0) 
16 24 
we wD 
ee eG. 
16 24 
c= WEE wh! 2wh* - Buk? wl? 
' "24 16 48 48 
Substituting the values of C, and C, in equation (vi), we get 
30 3 
ig Oe aes .. (vii) 


16 24° 48 
The above equation gives the deflection at any section of the cantilever. 


Ses L., 
The deflection at the centre of the cantilever is obtained by substituting x = 3 in equa- 


tion (vii). If y¢ is the deflection at the centre then, we have 
wh (LY wf(Ly\ wh L 
El .yo= —x|=| -ae| >] ~ao +> 
16 2 24\ 2 48. 2 
wit wl! wlt 


~ 16x8 24x16 96 
3014 - wl - dwt QwLt wl 








24 x 16 "94x16 192 
wt : a 

=—-———— (Negative sign means that deflection is downwards) 

Yo=— Toon “Nee ee 
Downward deflection, 
wl! 

a ..(44.3) 

Ye T99HT 


TT LERNER pe 


c 
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(vu) Maximum deflection 


a 
Maximum deflection takes place where cs is zero. Differentiating equation (vii) w.r.t. 


x, we get 


7 oY _ 30h a 4w.x* wh? 





de 18 a ae 











_ Sw.L io wie? wi? 
16 6 48 
Putting, & = 0, we get 
8 a 
622 pte gk 
16 6 48 


0=9w.L.x?- 8w .x3 - wl, 
The above equation is solved by trial and error. Hence we get 


x = 0.422L (14.4) 
Substituting this value in equation (vii), we get maximum deflection. 
wh w wl 
EL = —— x (.4220)3 — —. (0.422L)* ~ — x (0.4221, 
Ve ae ie ) vn AL) 48 x ( ) 
=~ 0.005415wL4 
_ 0,005415w. L* 
7 aT 
Maximum downward deflection 
0.005415 
= —_———- w.L4 (14, 
a (14.5) 


Problem 14.8. A cantilever of length 6 m carries a point load of 48 RN at its centre. The 
cantilever is propped rigidly at the free end. Determine the reaction at the rigid prop. 


Sol. Given : 
Length, L=6m 
Point load, W =48kN 
Let P = Reaction at the rigid prop 
Using equation (14.1), we get 
= ae xW 
16 
2m x48=15KN. Ans. 
16 


Problem 14.9. A cantilever of length 4m carries a uniformly distributed load of 
I kN/m run over the whole length. The cantilever is propped rigidly at the free end. If the value 
of BE =2x 10° Nimm? and I of the cantilever = 108 mm4, then determine : 


(i) Reaction at the rigid prop, 
(it) The deflection at the centre of the cantilever, 
(ttt) Magnitude and position of maximum deflection. 
Sol. Given : 


Length, L=4m 


“604 
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ae U.d.l. w=1kN/m run : 
E=2x 105 N/mm? = 2 x 10° x 10° Nim? 


Value of 

=2x 101! N/m? 
Value of T= 108 mmé = 108 x 10-12 m‘ = 10-* m* 
(i) Reaction. at the rigid prop 
Let P = Reaction at the rigid prop 
Using equation (14.2), we get 

"P= : xw.L 

-3 1x4=15KN. Ans. 
(i) The deflection at the centre of the cantilever 
Let = Deflection at the centre of cantilever 
Using equation (14. a we get 

S wl! 

%o™ ToonT 
=~ 10004" im (: w=1kN=1000N) 
192x2x 10"! x 107 
256 2 1000 


= M=>% 
~ 384 x 104 3° 1 
= 0.0667 mm. Ans. 
(iii) Magnitude and position of maximum deflection 
The position of the maximum deflection is given by equation (14.4). 
x=0.422xL 
= 0.422 x 4 = 1.688 m. 
Hence maximum deflection will be at a distance 1.688 m from the free end of the canti- 
lever. 
Maximum deflection is given by equation (14.5) 
_ 0.005415w . L* 
Y max = EI 
_ 0,005415 x 1000 x 4* m Be 
~ 2x10" x 107 
_ 2 005415 x 1000 x 256 x 1000 
2x 10" 
= 0.0693 mm. Ans. . 
Problem 14.10. A cantilever ABC is fixed at A and rigidly propped at C and is loaded as 
shown in Fig. 14.13. Find the reaction at C. 


w = 1 KN = 1000 N) 


Sol. Given : 

Length, L=6m 
U.d., w=1kN/m 
Loaded length, L,=4m 


Let P = Reaction at the prop C. 
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Fig. 14.13 


To find the reaction P at the prop, the downward deflection due to uniformly distributed 
load on the AB at point C should be equated to the upward deflection due to prop reaction at C. 


We known that downward deflection at point C due to u.d.l. on length AB is given by, 











wL,! _ wh! 
BEI 6EI ¢ d 
1x44 1x43 32 «64 
+? 4 =— So 
ser’ ear ~~ Er * 3K 
._ 96 +64 160 @ 
~  3ET  3EI s 


The upward deflection at point C due to prop reaction P alone 


PE Px6>? 72P 2 
Ses See ..{ak) 


Since both the deflections given by equations (i) and (ii) should be equal. 


160 72P 
SEI EI 
160 
or P= 3,79 = 0-741 KN. Ans. 


14.10. S.F. AND B.M. DIAGRAMS FOR A SIMPLY SUPPORTED BEAM WITH A UNI- 
FORMLY DISTRIBUTED LOAD AND PROPPED AT THE CENTRE 


Fig. 14.14 (a) shows a simply supported beam AB of length L propped at its centre C and 
carrying a uniformly distributed load of w/unit length over its entire span. 

Let P = Reaction of the prop at C 

To find the reaction P at the prop, the downward deflection at C due to uniformly dis- 
tributed load should be equated to the upward deflection at C due to prop reaction. 

The downward deflection at the centre of a simply supported beam due to uniformly 
distributed load is given by, 








ie 5wL4 G) 
%e* 384EI i 
The upward deflection of the beam at C due to prop reaction P alone is given by, 
PL a 
= ... (ii) 
Yo™ 48EI 
Equating equations (i) and (zi), we get 
Pi bw 
48KI 384H7 
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p= 5wLt  48E1 
= 384EI LS 
LPS eae OU Gs W=w.L) 
8 8 
t— x 





w/Unit Length 
is 





B.M. Diagram 


Fig. 14.14 


Now reactions R, and Rz can be calculated. Due to symmetry, the reactions R, and Rg 
would be equal. 


But R, +R, + P = Total load on beam 
=w.L=W 
Ww 5W 
Ry+Ry+ 7 = Ww E Ry = Ry and P=") 
1 5W\) 1 3W _ 3W 
= R= 5 (WE )-36 5 = ae 
3w 
or Ry=Rg= 16° 
(i) SF. Diagram 
3w 
S.F. at A=R,= 16 
' The S.F. at any section X at a distance x from A is given by, 
= OW ox ..(é) 
* 16 
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arc ei shh iE 


and hence S.F. at C will be, 


‘4 L 
at €, x= 
3W wh 
Her aa ig 
sre a We 
16 2 


3w 5 
Hence for the span AC, the S.F. changes uniformly from + —~ at A to - 


Similarly for the span CB, the S.F. will change uniformly from 


16 


16 


16 


W=w.L) 


Ww 
ie 2t C. 


5W 
+ Fg arc to~ SE ate. 


Let at a distance x from A in the span AC, the S.F. is zero. Equating S.F. as zero in 


equation (i), we get 


3W 
ts 16 
_ 3w. 
~ 16 
38L 





—WX 


L 


—-W.X 


=—--x 


16 
_ 3b 
~ 16 


x 


W=w.L) 


Hence S.F. is zero at a distance =< from A. Also S.F. will be zero at a distance oe from 


16 
B due to symmetry. Now the S.F. diagram can be drawn as shown in Fig. 14.14 (3). 


(tt) B.M. Diagram 


B.M. at A is zero and also at B is zero. 


B.M. at any section X at a distance x from A is given by, 


x 
M,=R,.x-w.x.5 


30L 


= —— .x- 


16 


L 
The B.M. at C will be obtained by substituting x = 


2 


wx? 


2 





162 2 
_3w.P ow.P 
32 8 
__ wl 
“39 


(+ y= Bee BE) 


A” '6 16 


3 in the above equation. 


- Aw? 


32 


..(14.6) 
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Now the B.M. will be maximum where S.F. is zero after changing its sign. But S.F. is 


a Se ate, fd “ 3L 
zero after changing its sign at a distance x = te from A. 


3L 
Hence by substituting x = —= in equation (ii), we get maximum B.M. 





16 
Max. B.M. neue oe (Ey 
16°16 2°\16 
9wi? = Sw? 18wi? - 9wL? 
~ "956 2x 256 2 x 256 
9w? 
~ 512 


To find the position of point of contraflexure, the B.M. must be equated to zero. Hence 


__ substituting M, = 0, in equation (ii), we get 


_ dwh _W og 
go 
3L ox ; 
“16 2 (Cancelling w . x to both sides) 
ots ‘Or ys 3L ee . 8L 
= 6° 


Now the B.M. diagram can be drawn as shown in Fig. 14.14 (c). 
Problem 14.11. A wniform\girder of length 8 m is subjected to a total load of 20 kN 


; uniformly distributed over the entire length. The girder is freely supported at its ends. Calcu- 


’ late the B.M. and the deflection at the centre. 


If a prop is introduced at the centre of the beam so as to nullify this deflection, find the 


.. net B.M. at the centre. 


“where EI = Stiffness of the girder. 
(ii) The B.M. at the centre of a simply supported beam due to uniformly distributed load 


Sol. Given : 
Length, L=8m 
Total load, W = 20 kN 
ay wee Soe ENA 
L 8 


(i) The deflection at the centre of a simply supported beam carrying a uniformly distrib- 


-~ uted load is given by (without prop) 


_ Bwlt _ 5x2.5x8* 400 


=v = Ans. 
384EI 384#EI  3EL" 


only (i.e., without prop) is given by 


2 2 
M= we EOS =20kNm. Ans. 


8 
Gii) Net B.M. at the centre when a prop is introduced at the centre 


Let M, = Net B.M. at centre when a prop is provided. 
Now using equation (14.6), we get 








care nee ee ret GY TE PN 
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14.11. YIELDING OF A PROP 


In case of a rigid prop the downward deflection due to load is equal to the upward 
deflection due to prop reaction. But if the prop sinks down by some amount say 6, then down- 
ward deflection due to load is equal to the upward deflection due to prop reaction plus the 
amount by which the prop sinks down. 

If y, = Downward deflection of beam at the point of prop due to load, 

¥_ = Upward deflection of the beam due to prop reaction, and 
8 = Amount by which the prop sinks down 

Then y=¥g+8 (14.7) 

Problem 14.12. A cantilever of length L carries a uniformly distributed load w per unit 
length over the whole length. The free end of the cantilever is supported on a prop. If the pr 4 
sinks by 8, find the prop reaction. 


Sol. Given : 

Length =Z 

Ud. =w 

Sinking of prop =$ 

The downward deflection (y,) of the free end of cantilever due to uniformly distributed 
wEs 


load is equal to —— 


3 
The upward deflection (y,) of the free end due to prop reaction P will be equal to — 


Now using equation (14.7), we get 


Ye =¥Qt 8 
wilt PB 
SEI 3EI" 
Pe PLY wht 
3EI 8ET 
_ 8EL( wit 
ot = 7 (se - 6} Ans. 


Problem 14.13. A simply supported beam of span 10 m carries a uniformly distributed 
load of 1152 N per unit length. The beam is propped at the middle of the span. Find the amount, 
by which the prop should yield, in order to make all the three reactions equal. 


Take E = 2x 105 Nimm? and I for beam = 10° mm‘. 


Sol. Given : 

Span, L=10m 

U.d.l., w = 1152 N/m 

Value of E = 2x 105 N/mm? = 2 x 10° x 106 N/m? 
=2x 10" N/m? : 

Value of T= 108 mm‘ = 108 x 10°72 m* = 10+ m4 


Total load on beam, W=w.L=1152x10=11520N 
If all the three reactions (i.e., R,, R, and P) are equal, then each reaction will be one 
third of the total load on the beam. 
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Fig. 14.15 
W 11520 
“Ryz=Rp= Fig Pg RON: 


Let § = Amount by which the prop should yield if all the three reactions are equal. 
Now the downward deflection of the beam at the centre due to uniformly distributed 
load alone is given by, ; 
SwL* 5 1152 x 10* 





“1* 384E 384“ 2x10" x 107 
= Lees x 10? mm = 7.5 mm.. 
10 10 ai. 
The upward deflection due to prop reaction at the point of prop is given by, 
3 3 
eee ee (: P= 3840 N) 
2" 48EI 48x2x10"'x 1074 
3 
a OY tar cid ink 
104 104 
Now using equation (14.7), we get 
¥,=¥gt 8 
or d=y,-¥,=75-40=3.5 mm. Ans, 


HIGHLIGHTS 


1. The conjugate beam method is used to find the slope and deflections of such beams whose flexural 
rigidity (@.e., EI) is not uniform throughout of its length. 

2. Conjugate beam is an imaginary beam of length equal to that of original beam but for which load 
diagram is M/EI diagram. 

8. The load on conjugate beam at any point is equal to the B.M. at that point divided by EL. 

4, The slope at any section of the given beam = S.F. at the corresponding section of the conjugate 
beam, 

5. The deflection at any point of the given beam = B.M. at the corresponding point of the conjugate 
beam. 

6. Propped cantilevers means cantilevers supported on a vertical supported at a suitable point. 

7. The rigid prop does not allow any deflection at the point of prop. 

8. The reaction of the prop (or the upward force of the prop) is calculated by equating the downward 
deflection due to load at the point of prop to the upward deflection due to prop reaction. 

9. For a cantilever carrying a uniformly. distributed load over the entire span and propped rigidly 
at the free end, we have 


3 
(i) Prop reaction, P= B wb 
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2 
(ii) B.M. at fixed end, M = we 


3L 
= 4 
= : wh 
(iv) Deflection at the centre, Yo= JooaT 
0.005415w14 

max = EI 

where w = Uniformly distributed load, 

x = Distance from free end. ; 

10. For a simply supported beam, carrying a uniformly distributed load over the entire span and 

propped at the centre, we have 


(iii) Point of contraflexure, x = 








(v) Maximum deflection, y 


5 
(i) Prop reaction, P= > W 


8 
5 : 3W 
(it} Support reactions, Ry =R,= a 
ee wl? 
(tz) B.M. at centre, M =— 32 
‘ : 3L 
(tv) Point of contraflexure, x = 3 


where W = Total load on beam 
=w 
w = Uniformly distributed load on beam 
x = Distance from the support. 


EXERCISE 14 


(A) Theoretical Questions 


1. Define and explain the terms : Conjugate beam, conjugate beam method, flexural rigidity and 
proppéd beam. 
2. What is the use of conjugate beam method over other methods ? 


3. How will you use conjugate beam method for finding slope and deflection at any section of a 
given beam ? 


4, Find the slope and deflection of a simply supported beam carrying a point load at the centre, 
using conjugate beam method. . : 

5. A cantilever carries a point load at the free end. Determine the deflection at the free end, using 
conjugate beam method. 

6. What is the relation between an actual beam and the corresponding conjugate beam for different 
end conditions ? 

7%. What do you mean by propped cantilevers and beams ? What is the use of propping the beam ? 

8. How will you find the reaction at the prop ? 


9. Acantilever of length L, carries a uniformly distributed load of w/m run over the entire length . 
It is rigidly propped at the free end. Prove that: 3 ; 


3 
{i) Prop reaction = g Land 


1 


Gi) Deflection at the centre = To2ET’ 





612 STRENGTH OF MATERIALS © 





: 4 10. A simply supported beam of length L, carries a uniformly distributed load of w/m run over the 
entire span. The beam is rigidly propped at the centre. Determine : 
(i) Prop reactions, 
(ii) Support reactions, 
(iii) B.M. at the centre, and 
(iv) Point of contraflexure, if any. 
(B) Numerical Problems 


1. Abeam6m long, simply supported at its ends, is carrying a point load at 50 KN at its centre. 
The moment of inertia of the beam is 76 x 10° mm‘. If F = 2.1 x 10° N/mm?, determine the slope 
at the supports and deflection at the centre of the beam using conjugate beam method. 

{Ans. (1) 3.935.and 13.736 mm] 

2. Asimply supported beam of length 10 m, carries a point load of 10 KN at a distance 6 m from the 
left support. If E = 2 x 10° N/mm? and J = 1 x 108 mm‘, determine the slope at the left support 
and deflection under the point load using conjugate beam method. 

[Ans. 6.00028 rad. and 0.96 mm] 

3. A beam of length 6 m is simply supported atits ends and carries two point loads of 48 KN and 
40 kN at a distance of 1 m and 3 m respectively from the left support. Find the deflection under 
each load. Take E = 2 x 10° N/mm? and I = 85 x 10° mm*‘. Use conjugate beam method. 

{Ans. 9.019 mm and 16.7 mm] 

4. A beam AB of span L is simply supported at A and B and carries a point load W at the centre C 
of the span. The moment of inertia of the beam section is I for the left half and 2/ for the right 
half. Calculate the slope at each end and deflection at the centre. 

BWI? WE wee 

‘96ET’? ~ Qamr °° 9° ~ GBEr 

5. . A cantilever of length 3 m is carrying a point load of 25 KN at the free end. If ]= 10° mm* andE 

= 2.1 x 105 N/mm’, then determine : (i) slope of the cantilever at the free end and (ii) deflection 

at the free end using conjugate beam method. (Ans. 0.005357 rad. and 10.71 mm] 

A cantilever of length 3 m is carrying a point load of 50 KN at a distance of 2 m from the fixed 

end. If J = 10° mm‘ and E = 2 x 105 N/mm, find (i) slope at the free end, and (ii) deflection at the 

free end using conjugate beam method. [Ans, 0.005 rad. and 11.67 mm] 

7. Acantilever of length 5 m carries a point load of 24 KN at its centre. The cantilever is propped 
rigidly at the free end. Determine the reaction at the rigid prop. {Ans. 7.5 kN] 
8. A cantilever of length 4 m carries a uniformly distributed load of 2 kN/m run over the whole 
length. The cantilever is propped rigidly at the free end. If E = 1x 105 N/mm? and J=108 mm, 
then determine : 
(i} reaction at the rigid prop 
(ti) the deflection at the centre of the cantilever, and 
G@ii) magnitude and position of maximum deflection. 
fAns. (i) 3 KN Gi) 0.0667 mm (iii) x = 1. 688 m, y, , = 0.0693 mm] 
9. A-simply supported beam of length 8 m carries a uniformly distributed load of 1 kN/m run over 
the entire length. The beam is rigidly propped at the centre. Determine : (i) reaction at the prop 
(ii) reactions at the supports (iii) net B.M. at the centre and (iv) positions of points of contraflexures. 
{Ans. (i) 5 KN (ii) 1.5 KN (ii) - 2.0 kNm (iv) 3 m from each support) 
10. A cantilever of length 10 m carries a uniformly distributed load of 800 N/m length over the 
whole length. The free end of the cantilever is supported on a prop. The prop sinks by 5 mm. If 
E£=3x 105 N/émm? and [= 108 mm‘, then find the prop reaction. {Ans, 2750 N} 


| Ans 04 = 
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Fixed and Continuous Beams 
SSS ———————————— 


15.1. INTRODUCTION 


; A beam whose both ends are fixed is known as a fixed beam, Fixed beam is also called a 
built-in or encaster beam. In case of a fixed beam both its ends are rigidly fixed and the slope 
and deflection at the fixed ends are zero. But the fixed ends are subjected to end face 
Hence end moments are not zero in case of a fixed beam. : 


Ww 


{@) 





Deflection curve 


(d) 





Deflection curve 


Fig. 15.1 


In case of simply supported bea ion i i 

et - ibaa es eye deflection is zero at the ends, But the slope is not 

; In case of fixed beam, the deflection and slope are zero at the fixed ends as shown in 
Fig. 15.1 (b). The slope will be zero at the ends if the deflection curve is horizontal at the ends 
To bring the slope back to zero (t.e., to make the deflection curve horizontal at the fixed ends), 
the end moments Af 4 and M,, will be acting in which M@ '4 Will be acting anti-clockwise and M 
will be acting clockwise as shown in F ig. 15.1 (6). 7 

; A beam which is supported on more than two supports is known as continuous beam 

This chapter deals with the fixed beams and continuous beam. In case of fixed beams the B M. 
diagram, slope and deflection for various types of loading such as point loads uniformly dis: 
tributed load and combination of point load and u.d.l., are discussed. In case of continuous 
beam, Clapeyron’s equation of three moments and application of this equation to the continu- 
ous beam of simply supported ends and fixed ends are explained. 


o 
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ee 
15.2. BENDING MOMENT DIAGRAM FOR FIXED BEAMS 


Fig. 15.1 (c) shows a fixed beam AB of length L subjected to two loads W and 2W ata 


L 
distance of a from each ends. 


Let R, = Reaction at A 





Fig. 15.1 (c) 

Ry, = Reaction at B 

M, = Fixed end moment at A 

M, = Fixed end moment at B 
The above four quantities i.e, R,, Ry, M, and M, are unknown. 
The values of R,, Ry, M, and M, are calculated by analysing the given beam in the 

following two stages : 

(i) A simply supported beam subjected to given vertical loads as shown in Fig. 15.2. 
Consider the beam AB as simply supported. 
Let R,* = Reaction at A due to vertical loads _ 

R,* = Reaction at B due to vertical loads. 
Taking moments about A, we get 








(b) 
A Cc D B 


B.M: diagram considering beam as simply supported 


Fig. 15.2 

L 3L 

Ry*xL=Wx 7 +2Wwx —- 
eo OW We 


B ? 
4 4 4 
and R,* = Total load - R,* 
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e3w- WV _ ow 
Sa ee od, 
B.M. atA=0, B.M. at B=0 

5W LL 5WL 
BMiatO 2 ee OO 
. 4 "4° 16 
BM. atp= 7,2 . WE 
4 4 16 


Now B.M. diagram can be drawn as shown in Fig. 15.2 (6). In this case, B.M. at any 
point is a sagging (+ve) moment. 


(it) A simply supported beam subjected to end moments only (without given loading) as 
shown in Fig. 18.3. 

Let M, = Fixed end moment at A 

M, = Fixed end moment at B 
R = Reaction* at each end due to these moments. 

As the vertical loads acting on the beam are not symmetrical (they are W at distance 
L/4 from A and 2W at a distance 1/4 from B), the fixed end moments will be different. 

Suppose M, is more than M, and reaction R at B is acting upwards. Then reaction R at 
A will be acting downwards as there is no other load on the beam. (=Fy = 0). Taking moments 
about A, we get clockwise moment at A = Anti-clockwise moment at A. 

M,=M,+RL 


-M 
= te AA) 


(a) 





B.M. diagram due to end moments 


Fig. 15.3 


As M, has been assumed more than M,, the R.H.S. of equation (A) will be positive. This 
means the magnitude of reaction R at B is positive. This also means that the direction of 
reaction R at B is according to our assumption. Hence the reaction 2 will be upwards at B and 
dewnwards at A as shown in Fig. 15.3 (a). The B.M. diagram for this condition is shown in 
Fig. 15.3 (6). In this case, B.M. at any point is a hogging (-ve) moment. 

Since the directions of the two bending moments given by Fig. 15.2 (6) and Fig. 15.3 (4) 
are opposite to each other, therefore their resultant effect may be obtained by drawing the two 
moments on the same side of the base AB, as shown in Fig. 15.4. 





*The reaction at each end will be equal. There is no vertical load on the beam hence reaction at 
A+ reaction at B = O. Or reaction at A =- reaction at. B. 
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A Cc DB B 


Resultant B.M. diagram 


Fig. 15.4 
Now the final reactions R, and R, are given by 
R,=R,*-R 
and Rg=R,*+R 


In the above two equations, R,* and R,* are already calculated. They are : R,* = 5W/4 
and R,* = 7W/4. But the value of R is in terms of M, and M,. It is given by R = (M, - M,\L. 
Hence to find the value of R, we must calculate the value of M, and M, first. 


To find the values of M, and M, 

Let M,=8.M. at any section at a distance x from A due to vertical loads 
_ M,’=B.M. at any section at a distance x from A due to end moments. 

The resultant B.M. at any section at a distance x from A 


=M,-M,' (M, is +ve but M,’ is ~ve) 

aCe d?y 

But B.M. at any section is also equal to EI ae 
d®y 
Ale =M,-M, .{t) 


Integrating the above equation for the entire length, we get 


But = represents the slope. And slope at the fixed ends i.e., at A and B are zero. The 


above equation can be written as 
EI (Bat v=1)-(Dat x=0)| 
L oF tie 
e [ M,.dx -f, z 
L L 
EI(0-0]= I M,.de~ | M,' de 
L cl # 
= Z ' .{ii) 
or 0 [Med [me dx 


Le Le 
Now J M,,.dx represents the area of B.M. diagram due to vertical loads and i, M,'.dx 


represents the area of B.M. diagram due to end moments. 


So 


oma 





he Ay acter 
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Let a = Area of B.M. diagram due to vertical loads 


a’= Area of B.M. diagram due to end moments. 


L 
Then I M,.dx =a 
& r a 
and 5 M,'.dx =a 
Substituting these values in equation (ii), we get 
O=a-a’ 
or a-a' .(15.1) 


The above equation shows that area of B.M. diagram due to vertical loads is equal to the 
area of B.M. diagram due to end moments. 


Again consider the equation (i) 
ad ¥ ; 
EI an M,- M, 
Multiplying the above equation by x, we get 
d? 
Elx. =x.M,~x.M,! 
Integrating for the whole length of the beam i.e., from 0 to L, we get 


(ers Ze. ax és [iemde ~ [ie M, ‘ax 


L dy L rs ad 
EI|,»-S 3 de ‘ is «M,.dx-f x. M,,' dec GH) 


In the above equation, M,.dx represents the area of B.M. diagram due to vertical loads 
at a distance x from the end A. And the term («.M,.dx) represents the moment of area of B.M. 


L 
diagram about the end A. Hence i, x.M,.dx represents the moment of the total area of B.M. 


diagram due to vertical loads about A, and it is equal to total area of B.M. diagram due to 
vertical loads multiplied by the distance of C.G. of area from A, 


L 
j ‘x.M,dx = a¥ 
where x = Distance of the C.G. of B.M. diagram due to vertical loads. 
L ane 
Similarly | x.M,'.dx = a'% 


where x’ = Distance of the C.G. of B.M. diagram due to end moments. 
Substituting the above values in equation (iii), we get 


ps 2 
Er| 1c dle = 8 ~ 02 
0 dx 
Gi sient, an eee )- d*y dy) _dy_ dy 
oF pr |x2-y| aor -0's : dx dx)” aa?” ax | ae * oe? 
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a 
xdy | ( dy } | at 

El > Saas wae Cy =| tS ¥ = ax ax 
oF. ( dx sé atxeal dx atx=0 
or EL {(L0,— 35) - (0 x 04-4) }= OF —O'*". 


Since slope and deflection at A and B are zero, hence 6,4, 9p, ¥, and yz are zero. 


0=ax -a’x' 


or ax =a'x' -..(15.2) 
But from equation (15.1), we have 
a=a' 
y= x! (15.3) 


Manis the distance of C.G. of B.M. diagram due to vertical loads from A is equal to the 
distance of C.G. of B.M. diagram due to end moments from A. 

Now by using equations (15.1) and (15.3) the unknowns M, and M, can be calculated. 

This also means that M, and Mg can be calculated by 

(i) equating the area of B.M. diagram due to vertical loads to the area of B.M. diagram 
due to end moments. 

(ii) equating the distance of C.G. of B.M. diagram due to vertical loads to the distance of 


C.G. of B.M. diagram due to end moments. The distance of C.G. must be taken from the same _ 


end in both cases. 
15.3. SLOPE AND DEFLECTION FOR A FIXED BEAM CARRYING A POINT LOAD 
AT THE CENTRE é 


Fig. 15.5 (a) shows a fixed beam AB of length L, carrying a point load W at the-centre Cc 
of the beam. : . 








S.F. diagram 


Fig. 15.5 
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Let M, = Fixed end moment at A 
M, = Fixed end moment at B 
R, = Reaction at A 
R, = Reaction at B. 
The above four are unknown ie., R,, Rp, M, and M, are unknown. 
(i) B.M. Diagram 
Due to symmetry, the end moments M, and M, will be equal. Hence the B.M. diagram 
due to end moments will be a rectangle as shown in Fig. 15.5 (6) by AEFB. Here the magnitude 
of M, and M, are unknown. The bending moment diagram for a simply supported beam carrying 
a point load at the centre will be a triangle with the maximum B.M. at the.centre equal to 
W.L 
a a The B.M. diagram for this case is shown in Fig. 15.5 (0) by a triangle ADB in which 


W.L 
ea 


Now according to equation (15.1), area of B.M. diagram due to vertical loads should be 


' equal to the area of B.M. diagram due to end moments. 


Equating the areas of the two bending moment diagrams, we get 
Area of triangle ADC = Area of rectangle AEFB 


or = x AB x CD = AB x AE 
1 W.L 
or g *Ex — HhxM, 
W.L 
he 
Also ; M, =M. = 


B Ae eS . (15.4) 
Now the B.M. diagram can be drawn as shown in Fig. 15.5 (8). 
Gi) S.F. Diagram 


Equating the clockwise moments and anti-clockwise moments about A, we get 


RyxL+M,=M,+W. 
But M,=M, 
RpxLb=W. = 
Ww 
or R,= — 
- 2 
Ww 
Due to symmetry, R,= 2 


Now the S.F. diagram can be drawn as shown in Fig. 15.5 (c). 


L 
There will be two points of contraflexure at a distance of z from the ends. 
| 
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(iii) Slope and Deflection 
The B.M. at any section between AC at a distance x from A is given by, 
d*y 
oS HIM = Ryxx—My 


Ww 
~ Wix WL ls ee R= ©] 





2 8 
Integrating the above equation, we get 


"where C, is a constant of integration. 


van 


Atx =0, ® =0. Hence C, = 0 


ae Therefore the above equation becomes as 


dy Wa WL w(Z) 


Hn. 4” 8 


The above equation (i) gives the slope of the beam at any point : 


Integrating equation (i) again, we get 


Ely = — 


“where C, is another constant of integration. At x = 0, y = 0. Hence C,= 9. 


Therefore the above equation becomes as 
W.x® W.Lx? ea 
My 5” 16 <s 
The above equation (ii) gives the deflection of the beam at any point. The deflection 1s 





fe ituti Be ation (zz), 
: “ maximum at the centre of the beam, where x = 2 Hence substituting x« = 5 in equ 


; we get 
| W/L? W.L (Ey 
“ EW max = 79\2) 16 \2 
wis Wi? _2wL?-swWi? __ WE 
“96 64 ~—~SO—~*«G2D 192 
-y _ - We 
ae Ymax~ [92 EI 
™ Minus sign means that the deflection is downwards. 
Was (15.5) 


Downward deflection, ¥,,., = 792 EI 





pn IT 


mo 
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Note. The deflection at the centre of a simply supported beam carrying a point load W at the 
_ we : 

centre is WaT Hence the deflection of the simply supported beam is four times the deflection of the 

fixed beam. 


Or in other words, the deflection of a fixed beam is one fourth times the deflection of the simply 
supported beam. Hence when fixed beams are used, the deflection will be less. 


Problem 15.1. A fixed beam AB, 6 m long, is carrying a point load of 50 RN at its centre. 
The moment of inertia of the beam is 78x 10° mm‘ and value of E for beam material 
is 2.1 x 105 Nimm?. Determine : 


(i) Fixed end moments at A and B, and 
(ii) Deflection under the load. 
Sol, Given: 
Length, L=6m = 6000 mm 
Point load, W = 50 kN = 50000 N 
M.O.L., I=78x 108 mm4 
Valueof E=2.1 x 105 Ninm? 
Let M,, = Fixed end moment at A, 
M, = Fixed end moment at B, 
Y max = Deflection under the central point load. 
Using equation (15.4), we get 
0x6 
8 


or 





= 37.5 kNm. Ans. 
Using equation (15.5), we get 


WL? 


Ymax > 792 BT 
3 
=z on TO ee = $.434mm. Ans. 
192 x 21x 10° x 78 x 10 


Alternate Method 


Fig. 15.54(6) shows the simply supported beam, which is having Max. B.M. at the cen- 
tre equal to R,* x 3 = 25 x 3 = 75 kNm. Fig. 15.5A (¢) shows the B.M. diagram for simply 
supported beam. 

Fig. 15.54(d) shows the fixed beam with end moments only. Due to symmetry end mo- 
ments are equal. Hence M, = Mj. Fig. 15.5A (e) shows the B.M. diagram due to end moments 
only, This diagram is a rectangle. 


STRENGTH OF MATERIALS 


622 
50 kN 
8 
{a) A 
6m 
50 kN 
B 
A 
() —= 3m———41 
-6m 
A,” = 25 KN Ra’ = 25 kN 
ja 75 KNM 
{c) 
§a———_—_—__ AI 
B.M. diagram for simply supported beam 
M, Mp 
A 
{d) 
|}——__—__— en —_—__—4 
M Me 
A 
@) 
B.M. diagram due to end moments only 
Fig. 15.54 
Equating the areas of two B.M. diagrams, we get 
iagram for simply supported beam / 
Scene = Area of B.M. diagram due to end moments. 
75x6 
L.€., mee = M a™ 6 
75 
= — = 37.5 kNm 
or M, 9 3 
But M,= Mg, 
? M,=M, 


= 37.5 kKNm. Ans. 


CCENTRIC 
15.4. SLOPE AND DEFLECTION FOR A FIXED BEAM CARRYING AN E 
POINT LOAD 
i i ta 
Fig. 15.6 (a) shows a fixed beam AB of length L, carrying a point er ie . - . 
distance of ‘a’ from A and at’a distance of ‘b’ from B. The fixed end moments !@, B 
also reactions at A and Bie., Ry and R, are shown in the same figure. 
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@) B.M. Diagram 
As the load is not acting symmetrically, therefore M (, and M, will be different. In this 


case M, will be more than M, as the load is nearer to point B. The B.M. diagram due to end 


moments will be trapezium as shown in Fig. 15.6 (b) by AEFB. Here the length AE (i.e., M o 
and BF (i.e., M,) are unknown. 


The B.M diagram for a simply supported beam carrying an eccentric point load will be 





triangle with maximum B.M. under the pint load equal to eet The B.M. diagram for this 


case is shown in Fig. 15.6 (6) by a triangle ADB in which CD = W.ab, 


{a) 


(8) 


(} 





Fig. 15.6 


Equating the areas of the two bending moment diagrams, we get 
Area of trapezium AEFB = Area of triangle ADB 


5 (AR + BP).AB = 5 x AB x CD 





1 1, Wad 
3g (Ma + Mg).L = 5x = 
W.a.b 
or M,+M,=—7— Ai) 


Now using equation (15.3), 


x =X’ 


or Distance of C.G. of B.M. diagram due to vertical loads from A = Distance of C.G. of B.M. 
diagram due to end moments from A. 
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a {See Fig. 15.7 (a)] 
Now = (A, + Ay) 


= fears) 2L 
i (M4 .L). 5 +5 - LM - Ma) x 





My.L+5.L(Mg-M,) 


L L 
Ma-5+(Ma-Ma)-5  3M,.L+2M,.L-2M,.L 
ae Tats ~My) 32M, + Mz -M,) 

_ Mg. L+2My L 
3(M, + Mp) 


3 (M4 + Mp) 





Fig. 15.7 


Agxg + Ags [See Fig. 15.7 ()] 


(A + Aq} 
b 
(Jxaxco}x2245.9.cpx{a+5] 


_ and X= 


3. 2 


L g.co+4.o.cD 
3 3 


2a” ( 2) 

— +bla+ 5 
= “3 PE"3) (cancelling 2 

a+b 

Qa? + Bab +b? 2a? + 2ab + ab +b? 
“"Blatb) 8(a +) 

_ 2a(a+b)+b(a+b) _ @a+b)(a+d) 

= 3(a+b) 3(a+b) 

_2a+6 _ar+(arb) ath Cees 
7h 8 3 3 
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But : x'=X 
(M4 +2Mpz).L e ath 
3(M,+M,) ~~ 8 


2 M+ My = 22M +My 









































L 
(a+b) W.a.t [: M, +My, = Wie? ai equation | 
L iL 
=(a+L). ee (iz) 
Subtracting equ>.ton (2) from equation (di), we get 
W.a.b W.a.b 
Mn=(a+L), 2D 
_ Neb (ast -1] i 
~  £ L 
Weab(ack-h) W.a?.b bs 
= => w.-(bit} 
L L L 
Substituting the value of M, 'p in equation (i), we get 
W.a?b W.a.b 
M, + Te = L 
W.a.b Wab 
wae Eee 
W.a.b W.a.b.6 
= Zz (L-a)= a @ Dean) 
2 
: we .Aiv) 


Now M, and M, are known and hence bending moment diagram can be drawn. From 
equations (iii) and (iv), it is clear that if a > 6 than M p> M,. 
(ii) S. F. Diagram 
Equating the clockwise moments and anticlockwise about A, 
R,xl+M,=M,+W.a 
(4 Bo M A) +W. a 


R,= : 
y M = M ted 
Similarly R,= Mates? 


By substituting the values of M, and M, 3 from equations (iii) and (iv), in the above 
equations, we shall get R, and Ry. Now S.F. can be drawn as shown in Fig. 15.6 (). 
(uit) Slope and Deflection 3 
The B.M. at any section between AC at a distance « is given by 
d’y 
EI we Ryzxx-M, 


po 
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Substituting the value of R, in the above equation, we get 





wr Hy [Ma Ma 20-6) 2M, 
dx” L 
_(M,-Me), We? ey 
L L 
W.b 


x 
Webs [Ma + Oe Maz | 


Substituting the values of M, and Mg, we get 











eS aL i 
_W.b.z_W.a.b? W.g.b(,_») x 
SUB LP Le L 
W.b.x W.a-b(,_4) x W.a.b? 
a ee ee Es ‘ge 
W.a.b” 
Oe We - ala ~b) x]- =e 
W.a.b? 
= by ~a? +ab)x- ae 


But L=a+6 
< L2=(a +b)? =a? + b? + 2ab. 
Substituting the value of L? in the above equation, we get 











2 W.a.b? 
ait = = (a2 +b? + 2ab - a? + ab)x — ae 
x 
W.a.b? 
= We eo? + 8ab)x - a 
7 W.a.b” 
= 0 (+ 3a) ~ “5 
Integrating the above equation, we get 
2 2 W.a.b? 
a oe +30).5 zB ae 
where C, is a constant of integration. 
At.x = 0, 2S =0. Hence C, = 0. 
2 W.a.b? 
pr. = es g (b + 3a). x” - es oe -(v) 





dx 213 Stee 
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Integrating again, we get — 








Ww.? x? W.a.b® x? 
Ely = age BO) eg 
where C, is another constant of integration. At x = 0, y = 0. Hence C, = 0. 
2 2 
Ely = = B+ Ba)x9 ae a (vi) 


The deflection under the load is obtained by substituting x = a in the above equation. 
Let y, is the deflection under the load, then 


W.a.b’ 9 
ya 





2 
Ely, = = (b + 8a). a3 - 


_ Wb? a 
61? 


_ W.a®.b? 0? 
= “6R (3L ~ 8a -b) 


_ Wa.a®.b” Be 
=e ae = (8(Z - a}- 8] 


=~ woe (3b ~ 6) Ce 
W.a®.b? 
oP Oke 
W.a?.b? 


Jem a ..(15.6) 


.(6 + 8a - 8L) 


L-az=b) 


Maximum deflection 
Since a > 6, hence maximum deflection will take place between A and C. For maximum 


dy dy 
deflection, sad should be zero. Hence substituting —— os = 0 in equation (v), we get 











2 2 
62 ie iBae oe < 
L 
W.a.b" 2 
7 x= a (b + 8a)x 
W.a oe Abe 2aL 

aS Lv “W. b? (b ra 3a) ~ (b 4 3a) (15.7) 

Substituting this value of x in equation (vi), we get maximum deflection. If y,,,. repre- 


sents the maximum deflection, then 











2 2 
iy W.a.b (=) 


W.b? QaL \° 
{6 + 8a)} —— } -— 
6L? { } 2 “\b+8a 
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2 2 
See { 2a [+300 ae - sab 














613 “\b+3a (b + 3a) 
_ _ We ( 2aL ) aL 
~ 63. (b+8a) - 
_ Wet atl? 2 Wak? 
~~ 6r3 (6 +3a)? 8° (43a) 
2 Wah? 


Yar = --(15.8) 


~ BEL (b+ 3a)" 
Problem 15.2. A fixed beam AB of length 3 m carries a point load of 45 RN at a distance 
of 2 m from A. If the flexural rigidity (i.e., El) of the beam is 1 x 104 kNm?, determine : 
(i) Fixed end moments at A and B, 
(ii) Deflection under the load, 
(iii) Maximum deflection, and 
(iv) Position of maximum deflection. 


Sol, Given : 
Length, L=3m 
Point load, W=45kN 


Flexural rigidity, EJ = 1 x 10¢kNm? 
Distance of load from A, 


a=2m 
Distance of load from B, 
b=1m 
Let M, and M, = Fixed end moments, 


y, = Deflection under the load 
Ymax = Maximum deflection and 
x = Distance of maximum deflection from A. 
() The fixed end moments at A and B are given by 


M, = gay ae ae Ans 
W.a2.b 45x27 x1 
and Me ge Ans. 
Gi) Deflection under load is given by equation (15.6) as 
3,3 3. 43 
yee UE Me OS Se a oot 
: 3EIL' 3x1x104 x3 


=-0.444mm. Ans. 
-ve sign means the deflection is downwards. 
(iit) Maximum deflection is given by equation (15.8) as 
sz 2 Wa*.b? 
Ymox~ BEI” (b+ 3a)" 
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rr 
2 45x23 xI% 16x 45 
~ 8x1x 104" (1+3x2)2 3x104x 49 
=~ 0.00049 m =—0.49 m. Ans. 
(iv) The distance of maximum deflection from point A is given by equation (15.7) as 
2a.L 
** + 8a) 


2x2x3 12 
= 743x2 = = L714 m. Ans. 





Alternate Method 


Fig. 15.7A (6) shows the simply supported beam with vertical load of 45 kN at a distance 
2m from A. 


The reactions R,* and R,* due to vertical load will be : : 
3R,*=45x2 or Rz* = 90/3 = 30 kN and R,* = 45-30 = 15 kN. 


Fig. 15.7A (c) shows the B.M. diagram with max. B.M.at C and equal to Ry*x2=15x2 
= 80 kNm. 


Fig. 15.7A (d) shows the fixed beam with end moments and reactions. As the vertical 
load is not acting symmetrically, therefore M, and M, will be different. In this case M ig Will be 
more than M,, as load is nearer to point B. The B.M. diagram is shown in Fig. 15.7A(e) 


(i) Fixed end moments at A and B. To find the value of M, and M, a equate the areas of 
two B.M. diagrams. 


Area of B.M. diagram due to vertical loads 
= Area of B.M. diagram due to end moments 


30 x 2 30x1 
A, + Ay = Ay +A, where A, = >" = 80,4, == = 15 
(Mz -M,)x3 
ARM Aye 
= 1.5 (M,-M,) 
or 30+ 15=3M,+1.5M,-15M, 
or 45=1.5M,+15M, 
45 . 
or is 7Méa+ Ms or M,+M, =30 wed) 


Now equating the distance of C.G. of B.M. diagram due to vertical load to the distance of 
C.G. of B.M. diagram due to end moments from the some end (i.e., from end A) 


xe 





or X=Xx 
on Ayxy + Apxy _ Ag X x3 + Agry 
A, + Ag Ag + Ag 
4 1 
20x $+ 15x(2+3) 3M x5 +15(My -Ma)x2 
a 30+ 15 ~~ “3M, + 15M, - 15M, 
ise 40+35 45M,+3Mp-3M, = 15M, +3M,z 





45 15M,+15M, 15M, +15M, 
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ee 
15 _ 15(M, +2Mp) 5 _ Ma +2Mp 

o 45. 15(M,+Mz,) 3 M,z+M, 

or 5M, + 5M, = 38M, + 6M, 

on 2M,=M, ii) 


Solving equations (i) and (iz), we get 
M,=10kNm and My = 20 kNm. Ans. 





Ra“ Re* 
(8) 
R," = 15 KN 


(c) 


‘eee oe snc eamst 
3m 


B.M. diagram for simply supported beam with vertical loads 


Ma Ms 





@) 





B.M. diagram due to end moments only 


Fig. 15.7A 


Let us now find the reaction R due to end moments only. As the end moments are 
different, hence there will be reaction at A and B. Both the reactions will be equal and opposite 
in direction, as there is no vertical load, when we consider end moments only. As Mz is more, 
the reaction R will be upwards at.B and downwards at A as shown in Fig. 15.7A (d). 


n pectuthanns hgh Seine eemarnne i 


 sinaeninieneiaemeniamneammmaantl 
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Taking the moments about A for Fig. 15.7A(d), we get clockwise moment at A = Anti- 
clockwise moments at A 


M,=M,+Rx3 
pu Ma-Ma _ 20-1010, 
3 3 3 
Now the total reaction at A and B will be, 
10 «35 
R,=R,-R=15-— = — 
Pe cog 
and Rg = Ry + R= 30+ 2 = 20 un 


Now, consider the fixed beam as shown in Fig. 15.78. 
The B.M. at any section between AC at a distance x from A is given by R 4xx~M, 


M, = 10 kNm ie tai 








Xx} 
R= 8 
Fig. 15.7B 
d?y e 
or HE BARI MS 
= = xx~-10 
Integrating, we get 
dy 35 x? 
iT HX e+ C) 
at x=0, 2. . C€,=0 
EIT = “ge - 10x ; «-(ZiL) 
Integrating again, we get 
35 x? 10x? 
EI xy =—x—- 
y ; x -- <5 +C, 
at x=0,y=0, ~ C,=0 
35 3 2 
EIxy =TR* ~ 5x (iv) 


(it) Deflection under the load 
From equation (iv), we have - 
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To find the deflection under the load, substitute x = 2 m in the above equation. 


y= if sex2 52" | 
RIL 18 


1 35x 8 
E cael 18 -20| " 
=-— 0.000444 m=-0.444 mm. Ans. 
(— ve sign means the deflection is downwards). 
(iii) Maximum deflection 


EI=1x 104) 





Deflection (y) will be maximum when oe =0. 


Hence substituting the value of “ = 0 in equation (iii), we get 


35 


2 
=x -10 
0 6° 0 
or 0 = 35x? - 60x 
or 0 =x (35x — 60} 


‘This means that either x = 0 or 35x — 60 = 0 for maximum deflection. 
But x cannot be zero, because when x = 0, y = 0. 


35x — 60 = 0 
60 12 
or x= ge = 174m 


Substituting x = 1.714 m in equation (iv), we get maximum deflection. 


ED) nax = “cra - 5(1714)? 


1/35 3 | 
or = | ——(1714)° - 5(1714 
pre ale ) ‘ ) 


1 
= ——___[9.79 - 14.69 
1x 104 


= 0.00049 m = 0.49mm. Ans. 
(iv) Position of maximum deflection 
The maximum deflection will be at a distance of 1.714 m (Ze., x = 1.714 m) from end A. 
: Ans. 
Problem 15.3. A fixed beam AB of length 6 m carries point loads of 160 kN and 120 kN 
at a distance of 2 m and 4 m from the left end A. Find the fixed end moments and the reactions 
at the supports. Draw B.M. and S.F. diagrams. 


Sol. Given : 

Length =6m 
Load at C, We = 160 kN 
Load at D, W, = 120 KN 
Distance AC=2m 
Distance AD=4m 





er a en, 
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For the sake of convenience, let us first calculate the fixed end moments d 
‘ to 
C and D and then add up the moments. Sree een 


(i) Fixed end moments due to load at C. 





For the load at C.a=2mandb=4m % 
We.a.b? 
Ma,= Te 
160 x 2x 4? 
=a = 142.22 kNm 


Mp = SS = 5 = 71.11 kNm 


(ii) Fixed end moments due to load at D. 
Similarly for the load at D,a=4mandb=2m 


Wp.a.b? 
Ma,= BP 
120x4x 2? 
= ——— = 53.33 kNm 
6 
Wp.a7.b 160x 42 x2 
and Mp,= ~~ = 5 = = 106.66 kNm 





Fig. 15.8 


Total fixing moment at A, 
M,= M4, + Ma, = 142.22 + 53.33 
= 195.55 kKNm. Ans. 
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and total fixing moment at B, 


Mz= Map, + Mz, = 71.11 + 106.66 
= 177.77 kNm. Ans. 


B.M. diagram due to vertical loads 
Consider the beam AB as simply supported. Let R,* and R,* are the reactions at A and 
B due to simply supported beam. Taking moments about A, we get 
R,* x 6 = 160x 2+ 120x4 
= 320 + 480 = 800 


3 R,* = ae = 133.33 kN 
and R,* = Total load — R,z*= (160 + 120) — 183.33 
= 146.67 kN 
B.M. at A= 0 
B.M. at C= R,* x 2 = 146.67 x 2 = 293.34 kNm 
B.M. at D=R,* x 2 = 183.33 x 2 = 266.66 kNm 
B.M. at B=0. 
Now the B.M. diagram due to vertical loads can be drawn as shown in Fig. 15.8 (5). 
In the same figure the B.M. diagram due to fixed end moments is also shown. 
S.F. Diagram 
Let R, = Resultant reaction at A due to fixed end moments and vertical loads 
R, = Resultant reaction at B. 
Equating the clockwise moments and anti-clockwise moments about A, we get 
R,x 6+M,=160x2+120x4+M, 
or Rzx 6 + 195.55 = 320 + 480 + 177.77 
Ry = 300+ ua - 19555 _ 199.37 kN 
and R, = Total load- Rp 
= (160 + 120) — 180.37 = 149.63 kN 
S.F. at A=R, = 149.63 kN 
S.F. at C = 149.63 - 160 =— 10.37 KN 
S.F. at D =- 10.87 ~ 120 = — 130.37 kN 
S.F. at B =- 130.37 kN 
Now &.F. diagram can be drawn as shown in Fig. 15.8 (c). 
Alternate Method 
Fig. 15.8A (8) shows the simply supported beam with vertical loads. 
Let #,* and P * are the reactions at A and B due to vertical loads. Taking moments 


Rp 
about A, we get 





R,* x 6 = 160 x 2 + 120 x 4 = 320 + 480 = 800 
R,*= = : a = 133.33 KN 
and R,* = Total load - Ry* 
= (160 + 120) —- 133.33 = 146.67 kN 
B.M. at A=0 
B.M. at C = R,* x2 = 146.67 x 2 = 293.34 kNm 
B.M. at D = R,* x 2 = 133.33 x 2 = 266,66 kNm 


ret ae 





a 
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Now the B.M. diagram due to vertical loads can be drawn as shown in Fig. 15.8A(c) 

ii are es shows the fixed beam with end moments only. As the load 160 KN is 
nearer to end A, hence M, will be more than M,. The B.M. dia d i 
enn ae a A B gram due to end moments is 

To find the values of M, and M,, equate the areas of two B.M. diagrams. 


Area of B.M. diagram due to vertical loads 


= Area of B.M. diagram due to end moments 


(a) 





160 420 


(8) 


(©) 





Ma Mp 

@ 

A . B 

te) 
T ae 
Ma { Ms 
(6) 5 

(M,-Mg) 


B.M. diagram due to end moments only 


Fig. 15.84 
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tee te se SD, 
A, +A, +A,+A,=A;+Ag Ad) 
where A, = BORE = cues = 293.33 
A,= CD x DF = 2 x 266.67 = 533.34 
Ay= GF ace 2 2x a = 66.66 
2 x 266.67 
A,= BExDE eet = 266.67 
6x (My ~ Mp) 


A, = M, x 6 = 6Mg, A, = 5 =3(M,-M,) = 3M,—3M, 


Substituting these values in equation (i), we get 
293.33 + 533.34 + 66.66 + 266.67 = 6M, + 3M, ~ 3M, 
or 1119.98 = 3M, + 8M, = 3 (M,+ M,) 


M,+M, = 111998 Joysa8 di) 


To get the other equation between M, and M, , equate the distance of C.G. of B.M. 
diagram due to vertical loads to the distance of C.G. of B.M. diagram due to end moments from. 
end A. 


or Ke" 





Ayx; + Apxe + Agts + Agty _ Apts + Ag%e 





= A, + Ag + Ag + Ay As + Ag 
293.33 x : + 533.34 x 3 + 26.66 x (2 + aL 266.66 x (4 + 2) 
or 
293.38 + 533.34 + 26.66 + 266.66 
6Mp x3 +3(M, ~3My) x = x6 ; 
7 6M, +3M, -3M, 
: 3911+ 1600 + 70.91+ 1245.35 _ 3(6Mz + 2M, - 2Mz) 
a 1119.98 3(Mz +M,) 
4M,+2M, 
or 2.95 = M,+M, 
or 2.95M,, + 2.95M, =4M, + 2M, 
or 2.95M,—- 2M, = 4M, ~ 2.95M, 
or 0.95M, = 1.05M, 
1.05 Bi 
—— Mz = (iit) 
or M,= 0.95 “2 11M, 
Substituting this value of M, in equation (zi), we get 
M, + 1.1 Mg = 373.33 . 
or B= ae is 177.77 kNm. Ans. 





From equation (iii), M, = 1.1 x 177.77 = 195.55 kNm. Ans, 








_ aceite lates ir nina ae pens ing 


rm 
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Combined B.M. Diagram 

M,, = 195.55 kNm and M, = 177.77 kNm. Now the combined B.M, diagram can be drawn 
as shown in Fig. 15.8 (8). 

To draw the S.F. diagram, let us first find the values of resultant reactions due to verti- 
cal loads and fixed end moments R, and Ry. Refer to Fig. 15.8A(a). Taking moments about A, 
we get clockwise moments at A = ‘Andelockwiae moments at A 

160 x 2+120x4+M, =M,+R,x6 





or 320 + 480+ M,=M,+6R, 
or 800 + 177.77 = 195.55 + 6Rp 
800 + 177.77 - 195.55 
p= = 190.87 KN . 
and R,= Total load — Ry, = (160 + 120) — 130.37 = 149.63 kN 
S.F. Diagram 


S.F. at A = R, = 149.63 kN 

S.F. at C = 149.63 — 160 = - 10.37 kN 

S.F. at D =- 10.37 ~ 120 = - 130.37 kN 

$.F. at B = - 180.87 kN 

Now 8.F. diagram can be drawn as shown in Fig. 15.8(c). 

Problem 15.4. A fixed beam of length 6 m carries two point loads of 30 kN each at a 
distance of 2 m from both ends. Determine the fixed end moments and draw the B.M. diagram. 

Sol. Given : 

Length, L=6m 

Point load at C, W, = 30 kN 

Point load at D, W, =30 kN 

Distance AC =2m 

Distance AD=4m 

The fixing moment at A due to loads at C and D is given by 

M, = Fixing moment due to load at C + Fixing moment due to load at D 





Waid,” , Wate. by? 
a RR 2 
_ 80x2x4? 30x4x2" 80 40 
62 gO eae = 3 = 40kNm. 


Since the beam and loading is symmetrical, therefore fixing moments at A and B should 

be sapel 
M,=M,=40kNm. Ans. 

To draw the B.M. diagram due to vertical loads, consider the beam AB as simply sup- 
ported. The reactions at the simply supported beam will be equal to 30 kN each. 

B.M. at A and B=0 

B.M. at C = 30 x 2= 60 kNm 

B.M. at D = 30 x 2=60kNm. 

‘Now the B.M. diagram due to vertical loads and due to end moments can be drawn as 
shown in Fig. 15.9 (5). 
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Fig. 15.9 


15.5. SLOPE AND DEFLECTION FOR A FIXED BEAM CARRYING A UNIFORMLY 
DISTRIBUTED LOAD OVER THE ENTIRE LENGTH 


Fig. 15.10 (a) shows a fixed beam of length L, carrying uniformly distributed load of 
w/unit length over the entire length. 
Let M, = Fixed end moment at A 
M, = Fixed end moment at B 
FR, = Reaction at A 
Ry = Reaction at B. 
(i) B.M. Diagram 
Since the loading on the beam is symmetrical, hence M, = My. The B.M. diagram due to 
end moments will be a rectangle as shown in Fig. 15.10 (6) by AEFB. The magnitude of M, or 
M, is unknown. 
The B.M. diagram for a simply supported beam carrying a uniformly distributed load 
will be parabola whose central ordinate will be w.L7/8. The B.M. diagram for this case is shown 


2 
in Fig. 15.10 (6) by parabola ADB in which CD = as 





Equating the areas of the two bending moment diagrams, we get 
Area of rectangle AE FB = Area of parabola ADB 


AB x AB = = x (AB x CD] 








2 w.L w. 1? 
LxMy= 3 xLx 3 or M,= 5 
wl? 
M, =M, = — (15.9 
B A 12 ( ) 


Now the B.M. diagram can be drawn as shown in Fig. 15.10 (0). 
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w/unit length 


(a) 





SF. Diagram 





Fig. 15.10 


Gi) SF. Diagram 
Equating the.clockwise moments and anti-clockwise moments about A, we get 
L 
RyxL+M,=wL> + Mz 
But M,=M, 
L 5 
RgxLawL.y or pe 
Due to symmetry, 
w.L 


R,=Rg= 


Now the S.F. diagram can be drawn as shown in Fig. 15.10 (¢). 
(iti) Slope and deflection 
The B.M. at any section at a distance x from A is given by, 


..(15.10) 





dy x 
EI 73 =Ryxx-M,-wa 
wl wl? wx? wi wi? 
a Wh , WL wx Riese ae ee 
2 °° 122 [ Ceege es Ue 
ts wh.x wx" _wi? @ 
2 #2 2 ay 


where C, is a constant of integration. 


oo 
HH 
5 
a 
® 
e 
a. 
5 
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o 
= 
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» 
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2 
© 
© 

2 
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dy 
Atx =0, = Ae 0. Hence C, = 0. 
Therefore, the above equation becomes as 
dy wl 2 WwW 3 wl? fs 
EI — =——.x* -—.2£° --—_. ns 
de 4 6 «OB e 


Integrating the above equation, we get 
3 4 2 2 
gigas Se Ee ee 
4 3 6 4 12 «2 


wh 5 w 4 wi? 


= e3 xt - = x? -Cp 
12 24 24 
where C, is another constant of integration. 
Atx=0,y=0. Hence C, = 0. 
Therefore, the above equation becomes as 
wh Te w 4 wl? 2 tas 
Ely = — -——. ..(ELE) 
oes oe) Da ‘ 


L : 
The deflection at the centre is obtained by substituting x = 2 in the above equation. Let 


- the deflection at the centre is y, 


wh (LY wfLY wih (Ly 
Ely, = ——.|=| -—|=-j -—i = 
& 412 (2) | 24\ 2 24 \2 


..(15.11) 





ye” 3R4KI 
Minus sign means that the deflection is downwards. 


Note. The deflection at the centre of a simply supported beam carrying a uniformly distributed 
. load over the entire length is 5/384, wZ4. This means that the central deflection for the fixed beam is 


one-fifth of the central deflection of the simply supported beam. 
{iv) Points of contraflexures 
_ For the points of contraflexures, B.M. given by equation (i) should be zero. Hence equat- 
*'- ing equation (i) to zero, we get 


og = whe wx? wl? 





2 2 12 
2 2 
.. or 0 =wLx - Fe pee he free gids, 
6 6 
2 
~ or Pobre seo 
6 


Solving the above quadratic equation, we get 


g 4x TL? ay 
io eS 6 is ster E 
7 2 * 








FIXED AND CONTINUOUS BEAMS _ 641 





As L/2 represents the centre of the beam. Hence the two points of contraflexures occur 
at a distance of L/2./3 from the centre of the beam. 


Problem 15.5. A fixed beam of length 5.m carries a uniformly distributed load of 
9kN/m run over the entire span. If I = 4.5 x 10°? m4 and E = 1x 107 kN/m?, find the fixing 
moments at the ends and the deflection at the centre. 








Sol. Given : 
Length, L=5m 
Ud. w= 9kN/m 
Value of I=4.5 x 10-4 m* 
Value of E=1x 107 kN/m?. 
() The fixing moments at the ends is given by equation (15.9) as 
2 2 
M,=M,= 2E 22%” 218.75 kNm. Ans. 
12 12 
(it) The deflection at the centre is given by equation (15.11) as 
ee 9x54 
Ye" 384ET  -384x1x10"x 45x10 


= 0.003254 m =— 3.254 mm. Ans. 
Problem 15.6. Find the fixing moments and support reactions of a fixed beam AB of 
length 6 m, carrying a uniformly distributed load of 4 kN/m over the left half of the span. 


Sol. Given : 
Length, L=6m 
U.d.1., w=4kN/m 


(i) B.M. diagram due to end moments 
Let M, = Fixing moment at A 
M,= = Fixing moment at B. 
The ales of M, will be more than M, as load due u.d.l. is nearer to point A. 
The B.M. diagram due to end moments will be trapezium as shown in Fig. 15.11 (b) by 
AEFB, 


The area of B.M. diagram due to end moments is given by, 
= 7 (M, + M,) 6 = 3(M, + Mj) «(E) 
(i) B.M. diagram due to vertical loads 
Now draw the B.M. diagram due to u.d.l. for a simply supported beam. 
Let R,* = Reaction at A for a simply supported beam 
R,* = Reaction at B for a simply supported beam. 
Taking moments about A for a simply supported beam, we get 
Rye x6=4x3x15=18 
18 
R,*= ae 3 kN 
and R,* = Total load — R,* 
=4x3~-3=9kN 
The B.M. at A and B are zero. 
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A B.M. diagram for fixing moments 


(b) 





Cc 8 
a ene 
(c) B.M. diagram for vertical loads 
Fig. 15.11 


BM. atC=R,*x3=3x35 9 kNm. 
The B.M. Sigg from A to C will be parabolic and from C to A the B.M. diagram will 
follow a straight line law as shown in Fig. 15.11 (c). 


The area of the B.M. due to vertical loads is given by 
a = Area of parabola ACD + Area of triangle BCD 


= Area of parabola ACD +$x9x3 ..{ii) 
To find the area of the parabola ACD, consider a strip of length ‘dx’ at a distance x from 
A in portion AC. 
The B.M. at a distance x from A is given by 
M,=R,*xx-4xx. 5 = 9x~ 2 GC: Ryf=9) 


Area of B.M. diagram of length dx 
= M,.dx = (9x - 2x?).dx 
Total area of parabola from A to C is obtained by intesrelng the above equation between 
the limits of 0 and 3. 
Area of parabola ACD 


3 
= |, (@x - 2x" ).de 


37 2 
- [9-72 | -2s8 288 a= 18 = 22.5 
0 


Substituting this value in equation (22), we get 


a=20.54 5 x9x3= 36.0 iii) 
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Equating the two areas given by equations (i) and (iii), we get 
31, + Mg) = 36.0 
or M,+M,= 12.0 --(év) 
Now moment of B.M. diagram due to vertical loads about A is given by 


3 
ax = I x.M,.dx + Area of triangle BCD 
x Distance of C.G. of BCD from A 
3 
={ 93 2x*) de + £9 x3x(342x3) 
0 2 3 


‘ ’ 
Ss f (9x? 2x3) dx + 54 


3 
=| 92) 28 sg axa°—2xa6| +54 
3 4 i 2 


= (81 — 40.5) + 54 = 94.5 (uv) 
Moment of B.M. diagram due to end moments about A is given by [see Fig. 15.11 (6)]. 
a'x’ = Area ABFH x Distance of C.G. of ABFH from A 
+ Area HFE x Distance of its C.G. from A 


Lol 1 
=(M, oe nea 
1 6 
=Myx6x 5+ 3 % Sx Oh, ~My)x 5 
= 18M, + 6M, - 6M, 
=6M,+ 12M, = 6M, + 2M,) (vt) 
But ax=a'x' 
94.5 = 6(M, + 2M,) 
94.5 
or M,+2M, = ae 15.75 ...(vii) 


Substracting equation (iv) from (vii), we get 
Mz = 15.75 -12.0= 3.75 kNm. Ans, 
Substituting this value in equation (iv), we get 
M,=12-3.75 = 8.25 kNm. Ans. 


Support reactions 
Let &, = Resultant reaction at A 
R, = Resultant reaction at B. 
Equating the anti-clockwise moments and clockwise moments about A, 
Rygx6+M,=4x3x15+M, 


or R, x6 + 8.25 = 18 + 3.75 = 21.75 
Ry = ARTO 8 28 _ 1.00 = 2.25 kN. Ans. 
and R, = Total load ~ R, 


=4x3-2.25=9.75 KN. Ans. 
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a 
_ Second Method for Problem 15.6 


Macaulay’s method can be used and directly the fixing moments and end reactions can 
be calculated. This method is used where the areas of B.M. diagrams cannot be determined 


conveniently. 





Fig. 15.12 


For this method it is necessary that u.d.l. should be extended upto B and then compen- 
sated for upward u.d.l. for length BC as shown in Fig. 15.12. 
The B.M. at any section at a distance x from A is given by 





d’y «3 (x -3) 
Ml a Rye MURR DRE SS oe 
4x22) A(x -3)" 
=R,x-M,- 3 a oes 
= Ry.x-M,g~2x? | + 2x- 3)? fA) 
Integrating, we get 
dy x 2x3 Ax - 3)° GG) 
BIG = Ray Matt Gt Gg 


0, & 0. 
_ whenx = a 


Substituting this éahie in the above equation upto dotted line, we get 
C, = 0. 
Therefore equation (i) becomes as 








Bf <2 tee Ai) 
Hae Rg: eae q - 5 
Integrating again, we get 
2 4 $ a 4 
Ely = a. =. Ma 2%, poe ...Gii) 
2 3 2 3 4 2 3°44 


whenx=0, y=0. 
Substituting this value upto dotted line, we get 


C,=0 
Therefore equation (iii) becomes as 
LZ R,.x° Max Myx? 1 4. i _3)4 _..(iv) 
Ely= eo eg a tae 


whenx=6, y=0. 


fn i 
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Substituting this value in equation (iv) [Here complete equation is taken], we get 


Ryx6> M,x67 1 34 1 
O= 42 SATS = x ot — 3)4 
6 2 go ee 
= 36R, — 18M, - 216 + 13.5 
or 202.50 = 36K, - 18M, 
101.25 = 18R,~ 9M, (v) 
Atx=6in, 2 = 
dx 


Substituting these values in the complete equation (ii), we get 


0=R,x © Myx6~2x6% +2 (6-3/8 
=18R,~M,x6~ 144+18 
126 = 18, ~ 6M, (Ui) 
Substracting equation (v) from equation (vz), we get 
126 - 101.25 = 9M, - 6M, 


or 24.75 = 3M, 
24.75 
ae 8.25 kNm. Ans. 


Substituting this value in equation (vi), we get 
126 = 18R, ~ 6 x 8.25 4 


126 +6 x 8.25 
Ry= jg = 9.75 KN. Ans. 


Now R, = Total load~ Ry, 
=4x8-9.75=2,25 KN. Ans. 


To find the value of M,, we must equate the clockwise moments and anti-clockwise 
moments about B. Hence 


Clockwise moments about B = Anti-clockwise moments saboue B. 
M,+R,x6=M,+4x3x (4.5) : 
or M, + 9.75 x 6 = 8.25 + 54 (re 
or M, + 58.50 = 62.25 
; My, = 62.25 - 58.50 =3.75 kNm. Ans. 


Problem 15.7. A fixed beam of length 20 m, carries a uniformly distributed load of 
8 kN/m on the left hand half together with a 120 kN load at 15 m from the left hand end. 
Find the end reactions and fixing moments and magnitude and the position of the maximum 
deflection. Take E = 2 x 108 kN/m? and I= 4 x 108 mm‘. 


R, = 9.75 and M, = 8.25) 


Sol. Given : 

Length, £L=20m 

U.d.l., w=8kN/m 

Point load, W = 120 kN 

Value of E=2 x 108 kN/m? 

Value of I=4x 108 mm# = 4 x 10-4 m‘ 
Lengths, AC=10m, AD=15m 


Fig. 15.13 shows the loading on the fixed beam. 
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Fig. 15.13 


Let R, and R, = End reactions at A and B 
M,, and M, = Fixing moments atA and B 
Let us apply Macaulay’s method for this case. Hence it is necessary that the u.d.l. should 
be extended upto B and then compensated for upward u.d.1. for length BC as shown in Fig. 15.14. 


The B.M. at any section at a distance x from A is given by, 


EI a = Ryx—-M,-w xxx (5) Sg a ee 


x (x - 10) x =) 


8x(x-10)? 
aaa Sac 





2: : 
=R,xx-My~8x =~ 120(x-15) + 


= Ryx~My- 4x — 120(e ~ 15) | + 4(x - 10)? 


Integrating the above equation, we get 
d i x* | 120(e - 15)" * 
EI Ge Rag Mat 4B ts! | 
A(x - 10)° 
+ eae 
3 


wd) 


when x = 0, ay = 0. Substituting this value in the above equation upto first dotted line, we get 
C, = 0. Therdore, equation (Z) becomes as 
120 kN 


8 kN/m 





dy Ba 


EI er 7 - Myx - =x - 60(x - 15)? + : (x — 10)8 Gi) 


T 
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Integrating again, we get 


3 : 3: 4 
‘ 3 : 60(x-15)? : 4 («- 10) 

Se eee C. b- 7 
Bee ood Pe eRe eg aa 
when x= 0, y = 0. Substituting this value in the above equation upto first dotted line, we get 


C= 0. Therefore equation (i#i) becomes as 





(iti) 


= ee oe ee _ Oe anes 4 x 
Ely = 6 3 3: 20(« - 15) + 3 (x - 10) ...{iv) 


when x = 20, y = 0. Substituting these values in complete equation (iv), we get 


R,x207 M,x20? 204 L 
0- —445_ AS *  _ 909(90 — 1593 + — (20-104 
“— ; ; 0(20 - 15° +3 ( ) 
20 M, 207 125 1 104 seoat 
= tA ee eed Divid : 
5 Ry - ; an a 400 (Dividing by 20?) 
_ 20 M, 400 12.5 25 


+ 
2 3 2 3 


6 
= 20R.4 - 3M, - 800 - 37.5 +50 
+ 6 
or 20K, - 3M, = 800 + 37.5 - 50 = 787.5 .(v) 
d 
At x = 20, a = 0. Substituting these values in complete equation (ii), we get 
— FA y 902 4 298 a, 4 3 
O= 3 x 20*-— M, x 20- 3 x 20° — 60(20 - 15)? + = (20 - 10) 
4 x 400 
210k eae aoe ee (Dividing by 20) 
3 3 20 
= 10R, - M,- 100 sop ea 
1600 200 1400 
or LOR Mya 6a 16 
or 10R, — M, = 541.66 


or 20R, ~ 2M, = 1083.32 (Multiplying by 2 both sides)  ...(uz) 
Substracting equation (v) from equation (vi), we get 
M, = 1083.32 -- 787.50 = 295.82 kNm. Ans. 
Substituting this values of M,, in equation (vi), we get 
20R, — 2 x 295.82 = 1083.32 
1083.32 + 2 x 295.82 
a= 20 
= 83.748 KN. Ans. 
Now Ri, = Total load on beam — R, 
= (10 x 8 + 120) — 83.748 = 116.252 kN. Ans. 
Equating the clockwise moment and anti-clockwise moment about B, we get 
M,+R,x20=M,+120x5+8x 10x15 
or M,, + 83.748 x 20 = 295.82 + 600 + 1200 
or M, = 2095.82 — 83.748 x 20 = 420.86 kNm. Ans. 
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_._ Maximum deflection and position of maximum deflection 


Since the point load is more than the toal distributed load and acts at an equal distance M 
from the nearest end, hence maximum deflection willbe in the portion AD. For maximum 





a 
~ deflection, % should be zero. Substituting the value of = = 0 in equation (ii) [the term 
*-_ 60(x — 15)? in equation (ii) should be ignored as this term is for the portion DB], we get “1 
2 
Oa: BaX* a z— 229s 2 &— 10) 
3 3 
3 3 
og SEINE ct nog ioen eg es 
2 3 3 
4 
= 41.874x? — 295.82x — “38 + 3 [x3 — 1000 - 3x x 10(x - 10)] 
4000 4 4 
= 41.874? — 295.82x — 3°73 x Bux 1l0xx+ 3 x 38x x 10 x 10 
4000 


= 41.874x? — 295.82x — agers 40x? + 400x 


= 1.874x? + 104.18x - 1333.33 
This is a quadratic equation. Hence its solution is 


~ 104.18 9104.18? + 4 x 1.874 x 1333.33 3 


: 2x 1.874 


mi 





— 104.81 + 144.387 : 
= Sys (Neglecting —ve root) 
= 10.727 m. Ans. : 
7 Hence maximum deflection occurs at a distance of 10.27 m from A. Maximum deflection 
‘ _is obtained by substituting x = 10.727 m in equation (iv) (neglecting the term — 20(« — 15)" 


Ry.x® M,.x* x4 1 


ag iy Og eT O 
3 2 4 : ! 
2 83.748 x 10.727 c 295.82’ 10.727" _ 10.727 fe di (10.727 ~ 10)4 
6 2 3 3 
= 17228.9 — 17019.8 ~ 4413.6 + 0.09 
=— 4204.5 
_ = 4204.5 — 4204.5 
¥ mex = EI 


= 0.05255 m = 52.56 mm. Ans. 


15.6. FIXED END MOMENTS OF FIXED BEAM DUE TO SINKING OF A SUPPORT 


: If the ends of a fixed beam are not at the same level, then the support which is at a lower 
level is known as sinking support. Fig. 15.15 (a) shows a fixed beam AB of length L whose ends 
_ Aand B are fixed at different levels. The end A is at a higher level than the end B. The beam 
_ carries no load. Hence rate of loading on the beam is zero. 
Let § = Difference of level between the ends 
M, = Fixing moment at the end A 
M, = Fixing moment at the end B 


| 
“2% 108 4x 107 
i 
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te TE 
Ry= Normal reaction at A and 
R, = Normal reaction at B. 


In this particular case, M, is a negative (hogging) and Mg, is a positive moment. Nu- 
mericaily M, and M, are equal. 


4 
Weknow that EI a = Rate of loading 


=0 
d®y 
Integrating, we get EI a =C, (i) 


: , : a 
where C;, is a constant of integration. And EI 3 represents the shear force. At x = 0, S.F. is 


3 
equal to R,. Hence ET = (at x = O) is Ry. 





B.M. diagram 
Fig. 15.15 
Substituting this value in equation (z), we get 
Ry=C, 
Equation (i) becomes as 
d’y 
EI at R, 
Integrating again, we get 
2 
EI 4 Bit Ge ii) 


da? 
where C, is another constant of integration. And EJ d : represents the B.M. atx = 0, B.M. is 
x 





equal to -— M,. 


2 
Hence at x = 0, EI 2% =- M,. 
dx 
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2 
Substituting x = 0 and ET ae =— M, in equation (ii), we get 
dx i 


-M,=R,x0+C, 
or C,=-M, 
Substituting C, in equation (ii), we get 


2 
EI “3 =R,x-M, AA) 


Integrating the above equation again, we get 


2 
EI 2. Ry.7y ~M,x+C, 


d 
where C, is another constant of integration. At x = 0, oe = 0. 
Hence C, = 0. 
Therefore the above equation becomes as 


2 
EI = ts Auk Me iii) 
Integrating again, we get 
R, x9 x 
Ely = Ma ts 


where C, is a constant of integration. At x = 0, y = 0. Hence C, = 0. Therefore the above 
equation becomes as 


Ely = Ra 3 es Ms os ..(iv) 
Atx =L, y =— 8. Hence the above equation becomes as 
R M 
=BLée 4. 2A 7? .(v) 
6 ? 2 
Atx=L, 2 = 0. Substituting these values in equation (iii), we get 
Ra 
7 3 -M,.L 
or R,= “4 vi) 





Substituting the value of R 4 in equation (uv), we get 


~ ELS = ou Ee Ma p 








6L 2 
My.’ M.D? _2M,.D? -3M,.D? 
~ 3 5, 6 
i 2 
=- 6 M,.L 
6EI6 
M,= 2 


Now the B.M. at any section at a distance x from A is given by equation (A) as 


2 
aS =R,x-M, 


i 7) ens ee, Seer 
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2M, 2M 4 ) 
= *- M, ( - Rasa 7 } 
2 6EIS  6EIS GEIS 
=X ek “ a 
7 % L’ i? (- M, 7p } 
1228 6EI5 
a LB as L? 


2 2 
Atx=L, EI a represents B.M. at B ie., ET “= = M,. Hence the above equation 


becomes as 





B= LB * Le 
_I2EI8 GEIS 6EIS 


GEIB 
Hence numerically M, = M, = 7 This means that if the ends of a fixed beam are at 





12EIS L GEIS 





different levels (or one end sinks down by an amount 8 with respect to other end), the fixing 
moment at each end is equal. At the higher end, this moment is a hogging moment and at the 
lower end this moment is a sagging moment. The B.M. diagram is shown in Fig. 15.15 (8). 

Problem 15.8.s A fixed beam AB of length 3 m is having moment of inertia 
I=3 x 108 mm‘. The support B sinks down by 3 mm. If E = 2 x 10° N/mm2, find the 
fixing moments. 


Sol. Given : 

Length, 2L=3m-=3000mm 

Value of f=3x10%mm!4 

Value of E=2x 105 N/mm? 

The amount by which the support B sinks down, 


6=3 mm. 
The fixing moments at the ends is given by, 
6EIb 
M,=M, = —— 
ATi = 72 
_ 6x2x10°x3x 10°x3 


30007 
=12x10°Nmm =12x 10? Nm=12kNm. Ans. 


The fixing moment at A will be a hogging moment whereas at B it will be a sagging 
moment. 


15.7. ADVANTAGES OF FIXED BEAMS 


The following are the advantages of a fixed beam over a simply supported beam : 


(1) For the same loading, the maximum deflection of a fixed beam is less than that of a 
simply supported beam. 


(ii) For the same loading, the fixed beam is subjected to a lesser maximum bending 
moment. 


(iii) The slope at both ends of a fixed beam is zero. 
(iv) The beam is more stable and stronger. 
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15.8. CONTINUOUS BEAMS 


Continuous beam is a beam which is supported on more than two supports. Fig. 15.16 
shows such a beam, which is subjected to some external loading (here a uniformly distributed 
load). The deflection curve for the beam is shown by dotted line. The deflection curve is having 
convexity upwards over the intermediate supports, and concavity upwards over the mid of the 
span. Hence there will be hogging moments (i.e., negative) over the intermediate supports and 
sagging moments (i.e., positive) over the mid of the span. The end supports of a simply sup- 
ported continuous beam will not be subjected to any bending moment. But the end support of 
fixed continuous beam will be subjected to fixing moments. If the moments over the interme- 
diate supports are known, then the B.M. diagram can be drawn. : 


w/Unit length 








Fig. 15.16 


The Fig. 15.16 shows a simply supported continuous beam. In this figure the end sup- 
ports at A and £ will not be subjected to any bending moment. Hence in this case M, = M, = 0. 

Fig. 15.16 (@) shows a continuous beam with fixed ends atA and EZ. Here the end supports 
at A and £ will be subjected to fixing moments. Hence M, and M, will not be zero. 








Fig. 15.16 (a) 


15.9. BENDING MOMENT DIAGRAM FOR CONTINUOUS BEAMS 


In Art. 15.8 it is mentioned that if the moments over the intermediate supports of a 
continuous beam are known, then the B.M. diagram can be drawn easily. The moments over 
the intermediate supports are determined by using Clapeyron’s theorem of three moments 
which states that : 

IfBC and CD are any two consecutive span of a continuous beam subjected to an external 
loading, then the moments M,, M, and M, at the supports B, C and D are given by, 
6a,x, a 6aoX 

Ly Ly 


M,.L, + 2M(L, +L) + MpL, = (15.12) 
where JL, = Length of span BC 

L, = Length of span CD 

a, = Area of B.M. diagram due to vertical loads on span BC 

a, = Area of B.M. diagram due to vertical loads on span CD 
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x, = Distance of C.G. of the B.M. diagram due to vertical loads on BC from B 

Xo = Distance of C.G. of the B.M. diagram due to vertical loads on CD from D. 
The equation (15.12) is known as the equation of three moments or Clapeyron’s equation. 
15.9.1. Derivation of Clapeyron’s Equation of three Moments. Fig. 15.17 shows 


the length BCD (two consecutive spans) of a continuous beam which is shown in Fig. 15.16. Let 
Mg, Mz and My are the support moments at B, Cand D respectively. 


(a) 






(b) 


A 
S 
4 
ES 
EA 
= 
Es 
a 
= 
= 
| 
re 


B 
dx c 
ex +t : 8.M. diagram due to vertical loads | 











Cc 
Resultant B.M. Diagram 


Fig. 15.17 
Let L, = Length of span BC 

L, = Length of span CD 

a, = Area of B.M. diagram due to vertical loads on span BC 

a, = Area of B.M. diagram due to vertical loads on span CD 

a,' = Area of B.M. diagram due to support moments M, and M, 

a,' = Area of B.M. diagram due to support moments M, and M, 

x, = Distance of C.G. of B.M. diagram due to vertical loads on BC 

X_ = Distance of C.G. of B.M. diagram due to vertical loads on CD 
x,' = Distance of C.G. of B.M. diagram due to support moments on BC 
%2' = Distance of C.G. of B.M. diagram due to support moments on CD. 


654 STRENGTH OF MATERIALS 
ner 
Fig. 15.17 (6) and (c) shows the B.M. diagrams due to vertical loads and due to supports 
moments respectively. 
(i) Consider the span BC 
Let M,=B.M. due to vertical loads at a distance x from B (sagging) 
M,{ = B.M. due to support moments at a distance x from B (hogging) 
Net B.M. at a distance x from B is given by, 
d*y 
Ee —*5 =M,-M, 
Multiplying by x a both sides, we get 
2 
EL. + = x.M, ~ x.M'x 
Integrating from zero to L,, we get 


[Carex 2 as Z [Cv m,.ae é [ox M,' dex 


, dee 
or EI [+ % = y| = 0X, -a,'X1' --(Z) 
dx 0 

(- M,.dx = Area of B.M. diagram of length dx. And x.M,.dx 


= Moment of area of B.M. diagram of length dx about B. 
Hence C 'x.M,,.dx = a1%1. And so on) 


Substituting the limits in L.H.S. of equation (i), we have 


al fo().-| pl. 


or EM((L,.8¢-¥¢)- O- y_)] = ayy - ay! Hy". 


(2) 


But deflection at B and C are zero. Hence y, = 0 and y, = 0. Hence above equation 

becomes as 
[ELL,.85 = a,%, - a,'X,' (di) 
But a,' = Area of B.M. diagram due to supports moments 
= Area of trapezium BCKJ 

3(M, +M,)xL, 
and X,' = Distance of C.G. of area BCKJ from B 
aby 


l 


Mp. Ly.2t + 5 x (Mg - Mg).L, x 


My.Ly+ 5 (Me ~Mg)-Ly 


3M ply + 2Ly(Mo ~ Mz) 
Mz es a 


6 
“Ma + Geigy” Mg = MaMa 


r 
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Ly 
“3 BMe +2M, ~-2M,] Mn+ 2Mo Ly 
= = xa 
Mz+Me Mg+Me 3 
Substituting the values of @ and x,’ in equation (ii), we get 
Sok Mp, + 2M. L 
BLL, 8 = 448, ~ (Mg +Mc)-Ly x [feet fa 


=, SEs? 
= 1X, - ae {M,, + 2M) 
or 6EI.6..= ve -L\(M, + 2M) iii) 
(ii) Consider the span CD 
Similarly considering the span CD and taking D as origin and x positive to the left, it 
can be shown that 


6a2X 





GEL(- @,) = ~ L(M, + 2M) 
2 
(In the above case the slope at C (i.e., 6,) will have opposite sign than that given by 
equation (zii). The reason is that the direction of x from B for the span BC, and from D for span 
CD are in the opposite direction]. 
Hence the above equation becomes as 


6a, Xq 











- 6EI, = ~ LM, + 2M,) iv) 
2 
Adding equation (iti) and (iv), we get 
ie “os ~ L(Mp + 2M) + es -L (Mp + 2M,) 
_ 6a,X, 6 aX, 
= GEE + SP — My ~ 2L4Mo~LyMy~ 2LyMo 
¥, ap, 
or Ly Mg + LyMp + 2Mp (L, + Ly) = ae + She 
i 1 2 
or f MyL, +2MQ(L, + Ly) + MpLy = S21 4 890%, 


Ly Ly 

15.9.2, Application of Clapeyron’s equation of Three Moments to Continuous 
Beam with Simply Supported ends. The fixing moments on the ends of a simply supported 
beam is zero. The continuous beam with simply supported ends may carry uniformly distrib- 
uted load or point loads as given in the following problems: 

Problem 15.9. A continuous beam ABC covers two consecutive span AB and BC of lengths 
4 m and 6 m, carrying uniformly distributed loads of 6 kN/m and 10 kNim respectively. If the 
ends/A and C are simply supported, find the support moments at A, B and C. Draw also B.M. 
and S.F. diagrams. 


Sol. Given: 
_~ Length AB, L,=4m 
Length BC, L,=6m 
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U.di. on AB, w, = 6 kN/m 
U.d.l. on BC, w, = 10 kN/m 


: Since the ends A and C are simply supported, the support moments at A and C will be 

"BOY. 

ats M,=M,=0 

: To find the support moment at B (.e., M,), Clapeyron’s equation of three moments 
should be applied. Hence, we get 


M,.L, #2M,(L, + L,) + MgLy= 





Gay, | Cart, 


i is 
pe Ga xX, bax. 
. Or Ox 4+ 2My(4 + 6) +0 x Ly = iB 4 
“or 20M, = 3%* + ay%p aE) 
6 kN/im 10 kN/m 
A 5 Cc 
(a) 4m 3 6m 
Ry Re Re 


BD 
= 
a 
a 
a 
3 
3 
Q 





i 
i 


S.F. diagram 


Fig. 15.18 
The B.M. diagram on a simply supported beam carrying u.d.l. is a parabola having an 


altitude of we And area of B.M. diagram = ; x Span x Altitude. The distance of C.G. of this 





. area from one end = Sean 
Now "a, = Area of B.M. diagram due to u.d.. on AB 


2 
wy Ly 


=~ SB Mebideme x AB x 
3 3 8 
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2 
= = x4x ox4 32 
3 8 
Ey a 
M= oe 7g 2m 
a, = Area of B.M. diagram due to u.d.l. on BC 
2 2 
= Fx BC x MER. 2 6x 0X8. 2180 
~ _k 6 
d =—#=—=3 
an igo 5 m 
Substituting these values in equation (i), we get 
2 
20M, = aes + 180x3 
= 96 + 540 = 636 
M, = ©6 = 31.8kNm. 
20 


Now B.M. diagram due to supports moments is drawn as shown in Fig. 15.18 (6) in 
which 
M,=90,M,=0 and M, = 31.8 kNm. 

The B.M. diagram due to vertical loads (here u.d.l.) on span AB and span BC are also 
shown by parabolas of altitudes 
w,L,? _ 6x 4? 

Bos 8 

respectively in Fig. 15.18 (6). 





Weln” _ 10x 6" 


= 12kNm and =45kNm 


S.F. Diagram 


First calculate the reactions R,, 2, and R, at A, B and C respectively. For the span AB, 
taking moments about B, we get. 


4 
Ryx4-6x4x 5 = Mz (The support B has moment ,) 





=- 31.8 
(. M, = 31.8. Negative sign is taken as the moment at B is hogging) 
or 4R, — 48 =- 31.8 
-~ 318 + 48 
or Ry=-- Z = 4.05 kN. 


Similarly for the span BC, taking moments about B, we get 


Rox 6-6x 10x 5 =M,=~81.8 


or 6R,— 180 = — 31.8 
or pis les aba 7 EN, 
Now R, = Total load on ABC - (R, + Ro) 


=(6x4+ 10x 6) - (4.05 + 24.7) = 55.25 kN. 
Now complete the S.F. diagram as shown in Fig. 15.18 (c). 
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Problem 15.10. A continuous beam ABCD of length 15 m rests on four supports cover- 
ing 3 equal spans and carries a uniformly distributed load of 1.5 kN /m length. Calculate the 
moments and reactions at the supports. Draw the S.F. and B.M. diagrams also. 

Sol. Given : 

Length AB, L,=5m 

Length BC, L,=5m 

Length CD, L,=5m 

U.d.l., Wy = We = W3 = 1.5 KN/m. 

Since ends A and D are simply supported, the support moments at A and D will be zero, 
i M,=0and My =0 

From symmetry M,=Me ; 

To find the support moments at B and D, Clapeyron’s equation of three moments is 
applied for ABC and for BCD. 


1.5 kN/m 


(a) 


(®) 





(c} 








B.M. diagram due to support moments 


AS 
@ C= 


A B 
Resultant B.M. diagram 








S.F. diagram 
Fig. 15.19 





perro 
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For ABC, we get - 
MyLy + 2My(Ly +L.) + Mg. Ly = 821% , 820% 
qy Dy 
6a,x1 m 6agXo 
5 5 
or 20M, + 5M, = : (@4X1 + GyXy) -.-(é) 


Now a, = Area of B.M. Diagram due to u.d.l. on AB when AB 
is considered as simply supported beam 


or 0x5 +2M,(5 + 5)+ Max 5= 








Due to symmetry a, = a, = 15.625 and x, =%,=25 
Substituting these values in equation (i), we get 


6 
20M, + 5M, = 5 (15.625 x 2.5 + 15.625 x 2.5) 


= : x 2 x 15.625 x 2.5 = 93.750 


or 20M, + 5M, = 93.750 (. My, = M, due to symmetry) 
93.750 
or pO oe. = 8.75 kNm 


M, =M,=3.75kNm. Ans. 


Now the B.M. diagram due to supports moments is drawn as shown in Fig. 15.19 (c), in 
which 


M,=0, My =0, Mg =M, = 3.75 kNm. 
The B.M. diagram due to vertical loads (here u.d.l.) on span AB, BC and CD 


2 
(considering each span as simply supported) are shown by parabolas of altitudes a = 


L5 x 5? 
8 








= 4.6875 kNm each in Fig. 15.19 (6). Resultant B.M. diagram is shown in Fig. 15.19 (d). 


Support Reactions 
Let Ry, Rg, Rp and Rp are the support reactions at A, B, C and D respectively. 
Due to symmetry, Rz=Rp 
Rg= Ro 
For the span AB, taking moments about B, we get 


My=Ryx5-15%5x> 


or , ~3.75=R,x 5-18.75 | (-- 
or 5K, = 18.75 - 3.75 = 15 


My, = ~ 8.75) 


15 
Ry= i =3.0 KN. Ans. 
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Due to symmetry, Rp=R,=3.0 KN. Ans. 
Now R,+Rg+ Kot Rp= Total load on ABCD 


_ or Ryz+Rz,t+Rgt+R, =15%15 ( Ro=Rz, Rp=Ry) 
or WR, + Ry) = 22.5 
or Ry+Ry= => = 11.25 
or Ry = 11.25 - Rg = 11.25 — 3.00 = 8.25 (. Ry = 3.0) 


* Ry= R= 8.25 KN. Ans. 
Now the S.F. diagram can be drawn as shown in Fig. 15.19 (e). 


Problem 15.11. Acontinuous beam ABCD, simply supported at A, B, Cand D is loaded 
as shown in Fig. 15.20 (a). Find the moments over the beam and draw B.M. and S.F. diagrams. 


Sol. Given: 

Length AB, £,=6m 
Length BC, L,=5m 
Length CD, L,=4m 


Point load in BD, W, = 9 kN 

Point load in BC, W, = 8 kN 

U.d.l. on CD, w=3kN/m. 

(i) B.M. diagram due to vertical loads taking each span as simply supported 
Consider beam AB as simply supported 





B.M. at pointloadat E= Mien’ = a (. Herea =2m,5=4m) 
1 
=12kNm 
Similarly B.M. at F, considering beam BC as simply supported 
o Wesoeh Bee Re (: Here a =2,b=3 and L, =5) 
Ly . 5 
= 9.6 kNm 


The B.M. at the centre of a simply supported beam CD, carrying wl. 
wrx Lae _ 3x 4? 
Soe 

Now the B.M. diagram due to vertical loads taking each span as simply supported can 
be drawn as shown in Fig. 15.20 (0). 

Gi) B.M. diagram due to support moments 

Let M,, Mg, M, and My are the supports moments at A, B, € and D respectively. But 
the end supports of a simply supported beam are not subjected to any bending moment. Hence 
the support moments at A and D will be zero. 

M,=9 and M,=0 

To find the support moments at B and C, Clapeyron’s equation of three moments in 
applied for ABC and for BCD. 

(a) For spans AB and BC from equation of three moments, we have 


=6kNm. 





ML, + 2My (Ly + Ly) + Mg. Ly = S0% 5 State 
qy Ly 
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or 0+ 2M, (6 +5)+M,x5 = Sum , Sagty 
6 5 
or z, +o ane 
22M yp +5Me = 4%, + 5 AgX2 .(Z) 
9 kN 8 kN 
(a) 
Ms VS aps 
A E B F Cc D 
B.M. diagram due to loads taking each span 
as simply supported | | 
A B Cc D 
| B.M. diagram due to support moments 
LE» 
A E B F Cc D 


| | Resultant B.M. diagram 





S.F. diagram 


Fig. 15.20 


Now @,x, = Moment of area of B.M. diagram due to vertical load on AB 
when AB is considered as simply supported beam about point A. 


2x2 1 


1 
==> x2x12x + bx dxian [2+ ena) 
2 3 


2 
= 16+ 80 =96 
@gX9 = Moment of area of B.M. diagram due to vertical load on BC 
when BC is considered as simply supported beam about point C 





1 
= 5X 8x96x Dx84Fx2x98x(a4 2x2] 
= 28.8 + 35.2 = 64.0 
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Substituting these values in equation (i), we get 
bs 64 
22M, + 5M, = 96 + 5 ™ 
= 172.8 (it) 
(b) For spans BC and CD from equation of three moments, we have 


Gast, Sasi 
My. La + 2M((Lig + Ly) +My Ly = 2 + 8 


: 4)+0= Gant, + Basis (: My =0) 
or M,x 5 + 2M{5 + J+Q= 5 4 D 
6 6 _ ae 
or 5M, + 18Mg = FagX_ + FAs%a (tii) 
where a,X_ = Moment of area of B.M. diagram due to vertical load on BC when 


BC is considered as simply supported beam, about point B 


1 1 
~4x2ax96x 2 x2+2x3x96x(2+2%3] 





2 3 
= 12.8 + 43.2 = 56.0 - 
and a3%3 = Moment of area of B.M. diagram due to u.d.l. on CD, when CD is 
considered as simply supported beam, about point D 
= (Z x Base x Altitude x pee 
3 2 
2 4 
=3 x4x6x rte 32 


Substituting these values in equation (iz), we get 
6 6 : 
5M, + 18M, = 5” 56+ a* 32 = 115.2 iv) 


Solving equations (ii) and (iv), we get 
M,=6.84kNm and M,=4.48 kNm. 
Now the B.M. diagram due to supports moments is drawn as shown in. Fig. 15.20 (¢), in 
which 
M, = 0, M, = 6.84, My = 4.48 and My = 0. 
The B.M. diagram due to supports moments will be negative. Resultant B.M. diagram is 
shown in Fig. 15.20 (d). 
(iti) Support Reactions 
Let R,, Ry, Ro and Ry are the support reactions at A, B, C and D respectively, 
For the span AB, taking moments about B, we get 
M,=R,x6-9x4 
or — 6.84 = 6R, — 36 ( 


ae =4.86kN. Ans. 


For the span CD, taking moments about C, we get 


M, = - 6.84) 


or Rz= 


4 
Mg=Rpx4-3x4x 5 
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or ~ 4,48 = 4R,,- 24 . (Mg =- 4.48) 


24 ~ 4.48 
Ry=~—7— = 4.88 KN. Ans. 
Now taking moments about C for ABC, we get 


My =R,zx (6+ 5)-9(5+4)+ Ry, x5-8x3 


or - 4.48 = 4.86 x 11-9x9+R, x 5-24 (. Mp =~ 4.48, Ry = 4.86) 
; dR, = 81 + 24 ~- 4.86 x 11 - 4.48 = 47.06 ; 
47.06 
R= aa 9.41 kN. Ans. 
Now Re = Total load on ABCD — (R, +Rz + Rp) 
=(9+8+4x 3)- (4.86 + 9.41 + 4.88) 
= 9.85 kN. Ans. 


Now complete the S.F. diagram as shown in Fig. 15.20 (e). 
15.9.3. Clapeyron’s Equation of Three Moments Applied to Continuous Beam 


‘with Fixed end Supports. We have seen in Art. 15.9.2 that fixing moments on the ends of a 


simply supported continuous beam are zero. But in case of a continuous beam fixed at its one 
or both ends, there will be fixing moments at the ends, which are fixed. To analyse the continu- 
ous beam which is fixed at the ends by the equation of three moments an imaginary support of 
zero span is introduced. The fixing moment at this imaginary support is always equal to zero. 





(a) Continuous beam fixed at A (6) Continuous beam with zero span 


Fig. 15.21 
If the beam is fixed at the left end A, than an imaginary zero span is introduced to the 
left of A as shown in Fig. 15.21 (6). But if the beam is fixed at the right end, then an imaginary 


zero span is introduced to the right end support. After this Clapeyron’s equation of three 
moments is applied. 


Problem 15.12. A continuous beam ABC of uniform section, with span AB and BC as 
4 m each, is fixed at A and simply supported at B and C. The beam is carrying a uniformly 
distributed load of 6 kNim run throughout its length. Find the support moments and the reac- 
tions. Also draw the bending moment and S.F. diagrams. 


Sol. Given: 

Length AB, L,=4m 

Length BC, L,=4m 

U.d.l, w=6kN/m. | 

(@) B.M. diagram due to u.d.l. taking each span as simply supported 

Consider. beam AB as simply supported. The B.M. at the centre of the span AB 
_w. L? k. 6x4? 


3 3 =12kNm’ 





r 
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Similarly B.M. at the centre of span BC, considering beam BC as simply supported 
_wW. sb _ 6x 4? 


8 8 
The B.M. diagram due to u.d.l. taking each span as simply supported is drawn in 


=12kNm 








Fig. 15.22 (c). 


(ii) B.M. diagram due to support moments 
As beam is fixed at A, therefore introduce an imaginary zero span AA, to the left of A as 


-. Shown in Fig. 15.22 (6). The support moment at A, is zero. 


Let My= Support moment at A, and is zero 
M, = Support moment at A 
M, = Support moment at B 
Mo = Support moment at C. 
The extreme end C is simply supported hence M, = 0. To find M, and M, theorem of 


three moments is used. 
6 kKN/‘m 


@) A c 


4m 4m 


6 kN/m 





Fig. 15.22 
Applying the theorem of three moments for the spans A,A and AB, we have 
6agXo ~ 6a,X, 


M, x 0+ 2M,(0 + Ly) + Mgly= 2 
0 1 
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or 042M,(0 +4) +My x4=0+ 
3 
or 8M, +4M, = 3 aX; wb) 


where a,x, = Moment of area of B.M. diagram due to u.d.l. on AB when AB is 


considered as simply supported beam about point B 


= (= x Base x Altitude x 4: 
3 2 


2 4 
Hg X4x lax 5 = 64. 


Substituting this value in equation (i), we get 


3 
8M, + 4M, = 5 x 64 = 96 
or 2M, + My = 24 di) 
Now applying the theorem of three moments for the spans AB and BC, we get 


6a,Xx, G6agXx. 
M,.L,+ 2M, (L, + L,)+ My.L,= 3+ 


Ly Ly 
6a, %, 6aX 
or My x 4+ 2M,(4 + 4) +0= “7 + (. My =0) 
Bo Bh ee 
or 4M, + 16M, = gcitit 5 Aaxe (Udi) 
where a,Z, = Moment of area of B.M. diagram due to u.d.l. on AB when 


AB is considered as simply supported beam about C 


=o x 4x 12x 5 = 64 


@_xX_ = Moment of area of B.M. diagram due to u.d.l. on BC when 
BC is considered as simply supported beam about C 


ao x4xtax 5-64, 


Substituting these values in equation (iii), we get 


4M, + 16M, = : x 644+ ; x 64 = 192 
or M, + 4M, = 48 
Multiplying the above equation by 2, we get 
2M,+8M,=96 — ..(iVv) 
Subtracting equation (ii) from equation (iv), we get 
7M, = 96-24 = 72 


or M, = “2 = 10.28kNm. Ans. 


Substituting this value in equation (ii), we get 
2M, + 10.28 = 24 


24 x 10.28 


or M,= =6.86kNm. Ans. 
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Now B.M. diagram due to support moments is drawn as shown in Fig. 10.22 (c) in which 
M, = 6.86, Mg = 10.28, and Mz, = 0. The B.M. due to supports moments will be negative. 
Resultant B.M. diagram is also shown in Fig. 15.22 (c). 

(ii) Support Reactions 
Let R,, Rg and R, are the support reactions at A, B and C respectively. 
For the span BC, taking moments about B, we get 


My = Re x4-6x4x 5 


or ‘— 10.28 = 4R,.- 48 Ce 


48 ~ 10.28 
or Reo = cae 


M, is negative) 

=9.43 kN. Ans. 

For the span AB, taking moments about B, we get 
M,=M,+R,x4-6x4x bs 


9 . 
or — 10.28 =— 6.86 + 4R, ~ 48 (. M, and M, are negative) 
6.86 -— 10.28 
or A= ave =11.14KN. Ans. 

and Ry = Total load — (K+ Re) 


=6x 8-(11.14 + 9.43) = 27.43 KN. Ans. 
Now complete the S.F. diagram as shown in Fig. 15.22 (d). 
Problem 15.18. A continuous beam ABC of uniform section, with span AB and BC as 
6 m each, is fixed at A and C and supported at B as shown in Fig. 15.23 (a). Find the support 
moments and the reactions. Draw the S.F. and B.M. diagrams of the beam. 


Sol. Given: 

Length AB, L,=6m 
Length BC, L,=6m 
U.d.l. in AB, w=2kN/m 


Point load in BC, W = 12kN. 
(i) B.M. diagram due to vertical loads taking each span as simply supported 
Consider beam AB as simply supported. The B.M. at the centre of AB 


= wh = 2x6" =9kNm. 

Consider beam BC as simply supported. The B.M. at the centre of BC 
Wx, 126 
4 ~ 4 

The B.M. diagram due to vertical loads is drawn as shown in Fig. 15.23 (c). 
(ii) B.M. diagram due to support moments 
As beam is fixed at A and C, therefore introduce an imaginary zero span AA, and CC, to 
the left of A and to the right of C respectively as shown in Fig. 15.23 (6). The support moments 
at A, and C, are zero. ate 
Let M, = Support moment at A, and C, and it is zero - 
M, = Fixing moment at A 








=18kNm 














$$ i... 
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ee 
M,, = Support moment at B 
M, = Fixing moment at C. 
To find M,, M, and M,, theorem of three moments is used. 
(a) Applying the theorem of three moments for the spans A,A and AB, we get 


M,x 0+ 2M, (0+L,)+Mg. L,= S20%o , Sart 
Lo Ly 


12 KN 





Fig. 15.23 
or 0+ 2M,(0 +6) +M,x 6= 0+ “a 
or 12M, + 6M, = a,x, w(Z) 
where a,x, = Moment of area of B.M. diagram due to u.d.l. on AB when it is 


considered as simply supported beam about B. 


x Base x Altitude x a 


It 


co] bo eo] bo 


x6x9x : = 108. 
Substituting this value in equation (i), we get 
12M, + 6M, = 108 
or 2M, + M,=18 (id) 
(6) Applying the theorem of three moments for the span AB and BC, we get 


My .Ly+2M,(Ly+L,) + MoD, = S21 , Saat 
Ly Ly 
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6a,X; , baa%e 
or M,x 6+ 2M,(6 + 6) + Mp x6= c 6 


or . 6M, + 24M, + 6Mg = aX + MgXp .(dit) 
2 6 
where ayky = 5 X6x9x 5 = 108 


@9X_ = Moment of area of B.M. diagram due to point load on BC when it is 
considered as simply supported beam about C 


= 5 «6x 18 x3 = 162 


Substituting these values in equation (iii), we get 
6M, + 24M, + 6M, = 108 + 162 = 270 








or M,+4M,+M,=45 _ (iv) 
(c) Now applying the theorem of three moments for the span BC and CC,, we get 
: 6agxXo 6agXo 
My.L, + 2M((L, + 0) + My x0 = E + oie 
6agXo 0 
or M,x6+2M(6+0)+0= 6 + 
or 6M, + 12Mo = Ani, .{v) 


where ayi9 = Moment of area of B.M. diagram due to point load on BC when it is considered 


as simply supported beam about B 


od vey iase 46). 


2 
Substituting this value in equation (v), we get 
6M, + 12M, = 162 ..(Ui) 
or M, + 2M, = 27 
Solving equations (i), (iv) and (vi), we get 
M,, = 5.25 kNm, M, = 7.5 kNm 
and ‘ M,= 9.75 kNm. 


Now B.M. diagram due to support momerits is drawn as shown in Fig. 15.23 (c). The 
B.M. due to support moments is negative. 
(iii) Support reactions 
Let R,, Rz and R, are the support reactions at A, B and C respectively. 
For the span AB, taking moments about B, we get 
M,=R,x6~6x2*3+M, 
or ~7.5=R, x 6-36 —-5.25 
or A= seats = §.625 kN. Ans. 
For the span BC, taking moments about B, we get 
M,= Rex 6-12x3+M, 
or -7.5=R, x 6-36-9.75 (s 


or Ro= sete. = 6.375 KN. Ans. 


(: Mg and M, are negative) 


M, and M, are negative) 
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Now Ry = Total load ~ (R, + Ry) 


=(6 x 2+12)- (6.625 + 6.3875)=12kKN. Ans. 
The S.F. is shown in Fig. 15.23 (d). 


HIGHLIGHTS 


1. Abeam whose both ends are fixed is known as fixed beam. And a beam which is supported on 
more than two supports is known as a continuous beam. 


2. In case of a fixed beam : 
Wasa’ (ii)ax=a'X’ and xX =x’ 
Or 


(i) The area of B.M. diagram due to vertical loads is equal to the area of B.M. diagram due to end 
moments. 


(ii) Distance of C.G. of B.M. diagram due to vertical loads is equal to the distance of C.G. of B.M. 
diagram due to end moments from the same point. ‘ 
3. The deflection at the centre of a fixed beam carrying a point-load at the centre is given by 
_ We 
Ye* 99RT 
where W = Point load, 
L = Length of beam. - 


4. The deflection at the centre of a fixed beam carrying a point load at the centre is one-fourth of the 
defiection of a simply supported beam. 


' 5. The deflection of a fixed beam with an eccentric load, under the point load is given by, 








S Wag3 
%e* 3EIDS 
6. (a) For a fixed beam carrying uniformly distributed load over the whole length : 
2 
End moments = — 3 
4 
Max. deflection = etal 


(b) The deflection at the centre of a fixed beam carrying uniformly distributed load over the 
whole span is one-fifth of the deflection of a simply supported beam. 


7. The end moments of a fixed beam due to sinking of a support is given by 
6EI8 
LP 
where 8 = Sinking of one support with respect-to the other. At the higher end this moment is —ve 
whereas at the lower end it is positive. 
8. Clapeyron’s theorem of three moments for a continuous beam ABC is given by, 


M,= Mg 





M,.L, + 2My(L, + L,) + Mz x L, = S4%1 , State 
- Ly Ly 


where a, = Area of B.M. diagram due to vertical loads on span AB 
a, = Area of B.M. diagram due to vertical loads on span BC 


X, = Distance of C.G. of B.M. diagram due to vertical loads on AB from A 


Xo, = Distance of C.G. of B.M. diagram due to vertical loads on BC from point C. 
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9. To apply the theorem of three moments to a fixed continuous beam, an imaginary support of zero 
span is introduced. 
[as 
{A) Theoretical Questions 
1. What do you mean by a fixed beam and a continuous beam ? 
2. Prove that for a fixed beam : ; 
(i) Area of B.M. diagram due to vertical loads is equal to the area of B.M. diagram due to end 
moments. 
(ii) Distance of C.G. of B.M. diagram due to vertical loads is equal to the distance of C.G, of B.M. 
diagram due to end moment from the same point. 
3. Find an expression for the deflection for a fixed beam carrying a point load at the centre. Also 
obtain the value of maximum deflection. 
4. Prove that the deflection at the centre of a fixed beam is one-fourth the deflection of a simply 
- supported beam of the same length, when they carry a point load W at the centre. 
5. Draw the S.F. and B.M. diagrams for a fixed beam, carrying an eccentric load. 
6. Prove that the deflection at the centre of a fixed beam, carrying a uniformly distributed load is 
given by 
wit 
Ye™ 384ET 
Determine the position of points of contraflexures also. 
7. Derive an expression for the fixing moments, when one of the supports of a fixed beam sinks 
' down by 6 from its original position. 
8. What are advantages and disadvantages of a fixed beam over a simply supported beam ? 
9. What is the Clapeyron’s theorem of three moments ? Derive an expression for Clapeyron’s the- 
rem of three moments. 
10. How will you apply Clapeyron’s theorem of three moments to a 
(i) continuous beam with simply supported ends 
(ii) continuous beam with fixed end supports ? 
(B) Numerical Problems 
1. A fixed beam AB, 5 m long, carries a point load of 48 kN at its centre. The moment of inertia of 
the beam is 5 x°167 mm? and value of # for the beam material is 2 x 103 N/mm?. Determine : 
(i) Fixed end moments at A and B, and 
(ii) Deflection under the load. fAns. (i) M, = Mz = 30 kNm, (ii) 3.125 mm} 
2. A fixed beam of length 5 m carries a point load of 20 KN at a distance of 2 m from A. Determine 
the fixed end moments and deflection under the load, if the flexural rigidity of the beam is 
1 x 104kNm2. (Ans. M, = 14.4kNm, M, = 9.6 kNm, ¥o= 115 mm} 
3. A fixed beam of length 6 m carries point loads of 20 KN and 15 kN at distances 2 m and 4 m from 
the left end A. Find the fixed end moments and the reactions at the supports. Draw B.M. and 
S.F. diagrams. tAns, M, = 24.44 kNm, M, = 22.22 kNm, R, = 18.70 kN, R, = 16.30 kN] 
4, A fixed beam of length’3 m carries two point loads of 30 KN each at a distance of 1 m from 


both the ends. Determine the fixing moments and draw the B.M. diagram. 
[Ans. M, = M, = 20 kNm} 
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5. 


10. 


A fixed beam AB of length 6 m carries a uniformly distributed load of 3 kN/m over the left half of 
the span together with a point load of 4 KN at a distance of 4.5 m from the left end. Determine the 
fixing end moments and the support reactions, , 
[Ans, M,= 7.3 kNm, M, = 6.2 kNm, R, = 7.93 kN, R, = 5.07 kN] 
A fixed beam AB of length 6 m is having moment of intertia J = 5 x 10° mm‘. The support B sinks 
down by 6 mm. If Z = 2 x 105 N/mm? find the fixing moments. [Ans. !@, = M, = 1000 Nm] 
A continuous beam ABC of length 10 m rests on three supports A, B and C at the same level in 
which span AB = 6 m and span BC = 4m. In span AB , there isa point load of 3 KN at a distance 
of 2 m from the end A, whereas in the span BC, there is a uniformly distributed load of 1 kN/m 
run over the whole length. Determine the support moments ‘and support reactions. Draw S.F. 
and B.M. diagrams also. (Ans. (@) M, = M, =0, M, = 2.4 kNm, 
(i) Ry = 1.6 KN, Ry = 4kN, Ry = 1.4 kN} 
A continuous beam consists of three successive span of 8 m, 10 m and 6 m and carries loads of 
6 kN/m, 4 kN/m and 8 kN/m respectively on the spans. Determine the bending moments and 
reactions at the supports. (Ans. (i) M, = My = 0, My = 32.2 kNm, M, = 40.16 kNm, 
Gi) Ry = 18.98 kN, Rg = 49.82 KN, Ro = 48.57 KN, Rp = 18.63 kN] 
A continuous beam ABC consists of two consecutive spans AB and BC of length 8 m and 6 m 
respectively. The beam carries a uniformly distributed load of 1 kN/m throughout its length. The 
end A is fixed and the end C is simply supported. Find the support moments and the reactions. 
Also draw the S.F. and B.M. diagrams. (Ans. @) M, = 5.75 kNm, M, = 4.5 kNm, M, = 90, 
(ii) Ry = 4.15 KN, Ry = 7.6 KN, Rg = 2.25 KN] 
Draw the S.¥. and B.M. diagram of a continuous beam ABC of length 10 m which is fixed at A 
and is supported on B and C. The beam carries a uniformly distributed load of 2 kN/m length 
over the entire length. The spans AB and BC are equal to 5 m each. 
[Ans. ({) M, = 3.57 kNm, M, = 5.857 kNm, M, = 0, 
(ii) R, =-5.357 KN, Ry = 8.571 KN, Ro = 6.071 kN] 
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Torsion of Shafts and Springs 








16.1. INTRODUCTION 


A shaft is said to be in torsion, when equal and opposite torques are applied at the two 
ends of the shaft. The torque is equal to the product of the force applied (tangentially to the 
.. ends of a shaft) and radius of the shaft. Due to the application of the torques at the two ends, 
the shaft is subjected to a twisting moment. This causes the shear stresses and shear strains in 
the material of the shaft. 


16.2. DERIVATION OF SHEAR STRESS PRODUCED IN A CIRCULAR SHAFT 
SUBJECTED TO TORSION 


When a circular shaft is subjected to torsion, shear stresses are set up in the material of 


-, the shaft. To determine the magnitude of shear stress at any point on the shaft, consider a 


- shaft fixed at one end AA and free at the end BB as shown in Fig. 16.1. Let CD is any line on 
_ the outer surface of the shaft. Now let the shaft is subjected to a torque T at the end BB as 

shown in Fig. 16.2. As a result of this torque 7, the shaft at the end BB will rotate clockwise 

and every cross-section of the shaft will be subjected to shear stresses. The point D will shift to 

¢~ D’ and hence line CD will be deflected to CD’ as shown in Fig. 16.2 (a). The line OD will be 
~ shifted to OD’ as shown in Fig. 16.2 (5). 





Fig. 16.1. Shaft fixed at one end AA before torque T' is applied. 
Let & = Radius of shaft 
L = Length of shaft 
T = Torque applied at the end BB 
t = Shear stress induced at the surface of the shaft due to torque T' 
C = Modulus of rigidity of the material of the shaft 
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¢ = ZDCD' also equal to shear strain 
6 = ZDOD' and is also called angle of twist. 





(a) (6) 
Fig. 16.2. Shaft fixed at AA and subjected to torque T at BB. 
Now distortion at the outer surface due to torque T 
=DD' 
Shear strain at outer surface 
= Distortion per unit length 
Distortion at the outer surface DD’ 





Length of shaft L 
= oe = tan ¢ 
CD 
=o Gf >is very small then tan > = 9) 
Shear strain at outer surface, 
‘DD’ : 
o= L ...(é) 


Now from Fig. 16.2 (8). 
Are DD'=0OD x 6= R86 (. OD =R = Radius of shaft) 
Substituting the value of DD' in equation (i), we get 
Shear strain at outer surface 

ts =* : nes 
Now the modulus of rigidity (C) of the material of the shaft is given as 


_ Shear stressinduced _ Shear stress at the outer surface 
Shear strain produced Shear strain at outer surface 





a 





cE From equation (éi), shear strain = *) 





.(16.1} 
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xCxé 
' oL 
Now for a given shaft subjected to a given torque (T), the values of C, @ and Z are 
constant. Hence shear stress produced is proportional to the radius R. 


t«xFh or . = constant -- (iit) 


If g is the shear stress induced at a radius ‘r’ from the centre of the shaft then 


vg 
SoS (16.2 
a (16.2) 
t CO ; 
But RL from equation (16.1} 
t CO _@ 
ae are .. (16.3) 


From equation (iz), it is clear that shear stress at any point in the shaft is proportional 
to the distance of the point from the axis of the shaft. Hence the shear stress is maximum at 
_the outer surface and shear stress is zero at the axis of the shaft. 


16.2.1. Assumptions Made in the Derivation of Shear Stress Produced in a 
Circular Shaft Subjected to Torsion. The derivation of shear stress produced in a circular 
shaft subjected to torsion, is based on the following assumptions : 


1. The material of the shaft is uniform throughout. 

2. The twist along the shaft is uniform. 

3. The shaft is of uniform circular section throughout. 

4. Cross-sections of the shaft, which are plane before twist remain plain after twist. 
5. All radti which are straight before twist remain straight after twist. 


16.3. MAXIMUM TORQUE TRANSMITTED BY A CIRCULAR SOLID SHAFT 


The maximum torque transmitted by a circular solid shaft, is obtained from the maxi- 
mum shear stress induced at the outer surface of the solid shaft. Consider a shaft subjected to 
a torque T as shown in Fig. 16.3. 

Let | += Maximum shear stress induced at the outer surface 

R = Radius of the shaft 
q = Shear stress at a radius ‘’ from the centre. 


Consider an elementary circular ring of thickness ‘dr’ at a distance ‘r’ from the centre as 
shown in Fig. 16.3. Then the area of the ring, 


GA = Qnrdr 
From equation (16.2), we have 
t 4 
Ror 
Shear stress at the radius r, 
t r 
ia grr 





Fig. 16.3 
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nn 
Turning force on the elementary circular ring 
= Shear stress acting on the ring x Area of ring 
=qxdA 
Does a8 
=UX 5 x 2nrdr - R 
= x Qur2dr 
Now turning moment due to the turning force on the elementary ring, 
aT = Turning force on the ring x Distance of the ring from the axis 


x x Qur’dr x r 


Bla >| 


x 2xr8dr 116.3 (A)] 


The total turning moment (or total torque) is obtained by integrating the above 
equation between the limits O and R 


T= (ar = (s x Qnrtdr 


R 
t Rs t ze 
Rm | ar = Eon || 


ui 


lo 
T Rt Tt 4 
gp CNRS gr Ue 3 xR 
a DY D 
ays Bete voRe= 
cx 2x (2 2 
3 3 nD* 
aux S Do aux Seep ...(16.4) 


Problem 16.1. A solid shaft of 150 mm diameter is used to transmit torque. Find the 


maximum torque transmitted by the shaft if the maximum shear stress induced to the shaft is 
45 Nimm?. : 


Sol. Given : 

Diameter of the shaft, D = 150mm 

Maximum shear stress, t = 45 N/mm? 

Let TT = Maximum torque transmitted by the shaft. 


: ‘ an ee a 3 
Using equation (16.4), 7 i6 tD i6 x 45 x 150 


= 29820586 N-mm = 29820.586 N-m. Ans. 
Problem 16.2. The shearing stress is a solid shaft is not to exceed 40 N/mm? when the 
torque transmitted is 20000 N-m. Determine the minimum diameter of the shaft. 
Sol. Given : 
Maximum shear stress, + = 40 N/mm? 
Torque transmitted, T = 20000 N-m = 20000 x 103 N-mm 
Let D = Minimum diameter of the shaft in mm. 
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Using equation (16.4), 


n 
sages 3 
T= 16 t 
16T\"* (16 x 20000 x 103 \” 
or D= (=) =f = 136.2 mm, Ans. 
XT x x 40 


16.4. TORQUE TRANSMITTED BY A HOLLOW CIRCULAR SHAFTS 


: Torque transmitted by a hollow circular shaft is obtained in the same way as for a solid 
... shaft, Consider a hollow shaft. Let it is subjected to a torque T as shown in Fig. 16.4. Take an 
elementary circular ring of thickness ‘dr’ at a distance r from the centre as shown in Fig. 16.4. 
Let Ry, = Outer radius of the shaft 
R, = Inner radius of the shaft 
r= Radius of elementary circular ring 
dr = Thickness of the ring 


t= Maximum shear stress induced at outer 
surface of the shaft 


q = Shear stress induced on the elementary ring 
dA = Area of the elementary circular ring 
= 2ur x dr 


. Shear stress at the elementary ring is obtained from equa- 
tion (16.2) as 


e 
Fig. 16.4. Hollow shaft. 


po (‘Here outer radius 2 = Ry) 
Ro or 
Tt 
gz Ro xr 
Turning force on the ring = Stress x Area =q x dA 


E az] 
0 Ro 


v 
= r x Qrrdr 


t 
=2n 57 dr 


Ry 
Turning moment (dT) on the ring, 
aT = Turning force x Distance of the ring from centre 


So 5 2 ao es 
= Qn Ro rdr xr = 20 R 7 dr 
The total turning moment (or total torque T) is obtained by integrating the above equa- 
tion between the limits R; and Rp. ; 
Ro Ro tT 3 
T= I; dT = A aap dr 
Tt Ro 3 
=o — d 
= 2n Ro i, r’ dr 
(-- tand R, are constant and can be taken outside the integral) 





CRS IC etree rent te Ae 8 rn rere yn 


ye 
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4 7% 4 4 
aon) 2 |) cog t | So eer 
Ry 4 IR, Ry 4 i 





_ x Ry! = R34 
= 3 ee: -.(16.5) 
Let D, = Outer diameter of the shaft 
D, = Inner diameter of the shaft. 
Then Ry= “ and R,= o : 
Substituting the values of R, and R, in equation (16.5), 
)-@y). [a4 
aU ,|X2/ V2) |) = | 16 16 
a 2° Do “9° Dy 
2 2 
x [Di-DA 2 
=o" 16 Do 
- aes Dy* xs D4 
= 6 ‘| Dy | ...(16.6) 


16.5. POWER TRANSMITTED BY SHAFTS 
Once the expression for torque (T) for a solid or a hollow shaft is obtained, power trans- 
mitted by the shafts can be determined. 
Let N =r.p.m. of the shaft 
T = Mean torque transmitted in N-m 
@ = Angular speed of shaft. 


co 





Then Power = 


e tt 16.7 
60 watts ...(16.7) 
2: 
=Txw 116.7 (A)] 


Problem 16.3. In a hollow circular shaft of outer and inner diameters of 20 cm and 
10 cm respectively, the shear stress is not to exceed 40 N/mm?. Find the maximum torque which 
the shaft can safely transmit. 


Sol. Given : 

Outer diameter, D, = 20 cm = 200 mm 

Inner diameter, D,= 10cm = 100 mm 

Maximum shear stress, t= 40 N/mm? 

Let T = Maximum torque transmitted by the shaft. 





*The torque T obtained by this formula is the average (or mean) torque. 
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SE penn nC EE 
Using equation (16.6), 
x _| Dy - D;' T% 2004 - 1004 
ee | ee en ea | ee 
= 16 | Do 16 = 200 


8 8 
~ © 4g | 16x10" - 1% 10" | _ 5eq94860 Nmm 
16 200 


= 58904.86 Nm. Ans. 

Problem 16.4. Two shafts of the same material and of same lengths are subjected to the 
same torque, if the first shaft is of a solid circular section and the second shaft is of hollow 
circular section, whose internal diameter is 2/3 of the outside diameter and the maximum shear 
stress developed in each shaft is the same, compare the weights of the shafts. 

(AMIE, Summer 1989) 

Sol. Given : ; 

Two shafts of the same material and same lengths (one is solid and other is hollow) 
transmit the same torque and develops the same maximum stress. 

Let fs Torque transmitted by each shaft 

+t = Max. shear stress developed in each shaft: 
D = Outer diameter of the solid shaft 
D, = Outer diameter of the hollow shaft 
D, = Inner diameter of the hollow shaft = 2D, 
W, = Weight of the solid shaft 
W,, = Weight of the.hollow shaft 
L = Length of each shaft 
w = Weight density of the material of each shaft. 
Torque transmitted by the solid shaft is given by equation (16.4) 


2 - D3 (i) 


Torque transmitted by the hollow shaft is given by equation (16.6), 
> E =D =. E CTE Be 








= t6" |," Dp, 4 16 “Do 
4 16,4 
aaa vs 31 a cx SDs! 
~ 16 Dy ~ 16 “~ 81x Dy 
a 65 Dy? 5 
= a6 cx i wae(EL) 


As torque transmitted by solid and hollow shafts are equal, hence equating equations 
(i) and (ii), 


X ps 2, 8 pa 
1 ea 
Cancelling 7 t to both sides 
or D3 = 8 Dy? 


81 
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65 V3 fen \Vs 
D=}—D,°| =|—| D,=0.929 (iti 
\s 0 (=) 0 0.9 Dy (diz) 
Now weight of solid shaft, W, = Weight density x Volume of solid shaft 
=w x Area of cross-section x Length 





sw x 5 D?xL iv) 


Weight of hollow shaft, 
W,, = w x Area of cross-section of hollow shaft x Length 


Tu 
=w x 7 (Dy? D2lx L= wx 7 (Dy? 2/8 Dy? x L 


x 4 5 
= wx 4D, -2059| xbawx Sx? Dex ov) 


Dividing equation (iv) by equation (v), 





[. D=0.929 D, from equation (ziz)] 


5 Dy” 
2 
= = x 0.9992 x Do_. 1:55 
5 3 1 
Wei id sh; . 
eight of solidshaft 1.55 aes. 


Weight of hollow shaft 1 
Problem 16.5. A solid circular shaft and a hollow circular shaft whose inside diameter 


_ {3 , : ; 
is (3) of the outside diameter, are of the same material, of equal lengths and are required to 


transmit a given torque. Compare the weights of these two shafts if the maximum shear stress 
developed in the two shafts are equal. (AMIE, Winter 1988) 


Sol. Given : 


Dia. of hollow shaft, D, = . Dia. at outside 


= : D, = 0.75 Dy 
Let 2 = Length of both shaft (equal length), 
T = Torque transmitted by each shaft (equal torque), 
+ = Maximum shear stress developed in each shaft (equal max. shear stress), 
D = Dia. of solid shaft, 
W, = Weight of solid shaft, and 
W,, = Weight of hollow shaft. 
Torque transmitted by a solid shaft is given by equation (16.4) as 


% 
= a6 xt x DS .(Z) 
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a el a A A TTC TTS Ah TS SS 


Torque transmitted by a holiow shaft is given by equation (16.6) as 


ret Dy De |e Do‘ - (0.75 Dy)" 
= x SEE 3 Se ee 
16 Do eo" Di, 
2 Dy 4 ah 3 
=T6 xTx D, (1 — (0.75)4] = 16 xtxD, x [1 — 0.3164] 
=— xx D,3 x 0.6836 (ii 
eag ** P : »--(ét) 


But torque transmitted by solid shaft 
= Torque transmitted by hollow shaft. 
Hence equating equations (i) and (zi), we get 


A I 
— xtxDi= 16 *t* D,? x 0.6836 or D? = 0.6836 D,? 


16 
o D = (0.6836)'8 x D, or D=0.8809 D, »s(EdE) 
Now weight of solid shaft, ‘ 
W, =p xg x Volume of solid shaft 


=pxgx (: D? x 1) (iv) 


Weight of hollow shaft, 
W, =e xg x Volume of hollow shaft 


=pxgxX Ew.” - D;?) x t] Hpxgx t [D,? — (0.75D,"1] x L 


mu 


=pxgx— [D,? — 0.5625D,7} x L=pxgx q 


4 x D,(1 - 0.5625) « L 


=pxgx z x Dy? x 0.4875 x L Cv} 
Dividing equation (iv) by equation (v), 
W, pxgxtxD?xL p? 
Wie nee * Dy” 0437S x L 0-4875 Do” 


_ (0.8809 Dy)” 
~ 0.4375 Dy” 
_ 0.776 Dy” 

~ 0.4375 Dy” 


Problem 16.6. A hollow circular shaft 20 mm thick transmits 300 RW power at 200 r.p.m. 

, Determine the external diameter of the shaft if the shear strain due to torsion is not to exceed 
0.00086. Take modulus of rigidity = 0.8 x 10° N/mm?. 

* (AMIE, Summer 1989 Converted to S.I. units) 


{iv From (ii), D = 0.8809 Dj} 


= 1.7787. Ans. 


Sol. Given : 
Thickness, é=20 mm 
Power transmitted, P= 300 kW = 300,000 W 
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Speed, N = 200 r.p.m. 
Shear strain, = 0.00086 
Modulus of rigidity, C= 0.8 x 10° N/mm? 
Let D, = External dia. of shaft and 
D, = Internal dia. of shaft 
Then D, =D, + at =D; + 2x 20 
s D, = D,~ 40 wali) 
Using equation (16.7), 
P= at (or Tx) or 300000 = POSE 
300000 x 60 
~~ Ox x 200 
= 14323.9 x 1000 Nmm = 14323900 Nmm. 


_ Shear stress 


(or Tx w) 


= 14323.9 Nm 


Also we know. =e 
; Shear strain 


Shear stress 
@.22, SE eee 
or 0.8 x LQ? = 0.00086 


Shear stress (t) = 0.8 x 105 x 0.00086 = 68.8 N/mm? 
Now using equation (16.6), 


I (Dy* ~ D;‘) 
T= i6 xTX D, 
x (Dy* - D,*) 
or 14323900 = i6 x 68.8 x D, 
re 14323900 x 16 x Dy =D,-D, 


x 68.6 
1060334.6 D, = Dy! - D4 =(D,? + D2) (DY - D7) 
Substituting the value of D, from equation (i) into the above equation, we get 
1060334.6 D, = (D,? + (Dy — 40" LD? ~ (Dy - 407] 

=(D,? + D,? + 1600 - 80D, )[D,” - D,* — 1600 + 80D,] 
= (2D,2 + 1600 ~ 80D, (80D, - 1600) 
= 2D,” + 800 — 40D,)80(D, — 20) 
= 160(D,? ~ 40D, + 800)(D, — 20) 


or 20 one eee = (D,2 - 40D, + 800)(D, — 20) 
or 6627 D, = D,3 — 20D,2 - 40D,? + 800D, + 800D, ~ 16000 
= D,3 — 60D,2 + 1600D, — 16000 
or D,8 - 60D,2 + 1600D, — 6627D, ~ 16000 = 0 
or, D,3 - 60D,2 - 5027D, ~ 16000 = 0 (ii) 


The equation (ii) is solved by trial and error method. 
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(i) Let Dy = 100 mm. 
Substituting this value of D, in the L.H.S. of equation (ii), we get 
L.H.S. = 100? - 60 x 100? ~ 5027 x 100 — 16000 
= 1000000 — 600000 ~ 502700 — 16000 = 1000000 - 1118700 = — 118700 
Gi) Let D,=110 mm 
Substituting this value in the L.H.S. of equation (ii), we get 
L.H.S. = 1108 — 60 x 110? - 5027 x 110 - 16000 
= 1331000 — 726000 — 552970 — 16000 = 1331000 — 1294976 = 36030 
When D, = 100 mm, the L.HLS. of equation (i), is negative but when D, = 110 mm, the 


L.H.S. is positive. Hence the value of D, lies between 100 and 110 mm. The value of D, is more 
nearer to 110 mm as 36030 is less than 118700. 


(iii) Let Dp = 108 mm. | 


Substituting this value in the L.H.S. of equation (ii), we get 
L.H.S. ~ 1083 - 6 x 108? - 5027 x 108 - 16000 
= 1259910 — 699840 — 542916 — 16000 = 1259910 — 1258716 = 1194 
The value of Dy will be slightly less than 108 mm, which may be taken as 107.5 mm. Ans. 
Problem 16.7. A hollow shaft of external diameter 120 mm transmits 300 kW power at 


200 r.p.m. Determine the maximum internal diameter if the maximum stress in the shaft is not 


to exceed 60 N/mm?. 


or 


or 


or 


{AMIE, Summer 1990) 


Sol. Given : 

External dia., Dy, = 120 mm 

Power, P = 300 kW = 300,000 W 
Speed, N = 200 r.p.m. 

Max. shear stress, + = 60 N/mm? 

Let D, = Internal dia. of shaft 


Using equation (16.7), 





onNT 2x x 200 x T 
P= 60 or 300,000 = 60 
_ 300,000.60 « 34593.9 Nim 
2x x 200 


= 14323.9 x 1000 Nmm = 14323900 Nmm 
Now using equation (16.6), 


X (Dy* - D;*) 
= 16 xT XxX =i. 
x (1204 - D;*) 
14328900 = += x 60 x 55 
14323900 x 16 x 120 
Se aot 


nx 60 
145902000 = 207360000 - D,4 
D4 = 207360000 — 145902000 = 61458000 
D; = (61458000)!4 = 88.5 mm. Ans. 
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Problem 16.8. Find the maximum shear stress induced in a solid circular shaft of 


diameter 15 cm when. the shaft transmits 150 kW power at 180 r.p.m. 


Sol. Given : 
Diameter of shaft, D-=15cm=150mm 
Power transmitted, P= 150kW=150x 10? W 
Speed of shaft, © N = 180 r.p.m. 
Let t = Maximum shear stress induced in the shaft 
Power transmitted is given by equation (16.7) as 

_ 2nNT 

~ 60 
2nx180xT 

60 
3 

= ee = 7957.7 Nm = 7957700 Nmm 

Now using equation (16.4) as, 


150 x 103 = 


x 
nS 
ig WP 


7957700 = 7 x x 1503 


_ 16 x 7957700 
~ wx 150° 
Problem 16.9. A solid cylindrical shaft is to transmit 300 kW power at 100 r.p.m. 
(a) If the shear stress is not to exceed 80 Nimm?, find its diameter. 
(b) What percent saving in weight would be obtained if this shaft is replaced by a hollow 


=12N/mm2, Ans. 


one whose internal diameter equals to 0.6 of the external diameter, the length, the material and 
maximum. shear stress being the same ? 


(AMIE, Winter 1983) 


Sol. Given : 
Power, P = 300 kW = 300 x 10° W 
Speed, N = 100 
Max. shear stress, 1 = 80 N/mm? 
(a) Let D = Dia. of solid shaft 
Using equation (16.7), 
2aNT 
E> 60 
2x x100x T 
a a 
300 x 10° = 60 
00 x 10° 
= 20010" » 60 _ 28647.8 Nm = 28647800 Nmm 
2x x 100 


Now using equation (16.4), 
u 1 
ees 3 Se 3 
T 16 xtxD* or 28647800 1g *80xD 
D- 16 x 28647800 
> x x 80 
= say 122.0mm. Ans. 


V3 
' = 121.8 mm 


~~. 884 ; : STRENGTH OF MATERIALS 


(&) Percent saving in weight 
Let D, = External dia. of hollow shaft 
D, = Internal dia. of hollow shaft 
=0.6x Dy. (given) 
The length, material and maximum shear stress in solid and hollow shafts are given the 
same. Hence torque transmitted by solid shaft is equal to the torque transmitted by hollow 
* shaft. But the torque transmitted by hollow shaft is given by equation (16.6). 


Using equation (16.6), 
x (Dy* - D;’) 


T= pre Da 

x [Dy* - (0.6 Dy)*] 

pa we . D,=06D 
16 x 800 x Dy ( hare PY) 

4 4 
= nx 50 x Po — 06 Boy) 
Dg 
But torque transmitted by solid shaft 
= 28647800 Nmm 


Equating the two torques, we get 


0.8704 D* 


28647800 = x x 50 x ( Dz =x 50 x 0.8704 D,? 


nee 28647800 
rd en 
nx 50 x 0.8704 
D, = 0.6 x Dy = 0.6 x 128 = 76.8 mm 


v3 
= 127.6 mm = say 128 mm 


Internal dia. 


‘ Now let W, = Weight of solid shaft, 
“and W,, = Weight of hollow shaft. 
Then W, = Weight density x Area of solid shaft x Length 
=wx = D®xLk (where w = weight density) 
4 
Similarly W,, = Weight density x Area of hollow shaft x Length 


=wx 7 (D,2- Dix L 
(. Both shafts are of same lengths and of same material) 
Now percent saving in weight 


W.-W, 
s 

wx =p? <b ewr= (De = DAlxk 

Sg 10) 
wx TD? xb 
2 2 2 
_ De =o = Pi) L100 Cancelling wx =x 1] 
D? . 
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ae 
122” ~ (128” - 75.8”) 14884 — (16364 - 5898) 
= x 100 = ee 
122 14884 
14884 - 10486 
= 14984. x 100 = 29.55%. Ans. 
Problem 16.10. A solid steel shaft has to transmit 75 kW at 200 r.p.m. Taking allowable 
shear stress as 70 Nimm?, find suitable diameter for the shaft, if the maximum. torque trans- 
mitted at each revolution exceeds the mean. by 30%. (AMIE, Summer 1978) 
Sol. Given : 
Power transmitted, P=75 kW = 75 x 103 W 
R.P.M. of the shaft, N = 200 


x 100 


Shear stress, t= 70 N/mm? 
Let T = Mean torque transmitted 
T nox = Maximum torque transmitted = 1.3 T 


D = Suitable diameter of the shaft 
Power is given by the relation, 
2aNT 


60 
2x x 200 x T 


60 
_ 75x 10° x 60 
"2a x 200 
“ Tax = 1.3 T = 1.3 x 3580980 = 4655274 Nmm. 
Maximum torque transmitted by a solid shaft is give by equation (16.4) as, 


or 15x 108 = 








= 3580.98 Nm = 3580980 Nmm 


=— xxx D? 
max 16 
or 4655274 = io x 70 x D8 
V3 
D= eee = 69.57 mm ~ 70mm. Ans. 
x 


Problem 16.11. A hollow shaft is to transmit 300 kW power at 80 r.p.m. If the shear 
stress is not to exceed 60 Nimm? and the internal diameter is 0.6 of the external diameter, find 
the external and internal diameters assuming that the maximum torque is 1.4 times the mean. 


(AMIE, Winter 1986) 


Sol. Given: _ 
Power transmitted, P = 300 kW = 300 x 10° W 
Speed of the shaft, N = 80 r.p.m. 


Maximum shear stress, 1 = 60 N/mm? 
Internal diameter, D, = 0.6 x External diameter = 0.6 D, 
Maximum torque, T nax = 1-4 times the mean torque = 1.4 x T 
Power is given by the relation, 
2xNT 

60 
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60xP 60 x 300 x 108 

ue T="o5N ~  2nx80 
P =14 T= 14 x 35809.8 Nm = 5013.7 Nm = 50133700 Nmm. 


Now maximum torque transmitted by a hollow shaft is given by equation (16.6) as, 
- ee ae 

= XTX) 

max 16 Do 


p= 6) 


= 35809.8 Nm 


or 50133700 = ae x 05 Dy 
4 
2 ee pine’). 2 x 60 x .8704 Dy? 
16 Do 6 


13 
_ | ——— = 169.2 ~ 170mm. Ans. 
i‘ Sx) ss 


D,=06 x Dy =0.6x170=102mm. Ans. 
Problem 16.12. A finilow shaft, having an inside diameter 60% of its outer oe : 
to replace a solid shaft transmitting the same power at the same speed. Calculate the percent- 
age saving in material, if the material to be used is also the same. 
Sol. Given : 
Let D, = Outer diameter of the hollow shaft 
D, = = Inside diameter of the hollow shaft = 60% of Dy 


60 
=— = 0. 
100 * Po 6D, 


D = Diameter of the solid shaft 
P = Power transmitted by hollow shaft or by solid shaft 
= Speed of each shaft 
< = spate nets shear stress induced in each shaft. Since material of both shafts 
is same and hence shear stress will be same. 
Power by solid shaft or hollow shaft is given by 
QaNT 
= 60 
60x P 
2nN 


Ue x 50133700 
0 


and 


= constant 
(-- Pand N are same for solid and hollow shafts) 
Torque transmitted by solid shaft is the same as the torque transmitted by hollow 


T = 





shaft. 
Torque transmitted by solid shaft is given by equation (16.4) as 
- ~~ ip (i) 
Sig 
Torque transmitted by hollow shaft is given by equation (16.6) as 


, n _| Do -DA}  & [Pe = {60 
T-— 5 ee | -— 
ie" | Dy. | 16 Do 
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| Dot - 0.1296D,* 
me Fee ace =~ 1x 0.8704D,3 wii) 


“16 * Da 16 
Since torque transmitted is the same and hence equating equations (i) and (ii) 
= ppt = 2 1x 0.8704D, 
5 6 tD re x oO 
D = (0.8704)"8 D, = 0.9548D). 


-. Area of solid shaft = 7 D? = 7 (0.9548D,)? = 0.716 D,? 


Area of hollow shaft = 7 [D,?-D?1= 5 [D,? ~ (0.6D,)"1 


A x 

= 7 (D,?~ 0.36D,"] = 7 x 0.64D," = 0.502D,”. 

For the shafts of the same material, the weight of the shafts is proportional to the areas. 
Saving in material = Saving in area 


__ Area of solid shaft — Area of hollow shaft 


Area of solid shaft 
0.716D," ~ 0.502D,” 
ate NEE = 0.2988. 

0.716D, 


Percentage saving in material = 0.2988 x 100 = 29.88. Ans. 


16.6. EXPRESSION FOR TORQUE IN TERMS OF POLAR MOMENT OF INERTIA 


Polar moment of inertia of a plane area is defined as the moment of inertia of the area 
about an axis perpendicular to the plane of the figure and passing through the C.G. of the 
area. It is denoted by symbol ¢/. 


The torque in terms of polar moment of inertia (/) is obtained from equation [16.3 (A)] of 
Art. 16.3. 


The moment (dT) on the circular ring is given by equation [16.3 (A)] as 


Set ase Qt x ph Sig Ae 
dT R 2dr R oar x reds Rp? x 2ur x dr 


tT 
ey pr da (. dA = 2ur dr see Fig. 16.3) 
R 
Total torque, T= i dT = Cz 2A = mae r? dA Ai) 
But r? dA = Moment of inertia cE the Geeks ring about an axis perpendicu- 
lar to the plane of Fig. 16.3 and passing through the centre of the 


circle. 


R 
[ r? dA = Moment of inertia of the circle about an axis perpendicular to the 


plane of the circle and passing through the centre of the circle 


= Polar moment of inertia (J) = 5 Dt. 
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Hence equation (2) becomes as 


R 
t te teak: 2 
Cae (- Ja[or aA 
ret (16.8) 
J R 
But from equation (16.1), we have 
sce 
‘R L 

Bece (16.9) 
J R L 

where C = Modulus of rigidity 


§ = Angle of twist in radiation 
L = Length of the shaft. 


16.7. POLAR MODULUS 


Polar modulus is defined as the ratio of the polar moment of inertia to the radius of the 
shaft. It is also called torsional section modulus. Tt is denoted by Zp Mathematically, 


J 
Z, = R 
x 
p43 (a) For a solid shaft, J= 35 Dt 
X pt “pt 
Se add AO aa Baas (16.10) 


P R D/2. 16 
(b) For a hollow shaft, J = = (D,? - D;*) ~-(16.11) 
R 4 4 
Z1p4-D, 
ee 
Z 


(Here R is the outer radius) 
P R 


bd 


t 4 
psa DA 
32 4 4 
o AE a ip hop: (16.12) 
=" Dyf2 ico 


16.8. STRENGTH OF A SHAFT AND TORSIONAL RIGIDITY 


The strength of a shaft means the maximum torque or maximum power the shaft can 
transmit. — 

Torsional rigidity or stiffness of the shaft is defined as the product of modulus of rigidity 
(C) and polar moment of inertia of the shaft (J). Hence mathematically, the torsional rigidity is 
given as, 
Torsional rigidity = C x J. / 

Torsional rigidity is also defined as the torque required to produce a twist of one radian 
per unit length of the shaft. 


Poa a ee ee 
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Let a twisting moment 7 produces a twist of 0 radians in a shaft of length L. 
Using equation (16.9), we have 





Tt Ca Tx 
7 EO CxJ= a 
But Cx J = Torsional rigidity 
TxL 





Torsional rigidity = a 
If LZ = one metre and 6 = one radian 


Then torsional rigidity = Torque. 
Problem 16.13. Determine the diameter of a solid steel shaft which will transmit 90 kW 


at 160 r.p.m. Also determine the length of the shaft if the twist must not exceed 1° over the entire 
length. The maximum shear stress is limited to 60 N/mm?. Take the value of modulus of rigid- 
ity = 8 x 104 Nimm?. 


or 


or 


Sol. Given : . 
Power, P=90kW=90x 10° W 
Speed, N= 160 r.p.m. 
6 3 eta) 
Angle of twist, @=1° or 1380 radian - r= Ti radian 


Max. shear stress, += 60 N/mm? 
Modulus of rigidity, C= 8 x 10+ N/énm? 





Let D = Diameter of the shaft and 
L = Length of the shaft. 
(i) Diameter of the shaft 
Using equation (16.7), 
p- 2nNT 
60 
2nx160xT 
3 = 
90 x 10 60 
3 
= 90x10" x60 _ 5971.48 N-m = 5871.48 x 10° N-nm 
2x x 160 
Now using equation (16.4), 
x 
2 DS 
T 16 t 
5871.48 x 103 = ae x 60 x D? 
48 3 
p= 5371.48 x 10° x 16 = 455945 
nx 60 
# D = (455945) = 76.8 mm. Ans. 
(ii) Length of the shaft 


Using equation (16.7), 


ty} 
m9 
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a 
60 8x10*xx D 768 X . 
2. i =— =~— mm, 6 = —-—— radian 
or (782) Lx 180 ( 2 180 
2 





8x 10* xxx 76.8 

o p= 60 x 180 x2 

Problem 16.14. Determine the diameter of a solid shaft which will transmit 300 RW at 
250 r.p.m. The maximum shear stress should not exceed 30 Nimm? and twist shouts not be 
more than 1° in a shaft length of 2m. Take modulus of rigidity = 1 x 10° Nimm?. 

Sol. Given : 

Power transmitted, P = 300 kW = 300 x 10° W 

Speed of the shaft, N = 250 r.p.m. 

Maximum shear stress, t = 30 N/mm? 


= 893.6 mm. Ans. 


9 = 1° = ——~ = 0.01745 radian 


Twist in shaft, 180 


Length of shaft, L=2m= 2000 mm 
Modulus of rigidity, C=1.x 10° N/mm? 
Let D = Diameter of the shaft. 
Power is given by the relation, 
QaNT 
P= 
60 
3 20 x 250 x T 
or 300 x 10° = ae 
3 
T= Benes oY = 11459.1 N-m = 11459.1 x 103 N-mm 
2, x 250 
(i) Diameter of the shaft when maximum shear stress, 
+t = 30 N/mm? 


Maximum torque transmitted by a solid shaft is given by equation (16.4) as 
T= = xtx D8 

11459100 = 7 x 30 x D4 
mx 30 


(ii) Diameter of shaft when twist should not be more than 1°. 
Using equation (16.9), 


u/3 
ae (#2 x s62100) sep essen i) 


T Co 
a de 
where J = Polar moment of inertia of solid shaft 
= au Dp! = 
32 
11459100 _ 10° x 0.01745 
Bpi- 2000 


32 
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pi _ 32% 2000 x 11459100 
~ 10° x xx 0.01745 
D = (13377.81 x 104)“4 = 107.5 mm (ii) 


The suitable diameter of the shaft is the greater* of the two values given by equations 
(i) and (ii). 
Diameter of the shaft = 124.5 mm say 125 mm. Ans. 
*(If diameter is taken smaller of the two values say 107.5 mm, then from equation 


= 18377.81 x 10+ 


of 
T= ie" D8, the value of shear stress will be 


11459100 = ~~ x x (107.5)? 


16 
or 11459100 = 243920 + 
11459100 
poeta ere 2 
or T= “943990 = 46.978 N/mm 


which is more than the given value of 80 N/mm7?). 


3 
Problem 16.15. A hollow shaft of diameter ratio ig linternal dia. to outer dia.) is to 


transmit 375 kW power at 100 r.p.m. The maximum torque being 20% greater than the mean. 
The shear stress is not to exceed 60 Nimm? and twist in a length of 4 m not to exceed 2°. Calcu- 
late its external and internal diameters which would satisfy both the above conditions. Assume 
modulus of rigidity, C = 0.85 x 10° Nimm?. (AMIE, Summer 1988 Converted to $.I. units) 





Sol. Given : 
‘ . 3 
Diameter ratio, hi =s 
ip 8 
3 
D,= 8 Dy 
Power, P = 375 kW = 375000 W 
Speed, N = 100 r.p.m. 
Max. torque, Pee ie Pe 





Length, L=4m=4000 mm 
Max. twist, @=2°=2x a radians = 0.0349 radians 
Modulus of rigidity, C = 0.85 x 105 N/mm? 
2aNT 
Power is given by, Bh Here torque is Ton 


Ts Px60 375000 x 60 





or = = = 35810 N 
QnN 2xx 100 7 
or . Picea = 35810 Nm 
Taga: = 12 X Tryean = 1-2 x 35810 


= 42972 Nm = 42972 x 1000 Nmm. 
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or 





“792 
(i) Diameters of the shaft when shear stress is not to exceed 60 Nimm?. 
For the hollow shaft, the torque transmitted is given by 
I (D,* - D;*) 
Dis = 16 xTX a 
; | a 
_) [at -(30.) | 
mu 
cr 42972 x 1000 = +5 x 60 x B, 
42972000 x 16 - 2 (1- 81 } = ps x A015 
- x x 60 Dy 4096 } ~~9 “4096 
p,3 = 42972000 x 16 x 4096 
te 0 Tex 60 x 4015 
V3 
42972000 x 16 x 4096 
raat . = | | 154. 155 
: a, ( x x60 x 4015 154.97 mm say mm 
3 3 
D,= g Po" g x 155 ~ 58.1 mm. 
Gi) Diameters of the shaft when the twist is not to exceed 2 degrees. 
Using equation (16.9) in terms of torque and 6, we get 
Co CxG 
J L 
42972000 _ (0.85 x 10°) x 0.0349 
a ee oe 4000 
ID“ <D: 
gq Po - De} 
42972000 x 4000 x32 3. \* 81 
ab xia? x oaaag =Det~ Di =Dyt-(3.D9] =DA- D4 
- OF 0.85 x 10° x 0.0349 9 Fo (ge 0°” Go96 “70 
81 ] 4015 
= 4 -_———_— | = ——_—_» 
=e E ‘od 40960 
4 _ 42972000 x 4000 x 32 x 4096 
0 x x 0.85 x 10° x 0.0349 x 4015 
D, = 156.65 mm say 157 mm 
.. and D, = : x 156.65 = 58.74 mm say 59 mm. 


The diameters of the shaft, which would satisfy both the conditions are the greater of 
“- the two values. 

External dia., D,=157mm. Ans. 

Internal dia., D,=59mm. Ans. 
- Problem 16.16. A solid circular shaft transmits 75 kW power at 200 r.p.m. Calculate 
... the shaft diameter, if the twist in the shaft is not to exceed 1° in 2 metres length of shaft, and 

shear stress is limited to 50 Nimm®. Take C = 1 x 10° Nimm?. 

7 Sol. Given : 


Power transmitted, P=75kW=75x 109 W 
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Speed of the shaft, N = 200 
Twist in the shaft, @=1° 


x Soh tem 
= Tao radians = 0.01745 rad. 





Length of the shaft, L=2m = 2000 mm 
Maximum shear stress, += 50 N/mm? 
Modulus of rigidity, C=1x 10° NAnom? 
2aNT 2x x 200x T 
P= Bi ee oe ee 
60 or 75x 10 60 
‘ . 
T= 12x10" x60 _ 3580 98 Nm = 3580980 Nmm. 
2m x 200 
) Diameter of the shaft when maximum shear stress is limited to 50 N/mm?. 
Using equation (16.4), 
=— 1D? or 3580980 = — x 50x D 
= 16 ~ 16 Pane 
v3 
D = | 16x 3580980)" _ 74-3 mm (i) 
mx 50 


(1) Diameter of the shaft when the twist in the shaft is not to exceed 1 
Using equation (16.9), 


Toe 
fd 
ie 3580980 _ 10° x 0.01745 Jak o*) 
X pa 2000 82 
32 
v4 
32 x 2000 x 3580980 ae - 
nx 10° x 0.01745 a: at 


The suitable diameter of the shaft is the greater value of the two diameters given by 
equations (i) and (7) 7.e., 80.4mm say 81mm. Ans. 

Problem 16.17. A hollow shaft, having an internal diameter 40% of tts external 
diameter, transmits 562.5 kW power at 100 r.p.m. Determine the external diameter of the 
shaft if the shear stress is not to exceed 60 Nimm2 and the twist in a length of 2.5 m 
should not exceed 1.3 degrees. Assume maximum torque = 1.25 mean torque and modulus 
of rigidity = 9 x 104 Nimm?. 

Sol. Given : 

Internal diameter, D, = 40% of external diameter, (Dy) = 0.40 Dy 
Power transmitted, P = 562.5 kW = 562.5 x 10? W 
Speed of the shaft, N = 100 r.p.m. 

Maximum’shear stress, 1 = 60 N/mm? 
@=13°=13x 55 radians = 0.02269 rad 
L£=2.5 m = 2500 mm 


Twist in the shaft, 
Length of shaft, 
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Maximum torque, 7,45 = 1.25 X Tirean 
Modulus of rigidity, C= 9 x 104 N/mm? 
The horse power transmitted is given by 


_ aN 
oar 
or 562.5 x 109 = Bax WX Eneon (-: Here T= Tgg:) 
3 
Ge p= 80x 5625x10" _ 59714.7 Nm = 53714700 Nmm 
mean = 9100 
T 2125xT = 1.25 x 53714700 = 67143375 Nmm. 


: mac ITE 
(i) Diameter of the hollow shaft when maximum shear stress is 60 N/mm?, 


Using equation (16.6) for torque in case of hollow shaft 
Pa Meg Do! - Dit 
Dy 
where T'= T,,,, = 67143375 and D, = 0.4 Dy, t = 60 N/mm? 4 


Dy? - O4Dy)* 
67143875 = — x 60|— SS 
0 
“ D,* - 0.0256D,4 | 
“16 * Do 


= 7g * 60 x 0.9744D,3 = 11.479D,° 


ae 
o=\ 71479 _ 


11479 
(ii) Diameter of the shaft when the twist in the hollow shaft is not to exceed 1.3°. 


Using equation (16.9), we have 


v3 : 
} = 179.6 mm w(t) 


Pio di) 
: J L 
where T = Tiige = 67143375, @ = 1.3° = 0.02269 rad., L = 2500 mm, C = 9 x 104 N/mm? 
and J = Polar moment of inertia for hollow shaft 


= a [Dot - Di) (see equation 16.11) 


= & Dy ~ (0.4 Dy (2 D,=0.4 Dy) 


5 x 0.9744 D,! = 0.09566 D,*. 


Substituting these values in equation (ii), we get 


67143375 _ 9x 10% x 0.02269 
0.09566D,* 2500 . 
yas 2500 x 67143375 S Sepseaie v0 


0 0.09566 x 9 x 107 x 0.02269 
Dy = 85928.215 x 104 = 171.2 mm ...(éti) 
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The external diameter of the shaft should be 179.6 mm say 180 mm (z.e., greater of the 
two values given by equations (2) and (iiz)). Ams. 


16.9. FLANGED COUPLING 


A flange coupling is used to connect two shafts. Fig. 16.5 shows such a coupling. 





Fig. 16.5 


The flanges of the two shafts are joined together by bolts and nuts (or rivets) and torque 
is then transferred from one shaft to another through the bolts. Connection between each 
shaft and coupling is provided by the key. The bolts are arranged along a circle called the pitch 
circle. The bolts are subjected to shear stress when torque is transmitted from one shaft to 
another. 


Let t= Shear stress in the shaft 
q = Shear stress in the bolt 
d = Diameter of bolt 
D = Diameter of shaft 
D* = Diameter of bolt pitch circle 
n = Number of bolts 
Maximum load that can be resisted by one bolt 


= Stress in bolt x Area of one bolt = g x x @ 


4 
Torque resisted by one bolt = Load resisted by one bolt x Radius of pitch circle 
D * 
=9x ; Bx 
“. Total torque resisted by n ois 
D* 2 xe 
=nxqxtd?x S =nxgqx S22" = (Z) 


But the torque transmitted by the shaft, 
Pa xx DS ii) 


Since the torque resisted by the bolts should be equal to the foray transmitted by the 
shafts, therefore equating (i) and (ii), we get 
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ad x D* ae =~ xtxD? 
8 16 

From the above equation the unknown value of any parameter (say number of bolts or 
diameter of bolt) can be calculated. 

Problem 16.18. Two shafts are connected end to end by means of a flanged coupling in 
which there are 12 bolts, the pitch circle diameter being 25 cm. The maximum shear stress is 
'.- Limited to 55 Nimm? in the shafts and 20 Nimm? in the bolts. If one shaft is solid of 5 em 

diameter and the other is hollow of 10 cm external diameter, calculate the internal diameter of 
‘the hollow shaft and the bolt diameter so that both shafts and the coupling are all equally 
strong in.torsion. (AMIE, Summer 1983) 
Sol. Given : 
Number of bolts, n=12 
Pitch circle diameter = 25 em = 250mm 
Maximum shear stress in the shaft, 
t= 55 N/mm? 
Maximum shear stress in the bolts, 
g = 20 Ninm?2 
Dia. of solid shaft, D=5cm=50mm 
External dia. of hollow shaft, 
D, = 10 cm = 100 mm 
Let D, = Internal dia. of hollow shaft 
d = Dia. of the bolt in mm. 
os In case of a couping, the torque from one shaft to other shaft is transmitted through 
‘bolts. As the shafts and coupling are all equally strong in torsion, the torque transmitted by 
the solid shaft must be equal to the torque transmitted by the bolts which must be equal to the 
~~ torque transmitted by hollow shaft. 
° The torque transmitted by solid shaft is given by equation (16.4). 


nx@qx 


.. Using equation (16.4), 
Sie a 5 2 : 
= 16 tx De = 16 x 55 x 50° = 1349900 Nmm wd) 
Area of one bolt 3 : a (Dia. of bolt = d) 
Area of 12 bolts 29958 a a 


Shear force in 12 bolts = Shear stress in bolts x Area of 12 bolts 


= 20x 12x 7 = g2= 60 nd2N 
Torque transmitted by the bolts 


= Shear force in bolts x en ee 
= 60 nd? x = Nmm = 7500 xd? Nmm (ii) 


Equating equations () and (ii), we get 
1349900 = 7500 ad? 


weet pe eeeeeierncmmnnrns fi ineinesemmaeiiansaimens 





rey 
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1349900 

——__ = 57.3 = - 

7500 xx V¥573 =7.57 mm. Ans 
Torque transmitted by the hollow shaft is given by equation (16.6). 


Using equation (16.6), 


of Dp! 7 D,4 
ST Xt xX | 
16 Dy 





n 100+ - D;* 
= 7g * 55x i ae (t= 55, D, = 100) 
= 0.10799 x (108 — D,4) ...(éii) 


Equating equations (2) and (iii), 
1349900 = 0.10799 (108 — D/A) 
1349900 


or Ds = 10°- ————__. = 108 — 1250 x 104 = 8750 x 104 


0.10799 
‘ = (8750 x 104)“4 = 96.72 mm. Ans. 
Problem 16.19. A Sah is to be fitted with a flanged coupling having 8 bolts on a circle 
of diameter 150 mm. The shaft may be subjected to either a direct tensile load of 400 kN or a 
twisting moment of 18 kNm. If the maximum direct and shearing stresses permissible in the 
bolt material are 125 Nimm? and 55 Nimm? respectively, find the minimum diameter of the 
bolt required. Assume that each bolt takes an equal share of the load or torque. 
(AMIE, Summer 1985) 


Sol. Given: . 
Number of bolts, n=8 
Pitch circle diameter, D* = 150 mm 
1 
Radius of pitch circle 7 = = 75 mm 


W = 400 KN = 400 x 10° N 
T=18kNm = 18 x 103?Nm 
= 18 x 103 x 103 Nmm = 18 x 10° Nmm 


Direct tensile load, 
Twisting moment, 


Maximum direct stress, p = 125 N/mm? 

Maximum shear stress, t= 55 N/imm? 

Let d = Diameter of bolt in mm 
Area of one bolt = Z d? 


Area of 8 bolts =8x a d? = 2 nd? mm?. 


First consider the strength of the bolt material from shearing effect. 
Max. shear force in 8 bolts = Max. shear stress in bolts x Area of 8 bolts 


= 55x 2xd?N. 
Torque transmitted by the bolts = Shear force in bolts x Radius of pitch circle 
= 55 x 2d? x 75 {. Radius = 75 mm) 


= 110 x 75 x nd? Nmm 
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But torque transmitted = Twisting moment T = 18 x 10° Nmm 
Equating the two values of the torque, 
110 x 75 x nd? = 18 x 10° 


6 
dina l8x ll 2 goed 
110x 75x01 
= /694.4 = 26.35 mm : w(E} 


Now consider the ions of the bolt material from direct tensile load. 
Max. tensile load in’8 bolts = Max. tensile stress x Area of 8 bolts 
= 125 x 2nd? N 
But direct tensile load, W=400x10°N 
Equating the two values of direct tensile load 
125 x 2 nd? = 400000 
> 400000 


d@? = —-_—- = 509.3 
125x2xx 
= 509.3 = 22.56 mm «..(Zi) 


Coihparing the results a (i) and (ii), the minimum diameter of the bolt required is the 
maximum of the two values. 
Minimum diameter should be 26.35 mm. Ans. 


16.10. STRENGTH OF A SHAFT OF VARYING SECTIONS 


When a shaft is made up of different lengths and of different diameters, the torque 
transmitted by individual sections should be calculated first. The strength of such a shaft is 
the minimum value of these torques. 

Problem 16.20. A shaft ABC of 500 mm length and 40 mm external diameter is bored, 
for a part of its length AB, to a 20 mm diameter and for the remaining length BC to a 30 mm 
diameter bore. If the shear stress is not to exceed 80 Nimm?, find the maximum power, the shaft 
can transmit at a speed of 200 r.p.m. 

If the angle of twist in the length of 20 mm diameter bore is equal to that in the 30 mm 
diameter bore, find the length of the shaft that has been bored to 20 mm and 30 mm diameter. 

Sol. Given : 


Total length, LE = 500 mm 
External dia., D=40 mm 
Let . L, = Length of shaft AB 
: d, = Internal dia. of AB 
= 20mm 


L, = Length of shaft BC 
d, = Internal dia. of BC 

= 30mm 

t = Maximum shear stress 

= 80 N/mm? 
N = Speed = 200 r.p.m. 
T, = Torque transmitted by shaft AB 
T, = Torque transmitted by shaft BC. 


aE, mre aren Sides 3s 


TORSION OF SHAFTS AND SPRINGS 699 





Fig. 16.6 
The torque transmitted by a hollow shaft is given by equation (16.6) as 


| Do - D;* 
ia Dp 


Hence the torque transmitted by hollow shaft AB is given by, 


: Dt ~D} 
Beat: se] ( Here Dy = D, D; = d,) 
rn 404 - 204 
= 16 x 80x a Nmm 


= 942500 Nmm = 942.500 Nm. 
Similarly torque transmitted by hollow shaft BC is given by, 


pt gst Deedee |i Se 40° - 30° 
eeago ese =i BON) 


= 687200 Nmm = 687.2 Nm. 
According to Art. 16.10, the safe torque transmitted by the complete shaft is the mini- 
mum of the above two torques. 
Safe torque (T) transmitted by the shaft is 687.2 Nm 
T = 687.2 Nm. 
The power transmitted (P) is given by equation (16.7) as 
2aNT 2x «x 200 x 687.2 








P= eo W= 60 = 14390 W 
= 14.39 kW. Ans. 
Now from equation (16.9), we have 
LA) Cxé os TL 
J L o 8= ay 
The safe torque T and shear modulus (C) are same for the given shaft. 
Hence angle of twist in shaft AB = se 
Cid, 
and angle of twist in shaft BC = Th 
C.dy 





“or 
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But angle of twist in shaft AB = Angle of twist in shaft BC 





Pode TAs 
Cid, C.dy 

Ly _ te 

ee dy = Ji «s(d) 


“where J is the polar moment of inertia. From equation (16.11), its value for a hollow shaft is 
_ given by 
-~ 2 pp4i_né4 
79g Pe OA 
J, = Polar moment of inertia for the shaft AB 
= — 1494— 904 
39 [404 - 204] 
J, = Polar moment of inertia for the shaft BC 
x 
=~ rant 304 
= 32 [404 - 304] 
Substituting these values in equation (i), we get 


2 Es 


wt 4 4 x 4 4 
oa ~ 20 —[40* - 30 
39 [40 ] 30 ] 





L, (404 - 20°) 
eo C= 1.87 


L, (40+ -30*) 
- or L, = 1.87 x Lo= 1.87 (500— L,) 
: (. L,+L,=500 -. L, =500-L,) 
= 1.37 x 500-137 L, 
aear L, + 1.87 L, =1.37x 500 or 2.37 L, = 1.37 x 500 
7 1= ee = 289mm. Ans. 
_. and L, = 500-289 = 211mm. Ans. 


; Problem 16.21. A steel shaft ABCD having a total length of 2.4 m consists of three 
lengths having different sections as follows : 

AB is hollow having outside and inside diameters of 80 mm and 50 mm respectively and 

BC and CD are solid, BC having a diameter of 80 mm and CD a diameter of 70 mm. If the angle 

of twist is the same for each section, determine the length of each section and the total angle 


-~ of twist if the maximum shear stress in the hollow portion is 50 Nimm?. Take C = 8.2 x 


_. 104 Nimm?. 


Sol. Given : 
Total length of shaft, L=2.4m = 2400 mm 
Shaft AB: Length = L, 
Outer dia., D,=80mm 
Inner dia., d, = 50 mm 
Shaft BC: Length = L, 


Diameter, D, = 80 mm 
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Shaft CD : Length = L, 
Diameter, D, = 70 mm 


Angle of twist is same for each section. 


Hence 8, = 6, = 8, 
Max. shear stress in hollow portion, 

t, = 50 N/mm? 
Value of C = 8.2 x 104 N/mm? 


Polar moment of inertia of each shaft is given as : 


A B Cc 

















For shaft AB, J,= 3 Dt~d,)= Sy (80 - 50%) = 340.9 x 10 mms 
x 
For shaft BC, J,= 39 D,t = 39 * 804 = 402.4 x 104 mm4 
I % 
For shaft CD, J, = 39 D,* = 3 * 704 = 235.8 x 104 mm? 
Now using equation, 
T_Cx8 a= i: L 
Ps at SO ae 
Tx, _Fxl, Tx Ls 
Hence “7x0 EG and AS eo 
But 8, = 0, = 85 
7 Ee ce [Torque T and C are same for each portion] 
hb 
" J, dg ds 
DI oS de art = 
es 340.9x104 4024x104 2358x104 
or Fi at —_ = abs 
840.9 4024 2358 
340.9 : 
1 — 2358 L, = 1.44 L, ..{Z) 
402.4 “3 
2° ojgg Est LiL, (ii) 
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a 
But L,+L,+Lg= 2.4m = 2400 mm 
or 1.44L,+1.71L,+L,= 2400 or 4.15 L, = 2400 
2400 
L,= aie 578.35 mm. 


Substituting the value of L, in equations (i) and (zi), we get 
~,=144x 578.3 = 832.75 mm 
L, = 1.71 x 578.3 = 988.80 mm 
As the shear stress is given in shaft AB. The angle of twist of shaft AB can be obtained 
by using equation 











Tv Cx 
R L 
For shaft AB, 
v1 Cx6, 
21) Ly 
2 
gates 50 x 832.75 
= <)  OmaetD 
(2) xe (3 8.2 x 104 


= 0.01269 radians = 0.7273° 


Total angle of twist of the whole shaft 
= 6, + 0, + 6, = 0.7273 x 3 = 2.1819". Ans. 
Problem 16.22.A hollow shaft is Im long and has external diameter 50 mm. It has 
20 mm internal diameter for a part of the length and 30 mm internal diameter for the rest of the 
length. If the maximum shear stress in it is not to exceed 80 Nimm?, determine the maximum 
power transmitted by it at a speed of 300 r.p.m. If the twists produced in the two portions of the 
shafts are equal, find the lengths of the two portions. (AMIE, Winter 1984) 


Sol. Given : 

Total length, EL=1m= 1000 mm 

External dia., D, = 50 mm 

Let L, = Length of the portion of the shaft whose internal dia. is 20 mm. 


L, = Length of the portion of the shaft whose internal dia. is 30 mm. 
= (1000 - L,) mm 
Maximum shear stress, 
t= 80 N/mm? 
Speed, N = 300 r.p.m. 
Twists produced in the two portions of the 
shaft are given equal. 
Using equation (16.9), we get 
Lr = 
a 


t= 





k¢—— L,mm —>}e— (1000 —L,)mm ———>} 
xR, \}<————- 1000 mm ——__-——_>| 


Fig. 16.8 


QIN py] 4 


For a hollow shaft, 2 is the outer radius of 
the shaft. As the outer radius of the hollow shaft is 
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same for both portions of the shaft, the shear stress will be maximum for the portion for which 
polar moment of inertia (i.e., %) is less. Polar moment of inertia for a hollow shaft is given by 
equation (16.11) as . : ; 


Tt 
J= 35 [D4 - DA) 
Polar moment of inertia of the portion having 20 mm internal diameter, 


I 
J,= 32 {504 — 204] mm4 (- Dy) = 50 mm, D, = 20 mm) 


: = on [6250000 — 160000] = 597884 mm‘: 
Similarly polar moment of inertia of the portion having 30 mm internal diameter, 


Tye 7 (504 ~ 304] mm4 


zs oo [6250000 — 810000] = 534070 mm‘, 


As the polar moment of inertia of the portion having 30 mm internal diameter is less, 
the maximum shear stress will develop in the portion of 30-mm internal diameter. Also maxi- 
mum torque transmitted will be given by the portion of 30 mm internal diameter. 


Now using equation (16.9), 


apy 
la 


Maximum torque, 


t 80 D 
i == tas = 0 = 
7 R xJ 95 x 534070 ( R 5 25 mm] 


= 1709024 N-mm = 1709.024 N-m ("1000 mm = 1 m) 
Maximum power is given by equation (16.7) as 
2nNT ., 2x 300 x 1709.024 


eee 60 


= 63688 W = 53.688 KW. Ans. 
Lengths of the two portions 
Using equation (16.9), we have 
: T Ce ; 
"rp ...(Z) 


For the two portions the shear modulus (C), the twist (6) and torque 7 transmitted are 
equal. 
For the portion having internal diameter 20 mm, 
Polar moment of inertia, J, = 597884 mm‘, L, = Length. 
Substituting these values in equation (i), 
T. Co a 
J = ne ...(Zi) 
For the portion having internal diameter 30 mm. © 
Polar moment of inertia, 
J, = 534070 mm4 
Length, L, = (1000 ~ £,) mm. 
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& ILC 
Substituting these values in equation (2), we get 

T C8 a 

ay = Ln «.AUii) 

Dividing equations (iz) and (iiz), 

Jy ty 
J, Ly 
534070 1000-L, 
= DE, = (1000 - ZL 
597884 E ee Sa 1) mama] 
or 0.8932 = palais or 0.8932 L, =1000-L, 
1 
or 0.8932 L, + L, = 1000 or 1.8932 L, = 1000 
1000 
or L,= 13939 = 528.2 mm. Ans. 
and L, = 1000 - L, = 1000 ~ 528.2 
= 471.8 mm. Ans. 

Problem 16.23. Two solid shafts AB and BC of aluminium and steel respectively are 
rigidly fastened together at B and attached to two rigid supports at Aand C. Shaft AB is 7.5 cm 
in diameter and 2 m in length. Shaft BC is 5.5 cm in diameter and I m in length. A torque of 
20000 N-cm is applied at the junction B. Compute the maximum shearing stresses in each 
material. What is the angle of twist at the junction ? Take modulus of rigidity of the materials 





as C,, = 0.3 x 10° Nimm? and Cy, = 0.9 x 10° Nimm?. (AMIE, Summer 1987) 

Sol. Given : 

Solid Shaft AB Solid Shaft BC 

Material = Aluminium Material = Steel 

Length, L, = 2m = 2000 mm Length, L£,=1m= 1000 mm 

Dia., d,=7.5 cm = 75 mm Dia., d,=5.5 cm = 55 mm 

Modulus of rigidity, Modulus of rigidity, 

C, = 0.3 x 10° N/mm? C, = 0.9 x 105 N/mm? 
Torque at junction B, T = 20000 N cm 
= 200000 Nmm. 

The torque is applied at junction B, hence angle of twist in shaft AB and in shaft BC 

will be same (i.e., 6, = @, = 8) 
T = 20000 N cm 


where 6, = Angle of twist in shaft AB, and 
@, = Angle of twist in shaft BC. 
Let 7, = Torque transmitted to shaft AB, and 
T, = Torque transmitted to shaft BC d,= 75mm 
1, +, = 20000 Nia ti poco 
Using equation (16.9), we get 


Ly = 1000 mm 


2 Gxe 
i Z Tso N 
For the shaft AB, the above equation becomes as = 20000 Nem 
T, OC, x6, Fig. 16.8 (a) 
J, Ly 





ie oe rererrerriremnr renee nares 
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eee 


or 


or 


or 





Tx 
Oe eG, where J, = 35 dyt= = x 754 
=—_4*200000 T, x 2000 x 32 


3p * 754 x 0.3 x 10° ax 75* x0.3 x 10° 
For the shaft BC, the value of 6, is given by, 














Tx L 
= 2 ‘2 30 wu a 
2. ate where J, = ot ae 33 x 554 
Ty x 1000 _ Tx 1000 x 32 
<x 554 «0.9x190% %x554x0.9x 10° 
But 6, = 8, / 
Tx 2000x32 ‘Ty x 1000 x 32 
ux 75* x 0.3% 10° mx 554 x 0.9 x 105 
; 2, = T> 
75° x03 554 x09 
_ 754 x03 
1” BBt x09xg 27 0576 Ty 
Substituting this value in equation (i), 
0.576 T+ T,, = 200000 
1.576 T,, = 200000 
_ 200000 _, , 
2= Tare” = 126900 Nmm 
But T, + T, = 200000 
‘ rT, = 200000 — T, = 200000 — 126900 = 73100 Nmm. 
From equation (16.9), q “5 
Te 
For shaft AB sea 
J, OR, 
x, = H%*R _ 73100 x 375 (: pote 
Fy ue x 754 
32 
73100 x 37.5 x 82 . 
= eee = 0.882 N/imm?, Ans, 
T: & 
For shaft BC SF int te 
e Jy Ry 
ae Th Ry _ 126900 x 27.5 fe R,-2 
2 = x 554 2 
32 
126900 x 27.5 x 32 
= 4 = 3.884 Ninm2, Ans. 


nx 554 


«+ (Zt) 


--(iti) 
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16.11. COMPOSITE SHAFT: 

A shaft made up of two or more different materials, and behaving as a single shaft is 
known as composite shaft. Hence in a composite shaft one type of shaft is rigidly seelved over 
another type of shaft. The total torque transmitted by a composite shaft is the sum of the 
torques transmitted by each individual shaft. But the angle of twist in each shaft will be equal. 

Problem 16.24. A composite shaft consists of a steel rod 60 mm diameter surrounded 
by a closely fitting tube of brass. Find the out-side diameter of the tube so that when a torque of 
1000 Nm is applied to the composite shaft, it will be shared equally by the two materials. Take 
C for steel = 8.4 x 104 N/mm? and C for brass = 4.2 x 104 N/mm?. 

Find also the maximum shear stress in each material and common angle of twist in a 


length of 4m. 
Sol. Given : 
Dia. of steel rod, d=60 mm 
Torque, T = 1000 Nm = 1000 x 10? Nmm 


Value of C for steel, C,= 8.4 x 104 Némm? 
Value of C for brass, C,= 4.2 x 10* N/mm? 
Length of composite shaft, L = 4m = 4000 mm 
Let D = Outside dia. of brass tube in mm 
t, = Shear stress in steel 
%, = Shear stress in brass 
The inner dia. of brass tube will be equal to dia. of steel rod. 


Inner dia. of brass tube, 
d=60 mm 
Polar moment of inertia for steel rod is given by, 
J,= = dt=— x 60+ mm* 
5 32 32 
Polar moment of inertia for brass tube is given by, 


Fe eal — 60*] mm! 


Co 


MS 


Fig. 16.9 


Let 7, = Torque transmitted by steel rod, and 
T, = = Torque transmitted by brass tube. 
But total torque, 


3 | 
Ly 





T=T,+T,=T,+T, (. T,=T, given) 
3 
T= £1000 10" niin = 600 x 108 Nm 


s 


2 2 
T, = 500 x 10? Nmm 


ah 


and T, 


a eT ae pa PEO PETE Pht ee Pere e—ereerrr rep ast 


[Pi rercrerconeriae: 
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or 


or 


or 
or 


Using equation (16.9), we have 





FE: _Cxé CxOxJ 
fe Prag 
For steel rod, we have 
T « C, x8, x J, 
s oS pe ...{Z) 
For brass tube, we have 
T. a C, x 9, x Jy ; 
re os + (Gi) 


But T,=T, . 
Hence equating equations @ and (iz), we get 
C,x0,xd, C,x 0, x J, 
L, - L, 
But L, = Ly aL 
Hence above equation becomes as 
C, x 8, xd, =C, x 0, xd, 


Bua in a composite shaft, the angle of twist in each shaft is same. 


0, = 6, 
Now the above equation becomes as 
Cox d,=C,x J, 


au 
8.4 x 104 x 5 x 604 = 4.2 x 104 x gg lD* - 604] 


84 
Zo * 60* = (D4 — 604) or 2x 604= Dt 604 


4.2 
3 x 604 = Dé or (3)!4x60=D 
D= 78.98 mm ~ 79mm. Ans. 
() Shear stresses in each material 
Using the equation, 


T Tt _TxR 








TR 8 t= J 
(a) For a steel rod, we have 
T, x (3) d 
T= * Rss 
oF [> 8-3) 
500 x 10° x (2) 
= = 117.9 N/mm”, Ans. 
— x 604 
= 


(6) For a brass tube, we have 


1,x(2| 500 x 10? x{ 7% 
Sa RF 2 


= bs 
d, = (p* _ 94 
39 \P - 60*) 
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a 
3 
= 500 x 10" x 39.5 _ 77.6 Nimm?. Ans. 
x 4 4 
—{79* - 60 
3a. ] 
(ii) Common angle of twist 
Using equation (i), we get 


p a Ee X90 xd 
s L, 
T,xL, __500x 10° x 4000 ren ee 
- eo a Ce L,=L = 4000) 


8.4 x 10° x — x60 
32 
io 0.01871 radians 


180 
= 0.01871 x “ degrees = 1.072°. 


But angle of twist in each shaft will be equal. The common angle to twist will be equal to 
the angle of twist in any shaft. : 
Common angle of twist = 1.072°. Ans. 
Problem 16.25. A composite shaft consists of copper rod of 30 mm diameter enclosed in 
a steel tube of external diameter 50 mm and 10 mm thick. The shaft is required to transmit a 
torque of 1000 Nm. Determine the shear stresses developed in copper and steel, if both the shafts 
have equal lengths and welded to a plate at each end, so that their twists are equal. Take 
modulus of rigidity for steel as twice that of copper. 


Sol. Given : 

Dia. of copper rod, d=30mm 

External dia. of steel, D, = 50 mm 

Internal dia. (D;) of steel shaft = D ~ 2 x Thickness 
=50-2x10=30 mm 

D, = 30 mm 

T = 1000 Nm = 1000 x 103 Nmm 

Let 1, = Shear stress in steel shaft 


Total torque, 


t, = Shear stress in copper 
C, = Modulus of rigidity of steel 
C, = Modulus of rigidity of copper 
LL = Common length 
@ = Common angle of twist = 6, = 0, 
J, = Polar moment of inertia of copper rod 
bn x 


Saige dete 4 4 
= 39 xd = 30 x 307 mm 


J, = Polar moment of inertia of steel shaft 
- sen 4_ pare pend — and 4 
= 39 (D,* - DAl= 32 [504 — 304] mm 


et ote 4 43 4 4 
= 99 [125 x 10 81 x LON} = a5 x 44x 10 mm 
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T,, = Torque transmitted by copper rod 
T, = Torque transmitted by steel shaft. 
Now for a composite shaft, 
Total torque, 





























T=T,+T, 
or T, + T, = 1000 x 10 (. T= 1000 x 103) CZ) 
Using the relation, 
T Cx@ sat TxL 
JL Ix 
Tx b 
F d, ake ‘c 
‘or copper ro! Q. T.xC, 
Teal, 
For steel shaft, 6, = TC. 
But A, = 8, (Angle of twist are same) 
PL. Tel 
J,xC, d,.C, 
But L, = D, = L 
Hence the above equation becomes as 
Tt. __.ts 
J, x Cc, s C, 
— x 304 
or ie ie ee ps a8 ea ngage (2 C,=2C) 
Js Co * BZ ygaxsot 2c 
32 
81 1 ,, 8&1 
= Fa" 5 6 = 88 x T, 
Substituting the value of 7, in equation (¢), we get 
81 
ga fs + T, = 1000,000 
Lf, + 887. 
or a = 1000,000 
or 169 T, = 1000,000 x 88 
1000,000 x 88 
= oS = 52071 
T, 169 0 Nmm 


Substituting this value in (2), we get 
T., + 520710 = 1000,000 
T,, = 1000,000 — 520710 = 479290 Nmm 


Now using the relation, 


M3 
i 
the 
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i 
a TxR 
wa Oe 


30 : 


. =. 394 xx 304 
82 


And for a steel shaft, we have 


= 90.407 Némm2. Ans. 


Dy 50 
: ne 2 i 520710 x > 


s cs x x 44 x 104 
32 
= 520710 x25 x 32 _ 301.358 Nimm?. Ans. 
xx44x10 . 


16.12. COMBINED BENDING AND TORSION 


When a shaft is transmitting torque or power, it is subjected to shear stresses. At the 
same time the shaft is also subjected to bending moments due to gravity or inertia loads. Due 
to bending moment, bending stresses are also set up in the shaft. Hence each particle in a shaft 
is subjected to shear stress and bending stress. For design purposes it is necessary to find the 
principal stresses, maximum shear stress and strain energy. The principal stresses and maxi- 
mum shear stress when a shaft is subjected to bending and torsion, are obtained as : 

Consider any point on the cross-section of a shaft. , 

Let T = Torque at the section 

D = Diameter of the shaft 
M=B.M. at the section. 

The torque T will produce shear stress at the point whereas the B.M. will produce bend- 
ing stress. 

Let g = Shear stress at the point produced by torque T and 

o = Bending stress at the point produced by B.M. (4) 

The shear stress at any point due to torque (T) is given by 





7 ie cca 5 
r “ J 7 r R J 
t 
or q= 7 xr 
The bending stress at any point due te bending moment (M) is given by 
M _ o Mx y 
77 y or O= 5 
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From Art. 3.4.4, we know that the angle @ made by the plane of maximum shear with 
the normal cross-section is given by, 
2 
tan 20 = = 
o 


The bending stress and shear stress is maximum at a point on the surface of the shaft, 


D D 
where ree and VRS. 


Let 0, = Maximum bending stress 7.¢., on the surface of the shaft 








64 
<= Maximum shear stress i.e., on the surface of the shaft 
T 
= oF x R = athe: D = ae 
= pt 2 aD 
82 
ee 16T 
20 2, np? T 
tan 6= = = op = 32M = M (16.13) 
np? 


Major principal stress 


2 2 
o Go 2 °o o 
~Sra) e- S a oe 


32M [ 32M ) +8) 





~oxnD®  Vlaxap®) * (ap? 
t 
2 7 (M + (M?+T*) (16.14) 
and minor principal stress = < (M - JM? 4T7) ...(16.15) 


7 Major principal st: - Mi inci g 
Srasanbtaehoue wees & jor principal stress - Minor principal stress 


2 
= aaa M?+T?) (16.16) 
For a hollow shaft 

Major principal stress = aon OD Ong + 4M? +77) .(16.17) 

n{Dy* - D;*] 
Minor principal stress = aoe (M- JM? +T?) (16.18) 

wD,‘ ~ D,*] 
Maximum shear stress = 16D) __( fy? +7?) (16.19) 

mDy* - D,"] 


Problem 16.26.A solid shaft of diameter 80 mm is subjected to a twisting moment of 
8&8 MN mm and a bending moment of 5 MN mm at a point. Determine : 

(i) Principal stresses and 

(ii) Position of the plane on which they act. 
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Sol. Given : 
Diameter of shaft, 
Twisting moment, T=8MN mm=8 x 10°Nmm 
Bending moment, M=5MNmm=5 x 108 Nmm. 
The major principal stress : a by ese (16.14), as 


D=80 mm 





Major principal stress = —~z Sa + 2477) 
2 7 ease «EF 
x x 80 
_ 16x 108 


308 (5+ ./25+64) = 143.57 Nimm2. Ans. 
x BO 


Minor principal stress is given by equation (16.15). 
Minor principal stress : 





= <r (M- M2 +T?) 
Geeta =e 
: — (5 x 10% - YG x 10°)? + &x 10°} } 
ux 
16 x 108 
= 808 (5 ~ 25 + 64) -— 44.1 Némm? 


= 44.1 N/mm? (tensile). Ans. 
Position of plane is given by equation (16.13}, as 


Tt S10. 
tan 20 = 47 Bx io0® = 1.6 
re 20 = tan”! 1.6 = 57° 59.68’, or 237° 59.68’ 
or @ = 28° 59.84’ or 118° 59.84’. Ans. 


Problem 16.27. The maximum allowable shear stress in a hollow shaft of external 
diameter equal to twice the internal diameter, is 80 N/mm. Determine the diameter of the 
shaft if it is subjected to a torque of 4 x 10° Nmm and a bending momeni of 3 x 108 Nmm. 


Sol. Given : 
Maximum shear stress = 80 N/mm? 
Torque, T =4x10°Nmm 


Bending moment, M=8x 10°Nmm 
Let D, = External diameter of shaft 
D, = Interna! diameter of shaft 
Then D, = 2D; 
Using equation (16.19) for a follow shaft, we get 


tt 








Maximum shear stress = M? 


be 80 = a x 10°)? + (4x 10°) 


4s -(22) 











a” 


ca hs eS ae ae a ae 


so a nil asses 
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_ 16D, x 10°[ 9 +16] 16x 10° x5 


j 1 iz 15 
eDit-ge] aD TG 
16x 10° x5x16 
a is 6 
Dy iE wes 0.3395 x 10 
D, = (0.3395 x 10%)" = 0.3395" x 10? = 69.78 mm. Ans. 
D 7 
and D;= 3 SR = 34.89 mm. Ans. 


2 


16.18. EXPRESSION FOR STRAIN ENERGY STORED IN A BODY DUE TO TORSION 
Consider a solid shaft which is in torsion. Take an elementary ring of width dr at a 
radius r as shown in Fig. 16.10. 
Let D = Diameter of shaft 
i = Length of shaft 


mit 


R = Radius of shaft = 


+t = Shear stress on the surface of the shaft i.e., at 
radius R 

C = Shear modulus or modulus of rigidity 

U = Total shear strain energy in the shaft. 





Then shear stress due to torsion at a radius r from the Fig. 16.10 
centre is given by 
tee r 
we ary 
gp ore Ge ee 
Area of elementary ring, dA = 2ur.dr 


V=dAl=2nrxdrxi 
The shear strain energy is given by equation (16.9) as, 


Volume of ring, 


_ (Shear stress)* 
; 2C 
.. Shear strain energy in the ring of radius r 


, 2 
ae 
e oo el 
= ~~ x 2nr. dr = ——— 

ag amr. ar Sant 
Total shear strain energy stored in the shaft is obtained by integrating the above equa- 


tion between limits 0 to R. 


Shear strain energy x Volume 


xr? x Qnr dr. 


.. Total strain energy stored in the shaft, 


dA = 2n.dr) 
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aL R 
3 ey ia 2 = +d) 
2CR? [ I, Pade | 
where J = Polar moment of inertia of the shaft 
= oS x D* for a solid shaft. 
Total strain energy in the shaft due to torsion, 
2 
ot my 
= Sor? * 32” 
vl x 
5p hes pace 4 Sa = 
OCR? * gg * (QR) (. D=2R) 
ay" 2 
wed A t 
=——> x — x 16Rt = — . aR’, 
acRY 2 a 
2 
= ae ae Cy. Volume, V = 7R2.2)  ...(16.20) 


Total strain energy in the hollow shaft due to torsion 
Let D = Outer dia. of shaft ; 
d = Inner dia. of shaft 
J = Polar moment of inertia of hollow shaft 


— 7 tp_ yA 
39 [D* - d4] 
Substituting the value of J in equation (), we get 
Total strain energy in the hollow shaft due to torsion, 














il 1 
U = —— x 4 _ 4 
p0R? * 3g P'-@ . ‘0 
2 
= Zw ap- a |: R-2| 
ac{ 2 me . 
2 
wixd x 
= — [(D? + dD? - d? 
top me te 
2 
ee m 2_ g2) D2 + 2 
spt «EK D?- PID? + a) 
2 
2 VED E -= 0? -a).1] 
2 
= ey OV (16.21) 


Problem 16.28. Determine the maximum sirain energy. stored in a@ solid shaft of 
diameter 10 cm and of length 1.25 m, if the maximum allowable shear stress is 50 Nimm?. 
Take C = 8 x 104 Nimm?. 

Sol. Given : : 

Dia. of shaft, D=10cm 


Area of shaft, = ; x 10? = 78.54 cm? = 7854 mm? 
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Length of shaft, 2=1.25 m= 125cm 
Volume of shaft, V=Ax1 = 78.54 x 125 = 9817.5 cm® = 9817.5 x 108 mm? 
Maximum allowable shear stress, 
+ = 50 N/mm? 
(shear stress is maximum on the surface of the shaft) 
Modulus of rigidity, C= 8 x 10* N/mm? 
Let U = Shear strain energy stored in the shaft. 
Using equation (16.20), we get 





v2 50° 
a Bee fs ca 3 
U= 46 * a eiet x 9817.5 x 10 


= 76699 Nmm. Ans. 
Problem 16.29. The external and internal diameters of a hollow shaft are 40 cm and 
20 em. Determine the maximum strain energy stored in the hollow shaft if the maximum 
allowable shear stress is 50 N/mm? and length of the shaft is 5 m. Take C = 8 x 104 Nimm?. 


Sol. Given : 2 
External dia., D=40cm = 400 mm 
Internal dia., d= 20cm = 200 mm 


Area of cross-section, A = : (402 — 20%) = 942.47 cm? = 94247 mm? 


Maximum allowable shear stress (i.e., shear stress on the surface of the shaft), 
t= 50 N/mm? 

Length of shaft, Z2=5 m= 500 cm 

Volume of hollow shaft, 

V=Ax1 = 942.47 x 500 = 471235 cm? = 471235 x 10? mm? 

Modulus of rigidity, C= 8 x 104 N/mm? 

Let U = Strairi energy stored 

Using equation (16.21), we have 


v2 


4CD? 





(D* + dx V 


2 
= Ea x (400? + 2007) x 471235 x 108 
= 4601900 Nmm = 4601.9 Nm. Ans. 

Problem 16.30. Calculate the diameters of a hollow shaft of the same.length and same 
cross-sectional area as a solid shaft of 15 cm diameter if the strain energy in the hollow shaft is 
25% greater than that of solid shaft transmitting the same torque at the same maximum shear 
stress. : 

Sol. Given : 

Dia. of solid shaft, D=15 cm 


Us 


Area of solid shaft, A = t x 15? = 56.25 x cm? 


Area of solid shaft = Area of hollow shaft 
Length of solid shaft = Length of hollow shaft 
.. Volume of solid shaft = Volume of hollow shaft 
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-or 


‘or 


or 


Strain energy in solid shaft = 1.25 of strain energy in solid shaft 
Maximum shear stress in solid shaft 
= Maximum shear stress in hollow shaft 
Let D, = External dia. of hollow shaft 
D, = Internal dia. of hallow shaft 
Cross-sectional area of hollow shaft 


1h 
= ger - D,?1. 
But cross-sectional area of hollow shaft 
= Area of solid shaft (given) 
10% 2_ D2) = 56.25n 


o ~D, 2 56.25 x 4 = 225 wd) 
Let tH spe heat stress in solid as well as in hollow shafts, 

U, = Strain energy of solid shaft, and 

U, = Strain energy of hollow shaft. 
Using equation (16.20) for the strain energy in solid shaft, we get 


2 
U,= a x Volume of solid shaft. 
Using equation (16.21) for the strain energy in hollow shaft, 





(D,? ~ D,”) x Volume of hollow shaft 





ee ie: a 
(-- External dia. = D,, Internal dia. = D,) 
But U, = 1.25 x U, 
5 (D,? + D,*) x Volume of hollow shaft 
. as 


2 
= 1.25 x ra x Volume of solid shaft 
av 2 2 + 
ACD,” @, + D, )= 1.25 4c 
(Volume of hollow shaft = Volume of solid shaft) 
D,? + D,? 
D? 
D,? + Dy? = 1.25 D? 
D,= 1.25 D, 2. D,? = 0.25 D/? 


D, = J0.25D,? =0.5D, ...(ii) 


Substituting this value of D, in equation (i), we get 
D/?- 0.25 Dy? = 225 or 0.75 D,? = 225 
225 
2 = —_ = 
Pr gee 


D, = 300 = 17.32 cm. Ans. 


2 
= 1.25 [Concetin a to both sides) 
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Substituting this value of D, in equation (ii), we get 
D,=0.5 x 17.32 = 8.66 cm. Ans. 
Problem 16.31. A solid circular shaft of 10 cm diameter of length 4 m is transmitting 
112.5 RW power at 150 r.p.m. Determine : (i) the maximum shear stress induced in the shaft 
and (ii) Strain energy stored in the shaft. Take C = 8 x 10? N/mm?. 


Sol. Given ; 

Dia. of shaft, D=10cm= 100 mm 

Length of shaft, l=4m=4000 mm 

Power, P=112.5kW=112.5x10°W 
Speed of shaft, N= 150 r.p.m. 


Modulus of rigidity, C=8 x 104N/mm? 
Let += Maximum shear stress induced in the shaft and 
U = Strain energy stored in the shaft. 
22NT 
60 
2nx150x T 
60 
112.5 x 10° x 60 
~~ 2x x 150 


We know P= 


or 112.5 x 10° = 


= 7159 Nm = 7159000 Nmm 


But we know, a 


= 3 
or 7159000 = 6 xt x 100 


_! 169000 x 16 
xx 108 
Using equation (16.20) for strain energy, 


= 86.5 N/mm? 


2 
Us= re x Volume of shaft 


_ 36.5” 
4x8x10+ 
36.57 
“4 x8x ‘t04 a qi 
= 130793 Nmm. Ans. 


Problem 16.32. A hollow shaft of internal diameter 10 cm, is subjected to pure torque 
and attains a maximum, shear stress q on the outer surface of the shaft. If the strain energy 


x Volume of shaft 





x 100? x 4000 fe Volume = : x D? x i 


2 
stored in the hollow shaft is given by a x V, determine the external diameter of the shaft. 


Sol. Given : 
Internal dia., d=10cm 
Maximum shear stress =T 


*Please see equation 16.4 on page 675. Here g = t. 
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2 . 
Strain energy stored, U= a xV where V = Volume 


Let ' D = External diameter of the hollow shaft. 
Using equation (16.21) for the strain energy in hollow shaft 


(D? + d?)x V 





2 
T 
U= 
4CD* 
Equating the two values of strain energy, we get 
2 





2? 
24 q2 vel 
(D? + d?) x ee 


ro 
2 
is D? +d? _i [ Canceling ~ x V to both sides] 
AD? 3 Cc 
or 3D? + 3d? = 4p? 
oe 3d? = 4D? ~ 3D? = D? 
Dp? 


Gr =3 or 2-8 = 1.732 

‘ D=1.7382 xd =1.732 x 10=17.382cem. Ans. 

16. 13.1. Torsion of tapering shafts. Fig. 16.10 (a)shows a shaft which tapers uniformly 
from radius R, to radius R, and the shaft is subjected to a twisting moment T. Due to the 
twisting moment, the sheer. stress will be developed in the shaft. The shear stress is directly 
proportional to radius. Hence shear stress will be 
different at the surface of the two ends of the shaft 
(as the two ends are having different radius). 

Let t, = Shear stress on the surface of the 

shaft at left end where radius is R, 
= Shear stress on the surface of the o 
shaft at right end where radius isR, tie fe ox 
t, = Shear stress on the surface of the j¢ = L >] 
shaft which is at a distance of x from ; 
the left end e Fig 8G) 
ZL = Length of the shaft 
D, = Dia. of shaft at left end = 2R, 
D, = Dia. of shaft at right end = 2R, 
D,, = Dia. of shaft at a distance x from the left end = 2R,, where R, is the radius at 
that section. : 
The radius R, at a distance x from left end is given by, 


or 





Ty 








~R 
a, = 8, +2 :) xx 
or diameter D, at a distance x from left end is given by 
D,-D, A 
D,=D,+ L xx .-(é) 
We know that, T=tx 7 D3, 
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The shaft is subjected to a constant torque 7’. 

x x 
= i 7p 3 —p3 
T=, x sabe %x 7g Ds %* 7g Ps 

or Tx D3 = Tx D3 =T,X D3 .. (it) 

Let us find the total angle of twist for this tapering shaft of length ‘L’, 

Consider a small length dx of this shaft. 

Let d@ = Angle of twist of small length dx 

6 = Total angle of twist of total length ‘L’ 














: : T Ce 
Using equation, BF ote 
For a small length dx, the angle of twist is d0. Hence the above equation becomes as 
Tr 3 Cx de 
J ax 
where J = Polar moment of inertia corresponding to diameter D, 
-~p*4 
= 39 Ps 
am do = LX T x dx _ 327 x dx 
JIxC 2 ptxe xC x D,4 
320-, 
a jg 32T dx : 
xxx], yee xx] 
| - Dy =D, + oreo x from equation @| 
Dz, -D 
Let 2 z + = k (some constant) 
Then ee 


mx Cx[D, + ke}! 
The total angle of twist for the total length of the shaft is obtained by integrating the 
above equation as given by 
a= | do 
7 c 32 T dx 
0 xxCx([D, + kx]* 
32T ft : dx 
axC Jo [D, + kx}? 


(- x varies from 0 to ZL) 





(- Tis constant) 


gor [D1 + kay] 














a ae Lane’ 
ax (-3)xk 
OOP aye 
Wie 2% =[w,+ kx) i; 
24 227 2D, + ALY? (Dy 


mxC 3k 
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32T 1 1 1 
Se ee ae ee 
xxC 3k|(D,+kL)® Dy 
D,-D : 
2=—* =kbenceD,=Lk+D, or D, =D, + kb 
Now above equation becomes as 


pepe aoa | 





As 


nO” 3k D DP 


32F 1}; It 1 
wiley pete ee | ee a re .-[16.21(A)] 
xC ” 3k la its 
Problem 16.32(A). Determine the angle of twist and maximum shear stress developed 
in a shaft which tapers uniformly from a diameter of 160 mm to a diameter of 240 mm. The 
length of shaft is 2m and transmitts a torque of 48 kNm. Take the value of modulus of rigidity 
for shaft material as = 80 GN/m?. 


Sol. Given : 

D,=160 mm = 0.16 m; D, = 240 mm = 0.24 m, L = 2m, T = 48 kNm = 48 x 10° Nm, and 
C = 80 GNim? = 80 x 10° N/m? 

Find : (i) Angle of twist @ and 

(ii) Maximum shear stress developed. 

(i) Angle of twist, 6 

The angle of twist, 0 is given by equation 16.21(A), as 


327 le 1 








= 5c *3ki De DP 
D, -D 
where io 
0.240-0.160 0.08 
Ss 9 sg 08 
32 x 48 x 10° 1 i 1 
§= ———--—_———_- x eg ae 
nmx80x10° 3x0.041016% 0.24 


[- T=48x103Nm and C= 80x 10° N/m?] 
= 0.00005098 [244.14 ~- 72.34] 


= 0.00875 radians = .00875 x a = 0.501. Ans. 


(ii) Maximum shear stress developed 


We know 


For a given torque, the shear stress on the surface of the shaft will be maximum where 
diameter is minimum. Hence at smaller diameter, the shear stress will be maximum. 


1 
7 ee 3 
T=tx 16 x D 


T=t, 3% 7 x D3 where D, = smaller diameter = 0.160 m 


A er PN RA eR TE TTA A 
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or 48 x 10 = thax % Gg X 0-168 
48 x 10° x 16 
or Tuas aero 59683103 N/m? = 59.683103 MN/m?. Ans. 


16.14. SPRINGS 


Springs are the elastic bodies which absorb energy due to resilience. The absorbed en- 
ergy may be released as and when required. A spring which is capable of absorbing the great- 
est amount of energy for the given stress, without getting permanently distorted, is known as 
the best spring. The two important types of springs are : 


1. Laminated or leaf springs and 
2. Helical springs. 


16.14.1. Laminated or leaf spring. The laminated springs are used to absorb shocks 
in railway wagons, coaches and road vehicles (such as cars, lorries etc.). 


Fig. 16.11 shows a laminated spring which consists of a number of parallel strips of a 
metal having different lengths and same width, placed 
one over the other. Initially all the plates are bent to 
the same radius and are free to slide one over the other. 
Fig. 16.11 shows the initial position of the spring, 
which is having some central deflection 6. The spring 
rests on the axis of the vehicle and its top plate is 
pinned at the ends to the chassis of the vehicle. 


When the spring is loaded to the designed load 
W, all the plates becomes flat and the central deflec- 
tion (8) disappears. 


Let &= Width of each plate 
n = Number of plates 
£ = Span of spring 
o = Maximum bending stress developed in the plates 





Fig. 16.11 


é = Thickness of each plates 
W = Point load acting at the centre of the spring and 
§ = Original deflection of the top spring. 
Expression for maximum bending stress developed in the plate. The load W 
acting at the centre of the lowermost plate, will be shared equally on the two ends of the top 
plate as shown in Fig. 16.11. 


i 
B.M. at the centre = Load at one end x 2 


Wii Wil . 
or M eSNG a gt .() 
The moment of inertia of each plate, 
3 
28 
12 
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But the relation among bending stress (0), bending moment (M) and moment of inertia 
(I) is given by 


aM ae [Here y= <) 
I» 2 
ox bit 2 
or M= or xI= _ 42 o. bt" 
¥ é 6 
/ 2 
Total resisting moment by n plates 
2 
re wet dé) 


As the maximum B.M. due to load is equal to the total resisting moment, therefore 
equating (2) and (2), 





Wi no.bt? 
4 6 
6W.l __ 3Wi 


O an.b.t® | Inbe (16.22) 


Equation (16.22) gives the maximum stress developed in the plate of the spring. 
Expression for central deflection of the leaf spring 
Now R = Radius of the plate to which they are ° 





bent. 
From triangle ACO of Fig. 16.12, we have 
AO? = AC? + CO? 


A 


Qe cree ceneee 


ry? 
or R= (=) +(R- 8)? 
2 A D 
22 ce Be ee ae ‘ 
aa + R2 + 8 — 2RS 
P : 
= #4 pee no $2 whi 
ae +R*-2R8 (Neglecting 5* which Fig. 16.12 


is a small quantity) 
Fk 
2R6 = -— 
4 
2 2 
6= l = a 
4x2R 8R 
But the relation between bending stress, modulus of elasticity and radius of curvature 
(R) is given by 





--(Eit) 


mS 








am <4 


il 


t 
H == 
( ere y 5 


‘ 
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Substituting this value of R in equation (iii), we get 


4, P x20 _o. L? 
" 8xExt. “4Et 
Equation (16.23) gives the central deflection of the spring. 
Problem 16.33. A leaf spring carries a central load of 3000 N. The leaf spring is to be 
made of 10 steel plates 5 cm wide and 6 mm thick. If the bending stress is limited to 150 N/mm? 
determine : ; 
(i) Length of the spring and 
(ii) Deflection at the centre of the spring. 
Take B= 2x 10° N/mm?. 


3 (16.23) 


Sol, Given : 

Central load, W =3000N 

No. of plates, n=10 

Width of each plates, 6b=5cem=50 mm 
Thickness, t=6mm 
Bending stress, o = 150 N/imm? 


Modulus of elasticity, #=2x 105N/mm?. 
Let 7 = Length of spring 
5 = Deflection at the centre of spring. 
Using equation. (16.22), 
_ 3Wi 
~ Onbt? 
_ 8x 3000 x! 
~ 2x10 x 50 x 6? 


j = 150. x 2x 10 x 50 x 6” 
; 3 x 3000 
Using equation (16.23) for deflection, 
2 2 
Bape ee gia mans “as. 
4Et 4x2x10°x6 

Problem 16.34. A laminated spring 1m long is made up of plates each 5 cm wide and 
lem thick, If the bending stress in the plate is limited to 100 N/mm?, how many plates would 
be required to enable the spring to carry a central point load of 2kN ? If E = 2.1 x 10° N/mm, 
what is the deflection under the load ? (AMIE, Summer 1982) 





or 150 


= 600mm. Ans. 


Sol. Given : 

Length of spring, Z=1m=1000mm 
Width of each plate, b=5cem=50mm 
Thickness of each plate, {= 1cm= 10mm 


Bending stress, o = 100 N/mm? 
Central load on spring, W = 2 kN = 2000 N 
Young’s modulus, E = 2.1 x 10° N/mm? 
Let n= Number of plates and 

6 = Deflection under the load. 





"are the springs in which helix angle is very small or in other words 


-.. coils of a close-coiled helical springs are to stand purely torsional 
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Using the equation (16.22), 





_ 3H 5. yop = 8% 2000 1000 
oF be Cn x 50 x 10? 
3x 2000x1000 6 aie 


a "= To0x2x50x100 — 


' Deflection under load 
Using equation (16.23), 


16.14.2. Helical Springs. Helical springs are the thick spring wires coiled into a helix. 


~~ ‘They are of two types : 


1. Close-coiled helical springs and 
2. Open coiled helical springs. 
Cloese-coiled helical springs. Close-coiled helical springs 


the pitch between two adjacent turns is small. A close-coiled helical 
spring carrying an axial load is shown in Fig. 16.13. As the helix 
angle in case of close-coiled helical springs are small, hence the 
bending effect on the spring is ignored and we assume that the 


_ stresses. 

: Expression for max. shear stress induced in wire. 
Fig. 16.13 shows a close-coiled helical spring subjected to an axial 
oad. 





Let d= Diameter of spring wire 
p = Pitch of the helical spring 
n = Number of coils 
R = Mean radius of spring coil 
W = Axial load on spring 
C = Modulus of rigidity 
+ = Max. shear stress induced in the wire 
@ = Angle of twist in spring wire, and 
& = Deflection of spring due to axial load 
i = Length of wire. 
Now twisting moment on the wire, 
T=WxR Ct} 
But twisting moment is also given by 


Poe Mii) 
Equating equations (z) and (ii), we get 
Wx Rev xd _ LW xk 
xR= 7g wd? or t= 3 


Equation (16.24) gives the max. shear stress induced in the wire. 


...(16.24) 


a a aera card 
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Expression for deflection of spring 
Now length of one coil = xD or 2aR 
Total length of the wire = Length of one coil x No. ofcoils or /=2ah xn. 
As the every section of the wire is subjected to torsion, hence the strain energy stored by 
the spring due to torsion is given by equation (16.20). 
Strain energy stored by the spring, 


x2 2 . 
Ue= iC . Volume = 40" Volume 








2 
= (LUBY «2 «(Sat xe) 
nd 4C \4 
I t= a and Volume = 2d? x Total length of wire] 
32W?R® 32W?R? nn 
~ cat” es age ..{16.25) 
Work done on the spring = Average load x Deflection 
=4Wxé (- Deflection = 8) 
Equating the work done on spring to the energy stored, we get 
23 
LW8= 32W i n 
Cd 
64WRPn 
wren Cat ...(16.26) 
Expression for stiffness of spring 
The stiffness of spring, 
s = Load per unit deflection 
eae (16.27) 
58 64.WR?.n 64.R°.n Wie 
Cd* 


Note. The solid length of the spring means the distance between the coils when the coils are 
touching each other. There is no gap between the coils. The solid length is given by 
Solid length = Number of coils x Dia. of wire = 2 x d --(16.28) 
Problem 16.85. A closely coiled helical spring is to carry a load of 500 N. Its mean 
coil diameter is to be 10 times that of the wire diameter. Calculate these diameters if the 
maximum shear stress in the material of the spring is to be 80 N/mm’. 
{AMIE, Summer 1985) 


Sol. Given : 

Load on spring, W=500N 

Max. shear stress, += 80 N/mm? 

Let d = Diameter of wire 
D = Mean diameter of coil 
D=10d. 

Using equation (16.24), t= ar 
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16 x 500 x (3) ‘ D 
80 = 2) G R= 3) 
a a xd 2 
8000 x (42) 
= (- D=10d) 
nd? 
or 80 x ad? = 8000 x 5d 
or ogi SUES pone 
80x 


d= J/159.15 =12.6mm=1.26cem. Ans. 

fs D=10xd=10x1.26=12.6 cm. Ans. 

Problem 16.36. In problem 16.35, if the stiffness of the spring is 20 N per mm deflection 
and modulus of rigidity = 8.6 x 101 N/mm?, find the number of coils in the closely coiled helical 
spring. 

Sol. Given : 

Stiffhess, 

Modulus of rigidity, 

From problem 16.35, 

W = 500 N, t= 80 N/mm? 
d = 12.6 mm and D = 126 mm __ 
R = D/2 = 126/2 = 68 mm 


s = 20 N/mm 
C = 8.4 x 104 N/mm? 





Let n = Number of coils in the spring 
We know, stiffmess = Toad 
500. 
or 20 = 5 
500 
6= 20 = 25mm 
Using equation (16.26), 
oe 65WR? .n 
C.d* 


_ 64 x 500 x (63)° xn 


25 = ae a 
or 84x10 x 12.64 (. & =63 mm) 
6 4 4 
= 25 x 84x10 ele = 66 say 7.0 
84 x 500 x (63) 
or n=7. Ans. 


Problem 16.37. A closely coiled helical spring of round steel wire 10 mm in diameter 
having 10 complete turns with a mean diameter of 12 cm is subjected to an axial load of 200.N. 
Determine : (i) the deflection of the spring (ii) maximum shear stress in the wire, (iii) stiffness of 
the spring. Take C =8 x 104 N/mm?. 

Sol. Given : 


Dia. of wire, d=10mm 


etree = 
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No. of turns, n= 10 
Mean dia. of coil, D=12cm=120 mm 
-. Radius of coil, R=D/2=60 mm 


Axial load, W=200N 
Modulus of rigidity, C=8 x 104 N/mm? 
Let § = Deflection of the spring 


t= Max. shear stress in the wire 
s = Stiffness of the spring. 
(i) Using equation (16.26), 


64WR? xn 64 200x 60° x 10 





Sas 8x10! x10* = 845mm. Ans. 
(ii) Using equation (16.24), 
16 x 200 
t= eee = —— = 61.1 N/mm?. Ans. 
nd nx 10 
(iii) Stiffness of the spring, 
W 200 
Ss a aan 5.8 N/mm. Ans, 


Problem 16.38. A close coiled helical spring of 10 cm mean diameter is made up of I em 
diameter rod and has 20 turns. The spring carries an axial load of 200 N. Determine the shear- 
ing stress. Taking the value of modulus of rigidity = 8.4 x 104 N/mm?, determine the deflection 
when carrying this load. Also calculate the stiffness of the spring and the frequency of free 
vibration for a mass hanging from it. (AMIE, Winter 1982) 

Sol. Given : 

Mean diameter of coil, D = 10cm = 100 mm 

.. Mean radius of coil, R = 5 cm = 50 mm 


Diameter of rod, d=l1em=10mm 


Number of turns, n= 20 

Axial load, W=200N 

Modulus of rigidity, C= 8.4 x 104 N/mm? 

Let t = Shear stress in the material of the spring 


6 = Deflection of the spring due to axial load 
s = Stiffness of spring 
t = Frequency of free vibration. 


Using equation (16.24), 
16WR 16x 200x50 
Sane age 50.93 N/mm”. Ans. 
Deflection of the spring 
Using equation (16.26), 
3 3 
ix 64WR° xn — 64x 200x 50° x 20 age Hok mis CAne: 


Cd* SB Ax 10* x 107 
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" Stiffness of the spring 

7 Load on spring 200 
Stiffness = Deflection of spring = 38.095 

“Wrequency of free vibration 


= 5.25 N/mm. Ans. 





6 = 38.095 mm = 3.8096 cm 


1 981 
ae a 3.8095 7 2.55 cycles/sec. Ans. 


- Problem 16.39. A closely coiled helical spring of mean diameter 20 cm is made of 3 em 
diameter rod and has 16 turns. A weight of 3 kN is dropped on this spring. Find the height by 

- ‘which the weight should be dropped before striking the spring so that the spring may be com- 

“pressed by 18 cm. Take C = 8 x 104 N/mm?, 

Sol. Given : 

Mean dia. of coil, 





Using the relation, t= ale -; 


D = 20 cm = 200 mm 
200 


= Ay = 100 mm 


Dia. of spring rod, d=3em=30mm 
Number of turns, n=16 
Weight dropped, W=3kN =3000N 
Compression of the spring, 5=18cm= 180mm. 
Modulus of rigidity, C = 8 x 10* N/mm? 
Let h = Height through which the weight W is dropped 
W = Gradually applied load which produces the compression of spring equal to 


Mean radius of coil, 


180 mm. 
Now using equation (16.26), 
< 64W.R? on 
Cd* 
ont 64 x W x 100° x 16 
= 180 = 10° x 30" 
180 x 8 x 104 x 304 


or W = EXE XS = 11890 N 
os 64x 100° x 16 


Work done by the falling weight on spring 
= Weight falling (h + 8) = 3000 (A + 180) N-mm 
Energy stored in the ene =4Wxsd 
= 4 x 11390 x 180 = 1025100 N-mm. 
Equating the work done iy the falling weight on n the spring to the energy stored in the 
spring, we get 
3000(2 + 180) = 1025100 


“1025100 
~ h + 180 = S099 = 941-7 mm 


A = 341.7-180= 161.7 mm. Ans. 
Problem 16.40. The stiffness of a close-coiled helical spring is 1.5 N/mm of: compression 
“under a maximum. load of 60 N. The maximum shearing stress produced in the wire of the 


ela ae es ee ne Sp es ee A a ees 
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spring is 125 Nimm?. The solid length of the spring (when the coils are touching) is given as 
5em. Find : (i) diameter of wire, (ii) mean diameter of the coils and (iii) number of coils required. 
Take C = 4.5 x 104 Nimm?. 

Sol. Given : 


Stiffness of spring, s=15 N/mm 
Load on spring, W=60N 
Maximum shear stress, t= 125 N/mm? 


Solid length of spring, =5cem=50mm 
Modulus of rigidity, C= 45 x 104 N/imm?. 
Let d = Diameter of wire, 
D = Mean dia. of coil, and 
D 
R= Mean radius of coil = 2 
n = Number of coils. 
Using equation (16.27), 
4 4 94 
= a or 15= 45x10 xd" 10 xd 
64.R°.n 64x Re xn 
‘ 
di = LSxGAxR x” _ 9. q02183K° xn wi) 
4.510 
Using equation (16.24), 
es ee or 125- iexeoee 
xd nd 
125 x nd® 
ee 3 hi 
R= 16x60 ~ 0.40906d . 20) 


Substituting the value of R in equation (i), we get 
d* = 0.002133 x (0.40906d3)° x n 
= 0.002133 x (0.409065) x d? xn = 0. 00014599 x a? xn 
din 1 cM wad 
ae “a “agoikes, 2 Gooniasoa ee? 
Now using equation (16.28), 
Solid length. =nxdor50=nxd 


n= 2 ...(iv) 
Substituting this value of n in equation (iii), we get 
50 1 
By ae = 
ea 000014599 
or dt= a = 136.99 


0.00014599 "BO 
= (136.99)4 = 3.42 mm. Ans. 


Substituting this ade in equation (uv) 
50 =—50 


n= a3427 = 14.62 say 15. Ans. 
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Also from equation (éz),- 
R= 0.40906 d? = 0.40906 x (3.42)8 = 16.36 mm 
i.e., | Mean dia. of coil, D=2R =2 x 16.36 = 32.72.mm. Ans. : 
Problem 16.41. A close-coiled helical spring has a stiffness of 10 N/mm. Its length 


when fully compressed, with adjacent coils touching each other is 40 cm. The modulus of rigid- 
ity of the material of the spring is-0.8 x 10° N/mm?. 


(i) Determine the wire diameter and mean. coil diameter if their ratio is > 0° 


(ii) If the gap belied’ any two adjacent coil is 0.2 cm, what maximum load can be applied 
before the spring becomes solid, i.e., adjacent coils touch ? 


(iii) What is the corresponding maximum shear stress in the spring ? (AMIE, May 1976) 
Sol. Given : 
Stiffness of spring, s =10 N/mm 
Length of spring when fully compressed i.e., solid length 
t = 40 cm = 400 mm 
Modulus of rigidity, C= 0.8 x.10° N/mm? 
Let d = Diameter of wire of spring 
D = Mean coil diameter 
n = Number of turns 
W = Maximum load applied when spring becomes solid 
t = Maximum shear stress induced in the wire. 


dad i 
Now D™ to 
Gap between any two adjacent coil = 0.2 cm =.2.0 mm 
Total gap in coils = Gap between two adjacent coil x Number of turns 


=2xnmm. 


compression of the coil will be equal to the total gap in the coil. 
Maximum compression, 6 = 2 x n mm 
Now using equation (16.27), 
4 0.8 x 10° x d* 
e eee of) oe 
64.R° in 


3 
di= 10x64 xR" xn _ 8 RBxn +d) 
10° 


64.R? on 


0.8 x 10° 
But from equation (16.28), 


Solid length =n x d or 400 =n xd. 
; DS «-(Zi) 
Substituting the value of n in equation (i), 
3: 
a= (3 . iE Rx SP 28.2% 5 i 


108 d d 
or . eet: : 








When spring is fully compressed, there is no gap in the coils and hence maximum | e 
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But mean coil radius, 


aia 
~ 2 
3 
d§ =3.2 (2) Son 20a 
2 ) 8 
5 a? : 
or as =0.4 or d?=0.4 
1 : 2 ( , a = a 
or (33) .d%=0,4 “ DT 
ae . 
= /400 =20mm=2cm. Ans. 
: 1 
But D bs 10 © 
D=10xd= ‘10x 2= 20.0 cm. Ans. 
Lat us find first number of turns. 
From equation (ii), we have 
400 400 z 
eee eet. d= 20 
eS cas” oye é ) 


6=2xn=2x 20=40 mm 
We know, stiffness of spring is given by 


Ww Ww 
‘= or 10= 45 


W=10x40=400N. Ans. 
dag equation (16.24), we have 
16.W.R 
nd? 
16 x 400 x 100 e 
is ux 208 ‘ 
= 25.465 N/mm”. Ans. 
Problem 16.42. Two close-coiled concentric helical springs of the same length, are 
wound out of the same wire, circular in cross-section and supports a compressive load ‘P’. The 
inner spring consists of 20 turns of mean diameter 16 cm and the outer spring has 18 turns of 
mean diameter 20 cm. Calculate the maximum stress produced in each spring if the diameter of 
wire = 1 em and P = 1000 N. . (AMIE, Summer 1989) 
Sol. Given : , 
Total load supported, P=1000N 
Both the springs are of the same length of the same material and having same dia. of 
wire. Hence values of L, C and ‘d’ will be same. — 
For inner spring 
No. of turns, n, = 20 


t= 


- 2-2. 10cm~= 100mm) 
2° 9 


D,=16cm=160mm « R= ae 


Mean dia., ta 
d,=1cm=10 mm 


= 80 mm 
Dia. of wire, 
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~ springs will be same. 


or 


“or 
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“ For outer spring 
; No. of turns, n,=18 
200 
Mean dia., Dy = 20 cm = 200 mm Ry= rt 100 mm 


Dia. of wire, dj=icm=10mm 
Let W, = Load carried by inner spring 
W, = Load carried by outer spring 
t; = Max. shear stress produced in inner spring 
= Max. shear.stress produced in outer spring. ‘ 
Now W,+W,=Totalloadcarried=1000 wi) 
Since there are two close-coiled concentric helical springs, hence deflection of both the 


6) = 5, where 6, =@eflection of outer spring 
5, = Deflection of inner spring. 
The deflection of close-coiled spring is given by equation (16.26) as 
64W x R? xn 
= Cxd* 
Hence for outer spring, we have 


G4Wy x Ry? x ng  64Wy x 100? x18 
Gag 2 eeagh a 2h em ee) 


Similarly for inner spring, we have 
64W; xR; xn; _ 64W, x 80° x 20 


6, = = 
: Cxd,é Cx 104 
(Material of wires is same. Hence value of C will be same.) 
But 8 = 6, 
64W, x 100° x18  64W, x 80° x 20 
Cx 104 cx10* . 
W, x 100° x 18 = W, x 80%x 20 
: 3 
W, = te et = 0.569 W,. 
100° x 18 BN 


Substituting the value of Wo in equation (z), we get 
W, + 0.569 W,= 1000 or 1.569 W, =.1000 
1000 
W,= L569 = 637:3 N. 

But from equation (i), W, + W, = 1000 

‘ W, = 1000 - W, = 1000 - 637.3 = 362.7 N. 
The maximum shear stress produced i is given by equation (16.24) as 

~ 16 WR 


nd xd? 








Se a a 
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For outer spring, the maximum shear stress produced is given by, 
: 64Wy x Ry _ 16 x 362.7 x 100 
oe dy? . xx 10° 
= 184,72 Nimm?, Ans. 
Similarly for inner spring, the maximum shear stress produced is given by, 
= 1X xR; _ 16x 637.3 x 80 . 
i on™ a? ax 10° 
= 259.66 N/mm”. Ans. 
Problem 16.43. A closely coiled helical spring made.of 10 mm diameter steel wire has 


15 coils of 100 mm mean diameter. The spring is subjected to an axial load of 100 N. Calculate : 


(i) The maximum shear stress induced, 

(ii) The deflection, and 
(iii) Stiffness of the spring. 

Take modulus of rigidity, C = 8.16 x 104 N/mm?. 

(AMIE, Winter 1990 ; Converted to S.I. units) 

Sol. Given : 

Dia. of wire, d=10mm 
Number of coils, = 15 
Mean dia. of coil, D = 100 mm 


0 
Mean radius of coil, R = ae = 50 mm 
Axial load, W=100N 
Modulus of rigidity, C= 8.16 x 104 N/mm”. 


(i) Maximum shear stress induced 
i6WR 16x 10050 


Using equation (16.24), t = a = aa 


= 24.46 Nimm?, Ans. 
(it) The deflection (8) 
Using equation (16.26), 
G4W xR? xn 64x 100x 50° x 15 
Cxd* —-8.16x 104 x 104 
=14.7 mm. Ans. 

(iii) Stiffness of the spring 

* Load on spring 
Deflection of spring 


6= 


Stiffness = 


= _Uoadonspring__ 100 |g s09Némm. Ans. 
Deflection of spring 14.7 
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1. 


8. 


HIGHLIGHTS 


A shaft is in torsion, when equal and opposite torques are applied at the two ends of a shaft. 
The relation of maximum shear stress induced in a shaft subjected to twisting moment is given 
by ; 
SE 
ROL 
where += Maximum shear stress, 
R= Radius of shaft, 
C = Modulus of rigidity, 
_ 6 = Angle of twist in radian, and 
L = Length of the shaft. 
When a circular shaft is annie to torsion, the. ales stress at any point varies linearly from 
the axis to the surface i.e., 


eed. 
. Rr 
where 1= Maximum shear stress on the’surface of the shaft 
_ R= Radius of surface 
ce 4 Shear stress at a point which i is , at a radius ‘7’, 
The shear stress is maximum on the surface of the shaft and is zero at the axis of the shaft. 


The torque. transmitted by a solid shaft is given by — 


[2 


4 
=— +D3 
4g 


where D = Dia. of solid shaft and . 
+t = Max. shear stress. 
The torque transmitted by a hollow circular shaft is.given by 


x [2 | 
=36 *( Dy 


where Dy = External diameter, and 
D, = Internal diameter. 
Relation beeween torque, polar moment of inertia sad shear stress is given as 
T + CO s 


‘where J = Polar. moment of inertia 


x 
=— pt 
32 


=o ee D,*] 


.. For a solid shaft 


.. For a hollow shaft. 


The ratio of os polar ‘moment of inertia to the radius of the shaft is known as polar soso or 
torsional section modulus. It is denoted sad 25 


Z, = 


4 S/R IS | 


Ds .,-For a. solid shaft 


... For a hollow shaft. 





4_ 4 
16Dy (D'- BA 
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9. 
16. 


il. 


12. 


13. 


14, 


15. 


16. 


1%. 


Strength of a'shaft means the: maximum torque or maximum power the shaft can transmit. 
The product of modulus of rigidity and polar moment of inertia of a shaft is known as torsional 
rigidity or stiffness of the shaft. Mathematically, 


Torsional rigidity =C xf. 














Tx oe 2 Ca! uy Tx E 

a, (2 F-Z + exs- P24) 

= Tif L = 1 metre and 6 = one radian. 
The power transmitted by a shaft is given by 

P = 

~ 60 ‘ 

The strain énergy stored in a shaft due to torsion is given by, 
3 2 . 
Ue= ac * V .. For a solid shaft 
= . (D? + d®)x V __... For a hollow shaft 
4c. a Le ; 


where D = External diameter of shaft, 
d = Internal diameter of shaft, 
T = Modulus of rigidity, and 
.t = Shear stress on the surface of the shaft. 
Polar moment of inertia (J) is a by 


Je pé .. For a solid shaft — 


a 


== = ts d‘) .. For holiow shaft. 


Springs are the elastic Soy which absorb energy due’ to resilience. Two important types of 
springs are : 
1. Laminated or leaf springs and. 
2. Helical springs. 
The maximum stress developed in the plates of a leaf spring is given by, 
. 3: Wil 
Qn .b.t? 


‘where W = Point load acting at the centre of leaf spring, 


2 = Span of leaf spring or pee of leaf spring, 
n = Number of plates, 
6 = Width of each plate, and 
t = Thickness of each plate. 
The central deflection (5) of the laminated spring is given by, 
o.P 
4E .t 
where o = Maximum stress developed in the plates, 
£ = Modulus of elasticity, 
L = Length of leaf spring, and 
T = Thickness of each plate. 
Helical springs are the thick spring wires coiled into a helix. They are of two types : 
1. Close-coiled helical springs and , 
2. Open-coiled helical spring. 


b= 
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18. The maximum shear stress induced in the wire of a close-coiled helical spring which carries.an 
axial load is given by, : 
16.W.R 
nd? 
where W = Axial load on the spring, 
R = Mean radius of spring coil, and 
d = Diameter of spring wire. 
19. For a close-coiled helical spring which carries an axial load, we have 
(i) Strain energy stored, 


BW? Ro 


Cm 
(ii) The deflection of the spring at the centre due to axial load is given as 
64.W. Ron 
: a 
(iii) The stiffness of the spring, 
cat 
s =e” 
64. R38 .n 


where Ww = Axial load on the spring, 
\n = Number of coils, 
C = Modulus of rigidity, and 
R = Mean radius of spring coil. 


EXERCISE 16 


(A) Theoretical Problems 


1. Define the terms : Torsion, torsional rigidity and polar moment of inertia. 
2. Derive an expression for the shear stress produced in a circulay shaft which is subject to torsion. 

What are the assumptions made in the derivation ? 
3. Prove that the torque transmitted by a solid shaft when subjected to torsion is given by 

T= +p 
16 
where D = Dia. of solid shaft and + = Max. shear stress. 

4, When a circular shaft is subjected to torsion show that the shear stress varies linearty from the 

axis to the surface. (AMIE, Winter 1982) 


5. Derive the relation for a circular shaft when subjected.to torsion as given below 


where J = Torque transmitted, 
J = Polar moment of inertia, 
t = Max. shear stress, 
R = Radius of the shaft, 
C = Modulus rigidity, 
6 = Angle of twist, and 
L = Length of the shaft. 
6. Find an expréssion ‘for the torque transmitted by'a hollow circular shaft of external diameter 
= D, and intérnal diameter = D,. 





%. 


8. 


9." 


10. 


11. 


12. 


“18. 


14. 


15. 


16. 
> 1%. 
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Define the term ‘Polar modulus’. Find the expressions for polar modulus for a solid shaft and for 
a hollow shaft. _ 

What do you mean by ‘strength of a shaft’ ? 

Define torsional rigidity of a shaft. Prove that the ‘torsional rigidity is the torque required to" 
produce a twist of one radian in a unit length of the shaft. 

Prove that the strain energy stored in a body due to shear stress is given by, 


2 


U=55%V 


where 1 = Shear stress, 
. C = Modulus of rigidity, and 
V = Volume of the body. 
Find an expression for strain energy stored in a body which due to torsion or 
Prove that.the:strain energy stored in a body due to torsion is given by, 
2 & 


v 
U=7a*v 


where + = Shear stress on the surface of the shaft, 

C = Modulus of rigidity, and V = Volume of the body. 
A hollow shaft of external diameter D and internal diameter d is subjected to torsion, prove that 
the strain energy stored is given by, 





a He 9 8: 
U= 3 +d2)xV 
- 4CD ‘ 
where V = Volume of the hollow shaft and 
+ = Shear stress on the surface of the shaft. 
What is a spring ? Name the two important types of spring. 
Prove that the maximum stress developed in the plates of a leaf spring is given by 
__3Wil 
Qn.b.t? > 
where W = Point load acting at the centre of leaf spring, 
1 = Span of leaf spring or length of the leaf’ spring, 
= Number of plates, 
we = Width of each plate, and 
t = Thickness of each plate. 
Prove that the central deflection of the laminated spring (or leaf spring) is given by 
_ ox e 
- 4Et 
where o = Maximum stress developed in plates, 
E = Modulus of elasticity, 
I = Length of leaf spring, and 
t = Thickness of each plate. 
Define helical springs. Name the two important types of helical springs. 
Prove that the maximum shear stress induced in the wire of a close-coiled helical spring is given 
by 





16.W.R 
nd? 
where += Maximum shear stress induced in the wire, 
W = Axial load on spring, 
R = Mean radius of spring coil, and d = Diameter of spring wire. 


t= 
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19. 


3. 


7. 


10. 


11, 
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Find an expression for the strain energy stored by the close-coiled helical spring when subjected 
to axial load W. 
Prove that the deflection of a close-coiled helical spring at the centre due to axial load W is given 
by 
64.W.R? on 
Cd* 

where R = Mean radius of spring coil, 

n = Number of coils, 

C = Modulus-of rigidity, and 

d = Diameter of spring wire. 


(B) Numerical Problems 


A solid shaft of 20 em diameter is. used to transmit torque. Find the maximum cvonue transmit- 
ted by the shaft if the maximum shear stress induced in the shaft is 50 N/mm. 
[Ans. 78539.8 Nm] 


The shearing stress in a solid shaft is not to excéed 45 N/mm? when the torque transmitted i is 
40000 N-m. Determine the minimum diameter of the shaft. (Ans. 16.49 mm] 
Find the maximum torque transmitted by a hollow circular shaft of external diameter 30 cm and 
internal diameter 15 cm if the shear stress is not to exceed 40 N/mm?. (Ans. 198.8 kN} 


6= 


’ ‘Two shafts of the same material and of same lengths are subjected to the same torque, if the first 


shaft is of a solid circular section and the second shaft is of hollow circular section, whose inter- 
nal diameter is 0.7 times the outside diameter and the maximum shear stress developed in each 


shaft is the same, compare the weights of the shafts. ; Ans. 1] 
1 


Find the maximum shear stress induced in a solid circular shaft of diameter 20 cm when the 
shaft transmit 187.5 kW at 200 r.p.m. Ans. 5.7 N/mm?] 
A solid circular shaft is to transmit 375 kW at 150 r.p.m. 

(i) Find the diameter of the shaft if the shear stress is not to exceed 65 N/mm?. 

(ii) What per cent saving in weight would be obtained if this shaft is replaced by a hollow shaft 
whose internal diameter equal to 2/rd of its external diameter; the length, the material and 
maximum shear stress being the same ? {Ans, (i) 12.29 em (i) 35.71%] 

A solid shaft has to transmit 112.5 kW at 250 r.p.m. Taking allowable shear stress as 70 N/mm?, 

find suitable diameter for the shaft, if the maximum torque transmitted at each revolution exceeds 

the mean by 20%. (Ans. 7.20 cm] 

A hollow shaft is to transmit 337.5 kW at 100 r.p.m. If the shear stress is not to exceed 65 N/mm? 

and the internal diameter is 0.6 of the external diameter, find the external and internal diam- 

eters assuming that the maximum torque is 1.3 times the mean. [Ans. 15.52 cm; 9.312 cm] 

Determine the diameter of a solid steel shaft. which will transmit 112.5 kW at 2 0 r.p.m. Also 

determine the length of the shaft if the twist must not exceed 1.5° over the at length. 

The maximum shear stress is limited to 55 Nimm?. ‘Take the value of modulus of rigidity 

= 8 x 104 N/mm?. [Ans. 7.9 om, 450: 4 cm] 

Determine the diameter of a solid shaft which will transmit 337.5 kW at 300 r.p.m, Thé maximum 

shear stress should not exceed 35 N/mm? and twist should not be more than 1° in a shaft length 

of 2.5 m. Take modulus of rigidity = 9 x 104 N/mm? [Ans. 11.57 em] 

Ahollow shaft, having an internal diameter 50% of its external diameter transmits 600 kW 

at 150 r.p.m. Determine the external diameter of the shaft if the shear stress is not to exceed 

65 N/mm? and the twist in a length of 3 m should not exceed 1.4 degrees. Assume maximum. 

torque = 1.20 mean torque and modulus of rigidity = 1 x 105 N/mm?. {Ans. 15.70 cm] 
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12. 


13. 


17. 


18, 


19. 


Two shafts are connected end to end by means of a flanged coupling in which there are 12 bolts, 
the pitch circle diameter being 30 cm. The maximum shear stress is limited to 60 N/mm? in the 
shafts and 25 N/mm’? in the bolts. If one shaft is solid of 6 cm diameter and the other is hollow of 
12 cm external diameter, calculate the internal diameter of the hollow shaft and the bolt diam- 
eter so that both shafts and the coupling are all equally strong in torsion. 

fAns. 11.6 cm, 0.848 cm] 


A hollow shaft of.1.5 m long has external diameter:60 mm. It has 30 mm internal diameter for a 
part.of the length and 40 mm internal diameter for the rest of the length. If the maximum shear 
stress in it is not to exceed 85 N/mm?, determine the maximum horse power transmitted by it at 
a speed of 350 r.p.m. If the twists produced in the two portions of the shafts are equal find the 
lengths of the two portions. [Ans. 141.37, 808.23 mm, 691.77 mm] 
A leaf spring carries a central load of 2.5 KN. The leaf spring is to be made of 10 steel plate 6 cm 
wide and 5 mm thick. If the bending stress is limited to 100 N/mm? determine : (i) length’ of the 
spring and deflection at the centre of the spring. Take E = 2 x 105 N/mm, [Ans. 40 cm, 0.4 cm] 
A laminated spring 0.9 m long is made up of plates each 5 cm wide and 1 cm thick. If the bending 
stress in the plate is limited to 120 N/mm?, how many plates would be required to enable the 
spring to carry a central point load ‘of 2.65 KN ? If E = 2.0 x 105 N/mm’, what is the deflection 
under the load ? [Ans. 6 plates, 1.215 cm] 
A closely-coiled helical spring is to carry a load of 1 KN. Its mean coil diameter is to be 10 times 
that of wire diameter. Calculate these diameters if the maximum:shear stress in the material of 
the spring is to be 90 N/mm?. (Ans. 16.82 em and 1.68 em]: 
In question 16, if the stiffness of the spring is 20 N/mm deflection and modulus of rigidity 
= 8.4 x 104 N/mm?, find the number of coils in the closely-coiled helical spring. [Ans. 9] 
A closely-coiled helical spring of round steel wire 8 mm in diameter having 10 complete turns 
with a mean diameter of 10 cm is subjected to.an axial load of 250 N. Determine : (¢) the deflec- 
tion of the spring, (i) maximum shear stress in the wire and (iiz) stiffness of the spring. Take C ~ 
= 8 x 104 N/mm?. * (Ans. (i) 6.1 om, (ii) 124.34 N/émm/%, (iii) 4.1 N/mm?) 
A close-coiled helical spring of 10 cm mean diameter is made up of 1.0 cm diameter rod and has 
20 turns. The spring carried ari axial load of 300 N. Determine the shearing stress. Taking the 
value of modulus of rigidity = 8.2 x 104 N/mm, determine the deflection when carrying this load. 
Also calculate the stiffness of the spring and frequéncy of free vibration for a mass hanging from 
it. [Ans, 76.4 N/mm’, §.71 cm, 5.25 N/mm and 2.08 cycles/sec] 


Thin Cylinders and Spheres 


(17.1. INTRODUCTION 


The vessels such as boilers, comp 
_-», cal forms. These vessels are generally used 
.- The walls of such vessels are thin as compare 


ressed air receivers etc., are of cylindrical and spheri- 
for storing fluids (liquid or gas) under pressure. 
d to their diameters. If the thickness of the wall 


of the cylindrical vessel is less than = to 0 of its internal diameter, the cylindrical vessel is 


: known as a thin cylinder. In case of thin cylinders, the stress distribution is assumed uniform 
’~ over the thickness of the wall. : 
17.2. THIN CYLINDRICAL VESSEL SUBJECTED TO INTERNAL PRESSURE 


Fig. 17.1 shows a thin cylindrical vessel in which a fluid under pressure is stored. 





Fig. 17.1 


Let d= Internal diameter of the thin cylinder 
t = Thickness of the wall of the cylinder 
p = Internal pressure of the fluid 
L = Length of the cylinder. 


On account of the internal pressure p, the cylindrical vessel may fail by splitting up in 


any one of the two ways as shown in Fig. 17.2 (a) and 17.2 (0). 


The forces, due to pressure of the fluid acting vertically upwards and downwards on the 


thin cylinder, tend to burst the cylinder as shown in Fig. 17.2 (a). 


The forces, due to pressure of the fluid, acting at the ends of the thin cylinder, tend to 


burst the thin cylinder as shown in Fig. 17.2 (®). 
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(a) 


Cross-section perpendicular ' 
i to the axis of vessel 





17.3. STRESSES IN A THIN CYLINDRICAL VESSEL SUBJECTED TO INTERNAL 
PRESSURE : 


When a thin cylindrical vessel is subjected to internal fluid pressure, the stresses in the 
wall of the cylinder on the cross-section along the axis and on the cross-section perpendicular 
to the axis are set up. These stresses are tensile and are known as: 

1. Circumferential stress (or hoop stress) and 

2. Longitudinal stress. 

The name of the stress is given according to the direction in which the stress is acting. 
The stress acting along the circumference of the cylinder is called circumferential stress whereas 
the stress acting along the length of the cylinder (i.e., in the longitudinal direction) is known as 
longitudinal stress. The circumferential stress is also known as hoop stress. The stress set up 
in Fig. 17.2 (a) is circumferential stress whereas the stress set up in Fig. 17.2 (6) is longitudi- 
nal stress. 


17.4. EXPRESSION FOR CIRCUMFERENTIAL STRESS (OR HOOP STRESS) 


Consider a thin cylindrical vessel subjected to an internal fluid pressure. The circumfer- 
ential stress will be set up in the material of the cylinder, if the bursting of the cylinder takes 
place as shown in Fig. 17.3 (@). - : 

The expression for hoop stress or circumferential stress (o,) is obtained as given below. 

Let p= Internal pressure of fluid 

d= Internal diameter of the cylinder 
t= Thickness of the wall of the cylinder 
o, = Circumferential or hoop stress in the material. 
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Fig. 17.3 


The bursting will take place if the force due to fluid pressure is more than the resisting 
force-due to circumferential stress set up in the material. In the limiting case, the two force 
should be equal. 

Force due to fluid pressure =p x Area on which p is acting 

=px(dxL) : nA) 
_(+ pis acting on projected area d x L) 


Force due to circumferential stress 
= o, x Area on which a; is acting 
=0,x(xt+Lx#) 
=6, x 2Lt=20,xLxt : .(GE) 
Equating (z) and (iz), we get ~ 
pxdxL=20,xLxt 


an o,= Be (cancelling L) ‘ (47.1) 
This stress is tensile as shown in Fig: 17.3 (0). 


17.5. EXPRESSION FOR LONGITUDINAL STRESS 

Consider a thin cylindrical vessel subjected to internal fluid pressure. The longitudinal 
stress will be set up.in the material of the cylinder, if the bursting of the cylinder takes place 
along the section AB of Fig. 17.4 (a). 

The longitudinal stress (o,) developed in the material is obtained as : 

Let _p = Internal pressure of fluid stored in thin cylinder 

_. .. d= Internal diameter of cylinder . “a 

t = Thickness of the cylinder 
o, =.Longitudinal stress in the material. : : 

The bursting will take place if the force due to fluid pressure acting on the ends of the 
cylinder is more than the resisting force due to longitudinal stress (c,) developed in the mate- 
rial as shown in Fig. 17.4 (8). In the limiting case, both the forces should be equal. 

Force due to fluid pressure =p x Area on which p is acting : 


1 
=px—d* 
P 4 
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(6): . 
Longitudinal stress (o,) 
develop 


Fig. 17.4 


Resisting force = o, x Area on which o, is acting 
=0,x ad xt 
Hence in the limiting case 
Force due to fluid pressure = Resisting force 


x 
px a @=o,xmdxt 


% 32 
a a 
ndxt  4¢ 
The stress o, is also tensile. 
Equation (17.2) can be written as . 
id 1 a 
= 5nm 5% (: 01-2) 
or Longitudinal stress = Half of circumferential stress. 

This also means that circumferential stress (o,) is two times the longitudinal stress (o,). 
Hence in the material of the cylinder the permissible stress should be less than the circumfer- 
ential stress. Or in other words, the circumferential stress should not be greater than the 
permissible stress. 

Maximum shear stress. At any point in the material of the cylindrical shell, there are 


0 = .A(L7.2) 


two principal stresses, namely a circumferential stress of magnitude o, = ae acting circum- 


ad. 
ferentially and a longitudinal stress of magnitude o, = = acting parallel to the axis of the 


shell. These two stresses are tensile and perpendicular to each other. 
a pd pd 


Maximum shear stress v go a ae , are --[17.2.(A)] 
Note. (i) If the thickness of the thin cylinder is to be determined then equation (17.1) should be 
jused. ‘ ‘ ; 
Z Gi} If maximum permissible stress in the material is given. This stress should be taken circum- 
‘ferential stress (o,). . ae 

(ii) While using equations (17.1) and (17.2), the units of p, 0, and o, should be same. They should 
be expressed either in N/mm? or N/m?. Also the units of d' and ¢ should be same. They may. be in metre 
(m) or millimetre (mm). . 
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Problem 17.1. A cylindrical pipe of diameter 1.5 m and thickness 1.5 cm is subjected to 
an internal fluid pressure of 1.2 Nimm?. Determine : 


(i) Longitudinal stress developed in the pipe, and 
(ii) Circumferential stress developed in the pipe. 


Sol. Given : 
- Dia. of pipe, d=1.5m 
Thickness, f=15em=15x10%m 


Internal fluid pressure, p = 1.2 N/mm? 
t 15x10" 1 


As the ratio — = ————_ = which is less than = hence this is a case of thin 


ers d 15 100’ 20’ 
- eylinder. 


Here unit of pressure (p) is in N/mm?. Hence the unit of.c, and o, will also be in N/jmm?. 
(i) The longitudinal stress (o,) is given by equation (17.2) as, 


pxd 
On at 
12x 1.5 
3) 2 
= 74x 15x10~ = = 30 N/émm*. Ans. 
(ii) The circumferential stress (o,) is given by equation (17.1) as 
_ pa . 
1 “9¢ 
1.2x1. : 
= ee = 60 N/mm?.’ Ans. 
2x1.5x 10 


Problem 17.2. A cylinder of internal diameter 2.5 m and of thickness 5 cm contains a 
"gas. If the tensile stress in the material is not to exceed 80 N/ mm, determine the internal 
“pressure of the gas. 


Sol. Given : ‘ 
Internal dia. of cylinder, d=2.5m 
Thickness of cylinder, t=5em=5x10%m 


Maximum permissible stress = 80 N/mm? 

As maximum permissible stress is given. Hence this should be equal to circumferential 
. stress (o,). : 

We know that the circumférential stress should not be greater than the maximum per- 
_ missible stress. Hence take circumferential stress equal to maximum permissible stress. 

= 80 N/mm? , 

rae p = Internal stints of the gas 
Using equation (17.1), 


pd 
Oo 
-2 
or p= oe = exe (Here unit of o, is in Nimm?, 


hence unit of p will also be in N/mm?) 
= 3.2 N/mm”. Ans. 
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Problem 17.3. A cylinder of internal diameter. 0.50 m contains air at a pressure of 7 N/mm? 
(gauge). If the maximum permissible stress induced in the material in 80 N/mm?, find the 
thickness of the cylinder. 

* Sol. Given : 

Internal dia. of cylinder, d= 0.50 m 

Internal pressure of air, p= 7 N/mm? 

Maximum permissible stress in the material means the circumferential- stress (o,). 

: As stated earlier that the circumferential stress should not be greater than the maxi- 
mum. permissible stress. Hence take circumferential stress equal to maximum permissible 
stress. 

Circumferential stress, 6, = 80 N/mm? 
Let f= Thickness of the cylinder 
Using equation (17.1), 


o, = 22 
pd 7x0.50 _ 
= xd, = Ox80. = 0.021875 m / 
(Here p and o, are in N/mm2, d is in m hence £ will be in m) 
= 2.188 cm. Ans. 


If the value of t is taken 2.1875 cm, the stress induced will be 80 N/mm7. If the value of 
tis less than 2.1875 cm, the stress induced will be more than 80 N/mm2. But the stress induced 
should not be more than 80 N/mm. If the value of ¢ is taken more than 2.1875 cm (say t= 
2.188 cm), the stress induced will be less than 80 N/mm?. 

Hence take ¢ = 2,188 cm or say 2.2cm, Ans. 

Problem 17.4. A thin cylinder of internal diameter 1.25 m contains a fluid at an internal 
pressure of 2 Nimm?. Determine the maximum thickness of the cylinder if : 

_ @) The longitudinal stress is not to exceed 30 Nimm?. 

(ii) The circumferential stress is not to exceed 45 Nimm?. 

Sol. Given : a; 

Internal dia. of cylinder, d=1.25m_ 

Internal pressure of fluid, p = 2 N/mm? 

Longitudinal stress, dy = 30 N/mm? 

Circumferential stress, 0, = 45 N/mm”. 

Using equation (17.1), 


_ pa 
“1 “oF 
ce BX 2x18 _ 4 09977 
“2xa, 2x45. — o 
=2.77cem. - en (3) 
Using equation (17.2), 
_ pa 
2 “At 
_ pd 2x15 | 
Tage ee Se 


= 2.08 cm. .. (Zt) 
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The longitudinal or circumferential stresses induced'in the material are inversely pro- 
portional to the thickness (¢) of the cylinder. Hence the stress induced will be less if the value 
of ‘’ is more. Hence take the maximum value of ‘f’ calculated in equations (¢) and (zi) 

From the equations (z) and (iz) it is clear that ¢ should not be less than 2.77 cm. 

Take £=2.80cem. Ans. 


Problem 17.5.A water main 80cm diameter contains water at a pressure head of 
100 m. If the weight density of water is 9810 N/m+, find the thickness of the metal required for 


the water main. Given the Reriaisaitte stress as s 20 Nimm?. (AMIE, Summer 1974) 
: Sol. Given : 
Dia. of main, d=80cm 38 


Pressure head of water, h = 100 m 
Weight density of water, w = p x g = 1,000 x 9.81 = 9810 N/m? 


Permissible stress = 20 N/mm? 
Permissible stress is a to circumferential stress (o,) 
or , = 20 N/mm? 


Presoure, of water re the water main, 
p=pxgxh=wh = 9810.x 100 Nim? 


is given as 
oF, - 9810 x 100. : o 
P= 70007 mm? N/mm? (+ 1m=1000 mm) 
+ 0.981 N/mm? 


Let ¢ = Thickness of the metal required. 
Using equation (17.1), 


d 
o,= a (Here ‘d’ is in em hence “’ -will also be in cm) 
pxd- 0.981x 80 
f= 





2xo, 2x29 7 2em Ans. 


17.6, EFFICIENCY OF A JOINT 


The cylindrical shells such as boilers are having two types of joints namely longitudinal 
joint and circumferential joint: In case of a joint, holes are made in the material of the shell for 
the rivets. Due to the holes, the area offering resistance decreases. Due to the decrease in area, 

. the stress (which is the equal to the force divided by the area) developed in the material of the 
shell will be more. 

Hence in case of rivetted shell the circumferential and longitudinal stresses are greater 
than what are given by equations (17,1) and (17.2). If the efficiency of a longitudinal joint and 
circumferential joint are given then the circumferential‘ and longitudinal stresses are 
obtained as: 


Let 1, = Efficiency of a longitudinal joint, and 
%, = Efficiency of the circumferential joint. 
Then the circumferential stress (c,) is given as 
pxd 
Oo, = 
1 2t x ny. 





(17,3) 


Here o, is in N/mm?, hence pressure (p) should also'be Nénm’. The value of p in N/mm? 
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nl 
and the Jongrendlinat stress (G,) is given as : 
pxd Bee 
= 4exn ...(17,4) 
ic 
Note. @) In beatae joint, the circumferential stress is developed whereas in cireumferen- 
tial joint, the longitudinal stress is developed. 
(ii) Efficiency of a joint means the efficiency of a longitudinal joint. 


G@ii) If efficiencies of a joint are given, the thickness of the thin shell is determined from 
equation (17.3). 


Problem 17.6. A boiler is subjected to an internal steam pressure of 2 Nimm?. The thick- 
ness of boiler plate is 2.6 em and permissible tensile stress is 120 Nimm2. Find out the maxi- 
mum. diameter, when efficiency of longitudinal joint is 90% and that of circumferential joint is 
40%. (AMIE, 1976) 

Sol. Given : ; . / 

Internal steam pressure, p = 2 N/mm? 

Thickness of boiler plates; ¢ = 2.0m 

Permissible tensile stress = 120 N/mm? 

In case of a joints, the permissible stress may be circumferential stress or longitudinal 
stress. 

Efficiency of longitudinal joint, —_n, = 90% = 0.90 

Efficiency of circumferential joint, n, = 40% = 0.40. 

Max. diameter for circumferential stress is given by equation (17.3). 

Using equation (17.3), 





__pxd 
or 2x nxt 
where Res = Given permissible stress = 120 N/mm? 
120 = ay (Here p and 9, are in same units. Thickness 
isin em hence ‘d’ will be in cm) 
ae Uae e nto 2) = 216.0 cm. i) 
Max. diameter for longitudinal stress is given by equation (17.4). 
“. Using equation (17.4), 
pxd 
2" 4x nN, xt 
where o, = Given permissible stress 
= 120 N/mm?. 
2xd 
ToT 04KI0 
ge 120 x4 od x 2.0 _ 192 cm. WG 


The longitudinal or circumferential stresses induced in the material are directly propor- 
tional to diameter (d). Hence the stress induced will be less if the value of ‘d’ is less. Hence take 
the minimum value of ‘d@’ calculated from equations (i) and (ii). 
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as. so . naar 
an Maximum diameter of the boiler is equal to the minimum* value of diameter given by 
*_ equation (z) and (ii). : 

Hence maximum diameter, d= 192.cm. Ans. 


ee aS a 2, 
= Ax ti, xt 4x 0.4x 2.0 fen) 


ae Problem 17.7. A boiler shell is to be made of 15 mm thick plate having a limiting tensile 
” “stress of 120 Nimm?. If the efficiencies of the longitudinal and circumferential joints are 70% 
_~ and 30% respectively determine : 

: (i) The maximum permissible diameter of the shell for an internal pressure of 2 Nimm?, 


and 
(ti) Permissible intensity of internal pressure when the shell diameter is 1.5 m. 
: (AMIE, Winter 1981) 


Sol, Given : 


‘Thickness of boiler shell, ¢ = 15 mm 
_ Limiting tensile stress = 120 N/mm? 


Limiting tensile stress may be circumferential stress or langitudinal stress. _ 
Efficiency of longitudinal joint, =n, = 70% = 0.70 , 
‘Efficiency of circumferential joint; n, = 30% = 0.30. | 
() Maximum Permissible diameter for an internal pressure, 

p=2Nimm?, 
: The boiler shell should be designed for the limiting tensile stress of 120 N/mm’. First 

. consider the limiting tensile stress as.circumferential stress and then as longitudinal stress. 

The minimum diameter of the two case will satisfy the condition. 

(a) Taking limiting tensile stress = Circumferential stress 

6, = 120 NAnm?. 
i .” oO, = 120 Nimm? 
But o,.is also given by equation (17.3) as 
_pxd 
aE 8 xm xt 
2xd 
2x0.7x 15 
ss pee x35 _ 1260 mm dG) 
(b) Taking limiting tensile stress = Longitudinal stress 
(o,) = 120 N/mm’. —- : 
Oy = 120 N/mm? a 


120 = (Here ¢ is in mm hence ‘d’ will be in mm) 


Using equation (17.4), 
pxd 

"Sax Ne XE : 

2xad 


i , = Fo0s0095 


(*Please note that.if d is taken as equal to 216.0 cm, the longitudinal stress (o,) will be 
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d 120 x 4x 0.3 x 15 : . 
= ee = 
2 = 1080 mm (di) 


Thus the maxim ; ; ‘ 
= 1080 mm. Ans. um diameter of the shell, in order both the conditions may be satisfied 


(ii) Permissible intensity of internal Pressure when the shelj Hianiaier is 1.5m 


-or @=1.5 m= 1500 mm. 
(a) Taking limiting tensile stress = Circumferential stress (c,) 
= 120 N/mm? ; 
- Using equation (17.3), 
: pxd 


1° Ox Hy xe 
or 129 = —2.* 1500 _ abs 
2% 0.7% 15 (Here o;, is in N/mm? hence p’ will be in N/mm?) 
120 x2x0.7x 15 1 
= —— = 1.68 N/mm? . 
. Ses 1500 «-(E) 
(6) Taking limiting tensile stress = Longitudinal stress (03) 
; = 120 Nimm? 


Using equation (17.4), 
. Son EX d 
2° 4xn, x 
ise Px 1500 


4x 0:30 x 15 


120 x 4x 0.30x 15 
= — Sea 
i500 = 1.44 N/mm? ; ...{é) 


Hence in order both the conditions ma: i ’ 
. L Y be satisfied th i issible i 
pressure is equal to the minimum* value of ‘pressure given ty G) and @ Sie 
: Maximum permissible internal pressure = 1.44 N/mm? 
(If p is taken equal to 1.68 N/mm’, then longitudinal stress (o,) will be 
5, =P Xd _ 1.68% 1500" 
pS a 
4xny,xt 4x 0.80x 15 
sash value is more than the given limiting tensile stress. 
roblem 17.8. A cylinder of thickness 1.5 j 
: ; k 3m, has to withstand maximum j - 
sure of 1.5 Nimm2. If the ultimate tensile stress in the material of the cylinder | is aoe 


factor of safety 3.0 and joint i j j 
tetas Joint efficiency 80%, determine the diameter of the cylinder, 


Thickness of cylinder, ¢ = 1:5 em 
Internal pressure, +p = 1.5 N/mm? 
Ultimate tensile stress = 300 N/mm? 
Factor of safety = 3.0 

-. Working stress or o, 


rnal 


= 140 N/mm?. 


— Ultimate tensile stress 300 
= = TU 2 
Factor of safety 3 1e Nan 


Joint efficiency, H = 80% = 0.80 
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Joint efficiency means the efficiency of longitudinal joint (or »,), 


nN, = 0.80. 
The stress seiveaponting to longitudinal joint is given by equation (17. 3). 
Using equation (17.3), 
pxd 
= 2xn, xt 
L5xd- 
100 = 350.80 x 1.5 te 
d= eee = 160 cm = 1.6 m. Ans. 


15 


17.7. EFFECT OF INTERNAL PRESSURE ON THE DIMENSIONS OF A THIN 
CYLINDRICAL SHELL $ 

When a fluid having internal pressure (p) is stored in a thin esiindvical shell, due to 
internal pressure of the fluid the stresses set up at any point of the material of the shell are : 

(i)Hoop or circumferential stress (o,), acting on longitudinal section. , 

(ii) Longitudinal stress (o,) acting on the circumferential section. 

These stresses are principal stresses, as they are acting on principal planes. The stress 
in the third principal plane is zero as the thickness (¢) of the cylinder is. very small. Actually 
the stress in the third principal plane is radial stress which is very small for thin cylinders and 
can be neglected, 

Let p = Internal pressure of fluid 

L= Length of cylindrical shell 

d = Diameter of the cylindrical shell _ 

t = Thickness of the cylindrical shell 

E = Modulus of Elasticity for the material of the shell 
a1 = Hoop stress in the material 

= Longitudinal stress in the material 

io Poisson’s ratio 
dd = Change in diameter due to stresses set up in the material 
éL = Change in length 
dV = Change in volume. 

The values of o, and o, are given by equations (17.1) and (17.2) as 





pd 
Oo = 3 oH 
pxd 
2 ae 


Let e, = Circumferential strain, 
= Longitudinal strain. 
Then circumferential strain, 


o Oo 
Au _ BOR 17.5) 


ee ae 
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_ Pd _ upd Co pd dt 
" 20 4tE (: ST To 2) 
pd [2- u . . 
. = gel 2 17.8) 
and longitudinal strain, 
oe ek = UL : 
Saag i A177) 
pd upd . : 
"ME 2th (substituting values of o, and o,) 
Be Ls | 
“gE\2 © (17.8) 


But circumferential strain is also given as, 
: oe Change in circumference due to pressure 
1 Original circumference 
_ Final circumference ~ Original circumference 
Original circumference 
_ ad + 8d)-ad 
Se ee 
_ ad + nbd - ad | nbd 
= nd ond 
_ 'd{ Change in diameter 
“9 (or = Original diameter } ae) 
Equating the two values of é, given by equations (17.6) and (17.9), we get 
a7ae S| 
a 2 9 17.10) 
Change in diameter, ~ 
a? . 
- id= (1-4) : (TAL) 
Similarly longitudinal strain is also given as, 
_ Change in length due to pressure - 


"a= Original length 
~S. . , 
= (17.12) 
Equating the two values whe 5 given by equations (17.8) and (17. 12). 
aL pd {1 
LOE ( = 4] : ..(17.13) 
Change in length | 
pxdxL ft 
6h = ae (é - | ..(17,14) 
Volumetric strains. It is defined as change in volume divided by. original volume 
8V 
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But change in volume (6V) = Find volume — Original volume 


Original volume (V) = Area of cylindrical shell x Length 
= ; ax 
Final volume = (Final area of cross-section) x Final length 


[d + 8d}? x (L + 8L] 


= © 1? 4(8d)? + 2d 8d) x (L + BL) 


| 


= 2 (d? L + (6d)? L + 2d Lid + 8Ld? + aL (6d)? + 2d dd8L] 
Neglecting the smailer quanti such as (5d)*L, 5£(8d)? and 2d dal, we get 
Final volume = ; {[d? L + 2d Lid + 8L d?] 
.. Change in volume (5V) 

= - [d? L +.2 dLad + 8Ld?1- z dxL 

= a [2d Léd + 8Ld?] 


z [2d Léd + &Ld?] 


Volumetric strains = “4 = = 
=d?xLb 
4 
, 25d 8b : : 
* = + (17.15 
aL ALU) 
bd aL 
=2e, +e, is 2 ey, = 02] ..(17.16) 


pd, uv (2-4) 
-ax Fela |e ae 


Peet) 


2Kt 2 2 
pa 
ei |24—ohe 
2Et ( sa aad ‘) . 
_ pd (5 } ; 
2g -17.17) 
= 2Et ae . 
Also change in volume (8V) = V (2e, + é,). ...(17.18) 


Problem 17.9. Calculate : (i) the change in diameter, (ii) change in length and 
- (iii) change in volume of a thin cylindrical shell 100 cm diameter, 1 cm thick and 5 m long when 

_. subjected to internal pressure of 3 Nimm*. Take the value of E = 2x 10° Nimm? and Poisson’s 

\. ratio, w= 0.3. 

Sol. Given : 

Diameter of shell, d = 100 cm 

Thickness of shell, ¢ = 1 cm 
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Length of shell, L=5m=5-x 100 = 500 cm 

Internal pressure, p = 3 N/mm?. 

Young’s modulus, E = 2 x 10° N/mm? 

Poisson’s ratio, pw=0.30 

(i). Change in diameter (5d) is given by equation (17.11) as 


_ pa" |, Mw 
iis al i 
2 
= Steg [1- 3 x0.30| 
2x1x2x10 2 


3 
= 40 {1 ~ 0.15} = 0.06375 cm. Ans. 


Gi) Change in length (8Z) is given by equation (17.14) as 
paL{1_ 
he, 2tE eet | 
3 x 100 x 500 E 


= —————~_ | = - 0.30 
~ 2x ix2x 10° [2 i 


15 
= x 0.20 = 0.075 cm. Ans. 
(iii) Change i in volume (6V) is given by equation. ‘17. 18) as 
8V=V [2e, +e,] 


Substituting the. values of dd, 5L, d and L, we get 
sv = vias 0.06375 + S78 - 
: . 100 500 
= V [0.001275 + 0.00015] = 0.001425 V. 





But . V = Original volume = aL 


= t x 100? x 500 cm? = 3926990. 817 cm? 


: 8V = 0.001425 x 3926990.817 = 5595.96.cm%, Ans. 

Problem 17.10. A cylindrical thin drum 80 cm in diameter and 3 m sone has a shell 
thickness of 1 cm. If the drum is subjected to an internal pressure of 2.5 Nimm*, determine 
’ @ change in diameter, (ii) change in length and (iii) change in volume. 

Take E =2x 10° Nimm? : Poisson’s ratio = 0.25. (Annamalai University 1990) 

Sol. Given : 

Diameter of drum, d= 80cm 

Length of drum, ‘EL=8m=3x 100 =300 cm 

Thickness of drum, ¢=1cm 

Internal pressure, p= 2.5 N/mm? 

Young’s modulus, = 2 x 105 Némm? 

Poisson’s ratio, wu = 0.25 
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(i) Change in diameter (6d) is given by equation (17.11) as : 


2 : 
bd = PE (1-gxu] 


2. Fy cae 
= a [2+ 2x 0.25| 
2x1x2x10° 2 
_. = 0.04 [1 - 0.125] = 0.085 em, Ans. 
' (i) Change in length (SZ) is given by equation (17.14) as 


2.5% 80x 300 [1 
7 rerers aad = 0.0357 em.’ Ans. 
2xix2x«10° 12 5 


(iii) Using equation (17: 15) for srclienveecie strain (=). we have 





av od, 
V ok 
ey 0.035 , 0.0875 (: bd =0.035, 6L = on 
a 80 “300 d = 80, - £=300 
= 0.000875 + 0.000125 = 0.001 
8V=0.001 x V- 


where volume V = a @xL= ; x 80? x 300 = 1507964.473 cm? 


Change in volume, 5V = 0.001 x 1507964.473 = 1507.96 cm*. Ans. 

Problem 17.11. A cylindrical shell 90 cm long 20 em internal diameter having thick- 
ness of metal as 8 mm is filled with fluid at atmospheric pressure. If an additional 20 cm? of 
fluid is pumped into the cylinder, find (i} the pressure exerted, by. the fluid on the cylinder and 
(ii) the hoop stress induced. Take E= 2x 10° N/mm? and we 0.3. (AMIE, Summer 1977) 


Sol. Given : 

Length of cylinder, L=90cm 
Diameter of cylinder, d=20cm 
Thickness of cylinder, ¢=8mm=0.8 cm 
Volume of additional fluid = 20cm? 


Volume of cylinder, =— i? xL= a x 207 x 90 . 


ei eae 33 cm? 
5V = Volume of additional fluid 
= 20 em? 
@) Let p = Pressure exerted by fluid on the cylinder 
E=2x 10° Nim? 
p= 0.3. 


Increase in volume, 
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Now using equation (17.16), volumetric strain is-given as. 


~ =2 e+ ey 
r ey =2 e+e. ; . i 
2 98274.33 . 61° - -@ 


+: But.e,-and e, are circumferential. and longitudinal seeing Sil are. given by equation 
az. 8) and. 7, 8).respectively.as.. -. wets pS 
tea 


~ 2Kt 2 


pd fl 
and er 4), 


Substituting these se in equation (i), we get 
20 2pd 1 id 
salto a 


2827433 2Et| 2 WE 
pe ee eae 570.3) 
2x2x10° x 0.8 2 0.8.x 2x 10° [2 . 
aon, 1052 
win P_29.86 x 0.20 = 
or DOOR Ors S00 * 3000 000 8000 
0.000707 x 800 
p= © = 5.386 Nimm?. Ans. 


(ii) Hoop stress (o,) is given by equation (17.1).as 


pd _ 5.386 x 20 5 
1-9; "9x09 = 87-33 Nimm*. Ans. 


Problem 17.12. A cylindrical vessel whose ends are closed by means of rigid flange 
plates, is made of steel plate 3:mm thick. The length and the internal diameter of the vessel are 
50 cm and 25 cm respectively. Determine the longitudinal and hoop stresses in the cylindrical 


' shell due to an internal fluid pressure of 8 Nimm’. Also calculate the increase in length, diam- 


eter and volume of the vessel. Take E = 2 x 10° Nimm? and » = 0. 3. (AMIE, Winter 1984) 


Sol. Given : 
Thiekness, t=3mm=0.3cem 
Length of the cylindrical vessel, L=50cm 
Internal diameter, ; d= 25 em 
Internal fluid pressure, p=3 Nim? 

* Young’s modulus, E=2x.10° N/mm? 
Poisson’s ratio, p= 0.3 , 


Let o, = Hoop stress and 
= Longitudinal stress. 

Using equation (17.1) for hoop stress, 
px d 3 x 25 
1 oe = 2x08 
Using equation (17.2).for longitudinal stress, 
_ PX d 3-« 25 
a a ~ 4x08 





= 125 N/mm2. Ans. 





= 62.5 N/mm?.’ Ans. 
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Using equation (17.5) for circumferential strain, 
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Sol. Given a . 
Dia., d=15m=1500 mm 





= Ob MXO2 
“=F E Length, L=4m = 4000 mm 
i en annee Internal pressure, _p = 3 N/mm? 
ea ee Max. principal stress = 150. N/mm? 
z 1 = [125 ~ 62.5 x 0.3] (+ : “= 0.8, 6, = 125 ando, = 62.5) Max. principal stress means the circumferential stress 
2x10 Circumferential stress, 0, = 150 N/mm? 
—.- 106.25 ‘Value of # = 2 x 105 N/mm?. 
= 2x 10° (125 - 18.75) = 2x 10° Poisson’s ratio, w= 0.25 


Let t= thickness of the shell, 
éd = change in diameter, 


» , =53.125 x 10°. 
But circumferential strain is also given by equation (17.9) as 





ete ad 6L = change in length, and 
1-9 8V = change in volume. 
Equating the two values of circumferential strain e,, we get (i) Using equation (17.1), 
; 
od 53.125 x 10° on LXE 
ad 1 2t 


_ $d = 53.125 x 105 x d = 53.125 x 10°° « 25 = 0.0133 em 
Increase in diameter, 6d = 0.0183 cm. Ans. 
Longitudinal strain i is given by equation (17.7) as 


pxd _ 3x 1500 
“2xo, 2x 150 





(Here p and O, are in same units, ‘d’ 


is in mm hence will be in mm) 








pe es =15 mm. Ans. 
a E E (i) Using equation (17.11), 
= {o,-px 9] . . 
pd 1 
A 1 ee Pe (1- Fu) 
aw 5 [62.5 —- 125 x 0.3] = 5 2x 10° 162.5 = 37.5] 
___ 3x 1500? ee el 3x05) = joni 
= 25, 2125x108 2x 15x2x10° ene se 


(iii) Using equation (17. 14), 
&L= pees x ¢ xi peexe (3 -1) 


_3 x 1500 x 4000 (4-0. 
~ 2x15 x 2x 2x 15x 2x 10° 2° 25) 
= 0.75 mm. Ans. 
Gv) Using equation (17.17), 


8V pxd (é 
av is 


.. Increase in length, 6£ = 12.5 x 10° x L 
= 12.5 x 10° x 50 = 0.00625 cm. Ans. 
Volumetric strain is given by equation (17.16), as 
bv =9 od bd ab 


Vv d rE 
= 2a, + eg=2 « 53.125 x 10% + 12.5 «10% 


= 106.25 x 10-5 + 12.5 x 10-7 = 118.75 x 105 
Increase in volume, : 


8V = 118.75 x 10% x V Vio2Bxt\2 
x 1 
= 118.75 x 105 x = x 25? x 50 (: volume =“? x L] = eae rig (572% 0.28) = S218 0x2 
4 2x2x10° x15 \2 4x 10° x 15 


= 29.138 cm?. Ans. 

Problem 17.13. A cylindrical vessel is 1.5 m diameter and 4m. long is closed at ends by 
rigid plates. It is subjected to an internal pressure of 3‘Nimm*. If the maximum principal stress 
‘is not to exceed 150 Nimm?, find the thickness of the shell. Assume E = 2 x 10° Nimm? and 
Poreor 3 ratio = 0.25: Find the changes in diameter, length and volume of the shell. 

ea Winter 1988) 


3 3 x 
a Oa ig ce ol ER as 
bY = 5000 * sao *(a*e «L} 





3 x . 
= = x 1500? = : 
2000 x (: ¥ x 4000) 10602875 mm*, Ans. 
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Problem 17.14. A closed cylindrical vessel made of steel plates 4 mm thick with plane 
ends, carries fluid under a pressure of 3N/mm*. The dia. of cylinder is 25 em and length is 
75 em, calculate the longitudinal and hoop stresses in the cylinder wall and determine the 
change in diameter, length and volume of the cylinder. Take E = 2.1 x 10° Nimm? and p= 0.286. 

(AMIE, Summer 1990) 


Sol. Given : 

Thickness, ¢=4mm 

Fluid pressure, p=3 Nim? 

Diameter, : d = 25 cm = 250 mm 

Length, L=%75 cm = 750 mm 

Value of E = 2.1 x 10° NAnm? 

Poisson’s ratio, p= 0.286 

Let 0, = Hoop stress, ‘ , : is 


0, = Longitudinal stress, 
dd = Change in diameter, 
6L = Change in length, and 
8V= Change in volume. 
(i) Longitudinal stress is given by equation (17.2) as 
__ pxd 
“ao 4xt 
= 3*250 _ 46.975 Nimm?. Ans. 
4x4 
(ii) Hoop stress is given by equation (17.1) as 
_pxd 
oO) = 2x t ‘ 
3 x 250 
x4 
(iii) The change in diameter is given by equation (17.11) as 
4a 
éd = es (1-3) 
2x 2 
_ 8x 250? 
. (2x 4x21x 10° 
(iv) The change in length is given by equation (17.14) as 
pxdxL (3 } 
6h = =~} = - 
2Ext \2 
_ 8x 250 x 750 ( 
Bx Bd 10° x42 
(v) The change in volume is given by equation (17.17) as 


©. 2x8 (8 oy) 
Vo 2xE\2 


_ #280 (5 _axoas) 
2x4x21x10° \2 








= 93.75 N/mm?, Ans. 








(1- 5 x 0.286) = 0.0956 mm. Ans. 


~ 0.286 = 0.0716 mm. Ans. 
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750° ‘750 x 1,928 
i = oe (2.5 - 0.572) = ——— 
16.8 x 10° Cb 16.8 x 10° 
750 x 1.928 


8V=T68x108 * 
OX 
(: v-2a? x L= = x 250? 750) 
= 31680 mm®, Ans. 


Problem 17.15. A cylindrical shell 3 metres long which is closed as the ends has an 
internal diameter of 1 m and a wail thickness of 15 mm. Calculate the circumferential and 
longitudinal stresses induced and also changes in the dimensions of the shell, if it is subjected 


to an internal pressure of 1.5 Nimm*. Take E = 2 x 10° Nimm? and w= 0.3. 


: (AMIE, Summer 1983 ; Annamalai University 1991).- 
Sol. Given : ‘ Se 


Length of shell, L=3m = 300 cm 
Internal diameter, d=1m=100cm 
Wall thickness, #=15mm=1.5m- 


Internal pressure, =p = 1.5 N/mm? 
Young’s modulus, #=2 x 10° N/mm? 
Poisson’s ratio, p=03°° 
Let o, = Circumferential (or Hoop) stress, and 
o, = Longitudinal stress. 
Using equation (17.1) for hoop stress, 
pd 
~ OF 
1.5 x 100 ‘ 
“Ons is = 50 N/mm?. Ans. 
Using equation (17.2) for longitudinal stress, 
pxd 
Oo at 
1.5 «x 100 
“4x15 


oy 


= 25 N/mm?. Ans. o 
Changes in the dimensions 
Using equation (17.11) for the change in diameter (4d), 
PP dy 
bd = “OE (2 2* 4] 
1.5 x 1007 1 . 
= 1 1-= x 0.8 
2x 1.5x2x 10° ( “3” } 
1 0.85 
(1- 0.15) = 
4x 10° 4x 10° 
= 0.2125 x 10% cm. Ans. 


Cv w=0.3) 








760 : STRENGTH OF MATERIALS 





Using equation (17.14) for change in length, we get 


a pret (7x 
“2B (2 


Pee Eo 3) 

= 9x15x2x 10° 

= ERE aa 0.2 = aa = 0.015 cm. Ans. 
4x10 


Using equation (17.17) for volumetric strain, we = 
Big Pae Es 
Vo 2kt 


5 x 100 
aS ee BT oon nee, 2. _ A er = 
Foie aie Se 


= 0.25 x 1078 x [2.5 - 0.6] 
= 0.25 x 10° x 1.9 = 0.475 x 10°73 
Change in volume, 5V = 0.475 x 10° x V 
here V = Original volume 





— 


z ; d?xL= 7 x 1002 x 300 = 2356194.49 em’. 


; 8V = 0.475 x 10-8 x 2356194.49 = 1119.19 cm3. Ans. 

; Probien 17.16. A thin cylindrical shell with following dimensions is filled with a liquid 
‘2c atmospheric pressure : Length = 1.2 m, external diameter = 20 cm, thickness of metal = 8 mm. 

Find the value of the pressure exerted by the liquid on the wails of the cylinder and the 

op stress induced if an additional volume of 25 cm? of liquid is pumped into the cylinder 
Take E =2.1 x 10° Nimm? and Poisson’s ratio = 0.38. (AMIE, Summer 1989) 


Sol. Given : 

Length, L=1.2m=1200 mm 
External dia. D = 20 cm = 200 mm 
Thickness, t=8mm 


-, Internal dia., d=D-2xét=200—-2x8=184mm 
Additional volume, 6V = 25 cm? = 25 x 102 mm? = 25000 mm? 
Value of E = 2.1 x 105 N/mm? 

Poisson’s ratio, u = 0.33 
Let p= Pressure exerted, and 
= hoop stress produced. 
Volume of liquid or inside volume of cylinder, 


=i @xL 


x 184? x 1200 = 31908528 mm? 


aye 
“4 
(i) Using equation (17.17), 


oF PAS (S ay) 
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e _25000_ | _px184__(5 9,038) 
N 31908528 © 2x2.1x 10° x8 


_ 25000 x 2 x 2.1% 10° x8 
P = 31908528 x 184 x (2.5 — 0.66) 
(ii) Using equation (17.1), 


= 7.77 Nimm?. Ans. 


pxd_ 7.77 x 184 5 
=o ox8 = 89.42 Niémm?*. Ans. 


Problem 17.17. A-hollow cylindrical drum 600 mm in diameter and 3 m long, has a 
shell thickness of 10 mm. If the drum is subjected to an internal air pressure of 3 Nimm2, 
determine the increase in its volume. Take E = 2 x 10° Nimm? and Poisson’s ratio = 0.3 for the 





material. (AMIE, Winter 1986) 
Sol. Given : 
External diameter, D = 600 mm 
Length of drum, L=3m= 3000 mm 


Thickness of drum, f= 10mm 

Internal pressure, pp = 38 N/mm? 

Young’s modulus, E=2.x 105 N/mm? 

Poisson’s ratio, p= 0.3 

Internal dia., d=D-~-2xt=600-2x10=580 mm 
Using equation (17.17), 


bv - Pres - 2] 
‘Vo QExt 


= attra x10 (2 -2x 03) = 0.000435 x 1.9 = 0.0008265 
xXaX% 


8V = 0.0008265 x V 


x 
= 0.0008265 x (3 x d? x 1) = 0.008265 x ( x 580” x 3000 
= 792623000 mm?, Ans. 


17.8.A THIN CYLINDRICAL VESSEL SUBJECTED TO INTERNAL FLUID PRES- 
SURE AND A TORQUE 

When a thin cylindrical vessel is subjected to internal fluid pressure (p), the stresses set 
up in the material of the vessel are circumferential stress 0, and longitudinal stress o,. These 
two stresses are tensile and are acting perpendicular to each other. If the cylindrical vessel is 
subjected to a torque, shear stresses will also be set up in the material of the vessel. 

Hence at any point in the material of the cylindrical vessel, there will be two tensile 
stresses mutually perpendicular to each other accompanied by a shear stress. The major prin- 
cipal stress, the minor principal stress and maximum shear stress will be obtained as given in 
Art. 3.4.4 on page 106 and 108. 

Let o, = Circumferential stress (tensile) 

o, = Longitudinal stress (tensile) 
+ = Shear stress due to torque. 
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a 2 
0, +9 o,-390 
The major principal stress = 1 3 24 ( 1 5 2} +0" ..(17.19) 
Oo, +0 opeey 2 
Minor principal stress Sa (S15 22) +t (17.20) 
3 1 
and maximum shear stress 5 [Major principal stress — Minor principal stress] 


(17.21) 

Problem 17.18. A thin cylindrical tube 80 mm internal diameter and & mm thick, is 
closed at thé ends and is subjected to an internal pressure of 6 Nimm?.A torque of 2009600 Nam 
is also applied to the tube. Find the hoop stress, longitudinal stress, maximum and minimum 
principal stresses and the maximum shear stress. (AMIE, Summer 1984) 


Sol. Given : 

Internal diameter, d= 80mm 
Thickness of tube, t=5mm 
Internal pressure, p =6 N/mm? 


Torque applied, T = 2009600 Nmm 
Let o, = Hoop stress and 
o, = Longitudinal stress. 
Using equation (17.1) for hoop stress, 
pxd_ 6x80 2 
o,= i =48 Nimm*. Ans. 

; 2t 2x5 

Using equation (17.2) for longitudinal stress, 








0,= — = = 24N/mm*. Ans. 
7 L 


Maximum and minimum principal stresses 
The stresses o, and o, are tensile stresses. But the cylindrical tube is also subjected to 

torque. Due to torque, shear stress will be produced in the tube. As the thickness of the wall of 

: the tube is small, the shear stress is assumed to be uniform throughout the thickness. 

Let += Shear stress in the wall of the tube 

Shear force = Shear stress x Area 

=tx(ndxt) (.~ Area = Circumference x Thickness = nd x ¢) 
=txax80x5 


= 400nt 
ds. d 
and torque, T' = Shear force x or 400 x t x 3 
80 
= 400 x t x ge 160002 x.t Nmm 
But torque applied = 2009600 Nmm (given) 


Equating the two values of the torque, we get 
16000x x + = 2009600 
2009600 


Ss ee a ee 2 
e000 . 
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Hence the material of the tube is subjected to two tensile stresses (i.e., 6, = 48 N/mm? 
and o, = 24 N/mm?) accompanied by a shear stress (t = 40 N/mm’). 


Maximum principal stress* is given by ia erat (17.19) as 


+0 ( 
Max. principal stress = “1 4 


ae ‘e a, 
2 


= 36 + 12? +1600 
= 86 + 41.76 = 77.7 N/mm? (tensile). Ans. 
Minimum principal stress is given by a (17.20) as 








+ 407 

















2 i Gy t0g ae G2 zea) 
Min. principal stress = +0? 
— +24 aos 
= 36- Sin 


=~ 5.76 N/mm? (compressive). Ans. 
(~ ve sign shows compressive stress) 
Max. shear stress is given by equation (17.21) as 
Max: principal stress - Min. principal stress 


2 
_ U6 - se 77.76 + 5.76 — 83.52 


2 “2 
= 41.76 Nimra?. Ans. 


Problem 17.19. A copper cylinder, 90 cm long, 40 cm external diameter and wall thickness 
6 mm has its both ends closed by rigid blank flanges. It is initially full of oil at atmospheric 


pressure. Calculate the additional volume of oil which must be pumped into it in order to raise 
2 


the oil pressure to 5Nimm? above atmospheric pressure. For copper assume E = 1.0 x 10° Nimm? - 
and Poisson’s ratio = 1/3. Take bulk modulus of oil as 2.6 x 109 Nimm?. (AMIE, Winter 1983) 

Sol. Given : 

Length of cylinder, £=90cm 

External diameter, D = 40 em 

Wall thickness, t= 6mm = 0.6 cm. 

.. Internal diameter, d@ = External dia. - 2 x Wall thickness 

= 40 ~ 2 x 0.6 = 38.8 cm. 


Initial volume of oil, V = Internal volume of cylinder 


Maximum shear stress = 


a eeKE 


*See equation 3.15 on page 106. 
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Pat 
4 
Increase in oil pressure, p=5 N/mm’. 
‘Young’s modulus for copper, E = 1.0 x 10° N/mm? 
1 


Poisson’s ratio, w= 3 
*Bulk modulus of oil, k = 2.6 x 10° N/mm? 


x 38.8 x 90 = 106413 em 


Due to internal pressure of fluid inside the cylinder, there will be a change in the dimen- 


“sions of the cylinder. Due to this, there will be a increase in the volume of the cylinder. Let us 
- “first calculate this increase in volume of the cylinder. 
a Let 8V, = Increase in volume of cylinder. 


; : 8V; 
Then volumetric strain = vo 


But volumetric strain due to fluid pressure is given by equation (17.17), as 


a“ = & (2 - 24] (Here 8V, = Increase of volume instead of 5V) 


5 x 38.8 (3 1) (: -2) 
eee ae hy —_ a = 
= 9x 1.0'x 10° x 0.6\2 3 3 
5 x 38.8 
= ——=——— (2.5 — 0.667) = 0.00296. 
~ 2x 10° «0.6 coin C887" 
SV, = 0.00296 x V 
= 0.00296 x 106413 
= 314.98 cm’. 


ee As bulk modulus of oil is given, then due to increase of fluid pressure on the oil, the 
original volume of oil will decrease. Let us find this decrease in volume of the oil. 


Let 8V, = Decrease in volume of oil due to increase of pressure. 


( V= 106413 cm’) 


Bulk modulus is given as 














res Increase in pressure.of oil Bae 
~ (Decrease in volume of oil (e } 
Original volume of oil Vv 
pxVv 
8V, 
oe 
Vek 
P 
_ or bY, = - xV 
= =e x 106413 = 204.64 em3. 
2.6 x 10 
Increase of pressure dp 
* Bulk modulus, k = 7 Decrease in volume) in cone) 7av) . 
Volume Vv 


Fatty 
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ee 
Resultant additional space created in the cylinder 

= Increase in volume of cylinder + Decrease in volume of oil 

= 6V, + 6V, 

= 314.98 + 204.64 = 519.62 cm?. 
-. Additional quantity of oil which must be pumped in order to raise the oil pressure to 
5 N/mm? 

= 519.62 cm. Ans. 


17.9. WIRE WINDING OF THIN CYLINDERS 


We have seen in previous articles that hoop stress (or circumferential stress) is two 
times the longitudinal stress in a thin cylinder, when the cylinder is subjected to internal fluid 
pressure. Hence the failure of a thin cylinder will be due to hoop stress. Also the hoop stress 
which is tensile in nature (for a given internal diameter and thickness of a pipe) is directly ; 
proportional to the fluid pressure inside the cylinder. Hence the maximum fluid pressure in- 
side the cylinder is limited corresponding to the condition that the hoop stress reaches the 
permissible value. In case of cylinders which have to carry high internal fluid pressures, some 
methods of reducing the hoop stresses have to be devised. 


Wire wound 
round a pipe 








o,, = Winding stress in wire (tensile) 
6, + Compressive stress exerted by wire on cylinder 
Fig. 17.5 


One method is to wind strong steel wire under tension on the walls of the cylinders. The 
effect of the wire is to put the cylinder wall under an initial compressive stress. If now this 
cylinder is subjected to internal fluid pressure, the walls of the cylinder will be subjected to 
hoop tensile stress. The net effect of the initial compressive stress due to wire winding and 
those due to internal fluid pressure is to make resultant stress less. The resultant stress in the 
material of the cylinder will be the hoop (tensile) stress due to internal fluid pressure minus 
the initial compressive stress. Whereas the stress (tensile) in the wire will be equal to the sum 
of the tensile stress due to internal pressure in the cylinder and initial tensile winding stress. 

If oo, = Initial winding stress in wire (tensile) 

o, = Compressive circumferential stress exerted by wire on cylinder 


The relation between o,, and a, is obtained by considering a length ‘L’ of cylinder [Refer 
to Fig. 17.6 (a) and (6)}. 
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dw 






2nd turn 
of wire 


ist turn 
of wire 


Initial tensile stress in wire = o,, 


Initial tensile force in wire for length ‘L’ = n x (2 x au) x Oy 


where n = No. of turns in length L 
Fig. 17.6 (a) 





Initial compressive stress in cylinder = o, 
{Initial compressive force in cylinder for length Z = 2L x t xd; 


; Fig. 17.6 (3) 
Initial tensile force in wire for length Z of cylinder 
=x (2x Zau*} xO, 
where n = No. of turns of wire in length L 
dw = Dia. of wire 
_ 
n= d, 
L x 
— Fox (ax ¥ du? |xoy 
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- 
Fee 
=x 2 xdw xo, 
Compressive force exerted by wire on cylinder for length b= 2xLxtxo, 


For equilibrium 
Initial tensile force in wire = Compressive force on cylinder 





or Lx 5x dw xo,=2xLxtxo, 
d 
sa g,== a oxy wf17.21 (A)] 
o,* = Circumferential stress developed in the cylinder due to fluid pressure only 
(tensile) 


6,,* = Stress developed in the wire due to fluid pressure only (tensile) 

Then resultant stress in the cylinder = (g,* — G,) 
and resultant stress in wire = (6, + 4,,*) 

Hence wire-winding of thin cylinder is used : 

(i) to increase the pressure-carrying capacity of the cylinder, and 

(ii) to reduce the chances of bursting of the cylinder in longitudinal direction. 

The hoop stress (or circumferential stress) will be set up in the material of the cylinder 
if the bursting of the cylinder takes place in logitudinal direction. In wire winding of thin 
cylinders, the bursting of the cylinder should be considered only in longitudinal direction. 

In such cases the bursting force (due to internal pressure) per cm length will be resisted © 
by the pipe as well as the wires, offering tensile stresses. 

The bursting force due to fluid along longitudinal section per cm length = p x dx L 
(Here p, d and L should be in consistant units i.e., if p is in N/mm?, d and L should be in mm. 
Hence Z = 1 cm= 10 mm.) 

Resisting force of cylinder along longitudinal section per cm length 

= O,* x 2Lxt 
where o,* = circumferential stress in cylinder due to fluid pressure. 
(Here Z and ¢ are in mm. L = 1 em = 10 mm) 

Resisting force of wire per cm length ; 

= No. of turns of wire x (2.x Area of cross-section of wire) 
x Stress in wire due to fluid pressure 


=nx2x x dw? x o.* [where n =~ and dw = Dia. of wire] 
4 ue dw 


Lox x 
ee 2 a 2 : 
= G8 x dw? xo *=Lx 3 x dw x o,,* 
Bursting force due to'fluid pressure 


= Resisting force of cylinder + resisting force of wire 


pxdxL=0,*x2bxt+Lx > x dw + o,,* 
x 
3 17.21 (B)] 

The circumferential strain in the pipe is also equal to the strain in the steel wire. 

Since the wire and cylinder remain in contact, the circumferential strain in the cylinder 
should be equal to the strain in the steel wire. Due to fluid pressure, the stresses set up in the 
cylinder are. circumferential stress and longitudinal stress. But in the wire, there is only one 
stress. : 


or pxd=0,"x2t+ > xdwxa,* 
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Circumferential strain in cylinder = Strain in wire 


: where #, = Young’s modulus for cylinder 
“ #,, = Young’s modulus for wire 
o,* = Circumferential stress in cylinder due to fluid pressure 
o;* = Longitudinal stress in cylinder due to fluid pressure 
pxd 
““4xt 
G,,* = Stress developed in wire due to fluid pressure. 

Problem 17.20. A cast iron pipe of 200 mm internal diameter and 12 mm thick is wound 
closely with a single layer of circular steel wire of 5 mm diameter, under a tension of 60 Nimm?. 
... Find the initial compressive stess in the pipe section. Also find the stresses set up in the pipe 
and steel wire, when water under a pressure of 3.5 Nimm? is admitted into the pipe. Take E for 
*~sast iron as 1 x 10° Nimm? and for steel as 2 x 10° Nimm?. Poisson’s ratio is given as 0.3. 

. Sol. Given : 





Internal diameter of pipe, d= 200 mm Sy 
Pipe thickness, t¢=12 mm 

Diameter of wire =5 mm 

Tension in wire = 60 N/mm? aif u 
Water pressure, p = 3.5 N/mm? 





E for CL, E,=3 x 10° N/imm? 
E for steel, E,=2 x 105 N/mm? 
Poisson’s ratio, u=0.3 


ne (i) Before the fluid under pressure is admitted in the cylinder 
Let o,, = Winding stress in wire 
= 60 N/mm? 
P,= Compressive force exerted by wire on cylinder 
G, = Compressive stress exerted by wire on cylinder. 
Consider one em length of the pipe. Number of turns of the wire of 1 cm pipe length 
Length of pipe — lem 
= Diameter of wire 0.5cem ~ 
The compressive force exerted by one turn of the wire on the cylinder (see Fig. 17.7) 
= 2 x Area of cross-section of wire x o,, 


x 
=2x 7 x5? x 60N 


Total compressive force exerted by the wire on the cylinder per cm length of the pipe 
= No. of turns x Force exerted by one turn 


= 2x (2x 2x5" x60] - 4712 N 


Sectional area of the cylinder which takes this compressive force : 
=2xIlxt 4 
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=2x10x12mm?(-. Here /=1 cm = 10mm and ¢ = 12 mm) 
Initial compressive stress in the material of the cylinder due to wire winding, 
_ Total compressive force on the cylinder 
co Sectional area of cylinder 

_ 4712 

~ 2x10 x 20 
Hence before the water is admitted into the pipe, stresses in the pipe and wire are : 
In the pipe = 19.63 N/mm? (compressive) 
In the wire = 60 N/mm‘? (tensile) 
(ii) Stresses due to fluid pressure alone 
Let o,* = Stress in the pipe due to fluid pressure 3.5 N/mm? alone ~ 

G,,* = Stress in the wires due to pressure 3.5 N/mm? alone. 
Consider 1 cm length of the pipe. 
The force of fluid which tends to burst the cylinder along longitudinal section 
= p.d.l = 3.5 x 200 x 10 (-. £=1em-= 10mm) 

= 7000 N afi) 
This bursting force is resisted by the cylinder as well as wire. 
Resisting force of cylinder 

= Stress in the cylinder x Area of cylinder resisting 

=o,*x2ixt=o,*x2x 10x12 

= 240 o,* 





= 19.63 N/mm”. Ans. 


Resisting force of wire = No. of turns x (2 x 7 x 5 
x Stress in wire due to fluid pressure 
=2x (2x F=0"] x 6,,* = 78.54 o,,* 


Total resisting force 


= 240 o,* + 78.54 GF (di) 
Equating the resisting force to the bursting force given by equations (i) and (zi), we get 
= 240 o* + 78.54 ,,* = 7000 (iit) 


Now we know that circumferential strain in cylinder is equal to the strain in wire. 
But circumferential strain in cylinder 
__ Circumferential stress _ Longitudinal stress x 








E E 
* 
= = -(PE) (: For pipe, E = E,) 
1 (_, 3.5% 200 
= aC 2522 503] 
1 gt (iv) 
- =z (o,* ~ 4.375) .{Z 
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ln rst espe ge ie 
ane Oo, * 

Strain in wire = z (~ For wire B=E,) ...{v) 


Equating equations (iv) and (y), we get 





1 ao * 
EE. (o,* - 4.375) = 


E, 
E, 
or a =F (o,* - 4.375) 
2x10° 
1x10° (o,* — 4.375) = 2(a,* — 4.375) .-.{vi) 


Substituting the above value in equation (iii), we get 
240 o,* + 78.54 x [2(G,* - 4.875)] = 7000 


or 397.086,* = 7687.225 
7687.225 
$2 eS 2 i 
Gc, 397.08 19.36 N/mm‘* (tensile) 


Substituting the value of o,* in equation (vi), we get 
G,,* = 2(19.36 — 4.375) = 29.97 N/mm? (tensile). 
(iii) Resultant stresses in pipe and wire 
Resultant stress in pipe 

= Initial stress in pipe + Stress due to fluid pressure alone 
= 19.63 (compressive) + 19.36 (tensile) 
= 0.27 N/mm? (compressive). Ans. 

Resultant stress in wire 
= Initial stress in wire + Stress due to fluid pressure alone 
= 60 (tensile) + 29.97 (tensile) 
= 89.97 N/mm? (tensile). Ans. 


17.10. THIN SPHERICAL SHELLS 


Fig. 17.8 shows a thin spherical shell of internal diam- 
eter ‘d’ and thickness ‘’ and subjected to an internal fluid pres- 
sure ‘p’. The fluid inside the shell has a tendency to split the 
shell into two hemispheres along x-x axis. 


The force (P) which has a tendency to split the shell 
x 
= * 372 
=P d 


The area resisting this force = x.d.t 
. Hoop or circumferential stress (o,) induced in the 
material of the shell is given by, 
Force P 


1 = ‘Area resisting the force P 





X32 
—d 
Ce p.d 


Oa. © AP 
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The stress o, is tensile in nature. 

The fluid inside the shell is also having tendency to split the shell into two hemispheres 
along Y-Y axis. Then it can be shown that the tensile hoop stress will also be equal to oe Let 
this stress is 0,. 
pxd 

4t. 

The stress 6, will be at right angles to o,. 

Problem 17.21. A vessel in the shape of a spherical shell of 1.20 m internal diameter 
and 12 mm shell thickness is subjected to pressure of 1.6 Nimm?. Determine the stress induced 


in the material of the vessei. 
Sol. Given : 
Internal diameter, 
Shell thickness, €=12mm 
Fluid pressure, p =1.6 N/mm? 
The stress induced in the material of spherical shell is given by, 
pd 16x1.2x 10° 
1 4t 4x12 
Problem 17.22, A spherical vessel 1.5 m diameter is subjected to an internal pressure of 
2 Nimm?. Find the thickness of the plate required if maximum stress is not to exceed 150 Nimm? 


and joint efficiency is 75%. 
Sol. Given : 
Diameter of shell, d=1.5m=1.5x10?mm 
Fluid pressure, p=2Ninm? 
Stress in material, o, = 150 N/mm? 
Joint efficiency, y = 75% or 0.75 
Let ¢ = thickness of the plate. 
The stress induced is given by, 


On = 


d=1.2m=12x 10° mm 


= 40 N/mm2. Ans. 





oO. me. 
a 4t.q 
pd 2x15x10° . 
or t= 4n.0,  4x0.75% 150 = 6.67 mm. Ans. 


17.11. CHANGE IN DIMENSIONS OF A THIN SPHERICAL SHELL DUE TO AN 
INTERNAL PRESSURE 


In previous article, we have seen that the stresses o, and o, at any point are equal 
{each equal to p.d/4t) and like. There is no shear stress at any point in the shell. 


‘ O1- 
(Maximum shear stress = —-—— = ~—— - ———- = 0] . The stresses o, and o, are acting at 


right angles to each other. 

Strain in any one direction is given by, 
%  WxXO1 
EE 





e= 
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gS yy eS 
Or UXO, : a ee ~ 2x4) 
=e oR ( ae, ae 
= ape PX2a_ 
=F (1-) rT (1-p) 
We know that strain in any direction is also 
_ od 
a 
6d pxd : 
7 PRE Ai 
ae ee wld) 


’” Volumetric strain (=) 
The ratio of change of volume to the origimal volume is known as volumetric strain. If 


dV 2 : 
. V=original volume and dV = change in volume. Then ao volumetric strain. 


Let V= Original volume 


=~43 +: For a sphere Ves "=F a'] 
6@ ( Poe Oe a Gar ag 
Taking the differential of the above equation, we get 


dV= e x 3d? x d(d) 


= x 8d? x d(d) 


dV 
Hen: vy 


=3 a (ii) 
on But from equation (i), we have 
6d d(d)_ pxd 
Cee ae 
Substituting this value in equation (zi), we get 
aV 3xpxd 
Se UE OS 
ve ae 
Problem 17.23. A spherical shell of internal diameter 0.9 m and of thickness 10 mm is 
“subjected to an internal pressure of 1.4 Nimm?. Determine the increase in diameter and increase 


BS I 
_in volume. Take E = 2 x 10° Nimm? and uw = 


3 . 
Sol. Given: 
Internal diameter, d=0.9m=0.9x 102mm 
Thickness of shell, é=10mm 
Fluid pressure, p=14Ni/mm? 


Value of £ = 2 x 105 N/mm? 


1 
Value of u = 5 
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Using the relation, 





éd 
ee 1) 
a ae 
éd_  pxd 
— = = (1-) 
or a” aE ¢ 
3 
_ 14x(0.9x 10°) (1-2) ee 
4x10x2x10 3 
Increase in diameter, 
3d = 105 x 10-6 x 0.9 x 103 
= 94.5 x 10° mm = 0.0945 mm. Ans. 
: bd 
Now, volumetric strain = 3 x i 
=3x 105 x 10-6 = 315 x 10% 
bV Res 
or ee = 315 x 10°§ 


Increase in volume, 
8V = 315 x10%xV 


x 
= 315 x 10° x ( a | ie Ve ee for a sphere 


= 315 x 10% x e x (0.9 x 103) 
= 12028.5 mm®. Ans. 


17.12. ROTATIONAL STRESSES IN THIN CYLINDERS 
Fig. 17.9 shows a thin cylinder rotating at an angular velocity w about its axis. 


(ox t} cos 






oxt 


\ {ox tisia % 





Fig. 17.9 
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Let r= mean radius of the cylinder 

t = thickness of the cylinder 
w = angular speed of the cylinder 
p = density of the material of cylinder 

Due to rotation of cylinder, centrifugal force will be acting on the walls of the cylinder. 
This centrifugal force will produce a circumferential (or hoop) stress o. For a thin cylinder, this 
hoop stress o may be assumed constant. 

Consider a small element ABCD of the rotating cylinder. Let this element makes an 
angle 60 at the centre as shown in Fig. 17.9 (a). Consider unit length of this element perpen- 
. dicular to the plane of paper. 

The forces acting on the element are : 


2 





(z) Centrifugal force [Re or mor] acting radially outwards. Here m is the mass of 


the element per unit length. 
; m = mass of element 
=p x volume of element 
=p x (area of element) x unit length 
=px{(rx 8)xt] x1 
=pxrxdoxt 
Centrifugal force = mw?r = (prd6t) wr 
= pr? x w? x 80 x ¢ 
(iz) Tensile force due to hoop stress (c) on the face AB. This force is equal to (co x ¢ x1) and 
acts perpendicular to face AB. 
(zit) Tensile force due to hoop stress (c) on the face CD. This force is equal to (o x ¢ x 1) 
and acts perpendicular to face CD. 


66 
The horizontal component o x ¢ x cos zon the face AB and CD are equal and opposite. 


: . 68 : 
The radial components o x ¢ x sin 3 are acting towards centre and they will be added. 
Resolving the forces radially for equilibrium, we get 


58 86 
Centrifugal force =otxsin > + of x sin r 


2 
or pr? x ox 00xt=2x0xtxsin 
58 66 68 
=2xOxtX > (As 80 is very small hence sin ©. % } 
or pr? x w? =o (Concelling 5@ x ¢ to both sides) 
or o= pr? x w? (17.22) 


The equation (17.22) gives the expression for hoop stress produced in a thin cylinder 
due to rotation. The above equation can also be used approximately for rim-type flywheels. 

Problem 17.24. A rim-type flywheel is rotating at a speed of 2400 r.p.m. If the mean 
diameter of the flywheel is 750 mm and density of the material of the wheel is 8000 kg/m, then 
find the hoop stress produced in the rim due to rotation. 7 
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Sol. Given : 

2QnN 2x x 2400 
Speed, N= 2400 rpm. +. w= 60 a aye 80x rad/s 
Mean dia,d=750mm .. r= = = 375 mm = 0.375 m 


Density, p = 8000 kg/m? 
Let o = hoop stress produced. 
Using equation (17.22), we get 
O=pxr? x w? 

= 8000 x 0.3752 x (80x)? N/m? 

= 71.0485 x 10° N/m? = 71.0485 MN/m?. Ans. 
Problem 17.25. If in problem 17.24 E = 200 GNim? then what will be the change in 

diameter of the flywheel due to rotation. 

Sol. Given : 
From problem 17.24, : 
Original dia, d = 750 mm, o = 71.0485 MN/m? = 71.0485 x 10° N/m? 
E = 200 GN/m? = 200 x 109 N/m? 


Due to hoop stress, circumferential strain = = 


71.0485 x 10° 


300x107 > 7 0:3552 x 10° 


dd 
But circumferential strain is also equal to A 


where 5d = change in diameter 


“ee 0.3552 x 10-3 


or 6d = 0.3552 x 1078 x d = 0.3552 x 1073 x 750 
: = 0.2664 mm. Ans. 

Problem 17.26. Find the speed of rotation of a wheel of diameter 750 mm, if the hoop 
stress is not to exceed 120 MNim?. The wheel has a thin rim and density of the wheel 
is 7200 kgi m3. 

Sol. Given : 


Dia,d=750mm -. r= “ 


Max. hoop stress, o = 120 MN/m? = 120 x 10° N/m? 
Density, p = 7200 kg/m?. 
Using equation (17.22), we get 
o=p xr? x w? 
or 120 x 106 = 7200 x 0.3752 x w? 


: 120 x 10® ered) 
aE ® = 17900 x 0.3752 = 344.26 rad/s 


= 875 mm = 0.375 m 
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nae 2nN 
o= 
oon 60 
60x@ 60x 344.26 
N= ao = 3287.4 r.p.m. Ans. 
2 2m 
HIGHLIGHTS 
1. If the thickness of the wall of the cylindrical vessel is less than 1/20 of its internal diameter, the 
Ef ks 
cylindrical vessel is known as a thin cylinder. Or if a < 30° the cylinder is a thin cylinder. 
; 2. In case of thin cylinders, the stress distribution is assumed uniform over the thickness of wall. 
3.. When a thin cylindrical vessel is subjected to internal fluid pressure, the stresses set up in the 
material of a thin cylinder are : 
() Circumferential or hoop stress and 
(i) Longitudinal stress. 
4, The circumferential stress (o,) is given by 
pxd 
OSE 
where p = Internal fluid pressure, 
d = Internal diameter of the thin cylinder, and 
t = Thickness of the wall of the cylinder. 
5. The longitudinal stress (o,) is given by 
_ pxd 
. Oat 
6. The circumferential and longitudinal stresses are tensile stresses. 
7. The circumferential stress is twice the longitudinal stress. 
8. Ifthe thickness of the thin cylinder is to be determined then circumferential stress is used. 
9. Maximum shear stress at any point in a thin cylinder, subjected to internal fluid pressure is 
é given by, 
Max. shear stress = = 2's ne : 
ve 2 8t 
~ 10. If, = Efficiency of longitudinal joint, and 
1, = Efficiency of a circumferential joint 
then the circumferential stress (o,) and longitudinal stress (o,) are given by 
d 
oO, = pee and o, = eee 
bee! 2tx ny 4E KN, 
_ 11. In longitudinal joint, the circumferential stress is developed whereas in circumferential joint the 
: longitudinal stress is developed. 
12. The circumferential strain (e,) and longitudinal strain (e,) are given by 
pa 1 pd ( } 
=+—|1-— =simlon 
ey pe xu) and @, oe io *)- 
~ 18. The circumferential strain (e,) and longitudinal strain (e,) are also equal to 


bd 8b 
oe and = 7: 








THIN CYLINDERS AND SPHERES T77 





14. The change in diameter, of a cylindrical shell subjected to internal fluid pressure p, is given by 


2 
bd = pdt 1- A 
ee ( ae 
where = Poisson’s ratio. 


15. The change in length, of a cylindrical shell subjected to internal fluid pressure P, is Bea by 


or = XE (su), 


2th 2 
16. The change in volume, of a cylindrical shell subjected to internal fluid pressure p, is given, by 
pd (5 
8V= oy ( 2x 4) x volume. 


1%. When a thin cylindrical shell is subjected to internal fluid pressure p and a torque, then the 
principal stresses are given by , 





2 
Major principal stress © = 2 a + (5%) +c? 
: ae OG] + Og GO, -a f 
Minor principal stress Sa igs stp (154) +7” and 
Maxi j inci 
aximum shear stress = 9 (Major principal stress — Minor principal stress] 


where o, = Circumferential stress, 
9, = Longitudinal stress, and 
t = Shear stress due to torque. 
18. The hoop stress in the thin spherical shell is given by 
pxd 
Ax E* 
19. Wire-winding of thin cylinder is necessary for 
(2) increasing the pressure-carrying capacity of the cylinder and 

Gi) reducing the chances of bursting of the cylinder in longitudinal direction. 
20. For wire-winding of thin cylinders the equations used are : 

(2) Before fluid is admitted into the cylinder 


o,= 


1 
nx (2x Zdu*) xo, = ab xox, 


where n = ——- 


dw 
(iz) After fluid is admitted 


@)pxdxL=2b xt xo,*+nx [2x du? | xo,* 


() circumferential strain in cylinder = Strain in wire. 


EXERCISE 17 


(A) Theoretical Problems 


1. Define thin cylinders. Name the stresses set up ita thin cylinder subjected to internal fluid 
pressure. 
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2. (a) Prove that the circumference stress (o,) and longitudinal stress (o,) are given by, 


11. 


xd . 
o,= ae 42. 
xd 
Og = re 13. 
where p = Internal fluid pressure 
d = Internal diameter of thin cylinder 
t = Thickness of wall of the thin cylinder. ; 
(6) Derive an expression for circumferential stress and longitudinal stress for a thin shell sub- 
jected to an internal pressure. (Bhavnagar University, Feb. 1992) 
3. (a) Derive the expressions for hoop stress and longitudinal stress in a thin cylinder with ends 
closed by rigid flanges and subjected to an internal fluid pressure p. Take the internal diam- i 
eter and shell thickness of the cylinder to be ‘d’ and?’ respectively. | 1. 
(AMIE, Summer 1983, 85) 
(6) Derive from the first principles the expressions for circumferential and longitudinal stresses 
in a thin cylinder closed at both ends and subjected to internal fluid pressure. 
? (AMIE, Winter 1988) ! 2. 
4, Show that in thin cylinder shells subjected to internal fluid pressure, the circumferential stress 
is twice the longitudinal stress. (AMIE, Summer 1982) 


% 





5. While resigning a cylindrical vessel, which stress should be used for calculating the thickness of 
the cylindrical vessel ? | 
6. Prove that maximum shear stress at any point in a thin cylinder, subjected to internal fluid } 
pressure is given by, : : 4 
px / 
Max. shear stress = er 
5. 


where p = Internal fluid pressure, 
d = Internal dia. of thin cylinder, and 
t = Wall thickness of cylinder. se i 
7. Find the expression for circumferential stress and longitudinal stress for a longitudinal joint : 


and circumferential joint. j 
Prove that the circumferential strain (¢,) and longitudinal strain (¢,), produced in a thin cylinder i 


8. 
when subjected to internal fluid pressure (p), are given by z 
pa 1 } 
= £2/7-= 
com el gee 


pad (1 _ i 
«= £55 . 


where p = Internal fluid pressure, 
d = Internal dia. of thin cylinder, 8. 
i = Thickness of wall of thin cylinder, and 
ut = Poisson’s ratio. 


9. Acylindrical shell is subjected to internal fluid pressure, find an expression for change in diam- 9. 
eter and change in length of the cylinder. : 
10. (a) Prove that volumetric strain in case of a thin cylinder, subjected to internal fluid pressure is 
equal to two times the circumferential strain plus longitudinal strain. a 


(6) Show that when a thin walled cylindrical vessel of dia. D, length L and thickness ¢ is sub- 
jected to an internal pressure p, the change in volume is given by 





3 ; 
we pat Xt Gate). (AMIE, Sufumer 1990) 


a 


Find an expression for the change in volume of a thin cylindrical shell subjected to internal fluid 
pressure. 

Write down the expression for major principal stress, minor principal stress and maximum shear 
stress when a thin cylindrical shell is subjected to internal fluid pressure and a torque. 

Show that when a thin walled spherical vessel of dia. ‘d’ and thickness ‘f’ is subjected to internal 
fluid pressure ‘p’, the increase in volume equal to 





4 
my pd Te i 
8 t& u 
where E = Elastic modulus and / 
uv = Poisson’s ratio. (AMIE, Summer 1989) 


(B) Numerical Problems 


A cylindrical pipe of diameter 2.0 m and thickness 2.0 cm is subjected to an internal fluid pres- 
sure of 1.5 N/mm”. Determine : 
(¢) Longitudinal stress, and 
(ii) Circumferential stress developed in the pipe material. [Ans. 37:5 N/mm?2, 75 N/mm] 
A cylinder of internal diameter 3.0 m and of thickness 6 cm contains a gas. If the tensile stress in 
the material is not to exceed 70 N/mm/?, determine the internal pressure of the gas. 

fAns. 2.8 N/mm?] 
A cylinder of internal diameter 0.60 m contains air at a pressure of 7.5 N/mm? (gauge). If the 
maximum permissible stress induced in the material is 75 N/mm2?, find the thickness of the 
cylinder. ‘ [Ans. 3 cm] 
A thin cylinder of internal diameter 2.0 m contains a fluid at an internal pressure of 3 N/mm/?. 
Determine the maximum thickness of the cylinder if (é) the longitudinal stress is not to exceed 
30 N/mm? and (ii) the circumferential stress is not to exceed 40 N/mm?. [Ans. 7.5 cm] 
A water main 90 cm diameter contains water at a pressure head of 110 m. If the weight density 
of water is 9810 N/mm‘, find the thickness of the metal required for the water main. Given the 
permissible stress as 22 N/mm2. [Ans. 2,25 cm] 
A boiler is subjected to an internal steam pressure of 3 N/mm?. The thickness of the boiler plate 
is 2.5 cm and the permissible tensile stress is 125 N/mm?. Find out the maximum diameter, 
when efficiency of longitudinal joint is 90% and that of circumferential joint is 35%. 

fAns. 145.83 cm] 


A boiler shell is to be made of 20 mm thick plate having a limiting tensile stress of 125 N/mm?. 
If the efficiencies of the longitudinal and circumferential joints are 80% and 30% respectively, 
determine : 
(i) The maximum permissible diameter of the shell for an internal pressure of 2.5 N/mm2, and 
(i) Permissible intensity of internal pressure when the shell diameter is 1.6 m. 
(Ans. () 120 em, (ii) 1.875 Nénm?] 

A cylinder of thickness 2.0 cm has to withstand maximum internal pressure of 2 N/mm?. If the 
ultimate tensile stress in the material of the cylinder is 292 N/mm?, factor of safety 4 and joint 
efficiency 80%, determine the diameter of the cylinder. {Ans. 116.8 cm] 
A thin cylindrical shell of 120 cm diameter, 1.5 cm thick and 6 m long is subjected to internal 
fluid pressure of 2.5 N/mm?. If the value of E = 2 x 105 N/mm? and Poisson’s ratio = 0.3, calculate : 
(i) change in diameter, (ii) change in length, and (iii) change in volume. 

, [Ans. (2) 0.051 m (iz) 0.06 cm (iii) 6449.7 em] 
A cylindrical shell 100 cm long 20 cm internal diameter having thickness of metal as 10 mm is 
filled-with fluid at atmospheric pressure. If an additional 20 cm? of fluid is pumped into cylinder 
find () the pressure exerted by the fluid on the cylinder and (ii) the hoop stress induced. Take 
E = 2x 10° N/mm? and u = 0.3. {Aus. 10.05 N/Anm?, 100.52 N/émm?] 
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A cylindrical vessel whose ends are closed by means of rigid flange plates, is made of steel plate 


4 mm thick. The length and the internal diameter of the vessel are 100 cm and 30 cm respec- 
tively. Determine the longitudinal and hoop stresses in the cylindrical shell due to an internal 
fluid pressure of 2 N/mm?. Also calculate the increase in length, diameter and volume of the 
vessel. Take F = 2 x 10° N/mm? and yp = 0.3. 
[Ans. 37.5 N/mm2, 75 N/mm, 0.075 cm, 0.0095 em, 50.36 cm*] 
A thin cylindrical tube 100 mm internal diameter and 5 mm thick is closed at the ends and is 
subjected to an internal pressure of 5 N/mm*. A torque of 22000 Nm is also applied to the tube. 
Find the hoop stress, longitudinal stress, maximum and minimum principal stresses and the 
maximum shear stress. 
[Ans. 50 Némm2, 25 N/mm?, 28 N/mm?, 68.16 N/mm, 6.84 N/mm?, 30.66 N/mm?} 
A copper cylinder, 100 cm long, 50 cm external diameter and wall thickness 5 mm has its both 
ends closed by rigid blank flanges. It is initially full of oil at atmospheric pressure. Calculate the 
additional volume of oil which must be pumped into it in order to raise the oil pressure to 4 N/mm? 
above atmospheric pressure. For copper assume, E = 1.0 x 105 N/mm? and Poisson’s ratio = 0.3. 
Take bulk modulus of oil as 2.5 x 103 N/mm?. (Ans. 486.3 cm] 
A vessel in the shape of a spherical shell of 1.4 m internal diameter and 4.5 mm thickness is 
subjected to a pressure of 1.8 N/mm/?. Determine the stress induced in the material of the vessel. 
[Ans. 140 N/mm2] 


A thin spherical of 1.20 m internal diameter is subjected to an internal pressure of 1.6 N/mm”. If 
the permissible stress in the plate material is 80 N/mm? and joint efficiency is 75%, find the 
minimum thickness. [Ans. 8 mm] 
A thin spherical shell of internal diameter 1.5 m and of thickness 8 mm is subjected to an inter- 
nal pressure of 1.5 N/mm?. Determine the increase in diameter and increase in volume. Take 
E=2x10°Nimm? andyp=0.3. [Ans. 0.369 mm, 1304 x 10? mm3] 
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Thick Cylinders and Spheres 








18.1. INTRODUCTION 


In the last chapter, we have mentioned that if the ratio of thickness to internal diameter 
of a cylindrical shell is less than about 1/20, the cylindrical shell is known as thin cylinders. 
For them it may be assumed ‘with reasonable accuracy that the hoop and longitudinal stresses 
are constant over the thickness and the radial stress is small and can be neglected. If the ratio 
of a to internal diameter is more than 1/20, then cylindrical shell is known as thick ° 
cylinders. 


The hoop stress in case of a thick cylinder will not be uniform across the thickness. 
Actually the hoop stress will vary from a maximum value at the inner circumference to a 
minimum value at the outer circumference. 


18.2. STRESSES IN A THICK CYLINDRICAL SHELL 


Fig. 18.1 (a) shows a thick cylinder subjected to a internal fluid pressure. 


YM} 
ee 
WML] 


L 
(a) {6} 
Fig. 18.1 
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Let r, = External radius of the cylinder, 
7, = Internal radius of the cylinder, and 
L = Length of cylinder. 


Consider an elementary ring of the cylinder of radius x 
and thickness dx as shown in Fig. 18.1 (8) and 18.2. 


Let p, = Radial pressure on the inner surface of the ring 
p,, + dp, = Radial pressure on the outer surface of the ring 
6, = Hoop stress induced in the ring. 
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Take a longitudinal section x-x and consider the equilibrium of half of the ring of 


Fig. 18.2 as shown in Fig. 18.2 (a) or in Fig. 18.2 (6). 


j¢———— 2x ~~ >| 





Sy Sx (Py + dp,) 


Fig. 18.2 (6) 


Fig. 18.2 (a) 


Bursting force 
= p, (2xL) — (p, + dp,) x 2x + dx). L 
=O [p..x-(p, .x+p,.dx+xdp, + dp,.. dx) 
= 2L = ee i x.dp 7 * (Neglecting dp, . dx which is a small quantity) 
é - ip.) . wd) 
=— 2D (p,dx +x .dp,) coe 
Resisting force = Hoop stress x Area on which it acts = 0, x 2dx. L wa 
Equating the resisting force to the bursting force, we get 
o, x 2dx. L=- 2h (p, .dx +x. dp,) 


oo et nae dp, we (dit) 
or he Py dx 





int i ion i is i dent of the 
itudi in at oint in the section is constant and is indepen 
tee a ee plane after straining and this is true for sec- 


adius. This means that cross-sections remain aft s tre 
one remote from any end fixing. As longitudinal strain is constant, hence longitudinal stress 


will also be constant. 
Let 0, = Longitudinal stress. A A. 
Hence at any point at a distance x from the centre, three principal stresses are acting : 
They are: ; 
(i) the radial compressive stress, p, 
(ii) the hoop (or circumferential) tensile stress, 0, 
(iii) the longitudinal tensile stress ©,. 
The longitudinal strain (e,) at this point is given by, 
Gg WO, | MPs 
E E E 
’ But longitudinal strain is constant. 


€5 = 


ae as + oe = constant 
E : 
But o, is also constant, and for the material of the cylinder Z and p are constant. 
6, ~ p, = constant : 


= 2a.where a is constant 
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‘a G, = p, + 2a - év) 
Equating the two values of o, given by equations (iiz) and (iv), we get ‘ 

dp 
P,+ 2a =-p,-x ae 
d 
or x. S08 =~ p,—p,~ 2a =~ 2p, — 2a 
or dp, 2p, Ya _ - Ap, +a) 
dx x x x 
dp, 2dx 
or = 
(p, + a) x 


Integrating the above equation, we get 
log, (p, + @) =— 2 log, x + log, b 
where log, 5 is a constant of integration. 
The above equation can also be written as 
log, (@, + a) =— log, x? + log, b 


6 
= log, ae 
5 
P,ta= a 
5 
or P,= a -a ...{18.1) 


Substituting the values of p, in equation (iv), we get 
b b 
GO,=—y-at+2a=-Z +a --.(18.2) 
x x 


The equation (18.1) gives the radial pressure p, and equation (18.2) gives the hoop stress 
at any radius x. These two equations are called Lame’s equations. The constants ‘a’ and 0’ are . 
obtained from boundary conditions, which are : 


G) atx =r), p, = py or the pressure of fluid inside the cylinder, and 
(i) at x = r,, p, = 0 or atmosphere pressure. 
After knowing the values of ‘a’ and ‘’, the hoop stress can be calculated at any radius. 


18.2.1. Alternate Method for finding stresses in a thick-cylinder. In case of thick- 
cylinders, due to internal fluid pressure, the three principal-stresses acting at a point are : 


(i) radial pressure (p) which is compressive, 
(ii) circumferential stress or hoop stress (c,) which is tensile, and 
- (ii) longitudinal stress (o,), which is also tensile. 
Let e, = circumferential strain, 
é, = longitudinal strain, and_ 
é, = radial strain. 


In case of thick-cylinder, it may be assumed that longitudinal strain (e,) is constant, 
which means that cross-section remain plane after straining. 


Consider a circular ring of radius r and thickness ‘dr’. Due to internal fluid pressure, let 
the radius r increases to (r + uw) and increase in the thickness dr be du. 
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Initial radius = r whereas final radius = (r + u) 
Final circumference — Original circumference 


i ti rain = oe : 
Now circumferential strain Original circumference 


Qur+u)-2Qur Qu u 


x Quer Qur or 
-~ or é,= . (. Circumferential strain = e,) wb) 
Now original thickness of ring = dr 
Final thickness of ring =dr+du 
: " Final thickness of ring - Original thickness 
Radial strain: = ee 
Original thickness 
= (dr+du)-dr _ du 
= dr dr 
or e.= = (radial strain = e,) (di) 
r 


The circumferential strain, longitudinal strain and radial strains in terms of stresses 
and Poisson’s ratio are also given by, 


_ 91 WO, (-up)_ 1 On , up ed ; oe 
i EE. [= \- EEE ( p is compressive) (iti) 
Og  4O, | up ; 
Con. oe Oe div) 
ar By SPOT: G2: sae 


é€ 


Bote E E 
Equating the two values of circumferential strain (e,) given by equations (Z) and (iii). 
Also equate the two values of radial strain (e,) given by equations (ii) and (v), we get 


£2 ea (Equations (i) = (iii)] oy 


dr E E &E 
Let us first eliminate ‘uv’ from equations (vi) and (vii). 


From equation (vz), 
Differentiating the above equation with respect to r, we get 
du -(2 Boe | ie es & _ wdos : ise) 
dr \E E &£ E\ dr dr dr 
(- 6,, Gg and p are function of r) 


[Equations (ii) = (v)] .(vit) 


..(Diit) 


Equating the two values of a“ given by equations (vii) and (viii), 
r 


=P WOL Og St HG MB), (Soa eee , ue) 
E E E E\ dr dr dr 
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a a 


do do dq 
or — P— WO, — LO, = G, ~ na, +p + (Sn - 2 ey PB 
Roe aan ge. gee 
(Cancelling E to both sides) 
da do. d 
or O= p+ po, + pO) +0,- UO, + up + (= - werk pier 
i 2 a a ‘ dr “ dr aE 


: do do. d 
=p+w+o,14+ w+ (S- G0o oP 
* ior dr is dr ran 


do da d, 
=(p+a) OL 2 Ae gg GP. i 
p v ¢ +w+(S uw a +u 2} wei) 


To find the value of G, in terms of DP, the value of oo must be substituted in the above 
equation (ix). = 
Longitudinal strain (ey) is given by equation (iv) as 
; Since longitudinal strain (e,) is assumed constant. Its differentiation with respect to r 
will be zero. Differentiating the above equation with respect to ‘r’, we get 


1fdop doy udp de 
o=-— = oa eve 
ae: ee) E 2-0] 
or jee ES dp 


dr “dr Ba 
do, _ doi _ dp 





so : “dr ge ae 
Substituting the value of oe in equation (ix), we get 
O=(p+0,XL +) + r| aes (un 2) ou 
=(p+o,)(1+u)+ {Brau +n Bas | 
=(p+ 0,1 +p) +r - v2) “or + wr(1 + p) oe 
=(p +o, +) + r(1 + WX - w) a + ur(l + 4) ae 
= (144) (peo) rt 22h yr [~ (+ w #0] 
or 0=(p+0,)+r(L-p) St ye @) 


; For the equilibrium of the element, resolving the forces acting on the element in the 
radial direction we get [Refer to Fig. 18.2 (c)], 


(p + dp\r + dr) 80 - p xr x 80.420, x dr xsin =” =0 


’ . 66 86 
As 66 is small, hence sin 375° Now the above equation becomes 
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{s, x rx 4) 
Fig. 18.2 (c) 
66 
(p + dp\Xr + dr) 86 — pr80 + 20, x dr x i =0 
or (p + dp\Xr + dr)- pr+o,xdr=0 [Cancelling 86 to both sides] 
pr+pdr +rdp+dp x dr-prt+o,xdr=0 
or pdr+rdp +o6,dr=0 
[dp x dr is the product of two small quantities and can be neglected] 
d, dp : 
or prr FP 40,=0 or PFS Esa. .. (xi) 
Substituting the value of (p + o,) in equation (x), we get 
dp do, dp 
0= a ae +r(1~u) es +ur Fr 
dp do, 
= ~r a, G- w+ rl -y) at 
or =— 2b + ae {Cancelling r(1 — 4) to both sides] 
do, _ 4p _4 
cn dr dr 


Integrating, we get 
: 0, — p = constant 
= 2a (let the constant = 2a) we (xtt)} 
In equations (xii) and (xi), the two unknown are a, and p. Let us find the value of o, 
from equation (xii) and substitute this value in equation (xi). 
From equation (xii), 0, = 2a + p 
Substituting this value of o, in equation (xi), we get 


of ge 
p+(Qa+p)=-r ee 





dp dp 
or ap+2a=-ro. or ap+r a. = 2a 
2 d 
or - oer any or a (pr?) = - 2ar 


Integrating, we get 


2 « 
ear +6 where 6 is another constant. 





pr? = 


ee 





_ (xiii). 
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a a a 


=-ar24+b 
-ar? 2b 5 2 
or p= ar ok or p= wo” »«(xidi) 


The above equation gives the radial pressure at radius ‘’. This equation is same as 
equation (18.1). To find the value of o, at any radius, substitute this value of p in equation 


o 


b } b 
O,-j—yz-a@i=2a or of ~-> +a=2a 
1 (5 1 re 


6 6 . 
or G, = —++2a-a=>+a ...(viv) 
Ei 2 re 


The above equation gives the circumferential stress (or hoop stress) at any radius r. 
This equation is same as equation (18.2). 

Problem 18.1. Determine the maximum and minimum hoop stress across the section of 
a pipe of 400 mm internal diameter and 100 mm thick, when the pipe contains a fluid at a 
pressure of 8 N/mm. Also sketch the radial pressure distribution and hoop stress distribution 
across the section. (Annamalai University, 1991) 

Sol. Given : 


Internal dia. = 400 mm . 
Internal radius, r= ae = 200 mm 

Thickness = 100 mm 
External dia. = 400 + 2 x 100 = 600 mm 
“ 0 

*. External radius, rye aa = 300 mm 

Fluid pressure, Py = 8 N‘mm? 


or atx=7r,,D,= py = 8 Nim? 
The radial pressure (p,) is given by equation (18.1) as 





P= a a ...(é) 
Now apply the boundary conditions to the above equations. The boundary conditions 
are: 
1. Atx =r, = 200 mm, p, = 8 N/mm? 
2. At x =r, = 300 mm, p, = 0 : 
Substituting these boundary conditions in equation (i), we get 
é b 
8=—"5 - a= mC 
200° “40000 * we 
5 b 
and «-(Gti) 


0= 7 -a=—— - & 
300 90000 
Subtracting equation (éiz) from equation (ii), we get 





geo _ bb 4b 
40000 90000 ~ 360000 360000 
be ae = 576000 
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Substituting this value in equation (tiz), we get 
7 576000 _ Bs Ook ete 576000 - 
90000 90000 
The values of ‘a’ and ‘b’ are substituted in the hoop stress. 
Now hoop stress at any radius x is given by equation (18.2) as 











O.= a = a +64 
a" x 
576000 
At x = 200 mm, Gyo, = “goo? 6.4 =14.4+6.4 = 20.8 N/mm? Ans. 
576000 _ 


At x = 300 mm, ogg9 = +64 =6446.4=12.8 N/mm”. Ans. 


300? 
Fig. 18.3 shows the radial pressure distribution and hoop stress distribution across the 
section. AB is taken a horizontal line. AC = 8 N/mm’. The variation between B and C is para- 
bolic. The curve BC shows the variation of radial pressure across AB. 









Radial 
pressure (p,) 





Fig. 18.3 


The curve DE which is also parabolic, shows the variation of hoop stress across AB. 
Values BD = 12.8 N/mm? and AE = 20.8 N/mm”. The radial pressure is compressive whereas 
the hoop stress is tensile. 

Problem 18.2. Find the thickness of metal necessary for a cylindrical shell of internal 
diameter 160 mm to withstand an internal pressure of 8 N/mm?. The maximum hoop stress in 
the section is not to exceed 85 N/mm?. 


Sol. Given : 


Internal dia. = 160 mm 
Internal radius, r= a = 80 mm 
Internal pressure = 8 N/mm? 


This means at x = 80 mm, p, = 8 N/mm? 
Maximum hoop stress, o, = 35 N/mm? : 


FS ar at ence acre 
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A A Ss erenvesseeeteees 
The maximum hoop stress is at the inner radius of the shell. _ 
Let r, = External radius. Sunn 


The radial pressure and hoop stress at any radius x are given by equations (18.1) and 
(18.2) is 


b 
Py= a @ .-{Z) 
and O, = a +a / «-Ait) 


Let us now apply the boundary conditions. The boundary conditions are : 
at x = 80 mm, p, = 8 N/mm? and o, = 35 N/mm? 
Substituting x = 80 mm and p, = 8 N/mm? in equation (é), we get 

b 5b 


ag Oe ; ...(Li8) 
80 6400 
Substituting x = 80 mm and o, = 35 N/mm? in equation (ii), we get 
b b 
35 = et +a= Pris +a .«. (iv) 
Subtracting equation (ii) from equation (iv), we get 
27 
27 = 2a or a=7 =135 
Substituting the value of a in equation (iii), we get 
he? 186 
6400 
or b = (8 + 13.5) x 6400 = 21.5 x 6400 
Substituting the values of ‘e’ and ‘b’ in equation (i), 
21.5 x 6400 
Py = Co tgen 2 . 13.5 


But at the outer surface, the pressure is zero. Hence at x = r,, p, = 0. Substituting these 
values in the above equation, we get 


gc SEE Se 8 
"4 
21.5 x 6400 [21.5 x 6400 
2p = | = 
e ENS gg oe Oa vege 


Thickness of the shell, ¢=r,.-r, 
= 100.96 — 80 = 20.96 mm. Ans. 


18.3. STRESSES IN COMPOUND THICK CYLINDERS 


From problem 18.1, we find that the hoop stress is maximum at the inner radius and it 
decreases towards the outer radius. The hoop stress is tensile in nature and it is caused by the 
internal fluid pressure inside the cylinder. This maximum hoop stress at the inner radius is 
always greater than the internal fluid pressure. Hence the maximum fluid pressure inside the 
cylinder is limited corresponding to the condition that the hoop stress at the inner radius 
reaches the permissible value. In case of cylinders which have to carry high internal fluid 
pressures, some methods of reducing the hoop stress have to be devised. 
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One method is to wind* strong steel wire under tension on the cylinder. The effect of the 
wire is to put the cylinder wall under an initial compressive stress. : 

Another method is to shrink one cylinder over the other. Due to this, the inner cylinder 
will be put into initial compression whereas the outer cylinder will be put into initial tension. 
If now the compound cylinder is subjected to internal fluid pressure, both the inner and outer 
cylinders will be subjected to hoop tensile stress. The net effect of the initial stresses due to 
shrinking and those due to internal fluid pressure is to make the resultant stresses more or 
less uniform. 

Fig. 18.4 shows a compound thick cylinder made up 
of two cylinders. : 

Let r, = Outer radius of compound cylinder 

' r, = Inner radius of compound cylinder 
r* = Radius at the junction of the two cylinders 
(i.e., outer radius of inner cylinder or inner radius of outer 
cylinder) 
; p* = Radial pressure at the junction of the two 
cylinders. 

Let us now apply Lame’s equation i.e., equations 
(18.1) and (18.2) for the initial conditions (i.e., after shrink- 
ing the outer cylinder over the inner cylinder and fluid un- 
der pressure is not admitted into the inner cylinder). 

() For outer cylinder 

The Lame’s equations at a radius x for outer cylinder are given by 

by b 


. 1 a: 
= 9 - @ «.-(Z) O.= yt ay = ALL 
Py, x = 2 (it) 


. where a,, 6, are constants for outer cylinder. 


Atx=ry,p,=0. Andatx= r*, p, = p* 
Substituting these conditions in equation (i), we get 


by 
O=—b-a Gti #2. —t-a Gi 
a (ii) pose 8 (iv) 


From equations (iii) and (iv), the constants a, and b, can be determined. These values 
are substituted in equation (i). And then hoop stresses in the outer cylinder due to shrinking 
can be obtained. 

Gi) For inner cylinder 

The Lame’s equations for inner cylinder at a radius x are given by 

b; 


‘ aes eee 
P,= 72 a2, Se geen 


where ay, b, are constants for inner cylinder. 

Atx=r,,p,=0 as fluid under pressure is not admitted into the inner cylinder. And 
atx=r*, p= p*. 

Substituting these values in the above value of Py, we get 





by by . 
o= eo ~ Ay .{v) and m= eS a (vt) 
* This method has already been explained in chapter 17 on page 765. ‘ 
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From equations (v) and (vi), the constants a, and b, can be determined, These values are 
substituted in o,. And then hoop stresses are obtained. 

Hoop stresses in compound cylinder due to internal fluid pressure alone 

When the fluid under pressure is admitted into the compound cylinder, the hoop stresses 
are set in the compound cylinder. To find these stresses, the inner cylinder and outer cylinder 
will together will be considered as one thick shell, Let p = internal fluid pressure. Now the 
Lame’s equations are applied, which are given by 


B FP B a 
P,* 7a A ...(vii) and 02a A ...(viii) 
where A and B are constants for single thick shell due to internal fluid pressure, 
At X=1y, p,= 0. - 
Substituting these values in equation (viz), we get 
B 
=i A Aix) 
" 
At X=, P, =P. 
Substituting these values in equation (vii), we get 
B 
ae A wae 
p= 72 (x) 


1 : 

From equations (ix} and (x), the constants A and B can be determined. These values are 
substituted in equation (viii), And then hoop stresses across the section can be obtained, 

The resultant hoop stresses will be the algebraic sum of the hoop stresses caused due to 
shrinking and those due to internal fluid pressure. ae 

Problem 48.3. A compound cylinder is made by shrinking o cylinder of external diam- 
eter 300 mm and internal diameter of 250 mm over another cylinder of external diameter 
250 mm and internal diameter 200 mm. The radial pressure at the junction after shrinking is 
8 Nimm®. Find the final stresses set up across the section, when the compound cylinder is 
subjected to an internal fluid pressure of 84.5 Nimm?, 

Sol. Given : 

For outer cylinder : 

External diameter = 300 mm 

External radius, 
ry = = = 150 mm 
Internal diameter = 250 mm 
Radius at the junction, 
rs “s = 125 mm. 
For inner cylinder 
Internal diameter = 200 mm 


Internal radius 





200 
ee. 100 mm 
Radical pressure due to shrinking at the junction, 
p* = 8 N/mm? 
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Fluid pressure in the compound cylinder, 
p = 84.5 N/mm?. 


(i) Str SSeS due to srr inking un the outer and inner € linder 6 yore the fluid pressure t, 
‘§ Oefo 
yi S 


(a) Lame’s equations for outer cylinders are 








. & , 6 
Pee au .@) and o,= <a + @y (ii) 
At x= 150 mm, p, = 0. 
Substituting these values in equation (2), 
b, } 
O= -@,= 1 ae 
1502! 29500 7 nee 


At) x=r* = 125 mn, p, = p* = 8 N/mm? 
Substituting these values in equation (i), we get 


of ne 2) Oyo 
15" 1” 15625 7 7 eee) 
Subtracting equation (iii) from equation (iv), we get 
‘ by by (— 15625 + 22500) b, 





22500 15625 22500 x 15625 
8 x 22500 x 15625 
1 = (215625 + 22500) ~ 409090.9 
Substituting the value of &, in equation (iii), we get 
9 - 409090.9 _ 409090.9 
— 29500“! % %1= ~Z5599 = 18-18 
Substituting the values of a, and 6, in equation (ii), we get 


409090. 
= ae + 18.18 


x 


' ee above equation gives the hoop stress in the outer cylinder due to shrinking. The 
f O08 stress at the outer and inner surface of the outer cylinder is obtained by substituting 
wat = 150 mm. and x = 125 mm respectively in the above equation. 


409090.9 
iia one 18.18 = 36.36 N/mm? (tensile) 
409090.9 
qoand gee ae 18.18 = 44.36 N/mm? (tensile). 
(6) Lame’s equations for the inner cylinder are : 
Bue By -@ ) d be 
eT edn an 0, = ye tae -.(vi) 


At x 7 r, = 100 mm, p, = 0 (There is no fluid under pressure.) 
Substituting these values in equation (v), we get 





Geis oh 
~ 1002?” 0000? ee 
= pt . . 
Atx =r*=125 mm, P,.= p* = 8 N/mm’. Substituting these values in equation (v), we get 
- 22 by 
C5 ass ieee = dy .-(ubit) 
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Subtracting equation (vii) from equation (viii), we get 


os i SE 


8= T5625 10000 
by(10000 - 15625) —— - 5625 by 
= "15625 x 10000 15625 x 10000 
e 8 x 15625 x 10000 999999.9 
5625 
Substituting the value 5, in equation (vii), we get 
222222.2 _ 
~~jo000” 
or Gy =~ 22.22 
Substituting the values of a, and 5, in equation (vi), we get 
ee ea _ 99.92 


Hence the hoop stress for the inner cylinder is obtained by substituting x = 125 mm 


respectively in the above equation. 
222292.2 


Otago — 22.22 
12 125 
= — 14,22 — 22.22 = — 36.22 N/mm? (compressive) 
222222.2 
and S100 = 7 aoe - 22.22 


= — 22.22 — 22.22 = — 44.44 N/mm? (compressive) 


(ii) Stresses due to fluid pressure alone 
When the fluid under pressure is admitted inside the compound cylinder, the two eylin- 
ders together will be considered as one single unit. The hoop stresses are calculated by Lame’s 


equations, which are 


B 
= ae . elix) and o=—ztA w(x) 


where A and B are constants. 
Atx = 100 mm, p, =p = 84.5 N/mm. Substituting the values in equation (x), we get 
B B : 
84.5 = Too? - A= T0000” A (xi) 
At x = 150 mm, p, = 0. Substituting these values in equation (x), we get 
B B 
0= i508 - “~ 33500” 
Subtracting equation (xii) from equation (xi), we get 
B B 
= "10000 22500 
B(22500 — 10000) 12500 x B_ 
10000 x 22500 * "40000 x 22500 
84.5 x 10000 x 22500 
12500 


»Axit) 


84.5 


= 1521000 
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SS Shhh SP enn 


N Substituting this values in equation (xii), we get 
1521000 oy _ 1521000 | 
° = “39500 or = "92500 * 
Substituting the values of A and B in equation (x), we get 
gee care 
Hence the hoop stresses due to internal fluid pressure alone are given by, 
Gian = + 67.6 = 219.7 N/mm? (tensile) 


Gig = O08 67.6 = 97.844 + 67.6 
125 
164.94 N/mm? 
Sis0 = cee + 67.6 = 67.6 + 67.6 = 135.2 N/mm’. 
The resultant stresses will be the algebraic sum of the initial stresses due to shrinking 
and those due to internal fluid pressure. 


Inner cylinder 
F 99 = S199 due to shrinkage + Gyo) due to internal fluid pressure 
=- 44.44 + 219.7 = 175.26 N/mm? (tensile). Ans. 


Fyo5 = O49, due to shrinkage + Gio, due to internal fluid pressure 
=~ 36.22 + 164.94 = 128.72 N/mm? (tensile). Ans. 


Outer cylinder 


Fio5 = O95 due to shrinkage + Oyo, due to internal fluid pressure 
= 44.36 + 164.94 = 209.3 N/mm? (tensile). Ans. 

Fisg = S159 due to shrinkage + 0459 due to internal fluid pressure 
= 36.36 + 135.2 = 171.56 Némm/? (tensile). Ans. 


18.4. INITIAL DIFFERENCE IN RADII AT THE JUNCTION OF A COMPOUND 
CYLINDER FOR SHRINKAGE 


By shrinking the outer cylinder over the inner cylinder, some compressive stresses are 
produced in the inner cylinder. In order to shrink the outer cylinder over the inner cylinder, 
the inner diameter of the outer cylinder should be slightly less than the outer diameter of the 
inner cylinder. Now the outer cylinder is heated and inner cylinder is inserted into it. After 
cooling, the outer cylinder shrinks over the inner cylinder. Thus inner cylinder is put into 
compression and outer cylinder is put into tension. After shrinking the outer radius of inner 
cylinder decreases whereas the inner radius of outer cylinder increases from the initial values. 

Let r, = Outer radius of the outer cylinder 

r, = Inner radius of the inner cylinder 


r* = Radius of junction after shrinking or it is common radius after shrinking 
p* = Radial pressure at the junction after shrinking. 


Before shrinking the outer radius of the inner cylinder is slightly more than r* and 
inner radius of the outer cylinder is slightly less than r*. 
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For the outer and inner cylinder Lame’s equations are used. These equations are 


b os, 
P,=—y-@ and o,= a 


The values of constants a and b will be different for each cylinder, 

Let the constants for inner cylinder be ay, by and for outer cylinder 1, by. ats 
The radial pressure at the junction (i.e., p*) is same for outer cylinder and inner cylinder. 
At the junction, x = r* and p, = p*. Hence radial pressure at the junction. 





= a, (A) 
pt = Tyr 7% = pee 7 S29 
by = be AB) 
or oat = (a, a ay) 
(6, — 6) = r*? (a, — aq) om 
7 17 2 ae : 
: Now the hoop strain (or circumferential strain) in the cylinders at any point 
Pies Bee AC) 
- EO mE 


But circumferential strain 
Increase in circumference 
sNCTCASE 0 Oe 


Original circumference 
Q0(r +dr)— 20r _ dr _D) 
= Qur r 
= Radial strain 


Hence equating the two values of circumferential strain given by equations (C) and (D), 
we get | 
dr 9, | Ps .{i} 


On shrinking. at the junction there is extension in the inner radius of the outer cylinder 


and compression in the outer radius of the inner cylinder. a 
At the junction where x = r*, increase in the inner radius of outer cylinder 


=r* & # 2s) (di) 
E mE 
But for outer cylinder at the junction, we have 
au + ay and D,= wis a, 
a, = pee x re? 


where a, and 6, are constants for outer cylinders. : 
Substituting the values of o, and p, in equation (ii), we get 
Increase in the inner radius of outer cylinder 


| 1(8 ye eee 
=| E(o. +Pe)|arelE (Bees) tel «| 
Similarly, decrease in the outer radius of the inner cylinder is obtained from equation 


(i) as 


a—rt| Sey fe) (- ve sign is due to decrease) (iti) 
E mE ; 
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But for inner cylinder at the function, we have 
_ 2b by 
Oy ya +@ and p,= pee ~ a 
Substituting these values in equation (ii), we get 
Decrease in the outer radius of inner cylinder 


= pe{l{ & 1 (2b 
= a(S) (4e-a]] ...(iv) 


; But the original difference in th i i i i 
“Disioure line = ce in the outer radius of the inner cylinder and inner radius of 


= Increase in inner radius of outer cylinder 
+ Decrease in outer radius of the inner cylinder 


«| Lf @1 1 {2b 1fd 
= r*| —| — | a 1 ff & 
fa(2s-=)-ai(-=)] ~r a(S) cel] 
et (Bi: by r® if B 


But from equation (A), 
oe b 


pee see ga 2 


Hence Second part of the above equation is zero. Hence above equation becomes as 
Original difference of radii at the junction 


[--}-(4-+] 


ta] 





r® | (6; ~ be) 

e Oe + (a - «| 

ge : by - 6. 

= Fp MG, ~ a2) + (@, - a)] *’ From equation (B), cas 2 ay «| 
2r* (a ) : 

= ~ a : 
Bees (18.8) 


The values of a, and a i i 
\ 4 2 are obtained from the given conditi i 
outer cylinder whereas of @, is for inner cylinder. < Sey ere ae 


Problem 18.4. A steel cylinder of 300 mm external diameter is to be shrunk to another 


ee ‘ : : 
steel cylinder of 150 mm internal diameter. After shrinking the diameter at the junction is 


9 mm and radial pressure at th. j ion i 
enn ; e common junction is 28. N/mm”. Fi igi. j 
in radii at the junction. Take E =2 x 10°N eee ° EERE ai Heres 


Sol. Given : 
External dia. of outer cylinder = 300 mm 
Radius, ry = 150 mm 
Internal dia. of inner cylinder = 150 mm 
Radius, r,=75 mm° : 


Pe 
an veined 
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Diameter at the junction = 250 mm 
Radius, r® = 125 mm 
Radial pressure at the junction, p* = 28 N/mm? 
Value of E = 2 x 10° N/mm? 
Using equation (18.3), we get 


Original difference of radii at the junction 
Qr* 
= “em = Q2) @) 
First find the values of a, and a, from the given conditions. These are the constants for 
outer cylinder and inner cylinder respectively. They are obtained by using Lame’s equations. 
For outer cylinder 
P= 4 eal 
(i) At junction, x = r* = 125 mm and p, = p* = 28 N/mm? 
(ii) At x = 150 mm, p, = 0. 
Substituting these two conditions in the above equation, we get 
by by 


28 = 7552 7!" 15695 ne 
b hy ve 
and O= 150 1 * 55500 ay Awii) 


Solving equations (ii) and (iz), we get 
b, = 1482000 and 
For inner cylinder 


a, = 63.6. 


2 
= 7 7 oy 
Py x2 


(i) At junction, x = r* = 125 mm and p, = p* = 28 N/mm? 
(ii) Atx = 75 mm, p, = 0. 
Substituting these two conditions in the above equation, we get 





be _ by 
28 = Ton? ~~ 15695? vansliv) 
b by 
si OF 78 92 = 5605 72 (v) 
Solving equations (iv) and (v), we get 
b, = — 246100 
and a, = — 43.75 


Now substituting the values of a, and a, in equation (i), we get 
Difference of radii at the junction 

2x125 
2x 10° 





(63.6 - ~ 43.75)] 


125 
10° x 107.35 =0.13 mm. Ans. 


diameter is to be shrunk on to another 


Problem 18.5. A steel tube of 200 mm external 2 One | 
the junction after shrinking is 120 mm. 


steel tube of 60 mm internal diameter. The diameter at 
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Before shrinking on, the difference of diameters at the junction is 0.08 mm. Calculate the radial 
pressure at the junctién and the hoop stresses developed in the two tubes after shrinking on. 
Take E as 2 x 10° Nimm?. 
Sol. Given : 
External dia. of outer tube = 200 mm 
Radius, r, = 100 mm 
Internal dia. of inner tube = 60 mm 
Radius, r, = 30 mm 
The diameter at the junction after shrinking = 120 mm 
Radius, r* = 60 mm 
Before shrinking on the difference of dia. at the junction = 0.08 mm 
Difference of original radii = 0.04 mm 
Value of E = 2 x 10° N/mm? 
Let p* = Radial pressure at the junction 
Using equation (19.3), 
Original difference of radii at junction 
2r* 








= Ez (a, = Q) 
2x 60 0.04 x 2 x 10° 
or 0.04 = ——; (a, - ag) —— r= - 
et i 2x 60 rer 
200 
_or {a, — a.) = a (8) 
Now using Lame’s equation for outer tube 
b eo b 
P= =r -ay «- (di) and = 2 +Q, iti) 
- Atx = 100 mm, p, = 0. 
Substituting these values in equation (ii), 
Gog cate 5 
= 00? ~* 10000 Atv) 
At x = 60 mm, p, = p*. 
Substituting these values in equation (ii), 
$i) 5, a) = Bit. a 
P’= 607 3600? 0) 
Now applying Lame’s equation for inner tube 
by . b 
BAe ae (vi) and 0, = 2 ae (vit) 
At x = 30 mm, p, = 0. 
Substituting these values in equation (vi), 
bg b 
O= sae ooo oe (viii) 


Atx = 60 mm, p, = p*. 
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Substituting these values in equation (vé), 

bg be 





P*= 55292 "360072 w-(ix) 
Equating the two values of p*, given. by equations (v) and (ix), we get 
PL ae ee 
_ 3600 7 3600 7+ 
be - by 
or 3600 ~ by - ay -(e) 


But from equation (iv), 6, = 10000 a, 
and, from equation (viii), 4, = 900 a, 
Substituting these values in equation (x), we get 
900 a, — 10000 a, 





3600 hi aa 

or 900 a, — 10000 a, = 3600 a, — 3600 a, 
or 900 a, ~ 3600 a, = — 3600 a, + 10000 a, 
or ~ 2700 a, = 6400 a, 

2700 27 : 
or a, = 6400 ag=—~ 64 ag (ck) 

Substituting the value of a, in equation (¢}, we get 
27g, 200 
64.7 7 8 

or at tet Ohta) 2) = > or @,=- ae =— 46.88 


Substituting this value in equation (xi), we get 


a, = + oe x 46.88 = 419.77 


64 
b, = 10000 x a, = 10000 x (19.77) = 197700 
and b, = 900 x a, =~ 900 x 46.88 = - 42192 


(i) Radial pressure at the junction (p*) 
Substituting the values of a, and 6, in equation (ix), we get 
ba 42192 
= — Gy =- ——— + 46.88 
P"= 3600? 3600 
= + 35.16 Némm?. Ans. 
The value of p* can also be obtained by substituting a, and 6, in equation (v) 
os J hie. -a 
p’=3600 + 
goo 10977 260916 = 19.77 


3600 
= 35.146 N/mm”. Ans. 


(it) Hoop stresses in the two tubes after shrinking on 
The hoop stresses.can be calculated from equations (ii) and (viz). 
(a) For outer tube 








b, .. _ 197700 
o, = oe +Q,5 gs 


+ 19.77 Ce 





b, = 197700, a, = 19.77) 
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i 
197700 
S109 = 00" +19.77 
= 39.54 N/mm? (tensile). Ans. 
and - Ogg = or +19.77 = 74.68 N/mm? (tensile). Ans. 
(6) For inner tube 
7) 
o, = + + dg 
=— sae - 46.88 (+ b= - 42192, a, = —-46.88) 
x 
Og9 = — ar - 46.88 
=— 58.6 N/mm? (compressive). Ans. 
42192 2 , : 
and G9 = — oF 46.88 =—93.76 N/mm? (compressive). Ans. 


18.5. THICK SPHERICAL SHELLS 


Fig. 18.6 shows a spherical shell subjected to an internal fluid pressure p. 
Let r, = External radius 
r, = Internal radius. 

Consider an elemental disc of the spherical shell of thick- 
ness dx at a radius x. Let this elemental disc subtend an angle 
d6 at the centre. 

Due to internal fluid pressure, let the radius x increase to 
(x + u) and increase in thickness dx be du. 


Let e, = Circumferential strain and 
e, = Radial strain 
Now increase in radius = u 
Final radius = x + u 
Circumferential strain, Fig. 18.6 
_ Final circumference - Original circumference 


Original circumference 
_ Qn(x+u)-2ax _ U (i) 
ee ee a 


Now original thickness of element = dx 
Final thickness of element = dx + du 
Radial strain, 
fz: Final thickness of element - Original thickness 


* Original thickness 
_ (die du)~ de _ du ci) 
3 du -= ‘al 
But from equation (i), 
u=xX.e : 


¥ 
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Radial strain, 


d de, 
> €2> gy ey) Mey te. ..-(iti) 
Now consider an elemental spherical shell of radius x b, + dp 
x x 


and thickness dx as shown in Fig. 18.7. Let p, and p, + dp, 
be the radial pressures at radii x and x + dx respectively. 
And a, is the circumferential tensile stress which is equal in 
all directions in a spherical shell. 

Considering the equilibrium of half of the elementary 
spherical shell on which the following external forces are 
acting : 

(i) An upward force of xx? . p, due to internal radial 

pressure p 

(ii) A downward force of n(x + dx)? . (p, + dp,) due to 
radial pressure p, + dp,. 

(ii) A downward resisting force o,, (2x . dx). 

Equating the upward and downward forces, we get 

nx? p, = n(x + dx)? . (px + dp,) + 2nx . dx . a, 
= n(x? + dx? + 2x. dx\(p, + dp,) + Inx . dx . a, 
or a? p= (a? + dx? + 2x. dx\(p, + dp,) + 2x . dx .6, 
= (x? p+ dx?. p+ 2x.dx.p,+x*.dp, 
+dx?. dp, +2x.dx.dp,)+ 2x. dx .o, 
Neglecting squares and products of dx and dp,, we get 
x? pl=x?.p.+0+2.dx.p,+x?.dp,+0+0+2¢.dx.o, 








or 0 = 2x.dx.p,+x?. dp, +2x.dx.a, 
or Qn. dx .o,=-2x.dx.p,-x*. dp, 
d, 
or 2.0,=-2.p,-x. a (Dividing both sides by x . dx) 
dp, 
or 0,=-Py- 5. Ge AA) 


Differentiating the above equation w.r.t. x, we get 


2 
4 to,)-£.¢ r)- EAs. Be) «Be 3 x Theo Be) G8) 
At any point in the elementary spherical shell, there are three principal stresses « 
(i) The radial pressure p,, which is compressive 
(zi) Circumferential (or hoop stress) o,, which is tensile and 
(iii) Circumferential (or hoop stress) o,, which is tensile of the same magnitude as of (i) 
and on a plane at right angles to the plane of o, of (ii). 


Now radial strain, 





Py oy oO, 1 . 2, io = 
eo rte ee Here — = Poisson’s ratio = u 
* E mE mE m 
_ Px , 292 ; (compressive) 
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= —( P24 292) densi 
= a + | (tensile) w(¥) 
and circumferential strain, 
Go, oo 
= z: m RE 7 7 . (tensile) 
1 Oo, . P. 1 m-4 a 
“=z (>. “im * te) . z° a 5 dl opal): . See) 


Substituting the values of e, and e, from equations (v) and (vz) in equation (viz), we get 


(i Be) dlo (2) Aloo dale Ca) 3] 




















or ~ pla. + ASe) = E[eem—P Be), z ee eee ee 
E m E m m E\\ m dx om dx 
fe -(p, +72) - (2-2, oe), mad do, , * ap, 
m m m m dx m dx 
or -—mp,- 26, =(m-—1)0,+p,+4(m - 1) Woe yx Ps 
di d, 
or = — p,(m + 1)- 0 (2+ m— 1} = x(m ~ 1) ae te ee 
or -(m + Dip, +0) =x(m—1) 22s 4g Pe 
dx 
or (nm + 1)(p, + 6,) + x(m - 1) BOs 5 i OPS 26, 
x x dx dx 


oes d 
Now substituting the value of o, and ae {o,) from equations (A) (and (iv) in the above 


equation, we get 


di d, 2 
im + (re+- 2-2. Bs) saim—1)x] Mee 3028 Ps +e) Be 0 



































2 dx dee dt de 
or hs [-gim+ 9-2 m-D+x]-2 md Th ae 
i Be omada ms 42) = my LP a0 
_ Bs (Att) Fim oes =0 i. (Cancelling x) 
or ~$ Pom -D- Zim) EB 0 
= ate + as =f [Canceling - we | 
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ge, OP x ; : 
Substituting it Z in the above equation, we get, 
4Zr+x. ay (] =0 
dx \ dx 
dZ 
4Z+x.—=9 
or x ss 
adZ 
4Z=-x.—— 
or x dx 
aZ dx 
Se A 
or Z . 


Integrating the above equation, we get 
log, Z = — 4 log, x + log, C, 
where C, is the constant of integration. 
The above equation can also be written as 
log, Z = log, x~* + log, C, = log, C, x x4 








G1) Cy 
= — Z ==. 
log, (‘ © or x 
dp, 
But Z= - 
dp, “C Cc 
ee or dp,= a 
Integrating the above equation, we get 
C 
=- ete hi 
P, 3x3 2 : .(vit} 


where C, is another constant of integration. 
Substituting this value of p, in equation (A), we get 


et x dp, 
oe * -(-ge+ea)-§ dx 


Cr Cc x Cy (- “ps. G) 
* A 
xt 











Cy Cy Cy oe 
Sioa. Te c = aS se Cc 
3x3 2 5x3 6x3 2 ... (viii) 
If we substitute C, = — 66 and C, =— a in equations (vit) and (vizi), we get 
- 66 26 
P, st Pats re (ix) 
: (~ 66) b 
and oO, =— 6x3 -(- ai «(x) 


The constants a and 5 are obtained from initial given conditions. 
For example, (i) atx = ry, p, = 0 and at x =rg, p, = p. 
Substituting these values in equation (ix), we get 


2 cs 
0= 2 -a (xi) = and p= = -@ vo(xti) 
Y tT 
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Solving equations (xi) and (xii), we get 
3 38 
r 
a= and b= erties See 
rm 12 Arye — 12") 
Problem 18.6. A thick spherical shell of 200 mm internal diameter is subjected to an 
internal fluid pressure of 7 Nimm?. If the permissible tensile stress in the shell material is 
-8 Nimm?, find the thickness of the shell. 


Sol. Given : 


Internal dia. = 200 mm 
Internal radius, r, = 100 mm 
Internal fluid pressure, p= Nimm? 


Permissible tensile stress, o, = 8 N/mm?. 
The radial pressure and hoop stress at any radius of spherical shell are given by 


P,= a -@ «--(d) and 3G, = Ps +a (Zi) 
The hoop stress, o, will be maximum at the internal radius. Hence permissible tensile 
~.stress of 8 N/mm? is the hoop stress at the internal radius. 
Atx = 100 mm, p, = 7 N/émm?. 
Substituting these values in equation (i), we get 

2b 2b 

T= Too? ** {o00000 ~ “ 
Atx = 100 mm, o, = 8 N/mm?. 
Substituting these values in equation (ii), we get 
b 


(dit) 


.OF 


8= F008 * 77 qo00000 *° ame 
Adding equations (zit) and (iv), we get 
3b 
15 = 1900000 
b= ees = 5000000. 
Substituting the value of 6 in equation (iv), we get 
> 5000000 ee 
1000000 
i a=8-5=3 
Substituting the values of a and b in equation (7}, we get 
2-x 5000000 
P, = os gee = 3 .(v) 
Let r, = External radius of the shell. 


At outside, the pressure 
p, =Ooratx=ry, p, = 90. 
Substituting these values in equation (v), we get 
2 x 5000000 10000000 
0=——-z— - 3 or rp = 


ry = 
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7 V3 
r= ES = (3.333) x 10? = 149.3 mm 


Thickness of the shell, 
t=r,—r,=149.3-100=49.3 mm, Ans. 

Problem 18.7. For the problem 18.6, find the minimum value of the hoop stress. 
Sol. Given : 
The data from Problem 18.6 is : 

r, = 100 mm, r, = 149.3 mm 

p= 7 N/mm’, o, at internal radius = 8 N/mm? 
Values of constants are ; 

a= 8, b= 5000000 
The hoop stress at any radius of spherical shell is given by 


b 5000000 3 
Cen ae ce ng 


The hoop stress will be minimum at the external radius ie., at x =r, = 149.3 mm, 
Substituting this value of x in the above equation, we get 


5000000 5000000 2 
,= (149.3)5 +3 = ssc) +3515+3=45N/mm*, Ans. 
3 


HIGHLIGHTS 


1. The hoop stress is maximum at the inner circumference and minimum at the outer circumfer- 
ence of a thick cylinder. 

2.’ The radial pressure (p,) and hoop stress (g,) at any radius x in case of a thick cylinder are given 
by 


By = -z -@ and Gye ta, 
x? x? 


The above equations are known as Lame’s equations. In these equations a and 6 are constants 
whose values are obtained from boundary conditions. 
3. The hoop stresses in a compound thick cylinder is the algebraic sum of the hoop stresses caused 
due to shrinking and those due to internal fluid pressure. : 
The hoop stress in case of thin cylinders are reduced by wire winding on the cylinders. 
5. The hoop stress in case of thick cylinders are reduced by shrinking one cylinder over another 
cylinder. 
6. The original difference of radii at the junction of a compound cylinder for shrinkage is given by, 


» 


ar* 
dr= |E (ay = az) 


where r* = Radius of junction after shrinking 
E = Young's modulus 
a, and a, = Constants whose values are obtained from boundary conditions. 
97. For a thick-spherical shell, the radial pressure and hoop stresses are given by 
2 b 


Dy = —_~@ and Oy, = ta, 
x x 
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EXERCISE 18 


(A) Theoretical Questions 


Differentiate between a thin cylinder and a thick cylinder. Find an expression for the radial 
pressure and hoop stress at any point in case of a thick cylinder. 
What do you mean by Lame’s equations ? How will you derive these equations ? 


“The hoop stress is minimum at the outer surface and is maximum at the inner surface of a thick 
cylinder”, prove this statement. Sketch the radial pressure distribution and hoop stress distribu- 
tion across the section of a thick cylinder. - 


What do you mean by a thick compound cylinder ? How will you determine the hoop stresses in 
a thick compound cylinder ? ‘ 


What are the different methods of reducing hoop stresses ? Explain the terms : Wire winding of 
thin cylinders and shrinking one cylinder over another cylinder, 


Prove that the original difference in radii at the junction of a compound cylinder for shrinkage is 
given by 


Or* 
dr = = (ay ~ a) 


where r* = Common radius after shrinking 
E = Young’s modulus 
a, and a, = Constants whose values are obtained from the boundary conditions. 
Derive an expression for the radial pressure and hoop stress for a thick spherical shell. 


(B) Numerical Problems 
Determine the maximum hoop stress across the section of a pipe of external diameter 600 mm 
and internal diameter 440 mm, when the pipe is subjected to an internal fluid pressure of 
0 N/mm?. (Ans. 99.9 Nfnm?] 
Find the thickness of metal necessary for a cylindrical shell of internal diameter 150 mm to 
withstand an internal pressure of 50 N/mm?. The maximum hoop stress in the section is not to 
exceed 150 N/mm2. (Ans. 31 mm] (Annamalai University, 1990) 
(Hint. p, = > ea. And o, = Pies 
x x 
Let r, = External radius in mm, r, = Internal radius. 
And x is any radius. 
At = x= 75 mm, p, = 50 N/mm? and o, = 150 N/mm? 
& : 5 ‘ a 
5625 en 180 = saa5 °° oe 
Solve equations (i} and (ii). The values of a and b area = 50 and 6 = 562500. Now atx = Ty, P,=0 


50 = 





0= ee —4@. Find r,. Then r, = 106 mm. Now ¢ = 106 - 75 = 31 mm.] 
n 


A compound cylinder is made by shrinking a cylinder of external diameter 200 mm and internal 
diameter 160 mm over another cylinder of external diameter 160 mm and internal diameter 
120 mm. The radial pressure at the junction after shrinking is 8 N/mm? Find the final stresses 
set up across the section, when the compound cylinder is subjected to an internal fluid pressure 
of 60 N/imm?. 


{Ans. Inner F,, = 90.9 and Fg = 57.9 Nénm? ; Outer Fy, = 122.9 and Figg = 25.9 N/mm?] 
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5. 


A steel cylinder of 200 mm external diameter is to be shrunk to another steel cylinder of 100 mm 
internal diameter. After shrinking the diameter at the junction is 150 mm and radial pressure at 
the junction is 12.5 N/mm. Find the original difference in radii at the junction. Take E = 
2x 105 N/mm?. [Ans. 0.02025 mm] 
A steel tube 240 mm external diameter is to be shrunk on another steel tube of 80 mm internal 
diameter. After shrinking, the diameter at the junction is 160 mm. Before shrinking on, the 
difference of diameters at the junction was 0.08 mm. Calculate the radial pressure at the junc- 
tion and hoop stresses developed in the two tubes after shrinking on. Take # = 2 x 105 N/mm?. 
[Ans. p* = 23.44 N/mm?, o,, = 62.5 N/mm?, og, = 39.1 N/mm?, o,,, = 37.5 Némm?]: 
A thick spherical shell of 400 mm internal diameter is subjected to an internal fluid pressure of 
1.5.N/mm*. If the permissible tensile stress in the shell material is 3 N/mm/?, find the necessary - 
thickness of the shell. [Ans. 52 mm] 
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Columns and Struts 





_-19.1, INTRODUCTION 


Column or strut is defined as a member of a structure, which is subjected to axial 
compressive load. If the member of the structure is vertical and both of its ends are fixed 
‘..igidly while subjected to axial compressive load, the member is known as column, for example 
2 vertical pillar between the roof and floor. If the member of the structure is not vertical and 
ae or both of its ends are hinged or pin joined, the bar is known as strut. Examples of struts 
“are : connecting rods, piston rods ete. 


‘9.2. FAILURE OF A COLUMN 


The failure of a column takes place due to the anyone of the following stresses set up in 
ene columns : 
(t) Direct compressive stresses, 
(it) Buckling stresses, and 
(iii) Combined of direct compressive and buckling stresses. 


19.2.1. Failure of a Short Column. A short column of uniform cross-sectional area A, 
Subjected to an axial compressive load P, is shown in Fig. 19.1. The compressive stress induced 
a given by : P 

ee 
A 
if the compressive load on the short column is gradually increased, a 
f ~tage will reach when the column will be on the point of failure by crushing. 
she stress induced in the column corresponding to this load is known as crush- 
ing stress and the load is called crushing load. 
; Let P, = Crushing load, 
o, = Crushing stress, and 
A = Area of cross-section. 


Then o = P P 


A’ é! 
All short columns fail due to crushing. Mee 
- 19.2.2. Failure of a Long Column. A long column of uniform cross-sectional area A and 
of length 2, subjected to an axial compressive load P, is shown in Fig. 19.2. Acolumn is known as 
- *<ng column if the length of the column in comparison to its lateral dimensions, is very large. 
ouch columns do not fail by crushing alone, but also by bending (also known buckling) as shown 


808 . 
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in Fig. 19.2. The load at which the column just buckles, is known as buckling 
load or critical just or crippling load, The buckling load is less-than the crush- 
ing load for a long column. Actually the value of buckling load forlongcolumns . 
is low whereas for short columns the value of buckling load is relatively high. 
Refer to Fig. 19.2. 
Let 1 = Length of a long column 
P = Load (compressive) at which the column has just biidkied 
A = Cross-sectional area of the column 
e = Maximum bending of the column at the centre 








P 
= Stress due to direct load = a 
. Pxe 
6, = Stress due to bending at the centre of the column = Z 
where Z = Section modulus about the axis of bending. P 
The extreme stresses on the mid-section are given by ‘Fig. 19.2 


Maximum stress = 0, + 0, 
and Minimum stress = o, — 0,. 

The column will fail when maximum stress (i.e., 0, + 6,) is more than the crushing 
stress o,. But in case of long columns, the direct compressive stresses are negligible as compared 
to buckling stresses. Hence very long columns are subjected to buckling stresses only. 


19.3. ASSUMPTIONS MADE IN THE EULER’S COLUMN THEORY 


The following assumptions are made in the Euler’s column theory : 

1. The column is initially perfectly straight and the load is applied axially. 

2. The cross-section of the column is uniform throughout its length. 

3. The column material is perfectly elastic, homogeneous and isotropic and obeys Hooke’s 


law. 
4. The length of the column is very large as compared to its lateral dimensions. 


5. The direct stress is very small as compared to the bending stress. 
6. The column will fail by buckling alone. 
7. The self-weight of column is negligible. 


19.4. END CONDITIONS FOR LONG COLUMNS 


In case of long columns, the stress due to direct load is very small in comparison with 
the stress due to buckling. Hence the failure of long columns take place entirely due to buck- 
ling (or bending). The following four types of end conditions of the columns are important : 

1. Both the ends of the column are hinged (or pinned). 

2. One end is fixed and the other end is free. 

3. Both the ends of the column are fixed. 

4. One end is fixed and the other is pinned. 

For a hinged end, the deflection is zero. For a fixed end the deflection and slope are zero. 
For a free end the deflection is not zero. 
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19.4.1. Sign Conventions. The following sign con- : B 
ventions for the bending of the columns will be used : 

1. A moment which will bend the column with its 
convexity towards its initial central line as shown in 
Fig. 19.3 (a) is taken as positive. In Fig. 19.3 (a), AB 
represents the initial centre line of a column. Whether the 
column bends taking the shape AB’ or AB", the moment 
producing this type of curvature is positive. 

2. A moment which will tend to bend the column 
with its concavity towards its initial centre line as shown 
in Fig. 19.3 (b) is taken as negative. 







és 
x 
s 
~ 





7s 


Concavity 
Concavity 





(a) Pasitive 
Fig. 19.3 


{b} Negative 


19.5. EXPRESSION FOR CRIPPLING LOAD WHEN BOTH THE ENDS OF THE 
COLUMN ARE HINGED ; 


The load at which the column just buckles (or bends) is called crippling 
load. Consider a column AB of length/ and uniform cross-sectional area, hinged 
at both of its ends A and B. Let P be the crippling load at which the column 
has just buckled. Due to the crippling load, the column will deflect into a curved 
form ACB as shown in Fig. 19.4. 

Consider any section at a distance x from the end A. 

Let y = Deflection (lateral displacement) at the section. 

The moment due to the crippling load at the section =— P . ¥ 

(— ve sign is taken due to sign convention 
given in Art. 19.4.1} 





2 
But moment = ET ay 7 
ied 
Equating the two moments, we have 
2 2 
Br a2 =-P.y or EI SZ +P.y=0 
d*y P 
or ae + a= 0 : 


The solution* of the above differential equation is 


y=C,.cos [F) + C,. sin f iF] ..d) 


where C, and C, are the constants of integration. The values of C, and C, are obtained as 
given below : 





_ dy ; a? P P 
*The equation ae * = 0 can be written as nae + o’y = 0 where a? = EY ™ = yz 
The solution of the equation is y = C, cos (a x) + C, sin (a x) 


[P _{ {> P 
= 6, <0 [ ar **|+ 0s ae] sas Er 


ee ey 
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@) At A, x = 0 and y = 0 (See Fig. 19.4} 
Substituting these values in equation (7), we get 
0=C,.cos 0° +C, sin 0 
=C,x1+C,x0 
= C, 
es C,=0. (ii) 
(ii) At B, x =1 and y = 0 (See Fig. 19.4). 
Substituting these values in equation (7), we get 


P iat P 
0=C, . cos Ix Er +C,.sin |’ * EI 
P 
=0+C,.sin|!* Td 
‘ P woh 
= C, sin ( FE) w=-(Ziz) 


From equation (iii), it is clear that either C, = 0 
in {1 {2 } 
or sin { EI J =0. 


As C, = 0, then if C, is also equal to zero, then from equation (z) we will get y = 0. This 
means that the bending of the column will be zero or the column will not bend at all. Which is 


not true. 
P 
$ en Pa 
sin [ 1 E) 


= sin 0 or sin x or sin 22 or sin 32 or ... 


or 1 | =0 or nor 2xor Sor... 
Taking the least practical value, 


12. = 
EI” 


n° EI 
or P= pp : 


(~ cos 0 = 1 and sin 0 = 0) 


[. C, = 0 from equation (ii)] 


.. (19.1) 


19.6. EXPRESSION FOR CRIPPLING LOAD WHEN ONE END OF THE COLUMN 
IS FIXED AND THE OTHER END IS FREE 


Consider a column AB, of length/ and uniform cross-sectional area, fixed at the end A and 
free at the end B. The free end will sway sideways when load is applied at free end and curvature 
in the length / will be similar to that of upper half of the column whose both ends are hinged. 
Let P is the crippling load at which the column has just buckled. Due to the crippling load P, the 
column will deflect as shown in Fig. 19.5 in which AB is the original position of the column and 
AB’, is the deflected position due to crippling load P. : : 

Consider any section at a distance x from the fixed end A. 


~ boundary conditions. The boundary conditions are : “ 
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Let y = Deflection (or lateral displacement) at the section 

a = Deflection at the free end B. 
Then moment at the section due to the crippling load = P (a ~ y) 
(+ve sign is taken due to sign convention given in Art. 19.4.1) 


. dy 

But moment is also =I a? 
-. Equating the two moments, we get 

a y : 

El —z =P(a-y)=P.a-P. 
he fa~y) a y 
a? 
or EI 7 +P.y=P.a 
d*y Pp P 


den a ee ..(A) 


The solution* of the differential equation is 


y=C,.cos [: {z| +C,.sin : iF) +a v(t} 


where C, and C, are constant of integration. The values of C, and C, are obtained from 


or 





(z) For a fixed end, the deffection as well as slope is zero. 


Hence at end A (which is fixed), the deflection y = 0 and also slope “ =0. 


Hence at A,x =O andy=0 
Substituting these values in equation (i), we get 
0=C,.cos0+C,sinO+a 
=C,x1+C,x0+a (. cos 0= 1, sin 0 = 0) 
=C, +a 


C,=-a di) 


dy 
At A,x=0 and =0. 
x and | 
Differentiating the equation (2) w.r.t. x, we get 


dy _ et Ae See [Ry 42: 
f= 0. sins a} El +6, 08[ =. at? 


*The equation (A) can be written as 
& ‘Pp P ‘ 4 


Boy toe ane ; pees fe 
ae 8S xyaa xa where o? = 77 or EI 
: : Raa . . xa 
The complete solution of this equation is y = C, cos (a. x) + C, sin (a. x) + 3 
a 





eee rn 





P Bees 
=C,cos| yy **|+C, sin | yap **} +e 
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=-C,. te sin («, z) +C,. l= cos E (= 


d 
But at A,x = 0 and = 20: 


“. The above equation becomes as 


0=-C,. Je sin 0+C, l= cos 0 
[P P [P 
=-C, zy Ot Ge: BO 1=% EI 


From the above equation it is clear that either C, = 0. 


P 
j= alo, 
a EI 


But for the crippling load P, the value of e cannot be equal to zero. 


: C, = 0. 
Substituting the values of C, =- a and C, = 0 in equation (i), we get 


y=-a.cos i iF] +a. ; (iit) 


But at the free end of the column, x =! and y =a. 
Substituting these values in equation (i), we get 


a@=-a.cos{l. PF +a 
ge 





[P P 
=~ L..{— . .{—|=0 
or 0 a. os z or @.cos [! a 


But ‘a’ cannot be equal to zero 


P x cos * ores 
cos | 1. EI = 0.= cos 5 or cos 2 OF COS “DOF ----s 


(ee a eee ghee 
‘Ver =~ 2° 2 2 seseee 


Taking the least practical value, 


1 (h-* ow (Eee 
‘Ver 2 °°" VET 2i 
2 
nu EI 
=> 19.2) 
or P aE 
19.7. EXPRESSION FOR CRIPPLING LOAD WHEN BOTH THE ENDS OF THE 
COLUMN ARE FIXED 


Consider a column AB of length J and uniform cross-sectional area fixed at both of its 
‘endsA andB as shown in Fig. 19.6. Let P is the crippling load at which the column has buckled. 
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Due to the crippling load P, the column will deflect as shown in Fig. 19.6. P 
Due to fixed ends, there will be fixed end moments (say M,) at the ends A 





Substituting the value x = 0 and y = 0 in equation (2), we get 


and B. The fixed end moments will be accting in such direction so that Sine My 0=C,x1+C,x0+ Me (> cos 0=1) 
at the fixed ends becomes zero. v 

Consider a section at a distance x from the end A. Let the deflection =C,+—% 
of the column at the section is y. As both the ends of the column are fixed p 
and the column carries a crippling load, there will be some fixed end mo- -_ Mo i 
ments at A and B. 1 P ; a 


Let M, = Fixed end moments at A and B. 
Then moment at the section = M, — P.y 
2 


P d 
But moment at the section is also = ET ae 


Differentiating the equation (i), with respect to x, we get 


aaa [P. LE (P.) te 
de 71 © Ysin (». Z|. + C, cos | x. EI zt? 
P [P [P P 
M, x=- i wala — . jo es 
C, sin [: zl. EI + C, cos (> zy. i 


.. Equating the two moments, we get 
d2 











EI <2 =M,-Py p ie 
dx Fig. 19.6 Substituting the value x = 0 and Phas 0, the above equation becomes 
or Er +P. y=, P 3 
= i‘ i O=-C,x0+C,x1x Jae («sin 0 = 0 and cos 0 = 1) 
: GY oy Leet 
or 2+ yp Y= er fA) a PF 
Mm ,P_P My EI * 
“ETP ET’ P P 
The solution* of the above differential equation is From the above equation, it is clear that either C, = 0 or Va = 0. But for a given 
eho ils pee My 
y=C,.cos|}*- yar | + C,.sin|*- yay | + Pp (2) crippling load P, the value of , < cannot be oqual to zero. 
where C, and C, are constant of integration and their values are obtained from boundary . C.=0 
conditions. Boundary conditions are : 7 ans 7 
Now substituting the values of C, =- —* and C, = 0i tion (2), we get 
(i) ALA, x = 0, y = 0 and als & = 0 as A is a fixed-end. baa : peers Ee remone eee 
; Mo P My 
. ay ‘ y=- — cos} x,J— | +0+ = 
(ii) AtB, x=, y = 0 and also = = 0 as Bis also a fixed end. P EI z 
M M 
: =- >" cs [: fF} +57 ...(iii) 
*The equation (A) can be written as ; ee 
a ay Mo, P P ; At the end B of the column, x =/ andy = 0. 
qe TE XY = Ey where a? = Fr 8 Var Substituting these values in equation (iii), we get 
The complete solution of this equation is 0 Mo P My 
M, = p> cos E ET + ?> 
y =C, cos (a -x) + Cy sin (a. x) + EI xa 





; M 
=C, cos oF ay +C, sin yor xe + Ee oF P co Al 
1 VET 7 EI EI x + 
EI 
P My P 
: P My or cos Loe =~ x —— =1= cos 0, cos 2x, cos 4x, cos 60, ...... 
=, cos | xx a +C, sin | xx aE EI P 





co 


*.. fixed at the end A and hinged at the end B as shown in Fig. 19.7. Let P is 


-doad P, the column will deflect as shown in Fig. 19.7. 


- 816 


* try to bring back the slope of deflected column zero at A. Hence it will be 
~ acting anticlock wise at A. The fixed end moment M, at A is to be bal- 
-. anced. This will be balanced by a horizontal reaction. CH) at the top end B 

-- as shown in Fig. 19.7. 
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Le 
be Er = 0, 2x, 4x, 6n, ...... 


Taking the least practical value, 


bs z = 2: P= a (19.3) 
Var 72" Zz: (19. 





.. 19.8. EXPRESSION FOR CRIPPLING LOAD WHEN ONE END OF THE COLUMN IS 


FIXED AND THE OTHER END IS HINGED (OR PINNED) 


Consider a column AB of length J and uniform cross-sectional area 


the crippling load at which the column has buckled. Due to the crippling 


There will be fixed end moment (M,) at the fixed end A. This will 


Consider a section at a distance x from the end A. 
Let y = Deflection of the column at the section, 
M, = Fixed end moment at A, and 
H = Horizontal reaction at B. 
The moment at the section = Moment due to crippling load at B 
+ Moment due to horizontal reaction at B 
=-P.y+H.(-x) 
But the moment at the section is also 
d? 1"y 
xe 


Equating the two moments, we get 


=KI 


EI <2 =-P.y+HU-2) 


ha y 
or EI tP.y=HU-x) 


d*y | P 
or a 


ae} RE ee Bg x) (Dividing by EX) ...(A) 





PP H¢-x) 
P 


if 
= py U-*)x Pe 
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The solution* of the above differential equation is 


+ PL 
y = C, cos : {FI + C, sin G | + a @ ~ x} -{Z) 


where C, and C;, are constants of integration and their values are obtained from boundary 
conditions. Boundary conditions are : 


(i) At the fixed end A, x = 0, y = 0 and also a =0 
(ii) At the hinged end B, x =/ andy = 0. 


Substituting the value x = 0 and y = 0 in equation (i), we get 


H Hl 
O=C,x1+C,x0+ 5 U-O)= a 
H 
Cyne ait wii) 


Differentiating the equation (z) w.r.t. x, we get 


dy ae Ea P Po 
Gers 1 —}.J—= _— a 
C easin[s Z| ET + C, cos} x. Fi} VE P 


AtA,x= (ans 0. 


dx 
P H 
0=-C,x04+C,.1. EI P (. sin 0=0, cos 0=1) 
Pon H {EI 
“SVE PO op VP 
Substituting the values of C, = - a ,fand C, = S 2 in equation (i), we get 





*The equation (A) can be written as 


OD aos RES st ee ape 
gt e.ys zr x) where a? or a= Vay 


~ EL 
The complete solution of this equation is 
Hx) 
EI x a” 


=C ae : H  @-x) 
=C, cos Va" +C, sin fo xs + ay * (=) 

EI 
=C cos (2 [Br] + casi [xx fg] om 


y=C, cos (o.x)+C,sin(a.x)+ 





818 : STRENGTH OF MATERIALS 





At the end B,x =landy=0. 
Hence the above equation becomes as 


A [P A 
0-5 Lew Blt? 
H H 

P 


ip [P 
° t ee bs gl 
or on Z| Z EI 


The solution to the above equation is, / . = 4,5 radians 


ee 
EI 
Squaring both sides, we get 


P 
= 4.5? = 20.25 





EI 
EI 
But approximately 20.25 = 2n? 
2n® EI 
P= 3 (19.4) 


19.9. EFFECTIVE LENGTH (OR EQUIVALENT LENGTH) OF A COLUMN 


The effective length of a given column with given end conditions is the length of an 


equivalent column of the same material and cross-section with hinged ends, and having the © 


value of the crippling load equal to that of the given column. Effective length is also called 
equivalent length. 


Let L, = Effective length of a column, 
2 = Actual length of the column, and 
P = Crippling Load for the column. 
Then the crippling load for any type of end condition is given by 
2 
n° EI 
Ps Tt - 19.5) 





The crippling load (P) in terms of actual length and effective length and also the relation 
between effective length and actual length are given in Table 19.1. 


4 
é 
i 
t 
t 
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TABLE 19.1 
Crippling load in terms of 


Relation between 
effective length 
and actual length 


End conditions 
of column 





Actual length Effective length 


Both ends hinged 





One end is fixed 


and other is free 





Both ends fixed 











One end fixed and 


other is hinged 





There are two values of moment of inertia i.e., I, and Dy: 

The value of J (moment of inertia) in the above expressions should be taken as the least 
value of the two moments of inertia as the column will tend to bend in the direction of least 
moment of inertia. 

19.9.1. Crippling Stress in Terms of Effective Length and Radius of Gyration. 
The moment of inertia (J) can be expressed in terms of radius of gyration (k) as 

I= Ak? where A = Area of cross-section. 
As I is the least value of moment of inertia, then 
k = Least radius of gyration of the column section. 


Now crippling load P in terms of effective length is given by 





2 2 2 
pot eee (2 T= AR?) 
im i 


7 wWExA mExA 
“TES (“J 
Rk? k 


And the stress corresponding to crippling load is given by 
_ Cripplingload | P 





Crippling stress is Rees TS 
2 
= eae (Substituting the value of P) 
(3) 
k 
2 
_ wk - (19.7) 
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19.9.2. Slenderness Ratio. The ratio of the actual length of a column to the least 
radius of gyration of the column, is known as slenderness ratio. 


Mathematically, slenderness ratio is given by 
Actual length q 


Slenderness ratio = ——@—_____ = — 
Least radiusof gyration & 


.-(19.8) 


19.10. LIMITATION OF EULER’S FORMULA 
From equation (19.6), we have 
we 


2 
For a column with both ends hinged, L, = 2. Hence Crippling stress becomes as = mee 


Crippling stress = 





Gy 


Ll 
where 7% 8 slenderness ratio. 


of: ty, fs 
If the slenderness ratio & :| is small, the crippling stress (or the stress at failure) 


will be high. But for the column material, the crippling stress cannot be greater than the 
crushing stress. Hence when the slenderness ratio is less than a certain limit, Euler’s formula 
gives a value of crippling stress greater than the crushing stress. In the limiting case, we can 
find the value of //k for which crippling stress is equal to crushing stress. 


For example, for a mid steel colimn with both ends hinged, 
Crushing stress = 330 N/mm? 
Young’s modulus, F = 2.1 x 10° N/mm?. 


Equating the crippling stress to the crushing stress corresponding to the minimum value 
of slenderness ratio, we get 


Crippling stress = Crushing stress 
nE x x 21x 10° 


or 712 = 330 re 
z) (;) 
= 6282 


(ey _ 2 x 21x 10° 
k 330 

l 

7 V6282 = 79.27, say 80. 


; Hence, if the slenderness ratio is less than 80 for mild steel column with both ends 
hinged, then Euler’s formula will not be valid. 


= 330 


Problem 19.1. A solid round bar 3 m long and 5 cm in diameter is used as a strut with 
both ends hinged. Determine the crippling (or collapsing) load. Take E = 2.0 x 10° N/mm?. 


i Sao ee eS czci rt ete met ae hos api ne, 
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Sol. Given : 
Length of bar, £=3 m= 3000 mm 


d=5cm=50mm 
E = 2.0 x 10° N/mm? 


Diameter of bar, 
Young’s modulus, 


Moment of inertia, I= = x 54 = 30.68 cm4 = 30.68 x 104 mm4 


Let P = Crippling load. 
As both the ends of the bar are hinged, hence the crippling load is given by equation 
(19.1). 
n2EI x2 x 2x 10° x 30.68 x 104 
eo 30007 
= 67288 N = 67.288 KN. Ans. 
Problem 19.2. For the problem 19.1 determine the crippling load, when the given strut 
is used with the following conditions : 
(i) One end of the strut is fixed and the other end is free 
(ii) Both the ends of strut are fixed 
(iii) One end is fixed and other is hinged. 
Sol. Given : 
The data from Problem 19.1, is 7 = 3000 mm, diameter = 50 mm, H = 2.0 x 10° N/mm? 
and I = 30.68 x 104 mm‘. 
; Let P = Crippling load. 
(i) Crippling load when one end is fixed and other is free 


n2EI x2 x2x 105 x 30.68 x 10* 
Using equation (19.2), P= 7 <a aqt 50002 





= 16822. N. Ans. 





Alternate Method 
The crippling load for any type of end condition is given by equation (19.5) as, 
2 
— a mC) 


P= L2 





where L, = Effective length. 
The effective length (L,) when one end is fixed and other end is free from Table 19.1 on 


page 819 is given as 
L, = 2i = 2 x 3000 = 6000 mm 
Substituting the value of L in equation (@), we get 


2 5 4 
pu x2x10° x 30.68 x 10 = 16822.N. Ans. 





7 6000? 
(ii) Crippling load when both the ends are fixed 2 
4n2EI 4x2 x 2x 10° x 30.68 x 104 
Using equation (19.3), P= 2 7 30002 


_ = 269152 N = 269.152 KN. Ans. 


822 STRENGTH OF MATERIALS 
er eee rrr ee ne errr I 
Alternate Method 
2 
n° EI 
Using equation (19.5), P= L? 


€ 





where L, = Effective length 


= (when both the ends are fixed) 
= “ (. 21= 3000) 
= 1500 mm 


n” x 2.0 x 10° x 30.68 x 10* 
1500? 
(zit) 5 Crippling load when one end is fixed and the other is hinged 


Qn” a _ 2x? x 2.0 x 10° x 30.68 x 104 
30007 


P= = 269152 N. ‘Ans. 





Using equation (19.4), P= = 134576 N. . Ans. 


Alternate Method 





2 
Using equation (19.5), P= oA = 
e 
where L, = Effective length. 
Z 
= 2 (when one end is fixed and the other is hinged) 
_ 3000 
~ V2 
2 5 
P= a2 x20 «10° 3068 x 104 _ = 184576 N. Ans. 
3000 \" 
V2 


Problem 19.3. A column of timber section 15 cm x 20 cm is 6 metre long both ends being 
fixed. If the Young’s modulus for timber = 17.5 kN/mm?, determine : 

(¢) Crippling load and 

(ti) Safe load for the column if factor of safety = 8. 

Sol. Given : 

Dimension of section 

Actual length, 

Young’s modulus, 

(i) Let P = Crippling load 

Using equation (19.5), we get 
n° EI F 
Le . Gi} 


= 15 em x 20 em 
Z=6m=6000 mm 
E = 17.5 kN/iom?* 


P= 





where L, = Effective length 


Nip 


(when both the ends are fixed) 


4 


oats 
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a a a 
6000 
ago 3000 mm (. 2 =6000 mm) 


2 = Least value of moment of inertia 
Moment of inertia of the section about X-X axis, / 
15 x 20° ‘Y 


}¢———}—15 cm—o| 


Lye = —J5 — = 10000 em* 


= 10000 x 104 mm* 
And moment of inertia of the section about 
Y-Y axis, 


8 
Iy= ee = 5625 cm* 
= 5625 x 104 mm‘. 
Since 1), is less than 1,,, therefore the column 
will tend to buckle in Y-Y direction. 


And the value of J will be the least value of the 
two moment of inertia. 


a I = 5625 cm? = 5625 x 104 mm#4 —t 
Substituting the values of J = 5625 x 10* mm# | 





1Y¥ 
and L = 3000 mm in equation (@), we get Base 
ig. 19. y 
2 4 
nm” x 17.5 x 5625 x 10 
P= 3000 = 1079.48 KN. Ans. 
(i) Safe load for the column 
Factor of safety = 3.0 (given) 
Crippling load = 1079.48 
-. Safe load = Factor of safely 3 = 359.8 say 360 KN. Ans. 


Problem 19.4. A hollow mild steel tube 6 m long 4 em internal diameter and 6 mm thick 
is used as a strut with both ends hinged. Find the crippling load and safe load taking factor of 
safety as 3. Take E = 2 x 10° N/mm?, 


Sol. Given : 

Length of tube, 2=6m=600 cm 
Internal dia., d=4cm 
Thickness, é=5mm=0.5cem 


.. External dia., D=d+2t=4+2x05=44+1=5cm 
Young’s modulus, E=2sx 10° Nimm? 
Factor of safety = 3.0 


Moment of inertia of section, ! = a (Dt - d4) = a [54— 44] em4 


“ a (625 — 256) = 18.11 cm4 = 18.11 x 10¢ mm! 


Since both ends of the strut are hinged, 
Effective length, L, = 2 = 600 cm = 6000 mm 
Let P = Crippling load 
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Using equation (19.5), we get 
EI 
i 
_ x? x 2.0 x 10° x 18.11% 104 
7 60007 
Crippling load 9930 
~ Factor of safety ~ 3.0 
Problem 19.4 (a). A simply supported beam of length 4 metre is subjected to a uniformly 
distributed load of 30 kN/m over the whole span and deflects 15 mm at the centre. Determine 
the crippling loads when this beam is used as a column with the following conditions : 
(@).one end fixed and other end hinged 
(ii) both the ends pin jointed. 
Sol. Given : 
Length, L = 4 m = 4000 mm 
Uniformly distributed load, w = 30 kN/m = 30,000 N/m 
30,000 
~ 1000 
Deflection at the centre, 6 = 15 mm. 
For a simply supported beam, carrying U.D.L. over the whole span, the deflection at the 
centre is given by, 


= 9929.9 say 9930 N. Ans. 


And safe load 


(Annamalai University, 1990) 


N/mm = 30 N/inm 





_ x ee by 
384 «EI 

__5_, 30x 40004 
384 EI 

Ep = 3 30x 40008 
384 15 


5 8x 256 2 
ee aa 13°32 13 2 
=e" 15 x 10 = 3 x 10 N mm’. 


(i) Crippling load when the beam is used as a column with one end fixed and other end 
hinged. 
The crippling load P for this case in terms of actual length is given by equation (19.4) as 
Qn” x EI 
L? 





or 15 





P= , where Z = actual length = 4000 mm 


Qx 17 x 2 x 1038 
=o 7 «= 8224.5 KN. Ans. 
4000 
(ii) Crippling load when both the ends are pin-jointed 


This is given by equation (19.1) in terms of actual length as 


Qn? x El 


P= <r where / = actual length = 4000 mm 


x? x 2 x 108 g 
= ode ee = 4112.25 kN. Ans. 
4000 


GL SSE cs thpectian 
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Problem 19.5. A solid round bar 4 m long and 5 cm in diameter was found to extend 
4.6 mm under a tensile load of 50 kN. This bar is used as a strut with both ends hinged. Determine 
the buckling load for the bar and also the safe load taking factor of safety as 4.0. 

Sol. Given : 

Actual length of bar, ZL = 4m = 4000 mm 

Dia. of bar, d = 5 cm 


- Area ofbar, A= * x 5? = 6.250 om? = 6.251 x 10? mm? = 625" mm? 

Extension of bar, 6L = 4.6 mm 

Tensile load, W = 50 KN = 50000 N. 

In this problem, the values of Young’s modulus (Z) is not given. But it can be calculated 
from the given data. 

Tensile load 
Tensile stress _ (Tensile east) 
Tensile strain — { Extension of bar ) 
( Length of bar 


.. Young’s modulus, EF = 








(« Stress = ts and strain = ) 
Area L 
@ 
YW ate SOOUS, ane = 2.214 x 10* N/mm? 
"BE 7 A 8 625n  46 @ Ott ape 
L 


Since the strut is hinged at its both ends, 

Effective length, L, = Actual length = 4000 mm 
Let P = Crippling or buckling load. 
Using equation (19.5), we get 


_ n?EI 
= ae 
2 4.0% 4 4 
nm” x 2.214 x 10* x — x 5* x 10 
ere ma el : - Z x54 10¢ mm} 
4000 x 4000 64 


= 4189.99 say 4190 N. Ans. 
Crippling load 4190 


~ Factor of safety oS he 1047.5 N. Ans. 


. Problem 19.6. A hollow alloy tube 5 m long with external and internal diameters 

40 mm and 25 mm respectively was found to extend 6.4 mm under a tensile load of 60 kN. Find 

the buckling load for the tube when used as a column with both ends pinned. Also find the safe 

load for the tube, taking a factor of safety = 4. (AMIE, Summer 1989) 
Sol. Given : 

Actual length, 





And safe load 


L=5m=5000 mm 


External dia., D=40mm 
Internal dia., d= 25 mm 
Extension, 6L = 6.4 mm 
Tensile load, W = 60 KN = 60,000 N 


Safety factor =4 
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Cross-section area, A= -—— (D*?-d)= : (402 — 252} = 766 mm? 


Zia eis 


Momehtofineria, T= Fade a (404 — 254) 


= Gj (2560000 ~ 390625) = aq * 2169875 = 106500 mm¢ 


The value of Young’s modulus is obtained as given below 


a 
_ Tensilestress \A 


~ Tensile strain — ( 8L } 
L 





60,000 
( 766 a 60,000 5000 
= 764) * 766% G4. = 6-11945 x 104 N/mm? 
ow) 


Since the column is pinned at both the ends. 

-. Effective length, L, = Actual length = 5000 mm 
Let P = Buckling load 

Using equation (19.5), we get 


WEI x? x 6.11945 x 104 x 106500 
Ls > 50007 
Buckling load = 25738 

~ Factor of safety or a ae 


Problem 19.7. Calculate the safe compressive load on a hollow cast iron column (one 
end rigidly fixed and other hinged) of 15 cm external diameter, 10 cm internal diameter and 
10 min length. Use Euler’s formula with a factor of safety of § and E = 95 kN/mm?. 


(AMIE, Winter 1981) 





= 2573 N.. Ans. 


And safe load 


Sol. Given : 

External dia., D = 15 cm 

Internal dia., d = 10 cm 

Actual length of column, / = 10 m = 10000 mm 
Factor of safety = 5.0 

Young’s modulus, E = 95 kN/mm?2 = 95000 N/mm? 
Moment of inertia of hollow column, 


= — (pt_ g4) = ~~ (154~- 10H - = 
Z 64 (D a= 64 (15 10 = o7 (50625 — 10000) 
= 1994.175 cm* = 1994.175 x 104 mm4 
Since one end of the column is fixed and other end is hinged. 
10000 


-. Effective length, L,= = 
V2 


s\~ 


Let P = Crippling load. — 


a 2 3 





COLUMNS AND STRUTS 827 





Using equation (19.5), we get 





2 
n EI 
r= 
L, 
x? x 95000 x 1994.175 x 10* fi ,- 10000 
- v2 


5") 
V2 
x? x 95000 x 1994.175 x 104 x 2 
a 10000 x 10000 
Crippling load — 373.95 
= Factor of safety 5 


Problem 19.8. Determine Euler’s crippling load for an I-section joist 40 cm x 20 cm x 
lcm and 5 m long which is used as a strut with both ends fixed. Take Young’s modulus for the 


joist as 2.1 x 10° N/mm?. ; : Bd 
Sol. Given : : {¢——~ 20 cm 4 > 
Dimensions of I-section = 40 em x 20 cm x 1 cm - 
Length actual, / = 5 m = 5000 mm 
Young’s modulus, E = 2.1 x 105 N/mm”. 
Moment of inertia of the section about X-X axis, 


= 873950 N = 373.95 kN 





But safe load = 74.79 KN. Ans. ~ 


Igy = M.O.L. of rectangle of dimension : x x 40 om 
20 cm x 40 em - M.O.L. of rectangle of dimension 
[(20 ~ 1), 40-1-D] tem 
1 1 
= F9 bd? — i b,d,? i, 
-t ees 3 = 
= 4g * x — Fg * 19x 88 +} 20 cm—>| 


(+b, #19, d, = 38) Fig. 19.9 


= 19786 cm‘. ~ 
Similarly the moment of inertia of the section about Y-Y axis 
Ty, = M.O.I. of rectangle of dimension (38 x 1) 


+ M.O.1. of two rectangles of dimension (1 x 20) 


ee 1 
ee 3 2 3 
Haq Meee 2 +2x Ty x 1x20 


= 3.166 x 1333.33 = 1336.5 cm‘. 
-. Least value of the moment of inertia is about Y-Y axis. 
2 I = 1336.5 cm* = 1336.5 x 104mm* 
As both the ends of the strut are fixed 


.. Effective length, 2,= 5 = —s— = 2500 mm 
Let P = Crippling load. 
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Using equation (19.5), we get 

x°EI x x 2.1x10° x 1336.5 x 104 
E*-? 25008 

= 4432080 N = 4,432 MN. Ans. 


Problem 19.9. Determine the crippling load for a T-section of dimensions 10cm x10cm x2em 
‘and of length 5 m when it is used as strut with both of its ends hinged. Take Young’s modulus, 


: “E=2.0x10°N/mm?. ‘ 
jx ——-—+—10 cm» 


Sol. Given : 
2em 





Dimensions of T-section= 10 cm x 10 em x 2. cm 
Length actual, / = 5 m = 5000 mm ee 
Young’s modulus, EF = 2.0 x 105 N/mm?. 
. First of all, calculate the C.G. of the section. The given x x 
... section is symmetrical about the axis Y-Y, hence the C.G. of om 
the section will lie on Y-Y axis. 
/ Let ¥'= Distance of C.G. of the section from bottom 
end. 
For the flange, we have a, = 10 x 2 = 20 cm? 
= Distance of C.G. of area a, from the bottom end 
=8+1=9cm 
For the web, we have a, = 8 x 2 = 16 cm? 


2em-r | fe 
ly 


Fig. 19.10 


. 8 
¥q = Distance of C.G. of area a, from bottom end = 27 4cem 


: : = O11 + AVo 
Using the relation, ¥ = Gy + Gy 
20x9+16x4 180 + 64 
= .pgade= = yg Oem 


Moment of inertia of the section about the axis X-X, 


3 
i (28 + 20%2.298°) [2s +1627? 





XX ~ 12 
= (6.667 + 98.834) + (85.333 + 123.387) = 314.221 cm‘*. 
Moment of inertia of the section about the axis Y-Y, 


_ 2x10° 8x28 
wT * 
Least value of moment of inertia is about Y-Y axis 
I =172 em‘ = 172 x 104 mm* 
Sinks the strut is hinged at both of its end 
. Effect length, L, = 2 = 5000 mm 
Let P =.Crippling load 
Using equation (19.5), we get 


= 166.67 + 5.33 = 172 em‘. 





Pp=—> = ROI MIO" 195805-7N. Ans. 
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Problem 19.10. Calculate the Euler's critical load for a strut of T-section, the flange 
width being 10 cm, overall depth 8 cm and both flange and stem 1 em thick. The strut is 3m 
long and is built in at both ends. Take E = 2 x 10° N/mm, (AMIE, Winter 1990) 


Sol. Given : 
Actual length, / = 3 m = 3000 mm 
Value of E = 2 x 10° N/mm? 


The dimensions of T-section are shown in Fig. 19.10 (a). First of all, calculate the C.G. 
of the section. The given section is symmetrical about the y-y axis. 


Hence the C.G,. will lie on y-y axis. 

Let y = Distance of C.G. of the section from the bottom end. 
a, = Area of flange = 10 x 1 = 10 cm? 

y= Distance of C.G. of area ay from the bottom end 


For the flange 


23 de 
=7+ 5 = 7.5 cm. 


For the stem or web, a, = Area of stem = 7 x.1 = 7 cm? 
¥q = Distance of C.G. of area a, from the bottom end 


2b 
= 9 =3.5cm 






Stem or Web 


Fig. 19.10 (a) 


Gy XM +Ggx Yq 10x 7.54+7x35 


Now using the relation, y = a + dy =, (10 +7) 


Now calculate the moment of inertia about x-x axis and y-y axis. 


10x B 
12 








: 2 
Lye = +, x (5.85 - 3.5) 


+ ay x (2.15 - os + E 
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830 
: = [3 +10x 1.65" + [#2 47x 236"| = 95.298 cm‘ 
12 12 
3 3 
and ly = ee Pa a = 83.33 + 0.583 = 83.916 cm‘. 


The least value of moment of inertia is about y-axis. 

Se I= Iyy = 83.916 cm‘ = 839160 mm‘. 

As the strut is fixed at both ends, hence its effective length (L,) will be half of its actual 
length. 


of ; ‘e 2 = 2 
Let P = Euler’s critical load. 
; 2 2 5 
‘ : n*BI ox“ x2x 10° x 839160 
Using equation (19.5), P= TL 15008 
= 736190 N = 786.19 KN, Ans. 
Problem 19.11. A strut length 1, moment of inertia of cross-section =I uniform through- 
out and modulus of material = E, is fixed at its lower end, and its upper end is elastically 
supported laterally by a spring of stiffness k. Show from the first principles that the crippling 


load P is given by “net <= s , where of = =. (AMIE, Summer 1984) 
Sol. Given : 
Length of strut =l 
Moment of inertia =f 
Young’s modulus =f 
Stiffness of spring =k 
Crippling load =P, 


The strut is shown in Fig. 19.11 in which 
H = Lateral force due to spring of stiffness k 
a = Deflection of the end B 


Then H = Stiffness of spring x Deflection of end B 
=kxa. wf) 
Consider any section at a distance x from the fixed end A. Fig. 19.11 


Let y = Deflection at the section. 
Then moment at the section = Moment due to crippling load 
. + Moment due to lateral force H 
=P(a-y)-H@-x)=P.a-P.y-Hil-x) 


d” 
But moment is also = EI 7 
Equating the two moments, we get 


d? 
EI “y= P.a~Py—H (l-a) 


d*y 
EI me +Py=P.a-—-H(l-x) 
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Be Bo Be ot HE ca 
a det * my er ?- gy P-®) (Dividing by EZ) ...(A) 
P H. P 
me Baa 
P P oH P[ oH 
= SS a = a= =f ee i- 
EI: °- EF° Pp (2) ET E p & »| 


The solution* of the above differential equation is 


y=C,.cos le iz +0 [. FE) +a-8 (—x) 


=C,.cos@.a)+ C,.sin@.a)+a— 2 d-x) 


16 6O E P 
PG ep oe OS ae | Gi) 


where C, and C, are constant of integration and ‘their values are obtained from boundary 
conditions. The boundary conditions are : 


@) For fixed end A, x = 0 and y = 0 also gy =0 


dx 
Gi) Atx=l,y=a. 
Substituting the values x = 0, y = 0 in equation (ii), we get 


H 
O=C,.1+C,.0+a-5 G-0) (. cos0=1, sin 0 = 0) 
H 
= Cc, +a- Pp i 
ped 
Cy=-a+F 1 (iii) 
Differentiating equation (ii) w.r.t. x, we get 

dy . H 
om =~C,.a.sin@®.a)+C,.a.cos(x. a) +0- Pp (-1) 


=~ O,.a.8in (a) +0, 0. cos. 0) + 





*The equation (A) can be written as 


d*y H P P 
Ze +02 xysa®xa- gy @-*) where a = er O° %= Ver 
The complete solution of this equation is 
ao xa- a @~ x) 
y =C, cos (a. x) + C, sin (ace v3 + 4 


a 
Po - 
-6, 008 fF *] ecysin( FF «x ea 
EI 
[P F P H 
=0,:08 H+ Casn [x {EJ +0- Baw 
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832 . 
ee 
dy : ; 
oo: Substituting the values at x = 0, wet 0, in the above equation, we get 
H 
0=~C,.0.0+C,a1+ 5 (- sin 0 = 0, cos 0 = 1) 
A 
‘ =Cy.at Pp 
o C,=- 2 (tv) 
Substituting the values of C, and C, in equation (ii), we get 
: H H H 
4 =-{¢-51 Sg Seg us 
ae y= (« P } 00s (x.01) op =D (x.a) + a P (i — x) (v} 


At the end B,x =l and y =a. 
nF Substituting these values in equation (v), we get 


_ A 
a--(a- $1) costo) ~ 35 sin (a) +a~ 5 d-D 


HH 
=- («-#2) . cos (Z.a) — ae sin (.a)+a 














aP 
H 
or a+ (« - = i cos (l.a)-a=—- oP sin (1.a) 
H H 
aj Set es 
or (« Pp } cos (l.a) = op sin (Za) 
H 
sin (d.a)} . (« ~ #) 
or cos (1.a)} _ 
aP 
H aP 
ices Stele p Ym Bee 
or tan (i.a) = [« Pp FH 
aa.P HH, aP 
or tan (1.0) = — ‘7; +p lear 
-_ o0-P La=- 2%. tat H =k.a from equation (¢)] 
AH a 
2S 
=-—— +0 
Dividing by ad, we get 
tan (a.J) a.P P 
== LoS FS 1 
ad hal 
tan (a0) P 
or aa =J- 7 . Ans. 


Problem 19.12. Determine the ratio of buckling strengths of two columns one hollow 
and the other solid. Both are made of the same material and have the same length, cross- 
sectional area and end conditions. The internal diameter of hollow column is half of its exter- 
nal diameter. (AMIE, Winter 1982, Summer 1985) 


« 





t 
i 
i 
i 
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Sol. Given : 
Let d = Dia. of solid column 
D = External dia. of hollow column 


Internal dia. of hollow shaft = 2 


Both the shafts are made of the same material and have the same length, cross-sectional 
area and end conditions. As areas of solid anc hollow shafts are equal. : 


Area of solid shaft = Area of hollow shaft 


2 2 
x x | pj2_{P Ip2 D 3D? 
* p.%|D*-(2) pee. 
or 3 =| 2 Jovat=| -|- a 
V3D 
d= a fd) 
Buckling load of a column as given by Euler's formula is 

x? EI 





EE [see equation (19.5)] 
As the shafts are having the same length, same material, same cross-sectional areas 
and same end conditions. Hence the value of A, F and L for both shafts are same. 
a Pel (: A, BE and £ are same) ...{ii) 
Let P, = Buckling load of the hollow column 
P, = Buckling load of solid column 
I, = Least moment of inertia of the hollow column 


FN pg ADV | ale | eS LO 
-%/? (2) "ait Gel 64 16 © 


I, = Least moment of inertia of the solid column 





BI 
ag 
= 44 0 
From equation (ii), we have 
Alm | BLL 
hot, a 
% 15 ps 
_ 64" 16 ( eee ge ‘ho Zd‘] 
Me 64 16 64 
64 
Jap De 15 DS [: a= 82) 
"16 d* 16 / fp) ¢ 
15 Dt 15 & 
ig Oa Oy Bi 
16 
B ing load of holl 1 
uckling load of hollow column seer ane 


Buckling load of solid column 
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Problem 19.12 (a). Using Euler’s formula, calculate the critical stresses for a series of 
struts having slenderness ratio of 40, 80, 120, 160 and 200 under the following conditions : 

(i) both ends hinged and 

(ii) both ends fixed. | 

Take E = 2.05 x 10° N/mm?. 

Sol. Given : 

(i) Critical stresses when both ends hinged 


(Annamalai University, 1990) 


Slenderness ratios, : = 40, 80, 120, 160 and 200 
The critical stress or crippling stress is given by equation (19.7). 


wx E 





Critical stress = 


where L, = Effective length 
But for both ends hinged, L, = 1 
where J = actual length. 


nE 


Critical stress =e (vo L=l)...@i) 


I 
When pn 40, the critical stress becomes as 


2 
wx 249. 5 
ge RANK WY gees Naan. ae 








~ 40? 1600 
L 
When 72 80, the critical stress becomes as 
2 2 5 
mu xE 9% x2.05x10 
= = is 2, i 
B02 6400 316.135 N/mm?, Ans 
Z 
When Ti 120, the critical stress becomes as 


2 2 5 
wx x*x205x10 

= 5 es 1408 Nan® Ans. 
1202 14400 ae . 





Z 
When -— = 160, the critical stress 


k 
2 
nx 9? % 2.05 x 105 
=> -eoOoOoOoO""“-->—- = is 3 
1602 35600 79.03 N/mm?, Ans, 
When .* 200, the critical stress 
mn xE 7? x2.05~x10° 
oa: = 50.58 Nimm?2. Ans. 
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(ii) Critical stresses when. both ends fixed 
Using equation (19.7), 


wxE 
L,Y f 
k 
q 
When both ends fixed, Z, = 3 
wxE 4n°?xE 


Z) 


I 
When a 40, the critical stress becomes as 





Crippling or critical stress = 








Critical stress = 


4x” x E_ 4xx” x 2.05 x 108 
= 40? 





4x? x 2,05 x 10° 
= ang 5058.16 N/mm?. Ans. 


When — = 80, the critical stress becomes as 


al 


302 = 1264.54 N/mm”. Ans. 





Z 
When — 160, the critical stress becomes as 


7 4x? x 2.05 x 105 


Teo = 316.135 N/mm2, Ans. 


L 
When a 200, the critical stress becomes as 


An? x 2.05 x 10° 


2002 = 202.32 N/mm”. Ans. 


19.11. RANKINE’S FORMULA 


In Art. 19.10, we have learnt that Euler’s formula gives correct results only for very long 
columns. But what happens when the column is a short or the column is not a very long. On 
the basis of results of experiments performed by Rankine, he established an empirical formula 
which is applicable to all columns whether they are short or long. The empirical formula given 
by Rankine is known as Rankine’s formula, which is given as 
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1 oi 1 G 
PP, +B, wel) 


—where P = Crippling load by Rankine’s formula 
P, = Crushing load = o, x A 
a, = Ultimate chashiee stress 
A = Area of cross-section 
P,, = Crippling load by Euler’s formula 
2 
= am , in which L, = Effective length 
For a given column material the crushing stress o, is a onstant: Hence the crushing 
load P, (which is equal to o, x A) will also be constant for a given cross-sectional area of the 
column. In equation (1), P. is constant and hence value of P depends upon the value of Py. But 
for a given column material and given cross-sectional area, the value of P, depends upon the 
effective length of the column. 
(i) If the column is a short, which means the value of L, is small, then the value of 


Ps will be large. Hence the value of =~ will be small enough and is negligible as compared to 


>, 


” 1 1 
--the value of P.- Neglecting the value of Po in equation (i), we get 
c E 


J 1 
P > Pe or P> Po. 

Hence the crippling load by Rankine’s formula for a short column is approximately equal 
"to crushing load. In Art. 19.2.1 also we have seen that short columns fail due to crushing. 


(ii) If the column is long, which means the value of L, is large. Then the value of Py will 


i 1 
..be small and the value of -5— will be large enough compared with — . Hence the value of oe 
Pr Po Po 
may be neglected in equation (i). 
- 1 i 
pr Py or P—P,. 


Hence the crippling load by Rankine’s formula for long columns is approximately equal 
~ to crippling load given by Euler’s formula. 


hs 1 


Hence the Rankine’s formula — es gives satisfactory results for all lengths of 


: Po Po 
_.. columns, ranging from short to long aes 
t P, E + P C 


Now the Rankine’s formula is = : ripe = = Pe Pe 
Taking reciprocal to both sides, we have 
Po. Py Py 


“PetPo 4,20 
E 
(Dividing the numerator and denominator by P,) 
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O.xA 2 
= a [: P..=o,.Aand Py =e 
+7 L, 
x! EI 
Ge 
But If = Ak*, where & = least radius of gyration 
The above equation becomes as 








P= G,.A sy o,-A 
1 G Aly, 1+-$ (4y 
E. Ak’ we \R 
Sess (49,9) 
r+a.(7] 
h 





G ¢ : 
where a = 2B and is known as Rankine’s constant. 
au 


The equation (19.9) gives crippling load by Rankine’s formula. As the Rankine formula 
is empirical formula, the value of ‘a’ is taken from. the results of the experiments and is not 
calculated from the values of o, and E. 

The values of o, and a for different columns material are given below in Table 19.2. 

















TABLE 19.2 
Material o, in N/mm? a 
1 
Wrought Iron 250 ‘9000 
i 
Cast Iron 550 1600 
: ; 1 
Mild Steel 320 7500 
Timber 50 750 








Problem 19.13. The external and internal diameter of a hollow cast iron column are 
5cm and 4 cm respectively. If the length of this column is 3 m and both of its ends are fixed, 
determine the crippling load using Rankine’s formula. Take the values of 0, = 550 N/mm? and 


a= in Rankine’s formula. 


I 
1600 

Sol. Given : 

External dia., D = 5 cm 

Internal dia., d=4 cm 


Area, A= ; (52 — 42) = 2.25m cm? = 2.25 x 102 mm? = 2250 mm? 


Moment of Inertia, I= vi [54— 44] = 5.7656 xcm4 
= 5.7656x x 104 mm‘ = 57656 mm4 
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~. Least radius of gyration, 


ee iE - tte = 25.625 mm 
A 2257 


Length of column, / = 3 m = 3000 mm 
As both the ends are fixed, 
Z 3000 
.. Effective length, ZL, = gg = 1500 mm 
Crushing stress, o, = 550 Nfnm? 





= 

1600 

Let P = Crippling load by Rankine’s formula 
Using equation (19.9), we have 


Rankine’s constant, @ = 





o,-A 550 x 2252 
oS se ee 
L 1500 
14| Ze ee 
+( k ] * 3600 * (8) 


§50 x 225 

= Saae 123750 N. Ans. 
Problem 19.14. A hollow cylindrical cast iron column is 4 m long with both ends fixed. 
Determine the minimum diameter of the column if it has to carry a safe load of 250 RN with a 
factor of safety of 5. Take the internal diameter as 0.8 times the external diameter. Take 





i 
o, = 550 N/mm? and a = 7600 in Rankine’s formula. (AMIE, Winter 1983) 
Sol. Given : 
Length of column, J = 4m = 4000 mm 
End conditions = Both ends fixed 
000 
Effective length, L, = . = rae o = 2000 mm 
Safe load, = 250 kN 
Factor of safety, — =§ 
Let External dia., =D 
Internal dia. =0.8xD 
Crushing stress, o, = 550 N/mm? 
6.2 ae 1 . * > 
Value of ‘a = [600 in Rankine’s formula 
Cirippling load Cirippling load 
Now factor of safet = ee pees en 
ow ae or of safety Safe load or 5 250, 
Crippling load, P=5x 250 = 1250 kN = 1250000 N 
Area of column, = 7 (D2 - (0.8D)"] 
= | D* - 0.640%] = {x 0.36? = x x 0.0902 


g\s 


Moment of Inertia, I [Dt ~ (0.8D4] = = [D4 — 0.4096D4] 
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s ae x 0.5904 x D* = 0.009225 x x x D4 


But l=A x k?, where & is radius of gyration 


4 
ee fe GO0082) sa ‘ aGan 
A x x 0.09 x D 
o,.A 





Now using equation (19.9), P = Ae 
ne: 
lta ( i } 
550 09 D? 
or 1250000 = ee aaaat (: A=nx 0.09D2) 

1 =e 

1600 (a5) 

1250000 pD? D? x D? 
560xxx0.09 ~ 7 Rania 8038 = 527 e444 
D? ‘ 


or 8038D? + 8038 x 24414 = D* or D* — 8038D? — 8088 x 24414 =0 
~or D4 — 8038 D? — 196239700 = 0. 
The above equations is a quadratic equation in D?. The solution is 


_, 8038 + 8038? + 4x 1x 196239700 
2 


D2 


—b+ Jb? - 4ac 
2a 


Roots = 


_ 8038 + 646094 + 784958800 8038 + 29147 
Fo eae CERT Feet oe ag w 
8038 + 29147 
= — 9. 
= 18592.5 mm? 
a D = J18592.5 = 136.3 mm 
-. External diameter =136.8 mm. Ans. 
Internal diameter = 0.8 x 1863 =109 mm. Ans. 
Problem 19.15. A 1.5 m long column has a circular cross-section of 5 cm diameter. One 
of the ends of the column is fixed in direction and position and other end is free. Taking factor 
of safety as 3, calculate the safe load using : 


{The other root is not possible) 


(a) Rankine’s formula, take yield stress, 0, = 560 N/ mm? anda= for pinned ends. 


1600 

(6) Euler’s formula, Young’s modulus for CI. = 1.2 x 10° N/mm?. 
(AMIE, Summer 1976) 

Sol. Given : 

Length, / = 1.5 m = 1500 mm 

Diameter, d = 5 cm 
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Area, A= : x 5? = 19.635 cm? = 19.635 x 10? mm? 


Moment of inertia, 


Bate Se 30.7 x 104 ies 
id least radius of gyration, k 19.635 x 19.635 x 102 a me 


End conditions = One end is fixed and other end is free. 
Effective length, L, = 21 = 2 x 1500 = 3000 mm 

Factor of safety = 3. 

(a) Safe load by Rankine’s formula 

Yield stress, o, = 560 N/mm? 


T= % x 54. 807 emt = 30.7 x 10¢ mm! 


as : yk 
Rankine’s constant, a = Te00 


Let P = Crippling load by Rankine’s formula 
Using equation (19.9), we have 
O,xA 


Lv 
1 ae 
+ af i } 
1963.5 
spe OU SI (: L= 3000 mm and k = 12.5) 
1 (ee | 
+ x| 
1600 12.5 
= 29708.1 N 
Crippling load 
~ Factor of safety 
2 g 
7 — : = 9902.7. N. Ans. 
(6) Safe load by Euler’s formula 
Young’s Modulus, E = 1.2 x 10° N/mm? 
Let P = Crippling load by Euler’s formula 
n° EI 
Using equation (19.5), P = a, Zz 


(4 


P= 


Safe load 





_ x® x12 10° x 30.7 x 104 
3000? 
= 40200 N Os 
ae Crippling load = 420200 
ale toad ~ Factor of safety ~ 3 

Problem 19.16. A short length of tube, 4 em internal diameter and 5 cm external diam- 

” “ter, failed in compression at a load of 240 kN. When a 2 metre length of the same tube was 
vested as a strut with fixed ends, the load at failure was 158 kN. Assuming that o, in Rankine’s 
formuta is given by the first test, find the value of the constant a in the same formula. What will 


_Je the crippling load of this tube if it is used as a strut 3 m long with one end fixed and the other 
hinged ? (AMIE, Summer 1983) 


(. £ = 3000 mm) 


= 1340 N. Ans. 
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ol. Given x 
External diameter, D = 5 cm 
Internal diameter, d = 4 em 


A ee 2 2) _ 9% 
rea, | A=76 — 4%) = 4 72.25 mcm? = 225 x mm? 


: : x x 
Moment of inertia, [= 64 [54~ 44] = 64 (625 — 256) 


= 5.7656 x  om* = 57656 x mm4 


2 Z 57656 x 
-. Least radius of gyrat k= £ = f = 1 
gyration, A 255 7 16 mm 


Crushing load = 240 kN. 
The value of o, in Rankine’s formula is given by the crushing load of 240 kN. 
_ Crushing load of 240 kN 
7 Area 
240 


= 905 x = 0.3395 kKN/mm? 


Length of the strut, /=2m= 2000 mm 
End condition = Both the ends are fixed 





The value of 


Effective age L,= 2-5 1000 mm 


Crushing load of strut, P = 158 kN. 
(@) Value of constant ‘a’ 

Let a = Value of Rankine’s constant 
Using equation (19.9), we have 


o,.A 


2 
1+a.(Ze) 
k 
0.33953 x 225 « _ 239.99 
E3i ~ 14 3906.25 x a 
lea. 6 


P= 





or 158 = 








39.99 
1 + 3906.25 = = 
Xa 158 1.5189. 


1.5189 — 1.0 1 
a@= ——_____ = 25 = 
3906.25 0.0001328 = 7530° Ans. 
(it) Crippling load for the strut of length 3 m when one end is fixed and other is hinged 
Actual length, / = 3m = 3000 mm 
End conditions = One end fixed and other is hinged 
Effective length, L,= ee = e009 


v2 2 
Let P = Crippling load. 


842 
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a 


Using equation (19.9), 
o,.A 


L,\ 
lia. (F:} 


_0,83953 «2250 (. &-16.0-45) 
= 7530) © 





1 3000 \° 
+——- xX 
7530 \J2x16 
_ 0.38958 x 225 x x 


1+ 2.3344 
Problem 19.17. Find the Euler crushing load for a hollow cylindrical cast iron column 


= 71.97 KN. Ans. 


20 em external diameter and 25 mm thick if it is 6 m long and is hinged at both ends. Take 
E=1.2x 10°N/mm?. 


o, = 550 N/mm? and a = 


the same crushing load ? 


Compare the load with the eee load as given by the Rankine’s formula, taking 


; for what length of the column would these two formulae give 
(AMIE, Winter 1984) 


ee 3 
1600 
Sol. Given : 

External dia., D = 20cm 
Thickness, ¢ = 25 mm = 2.5 cm 


Internal dia., d=(D-2xt)=20-2x25= 15cm. 
175% 
4 





Area, Le 3 (202 — 152) = = 187.44 cm? = 13744 mm? 


“Moment ofinertia, I= An [204 — 154] = a (160000 ~ 50625) 


= 5368.93 cm‘ = 53689300 mm* 
Least radius of gyration, 


T 53689300 
= —_= es 6 . 
ff V 15744 a 
Length of column, / = 6 m = 6000 mm 
End conditions = Both ends are hinged 
Effective length, L, = / = 6000 mm 
Value of EF = 1.2 x 105 N/mm?. 
Euler’s crushing load is given by equation (19.5), 
nx? El 
i 
x” x 1.2.x 10° x 53689300 


= eee 1766307 N. Ans. 
6000 ; 


Crushing load by Rankine’s formula 
The value of o, = 550 N/mm? 


P= 





1 
Value ofa = 1600 ‘ 
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Let P = Crushing load by Rankine’s formula 
Using equation (19.9), 


Se 550 x1 
3, = —200* 15744 __ = 1118224.8 N. Ans. 


E,\ 1 _ (6000 
i+a.(F¢] 1+ 5*{ Se) 


The length of the column for which the above two formulae gives the same 


crushing load 


or 


or 


or 


or 


or 


or 


Let L = Length of the column 
x Bl 





Crushing load by Euler’s formula = 
6,.A 
2 
L 
I eae 
. +a ( % ] 
Equating the crushing loads given by the above two formulae, we get 
x? EI _ 8, -@ 


L? oF L 2 
1+ (=) 


Substituting the all known values except ‘L’, we get 


Crushing load by Rankine’s formula S 





x” x 1.2x 10° x 53689300 _ __ 550 x 18744 
L 1+ J x (& y 
1600 (62.5 
nx” x 12x 10° x 53689300 DP 
550 x 13744 Seeks 
* 6250000 
: 2 
Se1is0dS 
1+$——— 
6250000 
2 
1+ —————- | - 7,2 
8411800 ( + eo =L 
8411800 
es PP 2 
8411800 + Foon TL? =k 


8411800 + 1.346 L? = L? or 1.346 L? = L? =- 8411800 


[= 8411800 . 
0.346 L? = - ae fae 
6 L 8411800 or L 0.346 


The above equation gives the imaginary value of length L. 
Hence it is not possible to have the same length of the columns, which have the same 


crushing. load for the two given formulae. Ans. 
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Problem 19.18. A hollow cast iron column 200 mm outside diameter and 1507 mm in- f Sol. Given : 
de diameter, 8 m long has both ends fixed. It is pia to an axial compressive load. Taking Outside diameter, D = 200 mm 
Thickness, é = 20 mm 
Inside diameter, d= D-2xt=200-2x20=160 mm 





ft Siete, of safety as 6, 0, = 560 N/ mm?, a = 7 a 00° determine the safe Rankine load. 


(AMIE, Summer 1990) x XK 
= (pe_ gaa 2_ 1602) = 
Sol. Given : Area, A= 7 (DP- d?)= 7 (200° ~ 160”) = 11310 mm? 
External dia., D = 200 mm . : : 1 1 
, Moment ofinertia, I= —— (D*—d*) = — (2004 ~ 160*) = 46370000 4 
Internal dia., d = 150 mm 64 ( 64 ( ) re 
Length, / = 8 m = 8000 mm 


And the least radius of gyration, 
End conditions = Both the ends are fixed i : hs iE _ {46370000 _ Gaon 
Crushing stress, o, = 560 N/mm? A V 11310 


Length of column, / = 4.5 m = 4500 mm 











a 1 
Rankine’s constant, a = Te00 i End condition = Both the ends are fixed 
Safety factor = 6 i A 4500 
afety factor : z -. Effective length, L, = 5 = oF 2250 mm 
Area of cross-section, A = a (D? ~ d®) = ie (200? - 150?) ‘ Factor of safety = 4 
XK . Value of o, = 550 N/mm? 
=| (40000 — 22500) = 18744 mm? : 
Value of a = —— 
m 
Moment of inertia, = — (D*-d4) = — (2004 - 1504) 1600 
64 64 Value of E = 9.4 x 104 N/émm?. 
=a (1600000000 — 506250000) = 53689000 mm+* ele (i) Slenderness ratio 
; Using equation (19.8), we get 
Least radius of gyration, & £ 4 eseeutt 62.5 mm £ 4500 
3U ,f2=,7 = J T.,, = a 5 
Byr A 13744 Slenderness ratio aT gee 70.30. Ans. 
Let P = Crippling load by Rankine formula. 7 
Bo Nh (i) Safe load by Rankine’s formula 
Using equation (19.9), P = 7 rs | Let P = Crippling load by Rankine’s formula 
mes i 
Ee a i } Using equation (19.9), P= —%2%4_ - 55011810 ___ ssijooN 
LV 1 (2250\° 
i 8000 teal ee 1+ say (Ee) 
“vhere L, = Effective length = > = gc 4000 mm | k 1600 \ 64 
560 x 18744 Crippling load 3511000 
P= 4 dono | Safe load “Tatra eS 8777 N. Ans. 
1+ 1600 * (Ss) (iii) Ratio of Euler’s and Rankine’s critical loads 
7696640 7696640 Let Pp = Bulees critical load 
=F.256 = “3567 2161977 N = 2161.977 kN : Euler’s critical load is given by equation (19.5) 
Z ; 2 2 4 
Crippling load =. 2161.977 i pum EY _ mx 94x 10" x 46370000 _ 849770 N 
-. Safe load = Factor of safety" @” 360.3295 KN. Ans. | a~ 72 929502 
Problem 19.19. A hollow CL. column whose outside diameter is 200 mm has a thick- . Euler’ scriticalload — 2% 
“hess of 20 mm. It is 4.5 m long and is fixed at both ends. Calculate the safe load by Rankine’s " Rankine’seriticalload  P 
- formula using a factor of safety of 4. Calculate the slenderness ratio and the ratio of Euler’s and 
1 t See (: P= 3511000 N) 
“Rankine’s critical loads. Take o, = 550 Nimm2, a = =~ in Rankine’s formula and E = 9.4 x . 3511000 
1600 | = 2.42, Ans 


04 Nimm?. (AMIE, Winter 1979 ; Annamalai University, 1991) 
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Problem 19.20. A column is made up of two channel 
ISJC 200 and two 25 cm x 1 em flange plate as shown in 
Fig. 19.12. 

Determine by Rankine’s formula the safe load, the 
column of 6 m length, with both ends fixed, can carry with 
a factor of safety 4. The properties of one channel are 
A=17.77 cm, Iyy = 1,161.2 em* and Iyy = 84.2 em4. 
Distance of centroid from back of web = 1.97 cm. Take o, = 
0.32 RN/ mm? and Rankine’s constant = 1/7,500. 

Sol. Given : 

Length of the column, / = 6 m = 600 mm 

Factor of safety = 4 

Yield stress, o, = 0.32 kN/mm? 

Ll Fig. 19.12 

Rankine’s constant, a = 7,500 





Let P = Crippling load on the’column. 
From the geometry of figure, we find that area of column, 
A = 2(17.77 + 25 x 1) 
= 85.54 em? = 8554 mm? 
and moment of inertia of the column section about X-X axis, 


25 x 13 
2 





Log = 2x 1,161.2 + 2 ( + 25x 1x 105°] cm = 7,839.0 em* 





fix 25° 
2 


Similarly, Ty =2 +842417.77 x (54+ 199} cm# = 4,499.0 em4. 


Since I, is less than Iyy, therefore the column will tend to buckle in y-y direction. Thus 
we shall make the value of J as I = 4,499 cm‘. Moreover as the column is fixed at its both 
ends, therefore equivalent length of the column, 


Z 6000 
L,=5 = 79000 mm 
and T= 4499 cm‘ = 4499 x 104 mm* 


We know that the least radius of gyration, 


4 
h = f£ 2 ee 10” = 72.5 mm 
A 8554 
o 


A 


Using the relation, Pe = eae with usual notations 

1 a. 

+a ( i 
4 0.32 x 8554 > = 2228 KN 
1+ 1 (Se) 
7,500 \ 72.5 
We know that the safe load on the column i 
P 
2228 _557KN. Ans. 


= Factor of safety = Sq ‘ 
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19.12, STRAIGHT LINE FORMULA 
' The Euler’s formula and Rankine’s formula give only the approximate values of crippling 
load due to the following reasons : 7 

1. The pin joints are not practically frictionless. 

2. The end fixation is never perfectly rigid. 

3. In case of Euler’s formula, the effect of direct compression has been neglected. 

4. The load is not exactly applied as desired. 

5. The members are never perfectly straight and uniform in section. 

6. The material of the members is not homogeneous and isotropic. 


On account of this, the empirical straight line formula are commonly used in practical 
designing. They are of the form 


LE, \. 
Pz=o,xA-n (=+} xA -.(19.10) 


where P = Crippling load on the column, 
o, = Compressive yield stress, 
. : L 
A= Area of cross-section of the column, a = Slenderness ratio, and 


n= A constant whcse value depends upon the material of the column. 


In equation (19.10), if P is plotted against (2) , we will get a straight line and hence 


the equation (19.10) represents a straight line formula. The equation (19.10) can also be writ- 
ten as ~ 


Fe Nay L 
Ao & "VE 


P : 
where < represents the stress corresponding to load A. 


19.13. JOHNSON’S PARABOLIC FORMULA 


The critical load according to Prof. Johnson, is given by 


P=o,.A~r(Z] xA (19.11) 


where o, = Compressive yield stress, 
r =A constant whose value depends upon the material of the column and is taken as 


= Lint , where FE = Young’s modulus 


me =Slenderness ratio 


A = Cross-sectional area of column. 


In equation (19.11), if P is plotted against (4+} , we will get a parabolic curve and 


hence the formula represented by equation (19.11) is known as a parabolic formula. 
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; 19.14. FACTOR OF SAFETY . 
The ratio of the critical load to the safe load is known as factor of safety. The values of 
the safety factors usually used for different materials are given below : 





Column. material Facior of safety 


ol 
Mild steel 3 
Wrought: iron : 3 
Cast iron 5 
Timber 6 


_ 19.15. FORMULA BY INDIAN STANDARD CODE (18. CODE) FOR MILD STEEL 


The direct stress in compression on the gross area of the section of an axially loaded 
.. compression member shall notexceed the values of o,, calculated as follows and given in 
. Table 19.3. : 

















oy 
G, = 0, = i. a [ex <2 =0to 160) 
1+ 0.20 sec - 4E | 
* .and 6, = 0, [12 - a; | G re = 160 and above] 


where o, = Allowable axial compression stress obtained from Table 19.3 

‘= A value obtained from the above secant formula 
The guaranted minimum yield stress taken as 260 N/mm? for mild steel 
= Factor of safety taken as 1.68 


o 


K 


= Slenderness ratio 


E = Modulus of elasticity = 2.047 x 105 N/mm?. 
Safe stresses (c,) in axial compression according to IS. code for mild steel column is 
" given in Table 19.3 for various values of slenderness ratio. 


a | 3 A 








TABLE 19.3 

Slenderness, Safe stress, Slenderness Safe stress, 
ratio = Fa oa, (Nimm?) ratio = oe G, (Ni mm?) 

0 1.25 150 47.4 

10 124.6 160 42.3 

20 123.9 170 37.3 

30 122.4 180 33.6 

40 120:3 190 30.0 

50 117.2 200 27.0 

60 113.0 210 24.3 


70 107.5 220 21.9 
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80 100.7 230 fgg 
90 92.8 240 18.1 

100 84.0 250 16.6 

110 75.3 300 19.9 

120 67.1 350 7.6 

130 59.7 

140 53.1 


a 

Problem 19.21. Determine the safe load by LS. code for a hollow cylindrical mild steel 
tube of 4.0 cm external diameter and 3 cm internal diameter when the tube is used as a column 
of length 2.5 m long with both ends hinged. 


Sol. Given : 
External diameter, D = 4 cm 
Internal diameter, d = 3 cm 


». Area, A= ; [42 82] = 1.75x cm? = 175n mm? 


Moment of inertia, I= a [44 — 34] = 2.73435 m4 


= 27343n mm* 
Length of column, i= 2.5 m = 2500 mm 
End conditions = Both ends hinged 
-. Effective length, L, = | = 2500 mm 2 
To determine the safe load by LS. code, first find the value of slenderness ratio. Then 


corresponding to the slenderness ratio, obtain the safe compressive stress ({i.e., value of 3,) 
from the Table 19.3. Safe load will be equal to the product of o, and area A. 


‘ L 
Now slendernegs ratio = —* 


Rk 
where k = Least radius of gyration = fe = | eae = 15.62 
k 175x 
00 


-. Slenderness ratio = = 160. 


5 
15.52 
From Table 19.3 corresponding to slenderness ratio of 160, the allowable compressive 
stress is 42.3 N/mm?. 
- 6, = 42.3 N/mm? 

“, Safe load for the column = o, x A 


= 42.3 x 175x N = 23255.6 N. Ans. 


19.16. COLUMNS WITH ECCENTRIC LOAD 


Fig. 19.13 (4) shows a column AB of length ‘’ fixed at end A and free at end B. The 
column is subjected to a load P which is eccentric by an amount of ‘e’. The free end will sway 
sideways by an amount ‘a’ and the column will deflect as shown in Fig. 19.13 (5). 


Here a = deflection at free end B 
e = Eccentricity 
A = Area of cross-section of column 
Consider any section at'a distance x from the fixed end A. 
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Oe 
Let y = deflection at the section then moment at p 
the section = P(a+e-y) 
(4 ve sign is taken due to sign convention given 
in Art. 19.4.1.) 





dq? 
But moment is also = EI == 
dx 
ay P P 
Ela 2Flete-y)= (a +e)-Pxy 
d*y 
or Ela + Pxy=PG@te) 
d’y P P . 
or 70 Be a : 
The above equation can be written as (a) (by 
2 Fig. 19.13 
3 +e y =a%(a+e) 
P P 
Payee bay ee 
where at= EI or «a EI 


The complete solution of the above equation is, 
yal, cos (a. x) + C, sin (a .x) + (a +e) 


[P iP 
| Fe) + o,sin( Fx} eso 
P > ls fz , 
= C, cos | x x Er +C, sin EI +(a+e) .fZ) 
and slope, & =~ C, [sin a rae a +0, [co( == fF] a +0 (EE) 


( a@+e is constant, Hence differential is zero) 
In equations (i) and (ii) C, and C, are constant of integration. Their values are obtained 
from boundary conditions. 


d 
(i) At A, x = 0, y =O and also ss =0 (. Aisa fixed end) 


From equation (i) where x = 0 and y = 0, we get 
0=C,+at+e C,=-(@+e) 


From equation (ii) where x = 0 and “ = 0, we get 


LP 
0=C,x ET oe C,=0 


Substituting the values of C, and C, in equation (7), we get 


y =-(@+e) cos ae +{a+e) “Se «.-(iii) 


e a can not be zero] 
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(ii) at x =1, y =a, hence equation (éii) becomes as 


a=-a+eon(tx| Z| +(a+e) 
or (2+ 0[tx [Fr] =a+e-ane 


e 


a@+e=——=> =esec |i {E i | 
ex ( E) = x Ei (iv) 
cos} ix 


EI 


Maximum stress 
Let us find the maximum compressive stress for the column section. Due to eccentricity, 
there will be bending stress and also direct stress. 
Snax = Og + O, Where o, = direct stress = x 
6, = Max. bending stress. 
The maximum bending stress will be at the section where bending moment is maxi- 
mum. Bending moment is maximum at the fixed end A. 
Max B.M. at A, M =P x{a+e) 


g 1 [z 7 2 ion (i 
Pxesec { x Z| a+e=esec ( x om equation ) 


M Oy M M 
Using rs or O,= XY = TF 
(5) 
2 x where Z = = = Section modulus 
Zz y 
Pxesec { x iF 


P 
- M=Pxesec|l Io 
Hence maximum compressive stress becomes as 


P Preset [| 


Snax = % + Oo, = A + .(19.12) 


The equation (19.12) is used for a cohamn whose one end is fixed, other end is free and 
load is eccentric to the column. In this equation, / is the actual length of the column. The 
relation between actual length and effective length for a column whose one end is fixed and 
other end is free is given by 

L 


L,=21 or i 


Substituting the value of / is equation (19.12), we get a general formula which can b 
used for any end condition. Hence general formula ‘is 


(19.18) 


. $52 STRENGTH OF MATERIALS 





/ Problem 19.22. A column of circular section is subjected to a load of 120 RN. The load 
‘1s parallel to the axis but eccentric by an amount of 2.5 mm, The external and internal diameters 
_-of columns are 60 mm and 50 mm respectively. If both the ends of the column are hinged and 
'_solumn is 2.1 m long, then determine the maximum stress in the column. Take E = 200 GN/m2. 
Sol. Given : 
Load, P = 120 kN = 120 x 10°N 
Eccentricity, e = 2.5 mm = 2.5 x 107 m 
D= 60 mm = 0.06 m, d = 50 mm = 0.05 mm, / = 2.1m 
Both ends are hinged, L, =1= 2.1m 
Value of F = 200 GN/m? = 200 x 10° N/m? 
The maximum stress is given by equation (19.13) as 


Pxexsec ae e 
2 EI 


erie 
# Onan = x Z «(Z) 
where A = Area of section 

— spe _ ge) = ie 2 

=7 WD d?) = | 10.06 0.057] 

- 7 x 0.0011 = 8.689 x 10-4 m? 


1 = Moment of nertiang ri (D*— d4) 
eee 4_ 4 4 
= Gq (0.08 - 0.054) mm 


a a (1.296 x 10-8 — 0.625 x 10-5) = 0.0329 x 10-5 
Z= Section modulus 


aus 4 _ ost 
aq 10.06 0.05*] 


ft. x{[pted*) _ 
y. 64 D) = 0.03 
le 
_ (1.296 x 10 - 0.625 x 105] 
> 64 x 0.03 


= 1.0975 x 10-5 m3 


sec Le x Bs = sec 21 x ee AO OT = 10° 
2 VE 2 200 x 10° x 0.329 x 1075 
= sec (1.4179 radians) (Here 1.4179 is in radians 


180 
= 1.4179 x = = 81.239) 
= sec (81.239) = 6.566 
Substituting these values in equation (i) above, we get 
5.120% 10° (120 x 108) x (2.5 x 107 *) x 6.566 
max” 8.639 x 10~¢ 1.0975 x 10° 
= 138.9 x 106 + 179.48 x 10® N/m? 
= 318.38 x 10° N/m? or 318.38 N/mm? Ans. 
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Problem 19.23. If the given column of problem 19.22 is subjected to an eccentric load: of 
100 kN and maximum permissible stress is limited to 320 MN/m?, then determine the masxi- 
mum eccentricity of the load. 

Sol. Given : 

Data from problem 19.23 

D=60 mm = 0.06 m, d = 50 mm = 0.05 m,/= 2.1m, L,=1=2.1m, 

E = 200 GN/m? = 200 x 10° N/m2., I = 0.0329 x 10> mi, 

Z = 1.0975 x 10° m3 A = 8.639 x 10-4 m? 

Eccentric load, P = 100 KN = 100 x 108° N 

Max. stress, 0,,,, = 320 MN/m? = 320 x 10° N/m? 


Let e = Maximum eccentricity 
Using equation (19.13), we get . 
Pxexsec Le x if 
2 EI ‘ 
+ As 
Z (i) 


mf y 


Ornax = 


L. ze 
Let us first find the value of sec 2 ET |: 


sec He x E = sec ary Se 
2° VET 2 ¥200 x 10° x 0.0329 x 10° 


: 0 
= sec [1.294 rads] = sec | 1.294 x re 
x 





= sec (74,16°) = 3.665 
Substituting the known values in equation (i), we get 
100x107 (100 x 10°) x e x 3.665 


320 x 108 = 
( 8.639 x 104 1.0975 x 10 
= 115.754 x 10° + 33394 e x 108 
or 320 = 115.754 + 33394 x e 
320 - 115.754 ah, 
or e= 33394 m=6.116 x 10°m= 6.116 mm. Ans. 





19.17. COLUMNS WITH INITIAL CURVATURE 


Fig. 19.14 shows a column AB of length ‘’ hinged at both 
ofits ends. The column is having initial curvature and this posi- 
tion is shown by AC'B. Let P be the crippling load at which the 
column has just buckled (i.e., has just started bending). This 
position is shown by AC"B. The initial shape of the column may 
be assumed circular, parabolic or sinusoidal without making 
much difference to the final result. But the most common form is x 


y =Cxsin (=) 


where C = Maximum initial deflection. 
y' = Initial deflection at a distance x from end A. 





a 







Final position 
of column 


tata eee pe ee meen 


x 
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A 
= = ce cos (=) -.(8) 
ay! = (=) in xe 
and wer OE a $ 1 
2 
= sc sin (=}. -«(di) 
i Z 


At the crippling load ‘P’, the final shape of column is shown by AC"B. Let y is the final 
deflection at a distance x from end A. 

Change of deflection = (y — y’). 

Let change of deflection = y* 

Then y* = (y- y’) 

This change of deflection is due to B.M equal to P x y 

B.M. at the section due to crippling load =~ (P x ¥). 
(— ve sign is due to sign convention given in Art. 19.4.1.) 


d?y* d*(y-y') 











But bending moment is also = EI ae? or EI dx? Co yFey-y¥) 
Equating the two bending morhents, we get 
d*(y- y') _  d?y dy! Pxy 
ge NYS ee tate 


d? d*y go Py _ d’y' 
dx? ° EI dx? 


= Cr, (=) 
ag iP ; 





or 


da? yy’ Cr? (= } 
voy =-—5- sin from e uation (ii) (19.14 
Let the solution of the above differential equation is y = mC sin (=) .(U1Z) 


where m is a constant of integration. 


2 
The value of m wil! be obtained by finding the value of 3 and substituting this value 


and value of y in equation (19.14) 
2 
Let us find the value of a and substitute this value in equation (19.14) 


Differentiating equation (iii) w.r.t. x, we get 


dy n (7x) 
ae mC x 7 8 
Again differentiating the above equation, we get 
a? d*y x mex - 
a == mex 5 sin (= } 
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: 2 
Substituting the values of “} and y in equation (19.14), we get 
Xe 


g : 
n AX P re 2 
-mCx> E ain (= Js + gy xmcsin (F] = Sin (™] 








I? y 
Concelling sin (= 1 } to both sides, we get : aS 
2 P 2 * 
— Ox + ay x mC =— . = 
Also concelling C to both sides, we get 
mx x “i x : 
2 EI rs p 
or mn Fk or m xP = 
Pm e Em)? 
72 
or m= EE, = set a : ni 2 
x Pp gee i? ...iv) 
- 3 Z| EI xx? 


(Dividing numerator and denomenator by 2/1?) 
We know that P, = Euler’s load is given by 
x? x El 
E> P 





2 
Hence substituting the value of z= a 
1 Py 
m= = 
1 PP ” Py -P 
Pe 
The above equation gives the value of m in terms of Euler’s load and axial load 
Substituting the value of m in equation (iii), we get 
P E _ (xx) 
y= (Pp -P) ~P) x Cx sin ae --(19.15) 


Kiquation (19.15) gives the final deflection at any distance x from end A. 





in equation (iv), we get 








Maximum deflection 


The deflection will be maximum at the mid-point where x = = Let this maximum de- 


flection is y,.. 


I 
Atx= 9°Y = Ymax 


Now the equation (19.15) becomes as 


Beene wa eae = 
2 ge) 12 


(pera 
x max? 93 
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-( Ps )xexsin 5 





: Cea) 

= Cc v sin—=1 

(p eg  P 2 2 

"Maximum stress 

The maximum stress (o,,,,) is due to direct stress (o)) and maximum bending stress 
max = % + Fy : (uv) 


The bending stress should be compressive. It will be maximum, where bending moment 
“ig maximum. 











(Pz) 
But B.M. = Px y. Hence maximum B.M.=Pxy,,,, Where Yo, = Poe 
smn BI WS Peet SKC 
Maximum M., = * (P, -P) 

Pp 

M Px( Pp] *C I AR 

6, => = —::sShere Z=— = —— 

Oe (ae) Ye de 
Ye 


‘where y, = Distance from the neutral axis of the extreme layer in compression 


Substituting the value of o, in equation (v), we get 

















Pr 
Px xt 
, oO = (Pp - P) =a,+|Px Ps Clix te 
max 0 Ak? 0 (Pp — P) Ak 
Ye 
Py Py Cx, 
—%* A“ p,-P)” Re 
Cx ye a 
= 04+ 26|( 525) =| f= o0| 





or 





Smox _ a EX Ie 
Bo Pipes P) ke 
o Pp Cxy, 
mmx-—1\|= 
aor [ee c pup Re 
Og Cx ¥, 1 Cx y, 
= x 7 
OR--9%9 


OF fee. i ( Gs 2 3% Ve + ...(19.16) 


ee Bee 
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The term a P has been written in turms of stresses as 
Bs ‘ 
P, 
Pp AS Op 1 
P, - P= P,P = (og - 5g) ~ = Go/og)’ 
A -5 


In equation (19.16), C is the initial maximum deflection and y, is the distance of ex- 
treme layer in compression from neutral axis. 

Problem 19.24. Determine the maximum stress developed in a circular steel strut which 
is subjected to an axial load of 140 kN. The outside and inside diameters of the strut are 
200 mm and 140 mm respectively. It is 5 m long and has both of its end hinged. The strut is 
having initial eras of sinusoidal form with initial maximum deflection of 8 mm. Take 
E=205 GN/m?. 

Sol. Given : 

Axial load, P = 140 kN = 140 x 10? N, D= 200 mm = 0.2 m,d = 140 mm = 0.14m,l=5m, 
both ends are hinged, initial maximum deflection, C=8mm = 0.008 m, # = 205 GNim? = = 205 x 

10° N/m?. 
Let o,,,, = Maximum stress developed 


Now, =~ (p?=>@2)= i (0.22 - 0.142) m? 


ml ON 


(0.04 — 0.0196) = 0.016 m? 


bey 
u 

a 
oS 


— ye A 4 4 
d*)= 64 (0.24 — 0.14%) m 


= Za Ria 


(0.0016 — 0.000384) = 5.968 x 10 mf‘. 


Let us now find the values of Sy (stress due to direct load), Og (stress due to Euler’s load) 
and y, 
_P 140x103 


ete oS 6 2 
= a= 0016 8.75 x 10' NAn? 


P, 
op = > where P,, = Euler’s load 


mn EI x* x205x 10° x5,968x 10° 


a zi = 4.83 x 106N 





_ 483 x 10° 
"0.016 
y, = distance of extreme layer in compression from neutral axis ~~ 
D_ 02 
= 2 = 2 = 0.1m. 
These values are substituted in equation (19.16) 


= 801.87 x 10° N/m? 
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Now using equation (19.16), we get 


Gmax _ 4 [1- 22) ~ OXY. 
Go GE hk? 


Gmox 1} {4-8-75x10"_| _ 0.008 x 0.1 
oF 8.75 x 108 301.87 x 10° } ~ 0.00373 
Go 
mar __ _ 1] (1~ 0.02898) = 0.21447 
ag fe x 10° } ( ) 
cs 21447 
pT ne ee = 
or as eee = 77 0.09808) 0.22088 


Gyagy = (1 + 0.22088) x 8.75 x 108 
= 10.683 x 10° N/m?. Ans. 


19.18. STRUT WITH LATERAL LOAD (OR BEAM COLUMNS) 


Columns carry axial compressive loads. If the columns are also subjected to trans- 
verse loads, then they are known as beam columns. The transverse load is generally uni- 
formly distributed. But let us consider two cases when 

(i) Transverse load is a point load and acts at the centre 


(ii) Transverse load is uniformly distributed. 

19.18.1. Strut Subjected to Compressive Axial Load or Axial Thrust and a Trans- 
verse Point Load at the Centre. Both ends are Pinned. Fig. 19.15 shows.a strut AB of 
length ‘’ subjected to compressive axial load P and a transverse point load W at the centre. The 
strut is pinned at both of its ends. Consider any section at a distance x from the end A. Let ‘y’ 
is the deflection at this section. The bending moment at the section is given by, 


M=-~Py- ve i) 





Fig. 19.15 
7 ; d? ¥y Py 
B.M. is also given by, M = EI me (it) 
Equating the two B.M. given by equations (i) and (iz), 
d?y Ww d’y =P Ww 
BEG a gt go ee ae 
a et ee 
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The solution of the above differential equation is 


y = C, cos [=F +C, sin Gor Wx 
OBI x. 
EI 
[P : | Ww 
=C, cos > x fr] + C, sin : x z| = = Gi) 


The slope at any section is given by 





dy [P 2 EP (P : [P WwW 
es ie B sin(x Z| +0 E ove )-a 


The values of C, and C, are obtained from boundary conditions. 


" ...{iv) 


At x = 0, y = 0. Hence from equation (iz) we get 


0=C, 
lL dy : : 
Atx=—,-— =0. Hence from equation (iv), we get 
2° dx 
PP: . fd P P Z P WwW 
0=-C,x [F asin Fox la cos{ 5 e)- 
[P i [P)_W 
=04+C,x |= cos|2y j{.J-<y (v C,=0 
=) EE fa 2P ot 
of ScD ce Ma PE 
2° 2P P i P 2P P Ne EI 
cos} — x ,{—- 
2 El 


Substituting the value of C, and C, is equation (iii), we get 


Ww EI 
— x sec 


“oP VP 


eae | eres ea 
= op * Vp SEO 5 


y=0 





bey LE sin vx fe _ Wxs 
2 VEI VEL 2P 





«| E sin ox fe u Wes wav) -* 
EI EB. 2P 


The above equation (v), gives the deflection at any section. 
Let us now find maximum deflection, maximum bending moment and maximum stress 


induced. 


om 


Maximum deflection (y,,,,)» The deflection is maximum at the centre, where x = 2 


ae to : : : 
Substituting « = 3 in equation (v), we get maximum deflection. 


Ymax = 9p 2 


a ee ER oe 
gp f yp eet 5 


Ww 
= x EL x gee | £ 
P 


ge Nth eget Pega 
EI 2°VEI) 2P 2 





P W xl : 
x £)- <P ee 
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Maximum bending moment. The B.M. is given by equation @) as 


s aa-(Pxy+¥ xs] 


l 
The bending B.M. will be maximum at the centre where y =y,,., and x= 3 Substituting 


_. these values in the above equation, we get 


wil 
Mya, =~ (PX Yuan #5 *5) 


2a ps OL taal eg | 
7 2p \p 2 VEI) 4P 2° 2 


[Substitute y,,,. here from equation (vi)] 


Ww [EI L | P Wel Wxl 
me |— x j— x tan} — x J |- + 
2 P 2 El 4 4 
Ww [EI L ke 
=~-|—x ,/-—— x tan] — x ,jJ— 
2 Pe 2 EI 


The~ ve sign is due to sign convention. Hence the magnitude of maximum B.M. is given 


fea _W [Er U | P 
Max (magnitude) =o tare © tan [ x = 











‘ by 


.{19.17) 


Maximum stress (0,,,,). Maximum stress induced is due to direct axial compressive ~ 


~Joad and due to maximum bending stress 


Omar = Oy + O, Where O, = Stress due to direct axial compressive load 





=e 6, = Stress due to bending. 
The stress due to bending of strut is given by, 
M _% 
ry 
Ne ob oO, = BY poe 
Be ee Ak? 
“where y,= distance of the extreme layer in compression from neutral axis 
I= Ak? 
k = Radius of gyration 
M=Ma ac 
Max. bending stress = M max . we 
Ak 
wn FF tan[ sx Fr] 
2 2 VET 
= aa XI, 


w |S 


x el tan Ly Ie 
P A2 EI 


> From equation 19.17, Mya. = 
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Hence maximum stress induced becomes as 


Cam 4 x Pp van ee | > os 


Problem 19.25. Determine the maximum stress induced in a cylindri 
ylindrical steel strut o; 
length 1.2 m and diameter 30 mm. The strut is hinged at both its ends and subjected to an ne 





--{19.18) 


‘thrust of 20 KN at its ends and a transverse point load of 1.8 kN at the centre. Take E = 208 GN/m?. 


Sol, Given : 
£=1.2m;d = 30 mm = 0.03 m; axial thrust, P = 20 kN = 20 x 10° N ; transverse point 
load, W = 1.8 KN = 1.8 x 10° N; FE = 208 GN/m? = 208 x 10° N/m2 


mx x 
Area, A= ri a= Z (0.037) = 7.068 x 104 m? 
Xn 

M.O.L, Ing a= a (0.03)! = 3.976 x 10 mt 
Direct stress is due to axial thrust. ; 

P  _20x 10° pth : 

%= 4 = 7068x107 = 28.29 x 10° N/m? = 28.29 MN/m 

Maximum bending stress is given by 

M nox X Ve 


6o— eta) 
Max. bending moment is given by equation (19.17), as 


: WwW [EI i | P 
. Max = 2 x "pi: x tan E x Z| (i) 
P 
Let us find iy 2 


20 x 108 

Now, ee. Lo eas : 
EI ~ ¥(208x 10°) x(3976x 108 ~ ¥24183 1.555 
(EE 1 

and eee =064 
p> ese 
bf as : 
Also 5% ar = 22 51.555 = 0.933 rad = 0.993 x “2° = 53.45° 


d iP 
tan E x z| = tan (0.933 rad) = tan (53.45°) = 1.349 
Substituting known values in equation (Zi), we get 


3 
M.,, = 1o 10 0.648 x 1349 = 780.66 Nm. 
Substituting the above value in equation (i), we get 

780.66 x y, 

3 
780.66 x 0.015 

~ 3.976 x 10° 

e Ve = < = = = 15 mm = 0.015 mand J = 3.976 x 10° mn] 


= 294.51 x 10° N/m? = 294.51 MN/m? 
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i 
Maximum stress induced is given by 
maz = % + Fp 
= 28.29 MN/m? + 294.51 MN/m? = 322.8 MNim?, Ans. 

19.18.2 Strut Subjected to Compressive Axial load or Axial thrust and a 
Transverse Uniformly Distributed load of Intensity w per unit length. Both ends are 
Pinned. Fig. 19.16 shows a strut AB of length 7’ subjected to axial thrust P at its ends and also 
a transverse uniformly distributed load of intensity w/unit length. The strut is pat at both 

of its ends. 
Consider any section at a distance ‘x’ from the end A. Let ‘y’ is deflection at this section. 


The bending moment at the section is given by, 








M=-Pxy+wxx)x3— 22h x 
2 
=-Pxy+¥* ~ eae i) 


ex] wiunit length 








Wexl Wixl 
Ra= é a x Ae 


Fig. 19.16 
Bending moment is also given by, 


d’y 
M = ET 4 (di) 
Differentiating the equation (i), w.r.t.x., we get 
aM dy wx2x wxl 
Ge ae ee 
__p dy wxl 
=-P yo twxx- > 
Differentiating the above equation again, we get 


d°M d*y 











=-P—Z+w (Zit) 


From equation (zz), Substituting this value in equation (iii), we get 


M 
dx a ~ EI 
d?M M dm. P 
ae ~Pxazptw or a8 tay Mw 
The above. equation can be written as 
a°M P P 
7+ eM =w where 0? = 5 or a= Var 
This equation is a differential equation in M and is more useful as the maximum bend- 
ing moment can be obtained directly from this. . 
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The solution of the above equation is 








M=C, cos (a x x) + Cy sin (a. x) +> 
P Je 
- 6,00 ({F**) «6, sin “(Ve <x). eee 
= C, cos Cae {E}se, sin \F). sail .. (iv) 


Let us find a also from the above equation 
iM P | | 
ae =-C,x Er cnx Z| +€,x = cos (x Z| +0 
= C; a sin (fF +, x Pa cos z .-(v) 


The values of C, and C, are obtained from boundary conditions. At x = 0, M = 0, hence 
from equation (iv), we have 














: wx EI wx KT 
O=C,+ P o Cy=- Pp 
i dM £ wxL wx 
Atx= 9, 0 = = 0 (as at the centre shear force = R, —w Sg. ea5 = 0) hence 


from equation (v), we get 


P. I P P ais P 
Q=-C,x zr 2 xr +€,x a x COS | 5 ViT 
--(-234) x Pp sin be a +€, |= cos Ele 

P EI 2 El 2 RT 2 EI 


or po. i l P +C. fy iP 
=p x sin ox Vay | * C2008 | Vr 


P 
ling ,}—— i 
(Concelling EI to both sides) 














ek | P . 

or C ges ehs 2 VEL EL au tan ing a 
eal okey RE CE VEE 

2 NEI 


Substituting the value of C, and C, in equation (iv), we get 


EI P ET P 
u=(-"5 }x eos» Ver] « to( SE) in| far} + 
-(-25%) cos| xx 2 + tan oy Po sin} x x oo -i 
P \ EI 2" VET VET 
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Expression for maximum bending moment, maximum deflection and maximum 


. stress 


Maximum bending moment : 


i : 
The bending moment is maximum at x = 2 Hence above equation becomes as 


rae 





==30)| 
+ cos 





cos” Ds Po +sin? ty P 
wx EI 2 * VET 2° VET 
“2 gee 
2 “VET 
_ wx! tat sy 
: Bre oe 
8 9 * VET 





(~ ve sign is due to sign convention) 
Maximum deflection : The corresponding maximum deflection {y,,,,,) is obtained from 











ee let 
EI 





. (19.19) 


. Hence equation (i) becomes as 


: equation (i), in which M = Max, y =y,,,, and x = 5 
Moe =- PX Imax t 3 x (4) - a x 
=-Pxyiat wet = wet 
=-PXYnoy wet 
=- [P X Vmax + =| 
But from equation (19.19), 
Max =~ = i self x {F)- } 
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Equating the two values of M,,_., we get 
ie wx EI i [P 
_|P We ee Be PE No 
( X ¥max + 8 ] P sec 5 x EI 1 
w x EI Ee aes il- wl 
{ or PX Ya: = 7 e( x | 3 
wx EI Z P 1 wl? 
or Ymaz = pa eee) * Vier | 17 ri (19.20). 


Maximum stress : 
The maximum stress is then given by, 
Go. oon = OG + Oy 


mM 
P Mncx 


=—s EAT 
: Ye 


where y, = distance of extreme layer in compression from N.A. 

Problem 19.26. Determine the maximum stress induced in a horizontal strut of length 
2.5 m and of rectangular cross-section 40 mm wide and 80 mm deep when it carries an axial 
thrust of 100 RN and a vertical load of 6 kN/m length. The strut is having pin joints at its ends. 
Take E = 208 GN/m?. 

Sol. Given : 

£=25m; 5 =40 mm = 0.04 m; d = 80 mm = 0.08 m;; axial thrust, P = 100 kN = 100 
x 1000 N ; uniformly distributed load, w = 6 kN/m = 6 x 10° N/m; FE = 208 GN/m? = 208 « 109 N/ 
m? Area, A=) xd = 0.04 x 0.08 = 0.0032 m? 

3 8 
pele SUA sa races 104k 
12 12 
Let us now find the value of maximum bending moment (i.e., M 


(19.19), we get pag 
wx EI £ ios ay 
| a se x ler 





). Using equation 





(magnitude) (neglect - ve sign) 


where - = OCP reer = 0.2817 and = = ons = 8.55 
or {= = 0.2817 = 0.5307 
Also, S x em = @ x 0.5307 = 0.6634 radians 
3 664 x 180° ~ 96° 


l P 
sec | 5 = ‘Ey | = sec 38° = 1.269 
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EI i [ P 
Minox = WX > \=(5 x z|- ) = (6 x 10%) x 3.55 [1.269 — 1] 


= 5729.70 Nm 


Stress due to direct load, oy = 5 = Nene N/m? = 31.25 x 10° N/m? 


M ax = Xe 


Max. bending stress, o, = 7 


866 





where y, = distance of extreme layer in compression from neutral axis 


9.7 x 0.04 
Oy = DePOT ROOF = 184.3 x 108 Nim? 
17066 x 10 


Maximum stress induced is given by 
Snax = Sg + Oy 
or ax= 31.25 x 108 +134.3 x 10° NAn? 
= 166.55 x 10° N/m? = 166 .55 MN/m*. Ans. 


HIGHLIGHTS 


1. A vertical member of a structure, which is subjected to axial compressive load and is fixed at 
both of its ends, is known as a column. 

2. Strut is a member of a structure which is not vertical or whose one or both of its ends are hinged 
or pin joined. 

3. All short columns fail due to crushing whereas Jong colurnns fail due to pavane and crushing. 

4, The load at which the column just buckles is known as buckling load or critical load or crippling 











load. 
5. The crippling load for a column by Euler's formula for different end conditions is given by 
: ; ; 
nu” EI 
P= 2 when both ends are hinged 

x? EI . ; 

= ae when one end is fixed and other is free 
dn? EI 

= “a when both ends are fixed 
Qn* EI 

= 2 when one end is fixed and other is hinged 


where / = Actual length of column 
£& = Young’s modulus of the material of the column 
I = Least moment of inertia of the column. 
6. The effective length of a given column with given end conditions is the length of an equivalent, 
column of the same material and cross-section with hinged ends, and having-the value of crip- 
pling load eae to that of the given column. ‘ 
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%. The crippling load for any type of end condition is given by : 
x7 EL 
=T8 





whereL, = Effective length 
= 1 when both ends hinged 
= 21 when one end is fixed and other is free 


£ when both ends are fixed 
l 
ae when one end fixed and other is hinged 


where { = Actual length of the column. 
8. Crippling load and crippling stress in terms of effective length and radius of gyration are given 
by 





Crippling loads, P= 





and Crippling stress = 


£ 
where L, = Effective length and & = Least radius of gyration = x 


where J = Least moment of Inertia. 
9. Slenderness ratio is the ratio of the effective length of the column to the ance radius of gyration. 
Mathematically, 


L 
Slenderness ratio = 77 


10. The crippling load by Rankine’s formula is given by 
O,xA 


l+a (5) 


Pz 


where o, = Ultimate crushing stress 
A = Area of cross-section of column 
a = Rankine’s constant 
L, = Effective length 
& = Least radius of gyration, 
11. The crippling load by straight line formula is given by 
Pao,.A-n(4) .A 


where o, = Compressive yield stress 
A = Area of cross-section of column 


Ls 
(+) = Slenderness ratio and n = A constant. 
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12. Johnson’s parabolic formula for crippling load is given by 
2 
P=o,.A-r(4) A 
k 
L, ax ths . : 
where o,, A and es are compressive yield stress, area and slenderness ratio respectively and 
A constant Ge" 
= nh So 
r constai 42k 
EXERCISE 19 
{A) Theoretical Questions 
1. Explain the assumptions made in Euler’s column theory. How far are the assumptions valid in 
practice ? (AMIE, Summer 1982) 
2. Define the terms : column, strut and crippling load. 
3. Explain how the failure of a short and of a long column takes place ? 
4. What do you mean by end conditions of a column ? What are the important end conditions for.a 
column ? Explain them. . 
5. What is ‘equivalent length of a column’ ? How is the concept used in the column theory ? 
(AMIE, Winter 1982) 
6. What is ‘equivalent length of a column’ ? Give the ratios of equivalent length and actual length 
of columns with various end conditions. (AMIE, Summer 1985) 
7%. Derive an expression for the Euler’s crippling lead for a long column with following end conditions. 
(a) Both ends are hinged (b) Both ends are fixed. 
8. Explain how Rankine-Gordon formula is used to calculate the intensity of stress in short, inter- 
mediate and long columns. (AMIE, Winter 1981) 
9. Prove that the crippling load by Euler’s formula for a column having one end fixed and other end 
free is given by 
_w EI 
4l? 
where J = Actual length of the column, 
E = Young’s modulus, and 
i = Least moment of inertia. 
10. Find an expression for crippling }oad for a long column when one end of the column is fixed and 
other end is hinged. 
wE 
11. Prove that crippling stress by Euler's formula is given by f, = ——~z - 
L, 
(i) 
12. Define slenderness ratio. State the limitations of Euler’s formula. 
13. How will you justify that Rankine’s formula is applicable for all lengths of columns, ranging 
from short to long columns. 
14. Whatis a Rankine’s constant ? What is the approximate value of Rankine’s constant for cast iron 
column ? 
15. Deduce an expression for the Euler's crippling load of an ‘ideal column’ pin-joined at each end. 


Explain the limitations, if any, in using the formula. 
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16. 


VY. 


1. 


3. 


10. 


EL. 


12. 


(iii) One end is fixed and other is hinged. 


Derive the equation for the Euler's crippling load for a column with one end fixed and the other 
is free. {Annamalai University, 1992) 
Derive expression for Euler’s buckling load for a long column of length L with both ends fixed, 
from first principle. Mention the assumptions made in the derivation. 


(Bangalore University, 1991) 
(B) Numerical Problems 


A solid round bar 4 m long and 6 cm in diameter is used as a strut with both ends hinged. 
Determine the crippling load. Take Z = 2 x 10° N/mm?. [Ans. 78.486 kN] 
For the problem 1, determine the crippling loads when the given strut is used with the following 
conditions : 
(i} One end is fixed and other end is free (if) Both the ends are fixed and 
[Ans. (i) 19.621 KN (ii) 313.94 kN (ii) 156.96 KN} 
A column of timber section 10 cm x 15 cm is 5 m long both ends being fixed. If the Young’s 
modulus for timber = 17.5 kN/mm?, determine : 
(z) Crippling load, and (iz) Safe load for the column if factor of safety = 3. 
{Ans. (2) 45.4 KN and (di) 115.1 KN] 
A hollow mild steel tube 5 m long, 4 cm internal diameter and 5 mm thick is used as a strut with 
both ends hinged. Find the crippling load and safe load taking factor of safety as 3. Taking 
E=2»x 10° N/imm’. {Ans. 14.99 N and 4766 N] 
A solid circular bar 5 m long and 4 cm in diameter was found to extend 4.5 mm under a tensile 
load of 48 kN. The bar is used as a strut with both ends hinged. Determine the buckling load for 
the bar and also the safe load taking factor of safety as 3.0. [Ans. 2105.5 N and 701.8 N] 
Calculate the safe compressive load on 2 hollow cast iron column (one end rigidly fixed and other 
hinged) of 10 cm external diameter, 7 cm internal diameter and 8 m-in length. Use Euler’s 
formula with a factor of safety of 4 and F = 95 kN/mm?. {Ans. 27.3 kN} 
Determine Euler’s crippling load for an I-section joist 30 cm x 15 cm x 2 cm and 5 m long which 
is used as a strut with both ends fixed. Take Young's modulus for the joist as 2 x 10° N/mm?. 
{Ans. 3.6 MN] 
Determine the crippling load for a T-section of dimensions 12 em x 12 cm x 2 cm and of length 
6 cm when it is used as a strut with both of its ends hinged. Take E = 2 x 105 N/mm?. : 
(Ans. 161.57 KN} 
Determine the ratio of buckling strengths of two columns one hollow and the other solid. Both 
are made of the same material and have the same length, cross-sectional area and end condi- 
tions. The internal diameter of hollow column is 2/8rd of its external diameter. [Ans. 2.6: 1] 
The external and internal diameter of a hollow cast iron column are 5 em and 3 em respectively. 
If the length of this column is 4 m and both of its ends are fixed, determine the crippling load 
1 


1600 in Rankine’s formula. 





using Rankine’s formula. Take the value of f, = 550 N/mm? and a = 


[Ans. 540.09 KN] 


A hollow cylindrical cast iron column is 6 m Jong with both ends fixed. Determine the minimum 
diameter of the column if it has to carry a safe load of 300 KN with a factor of safety of 4. Take the 


de 
—-~ in 
1600 
Rankine’s formula. [Ans. D = 9.58 em, d = 6.67 cm] 


A 2.0 m long column has a circular cross-section of 6 cm diameter. One of the ends of the column 
is fixed in direction and position and other end is free. Taking factor of safety as 3, calculate the 
safe load using 


internal diameter as 0.7 times the external diameter. Take f, = 550 N/mm? and a = 
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se eee ee 


Je for pinned ends, 

1600 

(ii) Euler’s formula, Young’s modulus for C.J. = 1.3 x 10° N/mm?. 

(Ans. 11.4 KN and (i) 170 kN] 


13. Ashort length of tube, 5 cm internal diameter and 6 cm external diameter, failed in compression 
at a load of 250 kN. When 2.5 m length of the same tube was tested as a strut with fixed ends, the 
load at failure was 150 kN. Assuming that f, in Rankine’s formula is given by the first test, find 
the value of constant ‘a’ in the same formula. What will be the crippling load of this tube if it is 


; 1 
used as a strut 3.2 m long with one end fixed and the other hinged. [ Ans. Bian’ 78.5 kN) 


(i) Rankine’s formula take yield stress f, = 550 N/mm? and a = 


14, Find the Euler crushing load for a hollow cylindrical cast iron column 15 cm external diameter 
and 25 mm thick if it is 6 m long and is hinged at both ends. Take E = 8 x 104 N/mm?. Compare 
the load with the crushing load as given by the Rankine’s formula, taking f, = 550 N/mm? and 


a= asa : for what length of the column would these two formulae give the same crushing load ? 


[Ans. 665 kN, 260.77 kN, 507 cm] 


15. A mild steel tube is 7.5 em in diameter and 0.25 cm thick. A short length of this tube is tested in 
compression and is found to yield at 500 N/mm*. The modulus of elasticity of the material of the 
tube is 2 x 10° N/mm. A length of 2 m when tested as a strut with free ends failed with a load of 
180 KN force. Assuming the failing stress in Rankine formula to be the yield stress of the mate- 
rial, find the value of Rankine’s constant ‘a’. Find also the crushing load as by the Euler’s formula. 





| Ans. and P 225 KN | 
8000 

16. An alloy steel tube is 7.5 cm external diameter and 0.25 cm wall thickness. A very short length 

of this tube was tested in compression and found to yield at a load of 320 KN. A length of 2 meters 

when tested as a strut with hinged ends buckled at a load of 170 kN. Assuming the failing stress 

in Rankine formula to be the yield stress of the material, find the value of Rankine’s constant ‘a’. 


Ans. @= al 
6980 

17. A 1.5 m long column has a circular cross-section of 0.5 cm diameter. One of the ends of the 

column, is fixed in direction and position and the other end is free. Taking factor of safety as 3, 


calculate the safe load using ; (i) Rankine formula with f, = 560 N/mm? and a = for pinned 


fabs 

1600 ; 

ends and (ii) Euler’s formula with E for C.L. = 1.2 x 105 N/mm?2. (AMIE, Summer 1976) 

(Ans. (7} 9.9 kN and (di) 13.45 kN] 

18. Determine the external diameter and internal diameter of a hollow circular cast iron column, 

which carries a load of 1000 KN. The length of the column is 6 metre. The internal diameter is to 

be one half that of outer diameter. Use Rankine’s formula with f = 560 N/mm? and a = a 
Take a factor of safety 4. One end is fixed and the other end is free. 


[Ans. D = 35.4 cm, d = 17.7 cm] 


20 


Riveted Joints 








20.1. INTRODUCTION 


Rivets which are having their greatest applications in boiler work, plate girder and roof 
truss etc., are used to connect together permanently two or more plates. In case of riveting, the 
holes are made in the plates which are to be connected and rivets are inserted into the holes of 
the plates. Due to the holes in the plate, the strength of the original plate (i.e., solid plate 
without any hole) is reduced. ; 


20.2. TYPES OF RIVETED JOINTS 


The riveted. joints are mainly of the following two types : 

1. Lap joints and 2. Butt joints : 

20.2.1. Lap Joints. In case of lap joint, the edges of the plates to be jointed together 
overlap each other as shown in Fig. 20.1. The lap joints are classified as : : 

1. Single riveted lap joint. 2. Double riveted lap joint. 

3. Triple riveted lap joint etc. 













eX 


Fig. 20.1. Lap joint. 
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Fig. 20.2. Double riveted lap joint. 





In case of single riveted lap joint, only one row of rivets is used for connecting two plates 
as shown in Fig. 20.1. But in case of double riveted lap joint, two rows of rivets are used for the 
connection as shown in Fig. 20.2. And in case of triple lap joints, three rows of rivets are used 
for connecting the two plates. 


20.2.2. Butt Joints. In case of butt joints, the edges of the two plates to be joined 
together butt (7.e., touch) against. each other and a cover plate is placed either on one side or on 
both the sides of the two main plates as shown in Fig. 20.3. : 


; In case of a butt joint, atleast two rows of rivets one on each side of the joint, are re- 
quired. 


The butt joints are also classified as : 
1. Single riveted butt joint, 
3. Triple riveted butt joint. 


2. Double riveted butt joint, and 
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(a) Butt joint with single cover plate. (6) Butt joint with double cover plate. 


Fig. 20.3 


In case of a single riveted butt joint, one row of rivets is used on each side of the joint. 
Hence in total there are two rows of rivets. In case of double riveted butt joint, two rows of 
rivets are used on each side of the joint and hence in total there are four rows of rivets in 
double riveted joint. In case of triple butt joints, three rows of rivets are used on each side of 
the joint. 

a addition to the above, the following are also the types of the riveted joints : 

{| Cuain riveted joint, 

2. Zig-zay riveted joint and 

8. Diamond riveted joint. 


20.38. CHAIN RIVETED JOINT 


Fig. 20.4 shows a chain riveted joint, in which every rivet of a row is opposite to the 
other rivet of the other row. 





Fig. 20.4. Chain riveted joint. Fig. 20.5. Zig-zag riveted joint. 


-~ 20.4. ZIG-ZAG RIVETED JOINT 
Fig. 20.5 shows a zig-zag riveted joint, in which the spacing of the rivets is staggered in 
- such as way, that every rivet is in the middle of the two rivets of the opposite row. 
20.5. DIAMOND RIVETED JOINT 


Fig. 20.6 shows a diamond riveted joint, in which the number of rivets decreases as we 
... proceed from innermost row to the outermost row. Diamond riveted joint is only used in butt 
‘|! joints. 


a 
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Fig. 20.6. Diamond riveted joint. 


Problem 20.1. Draw neat sketches (plan and elevation) of the following riveted joints : 

(i) Single riveted lap joint, 

(i) Double riveted lap joint having chain riveting, 

(iit) Double riveted lap joint having zig-zag riveting. 

Sol. (i) Single riveted lap joint with its plan and elevation is shown in Fig. 20.7. In case 
of lap joint, the edges of the two plates to be joined together overlap each other. For a single 
riveted joint, there should be only one row of rivets as shown the plan of Fig. 20.7. The distance 
from the axis of the rivet to the edge of the plate should be at least = 1.5 D, where D is the 
diameter of the rivet. The distance between two adjacent rivets in a row is called the pitch and 
it is denoted by p. 

The plan and elevation of a single riveted lap joint is shown in Fig. 20.7. 
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Fig. 20.7. Single riveted tap joint. Fig. 20.8. Double-riveted lap joint—chain riveting. 
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(ii) Double riveted lap joint having chain riveting. This is shown in Fig. 20.8. In case of 
double riveted lap joint, there should be two rows of rivets as shown in plan. For a chain 
riveted joint, every rivet of a row should be opposite to the other rivet of the other row as 
shown in Fig. 20.8. The distance between the two rows of the rivets should be at least = 2D + 6, 
where D is the diameter of the rivet. 

The plan and elevation of the double riveted lap joint nes chain riveting is shown in 
Fig. 20.8. 

(iii) Double riveted lap joint having zig-2ag riveting. This i is shown in Fig. 20.9. There 
are two rows of rivets as shown in plan. For a zig-zag riveted joint, the spacing of the rivets is 
staggered in such a way that every rivet is in the middle of the two rivets of the opposite row as 
shown in Fig, 20.9. The distance between the two rows of rivets should be atleast = 2D, where 
D is the diameter of the rivet. The plan and elevation of the double riveted lap joint having zig- 
zag riveting is shown in Fig. 20.9. 
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Fig. 20.9. Double-riveted lap joint—Zig-zag riveting. 


Problem 20.2. Draw neat sketches (Plan and Elevation) of the following riveted joints : 
(i) Single riveted butt joint with a single cover plate 
(ii) Single riveted butt joint with double cover plate 
(iti) Double riveted butt joint with a single cover plate. 
(AMIE, Summer 1985 and Winter 1981) 
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Sol. ({} Single riveted butt joint with a single cover piate. In case of a butt joint, the edges 
of the two plates to be joined together butt (i.e., touch) against each other and a cover plate is 
placed on one side of the two plates. Rivets are passed through the main plates and cover 
plates. For a single riveted butt joints, one row of rivets is used on each side of the joint. Hence 
in total, there will be two rows of rivets as shown in Fig. 20.10. For a single cover plate, the 
thickness of the cover plate is taken as equal to ¢ or 1.125 ¢, where ¢ is the thickness of the main 
plate to be joined by butt joint. The distance between the two rows of rivets should be equal to 
3D where D is the diameter of the rivet. The plan and elevation of the single riveted butt joint 
with single cover plate is shown in Fig. 20.10. 


oo 
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Fig. 20.10. Single riveted butt joint with Fig. 20.11. Single riveted butt joint 
a single cover plate. _ with double cover. 

(ti) Single riveted butt joint with double cover plates. In case of single riveted butt joint, 
there will be two rows of rivets as shown in Fig. 20.11. One row of rivets is used on each side of 
the joints. There will be two cover plates, one on each side of the main plates. The thickness of 
each cover plate is taken as equal to 0.6 ¢ to 0.8 ¢ where ¢ is the thickness of the plates to be 
joined together. The plan and elevation of the single riveted butt joint with double cover plates 
are shown in Fig. 20.11. 

(iii) Double riveted butt joint with a single cover plate. In case of double riveted butt 
joints, two rows of rivets are used on each side of the Joint and hence in total there will be four 
rows of rivets as shown in Fig. 20.12. One cover plate is placed on one side of the rivets. The 
thickness of the single cover plate is taken as equal to £ to 1.125 ¢ where? is the thickness of the 
main plate. The distance between the two rows of rivets which are one side of the joint is taken 
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_equal to 83D whereas the distance between two rows of rivets which are on either side of the 
' jint.is taken equal to 3D, where D is the diameter of the rivet. The plan and elevation of the 
double riveted butt joint with a single cover plate is shown in Fig. 20.12. 
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Fig. 20.12. Double riveted butt joint with a single cover plate. 


40.6. FAILURE OF A RIVETED JOINT 


A riveted joint may fail in any one of the following ways : 

(i) Failure due to tearing of the plate between the rivet hole and the edge of the plate, 
Gi) Failure due to tearing of the plates between rivets, 
(tii) Failure due to shearing of rivet, 
(iv) Failure due to crushing (or bearing) of rivet, 

(v) Failure due to crushing of plate. 
ae 20.6.1. Failure Due to Tearing of the: Plate between the Rivet hole and the 
" .adge, If the distance between the centre of the rivet and the nearest edge of the plate (also 


_ known as margin, m) is not sufficient, the tearing of the plate between the rivet hole and the 
“dge of the plate will take place as shown in Fig. 20.13. This type of failure may be avoided if, 
m=1.5d 
i there m= Margin i.e., distance between the centre of rivet and nearest edge of the plate and 
d = Diameter of rivet. 
20.6.2. Failure Due to tearing of the Plate between Rivets of a Row. The plate 
will tear between the rivet holes across a row if the tensile stress (due to tensile force P) on the 


- ‘ection corresponding to the line of rivets is having a large value as shown in Fig. 20.14. In 
-such cases, we consider only a pitch length of the plate. 
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Fig. 20.13 


Let p= Pitch of the rivet 

d = Diameter of the rivet 

# = Thickness of the Plate 

P = Tensile load acting on the plates 

0, = Safe tensile stress in the plate 

P, = Safe tensile Joad that the plates can withstand for one pitch length 
Then safe tensile load per pitch length is given by 

P, = Safe tensile stress x Area of plate per pitch length 
=0,x@p-—d)xt ...{(20.1) 
If the value of tensile load (P) is more than the value of P, given by equation (20.1), then 
tearing of plate between the rivets will take place. 


20.6.3. Failure Due to Shearing of Rivet. If the diameter of the rivets is less than the 
required diameter, then the rivets will be sheared off as shown in Fig. 20.15 and Fig. 20.16. 


Fig. 20.14 


. Fig. 20.15 shows the rivet in a single shear whereas Fig. 20.16 shows the rivets in double 


shear. 
' { 
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Fig. 20.15. Rivet in single shear. Fig. 20.16. Rivet in double shear. 
The cross-sectional area resisting shear, when the rivet is in single shear is equal to 


% * . . . a . - 
ce d? whereas the cross-sectional area resisting shear, when the rivet is in double shear is 


equal to 2 x : d? where d is the diameter of the rivet. 


In a lap joint and in a single cover butt joint, the rivets are in single shear as shown in 
Fig. 20.17 and Fig. 20.18. But the rivets are in double shear in a double cover butt joint as 
shown in Fig. 20.19. 
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Fig. 20.18. Shearing off a rivet in a 


Fig. 20.17. Shearing off a rivet in a lap joint. 
. single cover butt joint. 
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Fig. 20.19. Shearing off a rivet in a double cover butt joint. 
Let += Safe shear stress for the rivet material 
d = Diameter of rivet 
; la 
A = Area of cross-section of rivet a d 


P, = Safe load which a rivet can withstand against shearing 
n= Number of rivets in one pitch length. 
(i) Safe load per pitch length in case of lap joint. In case of lap joint the rivets are in 
single shear. 


P,=1x a d? x + for a single riveted lap joint 
=2x 2 d? x + for a double riveted lap joint 


=3x 7 d? x + for.a triple riveted lap joint and so on. 


(ii) Safe load per pitch length in case of butt joint with single cover plates. The rivets are 
in single shear. But there is one rivet in a single riveted butt joint on one side of the joint per 
pitch length (see Fig. 20.18). 


Ff 
Pi,s1x 7 d? x + for a single riveted butt joint 


=2*x * 42x t for a double riveted butt joint 


af 


=8x - d? x x for a triple riveted butt joint and so on. 


(ii) Safe load per pitch length in case of butt joint with double cover plates. The rivets 
are in double shear in case of butt joint with double cover plates as shown-in Fig. 20.19. 


. Safe load which a rivet can withstand in double shear 
=2x ‘ axt 
. Strength of joint per pitch length against shearing 
=nx (2x $a" xt] 
4 
where n = Number of rivets covered per pitch length on. one side of the joint 
=1...... for a single riveted butt joint 


a2 ai for a double riveted butt joint 
= 8 wee for a triple riveted butt joint. 
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In case of a lap joint, the rivets are in single shear. 
-. Safe load which a rivet can withstand in single shear 


=F # xx 


_ +, Strength of joint per pitch length against shearing 


=nx ($d? xt] 
4 


where n = Number of rivets covered per. pitch length 
= 1 ec. for a single riveted lap joint 
SD cscnes for a double riveted lap joint 
= Sores for a triple riveted lap joint. 


20.6.4. Failure Due to Crushing (or bearing) of Rivet or Plate. In one of the plates 
in a joint is weaker than the other, the crushing of that plate (or rivet in contact with that 
plate) will take place. Let the top plate of a lap joint shown in Fig. 20.20 is weaker than the 
bottom plate. Now if the top plate is pulled by a load P, the crushing stress (or bearing stress) 
will be induced between the top plate and the rivet, The plate or rivet will be crushed if these 
stresses are having large values as shown in Fig. 20.21. 





Fig. 20.20 | Fig. 20.21 


Leto, = Allowable crushing stress, 
d = Diameter rivet, 
¢ = Thickness of plate, 
P,, = Safe load which a rivet can withstand against crushing 
= 0, x projected area , 
=0,x di. ("Projected area = d.t.) 
Strength of the joint per pitch length of the joint against crushing 
=nxo,xdxt 
where n = Number of rivets covered per pitch length. 


20.7. STRENGTH OF A RIVETED JOINT 


The maximum force, which a riveted joint can withstand without failure, is known as 
the strength of the joint. The strength of the riveted joint is obtained as : 


Let o, = Allowable tensile stress in the plate, 
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z= Allowable shear stress for the rivet material, 
o, = Allowable crushing stress of rivet material. 
Then per pitch length, 
(i) The tearing strength is given by, 
P=ofp-d)xt 
(ii) The shearing strength (P,) is given by, 


P, =nxt x + d? ... if the rivet is in single shear * 20.2) 


2 x d? ey 7 Set 
=axtx|[ 4% 4 ... if the rivet is in double shear __ ...(20.3) 


where n= Number of rivets in one pitch length for lap joint 
= Number of rivets in one pitch length on one side of the joint for butt joint. 
(iii) The crushing strength (P,) or bearing strength (P,) is given by : 
Plr=nxo,xdxt (20.4) 
where n = Number of rivets in one pitch length. 

The maximum force, which a riveted joint can transmit without failure, is the least 
value of P,, P, or P,. Once the minimum of the three values is reached, the joint will fall. Hence 
the strength of the joint will be equal to the least value of P,, P, and P.,. 


20.8. EFFICIENCY OF A RIVETED JOINT 


The efficiency of a riveted joint is the ratio of the strength of the riveted joint to the 
strength of the solid plate (.e., strength of unriveted plate). Mathematically 
Strength of the riveted joint 


BitcieDe ys ae Strength of solid plate 
e Least of -- and P, (20.5) 
where P = Strength of solid plate 
= 6,p.t. per pitch length 4 ...(20.6) 
Efficiency, | n= Pesstol Hint ead te (20.7) 


G,. p-t. 


Problem 20.3. Two plates 8 mm thick are joined by a single riveted lap joint. The 
diameter of the rivets is 16 mm and pitch = 50 mm. If o, = 120 N/mm?, « = 90 N/mm? and 
0, = 160 N/mm?*, determine the efficiency of the joint. 


Sol. Given : 

Thickness of plates, ¢=8 mm 

Dia. of rivet, d=16mm 
Pitch of rivet, _ p=50mm 
Tensile stress, 0, = 120 N/mm? 
Shear stress, += 90 N/mm? 
Crushing stress, o, = 160 N/mm? 


Nature of joint = Single riveted lap joint 
«. The number of rivets in one pitch length, n = 1 
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Also rivets are in simple shear 

(Single riveted lap joint is shown in Fig. 20.7) 

Consider the pitch length of the joint. 

() Tearing strength per pitch length is given by equation (20.1). 

Using equation (20.1), 
P,= 0p ~ d) x t = 120(50 - 16) x 8 N = 32640 N 
(it) Shearing strength per pitch length is given by equation (20.2), 


uo 
Poanxuxad 
nt 
=ixux gd? Ce n=l) 


= 1% 90 x 7 x 16? = 18095.5N 


(ii) Crushing strength per pitch length is given by equation (20.4), 
Pl=nxo,xdxt 
= 1x 160 x 16 x 8 = 20480 N 
Least strength per pitch length 
= Least of P,, P, and P, 
= 18095.5 N 
Strength of the solid plate per pitch length is given by equation (20.6), 
P.=0,.p.t=120 x 50 x 8 = 48000 N 
“. . Efficiency of the riveted joint 
_ Least of P, P, and P, 
~ Strength of solid plate 
_ 18095.5 N 
~ 48000 N 
Problem 20.4, If in problem 20.3, the plates are joined by a double riveted lap joint and 
pitch = 8 cm determine : 
(i) strength of the riveted joint and (ii) efficiency of the riveted joint. 
Sol. Given : 
From problem 20.3, ¢=8 mm, d= 16 mm and p = 8 em = 80 mm 
3G, = 120 N/mm”, t = 90 N/mm? and o, = 160 N/mm? 
Nature of the joint = Double riveted lap joint 
Number of rivets in one pitch length, n = 2 
The rivets are in single shear. 
(Double riveted lap joint is shown in Fig. 20.8 and Fig. 20.9) 
Consider one pitch length of the joint. 
(¢) Tearing strength per pitch length is given by equation (20.1). 
‘ P,=0,x (p—d)t 
= 120 x (80 - 16) x 8 = 61440 N. 
(i) Shearing strength per pitch length is given by equation (20.2). 


= 0.3769 = 37.69%. Ans. 


™ 
Pranxux 7 @ 
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=2%90x 5 x 16? (2 n=2) 
= 8619 N 
oe? Crushing strength per pitch length is given by equation (20.4). 
Pi,=nxo,xdxt 
= 2x 160 x 16 x8 Cs n= 2) 
= 40960 N > 
Strength of riveted joint , 
The least of P,, P, and P, gives the strength of riveted joint. But least of P, P, and P, = 
36191 N . 
:. Strength of riveted joint = 36191 N. Ans. 
Efficiency of the riveted joint 
: Least of P,, P, and P, 
Using equation (20.5), n = Sp 
where P= Strength of solid plate per pitch length 
=0,.p.t= 120 x 80 x 8 = 76800 N 
_ 36191 
"= 76800 
Problem 20.5. Double riveted lap joints are made in the following two ways : 
(i) Diameter of rivets = 2 em, pitch of rivets = 6 cm 
(ii) Diameter of rivets = 3 em, pitch of rivets = 8 cm 
If 0, = 120 N/mm?, «= 90 Nimm? and o, = 160 N/mm?, find out which joint has higher 
efficiency. ‘The thickness of the plates is 1.2 cm in each case. (AMIE, Winter 1982) 


= 0.4712 = 47.12%. Ans. 


Sol. Given : 

Tensile stress, 6, = 120 N/mm? 
Shear stress, <= 90 N/mm? 
Crushing stress, 6, = 160 N/mm? 


Nature of joint = Double riveted lap joint 
-. Number of rivets in one pitch length, 
n=Z 
The rivets are in single shear 
(Double riveted lap joint is shown in Fig. 20.8 and Fig. 20.9) 
Consider one pitch length of the joint. — 
(i) Ist Case 
Dia. of rivets, d=2cm=20mm 
Pitch of rivets, p=6cem=60 mm 
Thickness of plates t=1.2cem=12mm 
(a) Tearing strength per pitch length is given by equation (20.1) 
P,=0,x@-d)xt 
= 120 x (60 - 20) x 12 = 57600 N. : 
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(6) Shearing strength per pitch length is given by equation (20.2). 


Rly . x 
Peenxtx 7 d=2x 90x 7 x 20? (es n= 2) 
= 56548 N. 
(c) Crushing stan per pitch length is given by equation (20.4). 
P,=nx o,xdxt ‘ ooo.) en 2) 


=2x 160 x 12 x 20 = 76800 N 
Least of P,, P, and P, = 56548 © 
Efficiency of the joint is given by equation (20.5). 
Least of P,, P, and P, 
uy P 
where P= Strength of solid plate per pitch length 
=0,xpxt=120x6xlZ= 86400 N 


: nas 56548 
Efficiency of joint = 36400 400 =0. 6545 = 65.45%. 
(ii) 2nd case 
Dia. of rivets, d=3cm=30mm 
Pitch of rivets, p=8em=80 mm 
Thickness of plate, é=12cem=12mm 


@) Tearing strength per pitch length is given by equation (20.1). 
P,= 0, (p— d)} x t = 120 x (80 — 30) x 12 = 72000 N 
() Shearing strength per pitch length is given by equation (20.2). 
Pr=nxtx 7 =2x 90x 7 x30? (. n=2) 
= 127234.5 N. 
@ Crushing or bearing strength is given by equation (20.4). 
Pi,=nxo,xdxt=2x 160 x 30x 12=115200N 
Strength of solid plate per siteh length, 
P=0,xpxt=120 x 80 x 12 = 115200 N 
Least of P,, P, and P, = 72000 N. 
Efficiency is given by 
_ Leastof P, P,andP, — 72000 
~ Strength of solid plate 115200 
«. The 1st joint has higher efficiency. Ans. 


Problem 20.6. In a double riveted lap joint, the pitch of the rivets is 7.5 em, thickness of 
the plate = 1.5 cm and rivet diameter = 2.5 cm. What minimum force per pitch length will rupture 
the joint when ultimate stresses are 0, = 400 N/mm?, t = 320 N/mm? and o, = 640 Nimm?. 

(AMIE, Winter 1981) 





= 0.625 = 62.5% 


Sol. Given : 

Nature of the joint = Double riveted lap joint 

«. Number of rivets in one pitch length, 
n=2 ; 
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The rivets are in single shear 


Pitch of rivets, p=7.5cm = 75 mm 
Thickness of plate, t=15em=15 mm 
Dia: of rivets, d=2.5 cm = 25 mm 
Ultimate tensile stress, o, = 400 N/mm? 
Ultimate shear stress, + = 320 N/mm? 


Ultimate Crushing stress, o, = 640 N/mm? 
Consider one pitch length of the joint. 
} Tearing strength per pitch length is given by equation (20.1) 
P, = 0, x (p - d) x t = 400 x (75 — 25) x 15 = 300000 N 
(ii) Shearing strength per pitch length is given by equation (20.2). 


Pi=nxex © d?=2x 320% 7 x 257 Co n= 2) 
= 314200 N. 
ep. Gyashing strength per pitch length is given by equation (20.4). 
PL=nxo, xdxt=2x 640 25x 15 (1 n= 2) 
= 480000 N. 


“. Minimum force, that will rupture the joint is the least of P,, P, and P, i.e., 300000 N 
or 300 KN. Ans. 


Problem 20.7. A thin cylindrical shell 1500 mm in diameter is made of 12 mm pilates. 
‘The cireumferential joint is a single riveted lap joint with 22 mm diameter rivets at a pitch of 
50 mm, If the ultimate tensile stress in the plate is 450 N/mm? and the ultimate shearing and 
crushing stresses for the rivets are 300 N/mm? and 600 N/mm? respectively, calculate the 
efficiency of the joint. (AMIE, Winter 1974) 


Sol. Given : 

Dia. of shell, D = 1500 mm 

Thickness of plates, ¢=12mm 

Dia. of rivets, d=22 mm 

Pitch of rivets, p=50mm 

Tensile stress, o, = 450 N/mm? 

Shearing stress, t= 300 N/mm? 

Crushing stress, o, = 600 N/mm? 

Nature of the joint = Single riveted lap joint 
.. Number of rivets per pitch length, 


n=1.0 
The rivets are in single shear. 
Consider one pitch length of the joint. 
o Tearing strength a the rae per pitch length is given by equation (20.1). 
o,(p — d) x t = 450(50 — 22) x 12 = 151200 N. 
(ii) Shearing ere ae aie length is given by equation (20.2). 


Pi=nxvx = d?=1x 300 x 4 x 22? (“ n=1) 


= 114040 N. : 
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= Crushing (or bearing) strength per pitch is given by equation (20.4). 

PL,=nx 0, xd xt=1x 600 x 22 x 12 = 158400 N. 
eat of P,, P, and P. = 114040 N 

Efficiency of the joint 

_, beast of P,, P, and P, 
P 
where P = strength of solid plate per pitch length 
=0,x px t= 450 x 50 x 12 = 270000 N 
114040 
"= 370000 7 0.4224 = 42.24%. Ans. 

Problem 20.8. A single riveted double cover butt joint is used to connect two plates 
15 mm thick. The rivets are 26 mm in diameter and are provided at a pitch of 10 cm. The 
allowable stresses in tension, shear and crushing are 130 N/mm?, 75 N/mm? and 150 N/mm? 
respectively, find : 

(i) Safe load per pitch length of the joint, and 

(ii) Efficiency of the joint. 

Sol. Given : 

Nature of joint = Single riveted double cover butt joint. 

.. Number of rivets per pitch length on one side* of the joint. 


Using equation (20.5), y 


n=1. 
As the joint is double cover butt joint, hence the rivets are in double shear. 
Thickness of plates, €=15 mm 
Dia. of rivets, d=25 mm 
Pitch of rivets, p= 10cm = 100 mm 
Allowable tensile stress, 0, = 130 N/mm? 
Shear stress, t= 75 N/mm? 


Crushing stress, og, = 150 N/mm? 
Consider one pitch length of the joint. 
(a) Tearing strength per pitch length is given an equation (20.1). 
P, = 0, x (p— d) x € = 180 x (100 ~ 25) x 15 = 146250 N. 
6) Shearing strength per pitch length is given by equation (20.3). 


P=nxrx(2x2a"} 


(rivets are in double shear) 


=1x 15 x (2x 2x25?) N= 79681 N. 


© Crushing strength per pitch length is given by equation (20.4). 
PL=nXxG, xdxt=1x 150 x 25 x 15 N = 56250 N. 
@ Safe load per pitch ath of the joint. The safe load per pitch length of the joint will 
be the least of the three values of P,, P, and P,. But the value of P, is least. 
«. Safe load = 56250 N. Ans. 
*Please note that in case of butt joint the number of rivets on one side of joint per pitch length 
are taken. 
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Gi) Efficiency of the joint : 
Least of three values of B,, P, and P, 
Strength of solid plate 
56250 
= Strength of solid plate 
But strength of solid plate is given by equation (20.6) as 
P=o,xpxt=130 x 100 x 15 ="195000 N 
56250 
"= [95000 
Problem 20.9. If in problem 20.8, the single butt joint is having a single cover plate 
instead of double cover plates, find : (i) Safe load per pitch length of the joint and (ii) Efficiency 
of the joint. 
Sol. Given : 
Nature of the joint = Single riveted butt joint with a single cover plate. 
.. Number of rivets per pitch length on one side of the joint, 
n=l. 
As the butt joint is having a single cover plate, the rivets will be in single shear. | 
The other data from problem 20.8 are : 
#£=15 mm, d=25 mm, 
o,= 130 N/mm’, t= 75 N/mm? and 
Consider one pitch length of the joint. 
e Tearing strength per pitch length is given by equation (20.1). 
P,=0, x (p— d) x t = 130 x (100 — 25) x 15 N = 146250 N. 
) Shearing strength per pitch length is given by equation (20.2). 


Using equation (20.5), n = 


= 0.2884 = 28.84%. Ans. 


p=100mm, 
o, = 150 N/mm?. 


Pl=nxtx ( a? | (~ Rivets are in single shear) 
a 2 
= 1x75 x (£254) N (v n=l) 
= 36815.5 N. 


= The crushing strength per pitch length is given by equation (20.4). 
Pl=nxo,xdxt ; 
=1x150x25x1i5N (: n=1) 
= 56250 N. 
(i) Safe load per pitch length of the joint . 
The least of three values of P,, P, and P, is the safe load on the joint. But.the least of 
three values is of P, i.¢., 36815.5 N. : 
“, Safe load per pitch length of the joint 
= 36815.5 N. Ans. 
(ii) Efficiency of the joint 
_ Least of three values of B,, P, git P; 


Using equation (20.5), q = —————-_________ 2-4 + . 
Strength of solid plate 


Lad 


ot ae 
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368155 
zs o,.p.t 
368155 
* 130 x 100 x 15 
Problem 20.10. A single riveted double cover butt Joint in a structure is used for connecting 
two plates 12mm. thick. The cuameter of the rivets is 24 mm. The permissible stresses are 
120 N/mm? in tension, 100 N/mm? in shear and 200 N/mm? in bearing. Calculate the necessary 
pitch and efficiency of the joint. (AMIE, May 1967) 
Sol. Given : 
Nature of the joint = Single riveted double cover butt joint. 
.. Number of rivets per pitch length on one side of the joint, 
nal 
As the butt joint is having double cover plates, the rivets will be in double shear. 
Thickness of plates, ¢= 12mm 
_ Diameter of rivets, d= 24mm 
Tensile stress, o, = 120 N/mm? 
Shearing stress, += 100 N/mm? 
Bearing stress, o, = 200 Nimm? 
Let. p= Pitch of the joint and 
1 = Efficiency of the joint. 
Consider one pitch length of the joint. 
® Tearing strength per pitch length is given by equation (20.1). 
P,=0,x(Qp—d) xt 





(Strength of solid plate = o,.p.t.) 


= 0.1888 = 18.88%. Ans, 


~. 


= 120 x (p — 24) x 12 = 1440 (p ~ 24) N. ; .{) 
(i) Shearing strength per pitch length is given by equation (20.3). 
P,=nxox (2 x + a) (- rivets are in-double shear) 
m / : 
=1«100x(2x x24") N Ce n=1) 
= 90500 N. 


(iii) Bearing (or crashing) strength per pitch length is given by equation (20.4). 
P,=nxo,xdxt=1x 200 x 24 x 12 N = 57600 N 
igang P, to the lesser of the forces P, and P,, we get 
1440(p — 24) = 57600 





57600 
P= T4409 +24=40+24=64mm. Ans. 
Now strength of solid plate 
=O,xpxt 
= 120 x 64 x 12 = 92160 N 
Least force 57600 


——— = 0.625 = 62.5%. Ans. 


Bancneney, "= Strength of solid plate ~ 92160 
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Problem: 20.11. Two plates of 12 mm thickness are connected by a double riveted cover 
< butt joint using 18 mm diameter rivets at a pitch of 8 cm. If the ultimate tensile stress in plate 
~ and shearing and bearing stresses in the rivets are 460 N/mm, 320 N/mm? and 640 Nimm2 

.. respectively, find the pull per pitch length at which the joint will fail. (AMIE, Summer 1974) 

Sol. Given : 

Thickness of plates, ¢= 12mm 

Nature of the point = Double riveted double cover butt joint. 

.. Number of rivets per pitch length of one side of thé joint, 

n= 2, 
As the butt joint if having double cover plates, the rivets will be in double shear. 


Dia. of rivets, d=18mm 

Pitch, . p=8em=80 mm 
Tensile stress, o, = 460 N/mm? 
Shearing stress, t = 320 N/mm? 


Bearing stress, a, = 640 N/mm? 
Consider on pitch length of the joint. 
Tearing strength per pitch length is given by equation (20.1). 
P,= = 0, x (p~ d) x ¢ = 460(80 - 18) x 12 N = 34,2200 N 


(i) Shearing strength per pitch length is given by equation (20.3) 


PlLznxtx (2 ae <a) ("| Rivets are in double shear) 
a 2 
= 2920 x (2x 418° (- n=2) 
= 325800 N 


ee Bearing (or crushing) strength per pitch length is given by equation 
P,=nxo,xdxt=2x 640 x 18 x 12 N = 276500 N 


The puil per pitch length at which the joint will fall is the least of the above three forces. 
~- But the least of the above three forces is 276500 N. 


“. The joint-will-fail at a pull of 276500 N. Ans. 
- Efficiency of the joint 


: . Least of the three forces of P,, P. and P, 
Using equation (20.5), n = 





Strength of solid plate 
276500 : 
= Sint (.. Strength of solid plate = GO, pt) 
276500 


* 460 x 80 x 12 
= 0.6262 = 62.62%. Ans. 


Problem 20.12. A double riveted double cover butt joint is used for connecting plates 
1.2 cm thick. The diameter of the rivets is 2.2 em. The permissible stresses are 100 Nimm? in 
--tension, 80 Nimm? in shear and 160 Nimm? in bearing. Draw a neat sketch of the joint and 
~caleulate the necessary pitch and efficiency of the joint. (AMIE, November 1966) 


rca, 





RIVETED JOINTS * 889 
ee eee 

Sol. Given : . 

Nature of the joint = Double riveted double cover butt joint 

-. Number of the rivets per pitch length on one side of the joint, 

n=2. 

The butt joint is having double cover plates and hence the rivets will be in double shear. 

Thickness of plates, fé=12em=12 mm 

Diameter of rivets, d=2.2 cm = 22 mm 

Tensile stress, 6, = 100 N/mm? 

Shear stress, + = 80 N/mm? 

Crushing or bearing stress, o, = 160 N/mm? 

Let p= Pitch of the joint and 

1 = Efficiency of the joint 
Consider one pitch length of the joint. 





YY) Ly 


a 


A GLSGSEELEES 


330m, 44cm 3.3¢6m3.3cem, 44cm 33¢em 
0.75 cm 
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(i) Tearing strength per pitch length is given by equation (20.1). 
P,=06,x (p-d)x t= 100(p - d) x 12 


= 1200(p - 22)N 
(ii) Shearing strength per pitch length is given by equation (20.3). 
Pianxtx (2 x 7 a) (: Rivets are in double shear) 


= 2 80x (2x 522") N= 121600N 


) Bearing (or crushing) strength per pitch length is given by equation (20.4). 
Pi,=nxo,xdxt=2x 160 x 22x 12N= 84480 N 
jeriattne P, to the ieaser of the frees P,and P,, we get 
1200( p - 22) = 84480 
84480 


P= top + 22 = 70-4 +22 


= 92.4 mm say 92.5 mm. Ans. 
Now strength of the solid piate 
= o,p.t = 100 x 925 x 12 = 111000 N 
Efficiency of the joint, 


2 Least force 
"|= ‘Strength of solid plate 


84480 
= T1000 = 0.761 = 76.1%. Ans. . 


The neat. sketch of the joint (plan and elevation) is shown in Fig. 20.22. 





Problem 20.13. Find the suitable pitch for a riveted lap joint for plates 1 cm thick if 
safe working stresses in tension in the plates and crushing and shearing of the rivet material 
are respectively 150 N/mm?, 212.5 N/mm? and 94.5 N/mm? in the following types of joints : 
(t) Single riveted and (ti) Double riveted. Find also the efficiency of the joint in the above two 
cases. Take d = 6 VE. (AMIE, Summer 1977) 

Sol. Given : 

Thickness of plate, f=lem=10mm 

Safe tensile stress, 0, = 150 N/mm? 

Safe crushing stress, o, = 212.5 N/mm? 

‘Safe shearing stress, 1 = 94.5 N/mm? 
“Let d= Dia. of the rivet in mm. 

(4) Single riveted lap joint 

No. of rivets per pitch length, n = 1. 
d=6 J¢ =6/10 =19 mm say 20 mm 
The rivets in lap joint are in single shear. 
Consider one pitch length of the joint. 
Shearing strength per pitch length is given by equation (20.2). 


Dia. of rivet, 


Pr=nxo,x 2d? f n=1) 
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= 1x 94.5 x 7 x 22 = 29688 N 


oe strength per pitch length is given by equation (20.4), 
Pianxo,xdxt 
= 1x 212.5 x 20 x 10 ~ ( n= 
= 42500 N 
ane strength per a length is given by equation (20.1), 
P,=(p-d)xt x 6, = (p ~ 20) x 10 x 150 
‘Byala the tearing pane to the lesser of crushing and shearing strengths 
1500(p — 20) = 29688 
29688 
P* "1500 
Generally the pitch should not be less than 3d i.e., 3 x 20 = 60 mm. Hence provide a 
pitch of 60 mm. Ans. 
Efficiency of the riveted joint 


+ 20 = 39.8 mm 


Least of P,, P,, P, 
Deng equation G5). Strength of solid plate per pitch length 
29688 
~ Strength of solid plate per pitch length 
But neh of solid plate per pitch length 
: = 0,p.t = 150 x 60 x 10 = 90000 N. 
29688 
"'= 90000 
_ (ii) Double riveted lap joint ~ 

Number of rivets per pitch length = 2 

The rivets in double riveted lap joint are also in single shear. Consider one pitch length 
of the joint. 

Shearing strength per pitch length is given by equation (20.2). 


». Efficiency, = 0.33 = 33%. Ans. 


Beaxex5 @ 


=2% 94.5 x 7 20? Cron =2) 
= 59376 N 
Soerae strength per pitch length is given by equation (20.4). 
Pranxf,xdxXt=2 x 212.5 x 20x 10= 85000 N 
Tearing strength per pitch length is given by equation (20.1), 
P, = 0, x (p-d) x t = 150 x [p — 20] x 10 = 1500(p - 20) 
Bai the tearing strength to the lesser of crushing and shearing strengths, we get 
1500(p — 20) = 59376 : ris 
59376 


p= "i500 * +20 = 59.6 mm say 60mm. Ans. 
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Efficiency of the joint 
Least of P,, P, and P, 
tion (20.5 ooo oe E 
Cee Ove Strength of solid plate per pitch length 


59376 5 
w 00876 _ _52876__ 9 e507 = 66.97%. Ans. 


20.9. DESIGN OF A RIVETED JOINT 


Designing a riveted joint means to find the following quantity : 
1. Diameter of rivets, 

2. Pitch of rivets, 

3. No. of rivets required for the joint, and 

4. Thickness of the cover plates (in case of butt joints). 

1. Diameter of rivets (d) 

The diameter of rivets is calculated by using the relation : 


d=16 ff ..-(20.8) 
~ where d = Diameter of the rivets in em, and 
t = Thickness of the main plates in cm. 
The diameter of the rivets can also be calculated from the relation : 
d= 6 JE --.(20.9) 
where d and ¢ are in mm. : 
2. Pitch of rivets (p) ; 
() If the efficiency of the riveted joint is given, then pitch is obtained from the relation : 
We = ..(20.10) 
In the above relation y and diameter (d) are known hence the pitch (p) can be obtained. 
(ii) If the efficiency of the joint is not known, then pitch is obtained by considering the 
shearing strength and crushing strength of the joint per pitch length. The minimum of these 
two values are equated with the tearing strength of the plate per pitch length. 
Or Minimum of P, or P,= 0, x(p-—d)xt .-{20.11) 
. where P, = Shearing strength per pitch length, 
pe Bearing strength per pitch ae 
G, = Safe tensile stress, 
He diameter of rivets, 
t = Thickness of plate, and 
= pitch. 
a value of the pitch obtained from equations (20.10) or (20.11) should be between 
2.5 to 3.0 times the rivet diameter. 
3. No. of rivet required for a joint 
The number of rivets in a small joint are obtained from the relation 
7 P 
~ Least rivet value for shearing and bearing 
~ where P = Force or pull to be transmitted across the joint. 


-+(20,12) 
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RIVETED JOINTS / 893 
ere crac rcnn ne AA TS 

The rivet value is obtained by considering shearing strength and bearing strength of 
one rivet. The minimum of the two gives the least rivet value. 

4, Thickness of cover plates (in case of butt joints) 

The thickness of the cover plates is obtained from the relations : 

ft; = 1.125 ...... for ordinary butt joint with a single cover plate. --.(20.13) 
= 0.6256 ...... for a butt joint with double cover plates «.(20.14) 
where ¢ = Thickness of the main plates and 

t, = Thickness of cover plates. 

Problem 20.14. Two plates 10 mm thick are joined by a single riveted lap joint. The 
plates are subjected to a dau of 200 RN. If ihe permissible tensile, shear and bearing stresses 
are 120 N/mm2, 100 N/mm? and 160 N/mm? respectively, determine : 

(i) diameter of the rivets, (ii) pitch of the rivet, 

(iit) number of rivets, and (iv) efficiency of the joint. 

Sol. Given : 

Thickness of plates, 2 =10mm 

Nature of the joint = Single riveted lap joint 

.. Number of rivets per pitch length = 1 

And rivets are in single shear 

Load or pull through which the plates are subjected, 

’ P= 200 KN = 200,000 N 

Permissible tensile stress, 6, = 120 N/mm? 

Permissible shear stress,  t = 100 N/mm? 

Permissible crushing stress, f, = 160 N/mm? 

(i) The diameter of rivets is obtained by using equation (20.8). 

; d=6¢ 
=6x /10 = 18.97 mm say 19.0 mm, Ans. 

(ii) Pitch of the rivet 

First find the shearing strength and bearing strength of one rivet. The rivets are in 
single shear. 

.. Shear strength of one rivet 


= Ede x= 7 x 19? x 100 = 2852.8 N 


Crushing strength of one rivet, 
P,=dxtxo,= 19 x 10 x 160 
= 30400 N 
.. Least rivet value = 28352.8 N 
Now using equation (20.11). 
Minimum of P, or P, = 9, [p - d]xt : 
where 0, [p — d] x ¢ is the tearing strength of the plate per pitch length. But minimum of P, or 


Po= 28352. 8N 


(f, = 160) 


28352.8 = 120(p - 19) x 10 
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19 = 288828 
po iv * "1200 
or 7 — +19 =42.6 mm 


But the pitch should not be less than 2.5 di.e., less than 2.5 x 19 = 47.5 mm 

Hence provide a pitch of 47.5 mm. Hence p = 47.55mm. Ans. 
(iii) Number of rivets 

Let m= number of rivets. 
a oe 
~ Least rivet value for shearing and bearing 
where P = Pull to be transmitted across the joint 

= 200000 N (given) 
and least rivet value = 28352.8 N 
200000 


2 = 999508 7.054 say 8. Ans. 
(Please note that the number of rivets are always taken the next higher integer). 


(iv) Efficiency of the joint 


Using equation (20.12), n 


Tres : Least of P,, P, and P, _ 28352.8 
Using equation (20.7), 4 = Bape = too 047510 


= 0.4974 = 49.74%. Ans. 


Problem 20.15. Design a double cover butt joint to connect two plates 1.5 cm thick and- 


20 cm wide. The safe stresses are 0, = 125 N/mm? t= 90 N/ mm? and o, = 200 N/mm?. Also 
determine the efficiency of the joint. : 


Sol. Given : 7 
Thickness of the plate, f=1.5cem=s15mm | 
Nature of the joint = Double cover butt joint. 
.. The rivets are in double shear 

Width of the plates, 5 = 20 cm = 200 mm 
The safe tensile stress, 6, = 125 N/mm? 

The safe shear stress, <= 90 N/mm? 


The safe crushing stress, o, = 200 N/mm? 
In this joint, the pull or load transmitted across the joint is not given. This is obtained by 
considering the plates to be weakened by a single hole in the last row. 


.. Tearing strength of the plate across the last row 

=o(b~—d)}xt 

= 125(200 —- d) x 15 N .-(é) 
(i) Diameter of the rivet (d) 


Using equation (20.8), d = 1.9Vé 2 
, =19 V1.5 = 2.33 em say 2.4 or 24mm. Ans. 


Substituting the value of d in equation (), we get the safe strength of the plate as 
P = 125(200 - 24) x 15 = 33000 N , (di) 


« 
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(ii) No. of rivets 


First of all, let us find the rivet value, i.e., the pulls required for shearing and crushin, 
of a rivet. 5 


.. Shearing strength of one rivet, 
% 
1. Pl=2xtx a d? (~ Rivets are in double shear) 


=2x 90x : x (24)? = 81160 N 
Crushing strength of one rivet, 
P,=0,xtxd = 200 x 15 x 24 = 72000 N 
.. Rivet value is the least of P, and P.,. 
Hence rivet value = 72000 N 
_ .. Number of rivets are given by equation (20.12) as 
eee 
"= Rivet value 
330000 
* "72000 
= 4.6 
Let us provide 5 rivets. Ans. 
(iit) Pitch of the rivets (p) 
Using equation (20.11) 
Minimum of P, or P, = flp-—d] xt . 
: 72000 = 125(p ~ 24) x 15 © 





( P from equation (i) = 330000 N) 


94 - 12000 __ 72000 = 
P Iobxis P= jo5x45 + 24 = 62.4 mm 
But the pitch should not be less than 2.5 d 
or 2.5 x 24 =60 mm : 


-. Let us provide a pitch of 62.5 cm. Ans. 
Thickness of cover plates (¢,) 
Using equation (20.14), t, = 0.625 x t= 0.625 x 15 = 9.37 mm 
Let us provide 10 mm thick cover plates. Ans, — 


Efficiency of the joint 
Using equation (20.10), 4 = pdcaba : é 
_ 625-24 385 
= ege  o @aE 0.616 = 61.6%. Ans. 


HIGHLIGHTS 


1. Riveted joints are mainly of two types 7.e., lap joint and butt joint. 


2. In case of lap joint, the edges of the plates to be joined together overlap each other whereas in 
case of butt joint the edges ofthe plates butt (i.e., touch) against each other. ee 
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10. 


Ui. 


12, 


13. 


14, 


15. 


The lap joints may be : (é) Single riveted lap joint, (i) double riveted lap joint and (iii) triple 
riveted lap joint. 
In case of single riveted lap joint, only one row of rivets is used for connecting two plates whereas 
in case of double riveted lap joint, two rows of rivets are used for the connection. 
In case of a butt joint, atleast two rows of rivets one on each side of the joint, are required. 
Butt joints are also classified as : (i) Single riveted butt joint, (ii) double riveted butt joint, and 
(iit) tripple butt joint. 
In case of a single riveted butt joint, one row of rivets is used on each side of the joint. Hence in 
total there are two rows of rivets. 
In case of a chain riveted joint, every rivet of a row is opposite to the other rivet of the other row. 
In case of a zig-zag riveted joint, every rivet is in the middle of the two rivets of the opposite row. 
The failure due to tearing of the plate between the rivet hole and the edge may be avoided if 
margin is equal to 1.5d where d = diameter of rivet. 
The safe tensile load per pitch length is given by 
P,=0,x(p-d)xt 

where p = Pitch, 

d = Diameter of rivet, and 

t = Thickness of the plate. 
In a lap joint and in a single cover butt joint, the rivets are in single shear. But in case of double 
cover butt joint, the rivets are in double shear. 
Safe shear load per pitch length in case of lap joint is given by, 


x 
Pl,=1x 4 d? xt .. For a single riveted lap joint 


x 
=2x 4° xT ... For a double riveted lap joint 


6 p 
‘=3x a d?xt .. For a triple riveted Jap joint. 


Safe shear load per pitch length in case of butt joint with double cover plates is given by, 


P,=nx [2.50 xt] 
where n= Number of rivets covered per pitch length on one side of the joint 
=1_... Fora single riveted butt joint 
=2_...For a double riveted butt joint and so on. 


The minimum force, which a riveted joint can withstand without failure, is known as the strength 
of the joint. It is equal to the least value of P,, P, and P,, where 


P,=0,x @~d)xt, 


x 
Plonxtx 7 a ... if the rivet is in single shear 


~nxex(2x$a"} 


and Planxo,xdxt 
where n = Number of rivets in one pitch length. 


... if the rivet is double shear 
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Efficiency of a riveted joint is the ratio of the strength of the joi 
joint to the st soli 
plate. Mathematically, er on a 

+ Strength of riveted joint _ Least value of P, P, and P. 

Strength of solid plate ~ P 

where P = a,x px t. 
Design of a riveted joint means to find : (i) diameter of rivets, (ii) pitch of rivets, (iii) number of 
rivets required for the joint, and (iv) thickness of the cover plates (in case of butt joints). 
Diameter of rivets is given by 


d=19 Jt whendand¢éareincem 


=6vE when d and ¢ are in mm. 
The pitch of rivets is obtained-either from the relation 





a= 
P 


or from the relation. 

Minimum of P, or P, = 0, x (p— d) x t. 

The number of rivets in a small joint are obtained from 

_ Force transmitted across the ‘int 

~ Least rivet value for shearing and bearing ; 





Pra 


Thickness of cover plates in case of butt joints is given by 
f=11256 ae for single cover butt joint 
=QO.625¢ 220 1... for double cover butt joint. 


EXERCISE 20 


(A) Theoretical Questions 


Define the terms : riveted joint, lap joint and butt joint. 
What are the different types of lap joint and butt joint ? Explain clearly with neat sketches. 
Explain the terms : Chain riveted joint, zig-zag riveted joint and diamond riveted joint. 
Draw neat sketches (plan and elevation) of the following riveted joints. 
(i) Single riveted lap joint, 
(tt) Double riveted lap joint having chain riveting, and 
Gii) Double riveted lap joint having zig-zag riveting. 
Describe the different types of failure of a riveted joint. 
What should be the value of margin so that there is no failure due to tearing of the plate between 
the rivet hold and the edge of the plate. 
Prove that the safe tensile load per pitch length is given by 
P,=0,x(p~d)xé 
where o, = Safe tensile stress in the plate, 
p = Pitch of the rivet, 
d = Diameter of the rivet, and 
t= Thickness of the plate. 
Prove the statement that in a lap joint the rivets are in single shear whereas in double cover butt 
joint, the rivets are in double shear.. 
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Find an expression for the safe shear load per pitch length in case of a butt joint with double 
cover plates. 
What do you mean by strength of a riveted joint ? Find an expression for the tearing strength, 
shearing strength and bearing strength of a riveted joint. ; 
Define the efficiency of a riveted joint. How will you find the efficiency of a riveted joint ? 
What do you mean by ‘Design of a riveted joint’ ? While designing a riveted joint, how will-you 
find different quantities ? 

(B) Numerical Problems 


Two plates 10 mm. thick are joined by single riveted lap joint. The diameter of the rivets is 
20 mm and pitch = 60 mm. If o, = 125 N/mm?, + = 80 N/mm? and o, 160 N/mm?, determine the 
efficiency of the joint. 8 [Ans. 33.51%] 
If in problem 1, the plates are joined by a double riveted lap joint and pitch = 80 mm, determine : 
(i) strength of the riveted joint and (ii) efficiency of the riveted joint. 

[Ans. (i) 50.265 KN, Gi) 50.26%] 
Double riveted lap joints are made in the following two ways : 
(i) Diameter of rivets = 2.5 cm, pitch of rivets = 7.5 cm 
(ii) Diameter of rivets = 3.5 cm, pitch of rivets = 8.5 cm 
If o, = 120 N/mm’, t = 90 N/mm? and o, = 160 N/mm?, find out which joint has higher efficiency. 
The thickness of the plates in each case is 1.3 cm. {Ans. 1st joint] 
In a double riveted lap joint, the pitch of the rivets is 9.0 em, thickness of the plate = 1.6 cm and 
rivet diameter = 2.6 cm. What minimum force per pitch length will rupture the joint when ulti- 
mate stresses are o, = 450 N/émm?, + = 320 N/mm? and o, = 640 N/mm’, —_—[Ams. 33.98 tonnes] 
A thin cylindrical shell 1600 mm in diameter is made of 13.5 mm plates. The circumferential 
joint in a single riveted lap joint with 24 mm diameter rivets at a pitch of 60 mm. If the ultimate 
tensile stress in the plate is 400 N/mm? and ultimate shearing and crushing stresses for rivets 
300 N/mm? and 600 N/mm? respectively, calculate the efficiency of the joint. | [Ans. 37.04%] 
A single riveted double cover butt joint is used to connect two plates 60 mm thick. The rivets are 
25 mm in diameter and are provided at a pitch of 10 cm. The allowable stresses in tension, shear 
and crushing are 160 N/mm?2, 90 N/mm? and 180 N/mm? respectively, find : . 
(@) Safe load per pitch length of the joint, and —(@i) Efficiency of the joint. 

(Ans. (i) 72 KN, (ii) 28.125%] 


If in the above problem, the single riveted butt joint is having a single cover plate instead of 
double cover plates, find : () Safe load per pitch length of the joint and (i) Efficiency of the joint. 
(Ans. (i) 44.178 KN, 17.25%] 


A single riveted double cover butt joint in a structure is used for connecting two plates 15 mm 
thick. The diameter of the rivets is 25 mm. The permissible stresses are 125 N/mm? in tension 
90 N/mm? in shear and 180 N/mm? in crushing. Calculate the necessary pitch and efficiency of 
the joint. [Ans. 6.1 cm, 59.01%] 
Two plates of 15 mm thickness are connected by a double riveted double cover butt joints using 
20 mm diameter rivets at a pitch of 10 cm. If the ultimate tensile stress in plate and shearing 
and crushing stresses in the rivets are 450 N/mm?, 30 N/mm? and 600 N/mm? respectively, find 
the pull per pitch length at which the joint will fail. [Ans. 36 KN] 
A double riveted double cover butt joint is used for connecting plates 1.5 cm thick. The diameter 
of the rivets is 2.5 cm. The permissible stresses are 120 N/mm? in tension, 90 N/mm? in shear 
and 180 N/mm? in crushing. Draw a neat sketch of the joint and calculate the necessary pitch 
and efficiency of the joint. : es : (Ans. 10 cm, 75%] 
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12, 


43. 


Find the suitable pitch for a riveted lap joint for plates 1.2 thick if safe working stresses’ 
in tension in the plates and crushing and shearing of the rivet materials are respectively” ° 
140-Niim?, 200 Ninm? and 90 N/mm? in the following types of joints : (i) single riveted and 
(ti) double riveted. Find also the efficiency of the joint in the above two cases. Take d = 19,f¢. . 

(Ans. (4) 5.5 cm, 38.73% (ii) 6 eth, 61.84%] 
Two plates 10 mm thick are joined by a single riveted lap joint. The plates are subjected to a load 
of 180 kN. If the permissible tensile shear and crushing stresses are 125 N/mm2, 90 N/mm? and 
170 N/mm? respectively. Determine : (i) diameter of rivets, (ii) pitch of the rivet, (iii) number of 
rivets and (iv) efficiency of the joint. {Ans. 1.9 cm ; 4.75 em ; 8 ; 42.97%] 
Design a double cover butt joint to connect two plates 1.2 cm thick and 18 em wide. The safe 
stresses are o, = 120 N/mm?, t = 90 N/mm? and a, = 180 N/mm”. Also determine the efficiency of 
the joint. [Ans. d = 2.1 cm, n = 5, p= 6.5 cm, ¢, = 0.75 em and y = 67.7%] 
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Welded Joints 





, 2L1, INTRODUCTION 


The process of permanently joining two or more metal parts by the fusion of the edges of 
the metals with or without the application of pressure and a filler material, is known as weld- 
‘ang. If the pressure is used for joining the two parts, the process is known as forge welding 
whereas if the two parts are joined without any pressure but with a separate weld metal, the 
:  rocess is known as fusion welding. The joints so formed are known as welded joints. 

, The heat of melt for the weld metal is generally obtained by gas welding or by electric 
~ are welding. . 


21.2. ADVANTAGES AND DISADVANTAGES OF WELDED CONNECTIONS 


The advantages and disadvantages of welded connections over riveted connection are 
given below : 


‘Advantages 
1. The welded structure are comparatively lighter than corresponding riveted structure. 
2. The welded joint has greater strength as compared to the riveted joint. Hence efficiency 
_ of a welded joint is more than that of a riveted joint. 

3. Addition and alternations can be easily made in the existing welding structure more 

_ easily than in riveted: structure. : 
si 4. A welded structure has a better finish and appearance than a corresponding riveted 

member. The maintenance and painting cost for a welded structure is less than for the riveted 


structure. 


5. Welding takes less time than riveting. 

6. In welded connections the tension members are not weakened as in the riveted joints. 

7. Members of such shapes, which are difficult for riveting, can be easily welded. 

8. It is possible to weld any part of a structure at any point. But riveting requires enough 
clearance. ‘ 


.” Disadvantages 
: 1. Welding requires skilled labour and supervision. 

2. As there is an uneven heating and cooling during welding, the members may get 
distorted or additional stresses may develop. 
att 3. Testing a weld joint is difficult. An X-ray examination alone can enable us to study 
-_.che quality of the connection. 
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4. Since no provision is kept for expansion or contraction in the frame, therefore, crack 
may develop in it: , 


21.3. TYPES OF WELDED JOINTS 


The two important types of welded joints are : 
1. Butt weld and 
2. Fillet weld or lap joint. 


21.3.1. Butt Weld Joint. If the edges of 
the two members butt (i.e., touch) against each 
other and the two members are joined by weld- 
ing, then the joint so formed is known as butt-— 
weld joint. Fig. 21.1 shows the isometric view 
of a butt-weld joint. 

Let {= Length of the weld. It is equal to 

the width of plate. ‘ 
t = Depth of weld. It is equal to the 
thickness of the plate. 





F = Tensile force. wo plates butting 
o, = Allowable tensile stress in the each other 
weld. Fig. 21.1 


Then the tensile force is given by 

F = Tensile stress x Area 

=90,xlxt (21.1) 

Equation (21.1) is also used to calculate the strength of the butt-weld joint. 
The following types of butt-weld joints are mostly used : 
1. Single V-butt joint [Fig. 21.2 (a)] 
2. Single U-butt joint [Fig. 21.2 (6)] 
8. Double V-butt joint [Fig. 21.2 (c)}] 
4. Double U-butt joint (Fig. 21.2 (d)]. 
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(a) Single V-Butt joint (b) Single U-Butt joint 





(c) Double V-Butt joint 


{a} Double U-Butt joint 


Fig. 21.2. Different types of butt-weld joints. 


21.3.2. Fillet Weld.or Lap Joint. When the two members overlap each other and 
they are joined by welding, then the joint so formed is known as lap joint or fillet weld 
joint. Fig. 21.3 (a) shows the isometric view of a fillet weld joint. 
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Leg or size 
of weld 






Plan 
Fig. 21.3 (a) 
Let ¢= Thickness of the plate. This is also known as the size of the weld 
i = Length of the weld 

g, = Allowable tensile stress for weld metal 

F’ = Tensile strength of double fillet lap joint. 
Then throat thickness AD [See Fig. 21.3 (b)] 

= AB sin 45° (ABC is an isosceles right angled triangle) 


1 
=e a. Ce AB =#) 










Throat 
thickness 





Fig. 21.3 (6) 


Then tensile strength of the double fillet lap is given by, 
F = Tensile stress x Area of double fillet weld 
= 0, x 2 x length of weld x Throat thickness 
=0,x 2x1 x 0.707 xt (~ Throat thickness = 0.7072) 
=1414x0,xlx¢t (21.2) 
If the fillet weld is a single fillet lap joint, then strength is given by, 
F =a, x Area of single fillet weld 
= 0, x Length of weld x Throat thickness 
=0,.% 1 x 0,707¢ (. Throat thickness = 0.7078) 
= 0.707 x a, xi xt ...(21.3) 
The following types of fillet weld joints are mostly used : 
1. Single fillet lap joint, [Fig. 21.4] 
2. Double fillet lap joint, [Fig. 21.5] 2 
3. Parallel fillet joint, [Fig. 21.6], 
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Fig. 21.4. Single fillet lap joint. 


1. Single fillet lap joint [Fig. 21.4] 
Area of fillet weld = Length of weld x Throat thickness 
: =lx 0.707t .(21.4) 
where t = Thickness of plate and - 
1 = Length of weld. 

2. Double fillet lap joint [Fig. 21.5] 
Area of fillet weld =1 x Throat thickness + / x Throat thickness 

= 21 x Throat thickness 

= 21 x 0.707¢ 

=1414xlxt. (21.5) 





Fig. 21.5. Double fillet lap joint. 


3. Parallel fillet weld [Fig. 21.6] 
Let i= Length of parallel weld 
t = Thickness of plate. 
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n 
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Fig. 21.6. Parallel fillet weld. 
Then, 
Area of parallel fillet weld 
=x Throat thickness + / x Throat thickness 
=x 0.707¢ +1 x 0.707¢ 
=1414xIixt. .(21,6) 
: Notes 1. The throat thickness of depth of weld in case of butt weld joint is equal to the thickness 
. of plate (i.e., t) whereas the throat thickness for lap joint or fillet weld joint is equal to 0.7078. 
2. The single and double fillet lap joints are designed for tensile strength whereas the parallel 
'. fillet weld is designed for shear strength. 
Problem 21.1. Two steel plates 10 cm wide and 1.25 em thick are to be Joined by 
_-, double lap weld joint. Find the length of the weld if the maximum tensile stress is not to 
' _. exceed 75 Nimm? and maximum. tensile load carried by the plates is 100 kN. 






Sol. Given : - 
Width of the plate, 6=10cm=100 mm 
Thickness of the plate, ¢=1.25cm=12.5mm_ €F 


Maximum tensile stress, 0, = 75 N/mm? 
Minimum tensile load, F=100kKN = 100000 N 
Let i= Length of the weld. 


The tensile strength of the double fillet lap joint is t= 
- - given by equation (21.2), 
“ee Using equation (21.2), we have : 
: F=1414x0,xlxt Meat 
~ or 100000 = 1.414 x 75 xix 12.5 
100000 


Be ee ee dem AR 
1.414 x75 x 12.5 paar are 


i Problem 21.2. A steel plate 10 cm wide and 1 cm thick is to be joined by parallel filler 
*... welds to another plate. The plates are subjected to a load of 50 kN. Find the length of the weld, 
if the maximum shear stress does not exceed 55 N/mm? . 


Sol. Given : 

Width of plates, b=10cm = 100 mm 
Thickness of plates, ¢=1.0cm= 10mm 
Load, F = 50 KN = 50000 N 
Max. shear stress, += 55 N/mm? 


Set te 


ee le es 


mae 
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Let [= Length of the weld. 
Now area of parallel fillet weld is given by 


equation (21.6). . z 
Area of parallel fillet weld 
=1414xlxét 
= 1.414 x1 10 mm” 
The load carried by parallel fillet weld is 
sles Load = Stress x Area of parallel fillet weld Fig. 21.8 
or 50000 = 55 x 1.414 xix 10 (. Area = 1.414 xix 10) 


cs 50000 
” BB x 1.414x 14 eT caes 
i ickness 1.15 cm are welded by a single 
blem 21.3. Two plates of width 12 cm and thic me ) 
ace: if the safe stress in the weld is 140 N/mm?, find the permissible load carried by the 


= 64.3 mm. Ans. 


plates. - 
Sol. Given : 
Width of plates, 6 = 12cem= 120 mm 


Thickness of the plates, 

f= 1.25 em = 12.5 mm 
Safe stress, 0, = 140 N/mm? 
Let F = Permissible load carried by the plates. 
In case of a butt joint, the width of the plate is equal 

to the length of the weld. 

Length of weld, 1 =6 = 120mm 

Now using equation (21.1), 
Fao,.l.¢= 140x120 x 12.5 
= 210000 N = 210 KN. Ans. 





21.4. ANALYSIS OF A COMPOUND WELD 


Fig. 21.10 shows a combination of parallel 
fillet weld and a single fillet lap weld. This type 
of a weld is known as a compound weld. The weld 
AB and CD are parallel fillet weld whereas the 
weld BC is a single fillet lap weld. 

Let F, =load carried by single fillet lap 

weld (i.e., by weld BC) 
F, = Load carried by parallel fillet 
weld (i.e., by welds AB and CD) 
F = Total load carried by the plates 
=F, + F, ses(Z) 
1, = Length of single fillet lap weld 
1, = Length of the parallel fillet welds 

t = Thickness of the plates 
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6, = Maximum tensile stress in the weld 
v= Maximum shear stress in the weld. 


_ We know that the fillet lap weld is designed for tensile stress whereas the parallel fillet 
welds are designed for shear stress. ; 


The load carried by a single fillet lap weld is given by equation (21.3). 
, Using equation (21.3) , . 
Load = 0.707 x o, x Length of weld x Thickness of plate 
or F, = 0.707 x Go, xt, xt. .-(21.7) 
Now the area of parallel fillet weld is given by equation (21.6) as 
Area of fillet parallel weld = 1.414 x dy x t. 
The load carried by parallel fillet weld is given by, 
Load = Area of parallel fillet weld x + 


or : Fl=1414xl,xtxt »(21.8) 
Substituting equations (21.7) and (21.8) in equation (i), we get 
F=0.707 x 0,xl,xt+14l4xl,xtxt ...(21.9) 


Problem 21.4. A plate 10 em wide and 1.20 em thick is Joined with another plate by a 
single fillet lap weld and a double parallel fillet weld as shown in Fig. 21.11. The maximum 
tensile and shear stresses are 75 N/mm? and 55 N/mm? respectively. Find the length of each 
parallel fillet if the joint is subjected to a total load of 90000 N. 
Sol. Given : 
Width of plane, 6 =10cm= 100 mm 
Thickness of plate, ¢ = 12 mm 
Maximum tensile stress, 
6, = 75 N/mm? 
Minimum shear stress, 
t = 55 N/imm? 
Length of single fillet lap weld, 
1, = width of plate Fig. 21.11 
= 100 mm. 
Let ¢, = Length of each parallel fillet weld 
F, = Load carried by single fillet lap weld 
F, = Load carried by parallel fillet weld 
Total load carried by the plates, 
F = 90000 N. 
The load carried by single fillet lap weld is given by equation (21.7). 
. F, = 0.707 x a, x1, xt 
= 0.707 x 75 x 100 x 12 = 636380 N 
The load carried by double parallel fillet weld is given by equation (21.8). 
a Fy=1414xl,xtxt 
= 1414 x1, x 12 x 55 = 933.24 x 1), 
Now total load carried by the plates is given by 
: F=F,+F, 








eee 
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or 90000 = 63630 + 933.24 x LZ, 


or 90000 - 63630 = 933.24 x /, 
1, - 90000-63630 _ 56.95 mm. Ans. 

r 2 933.24 

21.5. ANALYSIS OF UNSYMMETRICAL WELDED SECTIONS WHICH ARE LOADED 


AXIALLY 
Fig. 21.12 shows an angle section welded to.a plate and carries an axial load F. Such 
welded sections are known as unsymmetrical welded section. 


— i> 





Fig. 21.12 


j i lied along the axis which passes through the C.G. of the 
ye Ke ane to avoid ‘a effect of eccentricity. Now the lengths - re ba 
and 1, should be so proportioned that the sum of the resisting moments of the welds : oS 
thie centre of the gravity axis is zero. Or in other words, the C.G. of the lengths of welds /, an 
.y lies on the line of action of the load F. . _ 
‘Let += Allowable shear stress in the weld 
1, = Length of weld at the top 
1, = Length of weld at the bottom 
1 = Total length of the weld = /, + J, . 
a = Distance of top edge of the angle section from gravity axis . 
b = Distance of bottom edge of the angle section from gravity axis 
F = Axial load on the angle ; 
s = Resistance offered by the weld per unit length 
F, = Resistance of the top weld . 
= Resistance of weld per unit length x Length of top weld 
=sxl, 
F,, = Resistance of the bottom weld 
=sxl, 
F = Axial load on the angle 
=F, + F, (For the equilibrium of the welded section) 
Now the moment of the top weld about gravity axis 
= Resistance of top weld x Distance of top weld from gravity axis 
=F xa 
=s xl, xa. 
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Similarly moment of the bottom weld about gravity axis 
=F, xb=sxl,xb. 
Since the sum of moment of the weld about the gravity axis must be zero. Hence 
sxljxa=sxl,xb 
or Lxaz=l,xb - ; wd) 
Now we know that total length of the weld is equal to the sum of the lengths of top weld 
and bottom weld. 

















i=l, +1, (i) 
L 
=4+- 7 ie From equation (i), fy = he = } 
_ oi thxa_ (a+b) 
Bt eee ha 
_ bxl 
ie .-(21.10) 
Substituting the value of J, in equation (ii), we get 
le bxi ae bxi+l, (a+b) 
a+b {a + b) 
or Ka +b)=bxi+i (a+b) 
or ixat+lxb=bxl+1,(a+5) 
or lxatixb-bxl=lL(a+b) 
or ixa=lL{(a+b) 
axl 
or Peay 21.11) 


From equations (21.10) and (21.11), the length of the to 

11), p weld and length of bottom weld 
can be calculated. Then the resistance of the top weld (i.e., F,) and resistance of bottom weld 
(i.e., F',) can be easily obtained as given below : 











Fi=sxl, 
=s5x bxé (: From equation (2110), i, = xt 
(a +0) (a+) 
bxF : 
= Back (. s x= Total resistance =F) ...(21.12) 
axF 


Similarly F,= Gab 
at 


Axial load in terms of shear stress 
The axial load (F) in terms of shear stress is given by : 
Axial load = Shear stress x Area of weld 


.{21.13) 


Le, F=+x Area of weld 
But area of weld = (Total length of weld) x Throat thickness 
= (2, +2.) x 0.707 xt (. Throat thickness = 0.707 x £) 


where ¢ = Size of weld or thickness of plate 
og F=utx d,+ Lo) x 0.707 xt .- (21.14) 


Problem 21.5. A200 mm x 150mm x 10 mm an, i , 
gle, carrying a load of 200 RN, is to be 
welded to a steel plate by fillet welds as shown in Fig. 21.13. Find the lengths of the weld at the 
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top and bottom if the allowable shear stress th the wela is 102.5 N/mm? . The distances between 
the neutral axis and the edges of the angle section are 144.7 mm and 55.3 mm respectively. 


i 





Fig. 21.13 


. Sol. Given : ; 
Dimension of angle = 200 mm x 150 mm x 10 mm 
Thickness of angle = 10 mm 
Size of weld, ~#= 10mm 
Axial load, F = 200 kN = 200000 N 
Allowable shear stress, t = 102.5 N/mm? 
Distance of the top edge of the angle section from neutral axis, 


a= 144.7 mm 
Distance of the bottom edge of the angle section from neutral axis, 
6 = 55.3 mm 


Let J, = Length of weld at the top 
l, = Length of the weld at the bottom 
1 = Total length of weld = 1, + J, 
Now using equation (21.14), we have 
Fearx(l,+1,)x 0.707 xt 


or 200000 = 102.5 x (2, + 2,) x 0.707 x 10 

200000 . 
or (2, + ly) = [025 x 0.707 x 10 = 276 mm wi) 
or {=276 mm (se bal,+ 1.) 


Now using equation (21.10), 
bxl 55.3 x 276 

= O46 (14474553) 

Substituting the value of /, in equation (i), we get 
76.3 +1, = 276 

1, = 276 - 76.3 = 199.7 mm. Ans. 
Problem 21.6. A 90 mm x 50 mm x 8 mm angle carrying a load of 125 RN is to be 
connected to a gusset plate by welding. If the size of the weld is 6 mm and maximum allowable 
shear stress in the weld is 102.5 Nimm’, find the lengths of the weld at the top and bottom. The 


=76.3mm. Ans. 


or 
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distances between the neutral axis and the bottom and the top edges of the angle sections are 
28.7 mm and 61.3 mm respectively. 
Sol. Given : 
Dimensions of the angle = 90 mm x 50 mm x 8 mm 
Axialload, F=125 kN =125000N 
Size of weld, ¢* = 6 mm 
Maximum allowable shear stress, t = 102:5 N/mm? 
Distance between the neutral axis and bottom edge, 
% 6 = 28.7 mm 
Distance between the neutral axis and top edge, 
a=61.3 mm 
Let 1, = Length of weld at the top, 
i, = Length of weld at the bottom. 
1 = Total length of weld = 1, +1, 
Now using equation (21.1), we have 
F=vx (l, +1,) x 0.707 xt 
where t = size of the weld 
125000 = 102.5 x (2, + 1,) x 0.707 x 6 


125000 

i +l,= —— 

102.5 x 0.707 x 6 
= 287.5 mm «-Z) 
or Z = 287.5 mm (Cv L=1, +,) 

Now using equation (21.10), 
bxl = 28.7 x 287.5 
A = = 91.68 mm. Ans. 





“(@+b) (28.7+61.3) 

Substituting the value of 7, in equation (i), we get 

91.68 + 1, = 287.5 

% 1, = 287.5 — 91.68 = 195.82 mm. Ans. 

Problem 21.7. A 150 mm x 115 mm x 8 mm angle carrying a tensile force of 200-RN is to 
be connected to a gusset plate by 6 mm fillet welds at the extremities of the loriger leg, the 
shorter leg being outstanding. Find lengths of welds if the C.G. of angle is 44.6 mm from the top 
of the shorter leg. Take permissible shear stress in the welds as 102.5 N/mm?. 

(AMIE, Winter 1983) 

Sol. Given : 

Dimensions of angle = 150 mm x 115 mm x 8mm 

Load carried by angle, F = 200 kN = 200 x 1000 = 20000 N 

Size of the weld, ¢=6mm 

The distance of C.G. of the angle from the top of shorter leg, 

6 = 44.6 mm 
Distance of the C.G. of the angle from the top edge of the angle ie., 
a= 150 — 44.6 = 105.4 mm. : 


*Here thickness of the angle is 8 mm. But the size of weld is 6 mm. This means the thickness of 
the weld is 6 mm. Hence ¢ = 6 mm. 
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Shear stress in weld, t = 102.5 N/mm? 
‘Let 1, = Length of top weld, 
1, = Length of bottom weld. 
1 = Total length of weld. 
The angle is welded to the plate as shown in Fig. 21.14. 


Gusset 
plate 





wii 





15¢em 


Shorter teg of 
the angle 


Fig. 21.14 


Now using the equation (21.14), we have 
F=7zx (Ll, +1,) x 0.707 xt 
or 200000 = 102.5 x (1, + 1.) x 0.707 x 6 
200000 
(L, + 1) = 1025 x 0.707 x6 
= 459.97 mm say 460 mm (2) 
or i= 460mm (vf, 4+2,=D 
Using equation (21.10), we get : 
bx 
4, “a+b 
_ 446x460 _ 44.6 x 460 
~ (105.4+446) 150 
= 136.7 mm. Ans. 
Substituting this value of /, in equation (z), we get 
136.7 + 1, = 460 
x i, = 460 - 136.7 = 323.3 em. Ans. 
Problem 21.8. Two angles 80 mm x 80 mm x 8 mm carrying a load of 220 kN are 
to be connected to a gusset plate on either side of the plate by 6 mm fillet welds as shown 
in Fig. 21.15. The permissible shear stress in the weld is 102.5 N/ mm. The distances 
| 
i 





between the neutral axis and top and bottom edges of the angle sections are 57.3 mm and 
22.7 mm respectively. Find the lengths of the weld at the top and bottom. 

Sol. Given : 

Dimensions of two angles = 80 mm x 80 mm x 8 mm 


Axial load, F = 220 kN = 220 x 1000 = 220000 N 
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or 


or 


weld is 8 mm. The safe stress for the weld may be taken as 102 N/mm?. 


Size of weld, t=6mm 
Permissible shear stress, t = 102.5 N/mm? 
Distance between neutral axis and top edge of the angle, 
a =57.3 mm 
Distance between neutral axis and bottom edge of the angle, 


6 = 2.27 cm = 22.7 mm 


Gusset 
i plate 





K——h——_—| 
Fig. 21.15 


Let 1, = Length of top weld on one angle 
i, = Length of bottom weld on one angle 
2 = Total length of weld for two angles 
=(@, +4,)x 2 (‘- There are two angles on either side of the plate) 
= 21, + 1,). ‘ 
The two angles are welded to the gusset plate as shown in Fig. 21.15. 
Now using equation (21.14), we have 
Axial load =1t x Total area of weld 
F=t~x Total length of weld x Throat thickness 
=x 2, +1,)« 0.707 xt (.; Throat thickness = 0.707 £) 


220000 = 102.5 x 2(1, + 1,) x 0.707 x 6.0 (- €=6) 
Ge 220000 
102.5 x 2x 0.707 x6 
= 253.0 mm wd) 


Now using equation (21.10), we get 
_ bx(y+h) 22.7% 253 _ 22.7 x 258 





i? eaby B7Sseey = ey 
Substituting the value of J, in equation (é), we get 
71.8 +1, = 253 


Ae i. = 253 - 71.8 = 181.2 mm. Ans. 
Problem 21.9. A welded lap joint is provided to connect two tie bars 15 cm x 1 em as 


shown in Fig. 21.16. 


The working stress in tie bars in 150 N/mm?. Investigate the design if the size of the fillet 
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Sol. Given : 
Nature of welded joint = Lap joint 
Size of tie bar =15emxlem 
Area oftie bar, A=15x1 een 
= 15cm? 


and 





= 1500 mm? ) H G 
Working stress in the tie bar ~ i ie 10 ——ple6 9) 
= 150 N/mm? z oe oF 
Fig. 21.16 


-. Maximum load, the tie bar can resist 
= Working stress in tie bar x Area of bar 
= 150 x 1500 = 225000 N 
Size of fillet weld, #=8mm 
Throat thickness of weld 
. =0.707 x £= 0.707 x 8 mm 
Safe stress in the weld = 102 N/mm? 
Total length of the weld = Length AB + Length BC + Length DE 
+ Length EF + Length FG 
But length AB = Length EF, 
length DE = Length BC = Length FG = Length A 
Total length of the weld 
= 2 (Length AB) + 4 (Length AH) 
=2x5+4(/5? +6?) (- AH= Je? 46?) 
= 10+ 4V61 = 41.24 em = 412.4 mm 
= Safe stress in weld x Area of weld 
= 102 x (Total length of weld x Throat thickness of weld) 
= 102 x (412.4 x 0.707 x 8) = 237918.5 N. 
Since the strength of the weld is greater than the maximum load, the tie bar can resist. 


Strength of weld 


Hence the joint is safe. Ans. 


Problem 21.10. A welded lap joint is provided to connect two tie bars 12 cm x lemas 


shown in Fig. 21.17. 


The working stress in the tie bar is 150 Ninmm?. Investigate the design, if the size of the 


fillet is 8 mm. The safe stress for the end fillet weld and diagonal fillet weld may be taken as 
102.5 Nimm? and 80 Nimm? respectively. 





Sol. Given : : 3 

Nature of joint = Lap welded joint 

Size of tie bar =i12cmxicm 8 : 

-. Area of tie bar = 12 x 1 = 12 cm? 126m 
= 1200 mm? | A 

Working stress in tie bar | 
= 150 N/imm? aH GA 


je 4 ple 8 ——o}¢- 4 - >| 
om om cm 
Fig. 21.17 
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Maximum load, the tie bar can resist 
= Working stress in tie bar x Area of bar 
= 150 x 1200 = 180000 N 
Size of the fillet weld, é= 8 mm 
Throat thickness of weld 
Safe stress in the end fillet weld 
Safe stress in the diagonal fillet weld 
Total length of end fillet welds 
=AB + EF . 
=54+5=10cm=100 mm 
Total length of diagonal fillet welds 
=BC+DE+FG+AH 


= 0.707 x t= 0.707 x 8 mm 
= 102.5 N/mm? 
= 80 N/mm? 


=4xAH=4x J42442 =4x%4x J2 om 


=16x /2 em = 160x /2 mm 

But strength of weld = Safe stress in weld x Area of weld 

Strength of end fillet weld 

= Safe stress in end fillet weld x Area of end fillet weld 
= 102.5 x (Total length of end fillet welds x Throat thickness) 
= 102.5 x (100 x 0.707 x 8) = 57974 N 

Similarly strength of the diagonal fillet welds 
= Safe stress in the diagonal fillet weld 

x Area of diagonal fillet welds 

= 80 x (Total length of diagonal fillet welds x Throat thickness) 


= 80 x (160 x /2 x 0.707 x 8) = 102400 N 
Total strength of weld 
= Strength of end fillet welds 
+ Strength of the diagonal fillet welds 
= 57974 + 102400 = 160874 N 
Since the strength of the weld is less than the maximum load the tie bar can resist. 


Hence the joint is not safe. Ans. 
HIGHLIGHTS 


1, Welding is a process of joining permanently two or more metal parts by the fusion of the edges of 
the metals with or without the application of the pressure and a fillet material. 

2. The joint formed by welding is known as welded joint. 

3. The welded joint may be a butt weld joint or a fillet weld joint (i.e., lap joint). 

4. Ifthe edges of the two members butt (i.¢., touch) against each other and the two members are 
joined by welding, then the joint so formed is known as butt-weld joint. 

5. The depth of weld in case of a butt weld is equal to the thickness of the plate. 

6. The butt-weld joint may be : (i) Single V-butt joint, (i) Single U-butt joint, (iii) Double V-butt 
joint, and (iv) Double U-butt joint. 
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7. The strength of a single V-butt weld is given by 
FeHo,xlxt 
where o, = Allowable tensile stress in the weld, 
2 = Length of the weld, and 
t = Depth of weld or thickness of the plate. 


8. When the two members overlap each other and they are joined by welding, then the joint so 
formed is known as lap joint or fillet weld joint. 


9. The strength of a single lap weld joint is given by 
P=06,x1x0.707 xt 
where o, = Allowable tensile stress, 
1 = Length of weld, 
t = Size of the weld. 
10. The strength of a double lap weld joint is given by 
FH=o,xlx14l4xeé. 
11. The throat thickness of a fillet weld is given by 
Throat thickness = 0.707 x ¢ 
where ¢ = Size of the weld. 
12. The fillet weld joint may be: (i) Single fillet lap joint, (iz) Double fillet lap joint, and (zz) Parallel 


fillet joint. 
13. The area of fillet weld is given by, 
Az=ix0,707¢ ... For a single fillet lap joint 
=2xIxO.707¢ ... For a double fillet lap joint 
=ix0.707¢t 


... For a parallel fillet weld. 
where i= Total length of weld é 
t = Size of the weld. 


14. The throat thickness in case of a butt-weld joint is equal to the thickness of the plate whereas in 
case of fillet weld or lap weld the throat thickness is equal to 0.707¢, where ¢ = Size of weld. 


15. The single and double fillet lap joints are designed for tensile strength whereas the parallel fillet 
weld is designed for shear strength. 

16. A combination of a parallel fillet weld and a fillet lap weld is known as compound weld. 

17, The strength of a parallel fillet weld is given by 

F=txlx 0.707 xt 
where /= Total length of parallel weld, 
«= Allowable shear stress in the weld, and 
t = Size of the weld. 

18. An angle section welded to a plate is an example of unsymmetrical welded sections. 

19. The lengths of the welds at the top and bottom of an unsymmetrical welded sections should be so 
proportioned that the sum of the resisting moments of the welds about the centre of the gravity 
axis 1S zero. 

20. The lengths of welds at the top and bottom of an unsymmetrical welded sections which are 
loaded axially are given by 

bxi axl 
be pap. Coke ata 
where /, = Length of weld at the top, 
J, = Length of weld at the bottom, 
1 = Total length of the weld = 2, + i, 
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a = Distance of the top edge of the angle section from gravity axis 
b = Distance of the bottom edge of the angle section from gravity axis or neutral axis. 
21. The axial load on the unsymmetrical welded section at the neutral axis is given by 
Fax (+) x 0.707. 
(A) Theoretical Questions 
1. Define the terms : Welding, welded joints, forge welding and fusion welding. 
2. Explain the advantages and disadvantages of a welded joint. 
(AMIE, Winter 1983 and: Summer 1985) 
3. Name the two important types of a welded joint. Find an expression for the strength of a single 
V-butt weld joint. 
4. With neat sketches, give the important types of butt-weld joint. 
5. Define a fillet-weld joint and a butt joint. What are the different type of fillet-weld joint ? 
6. Prove that the strength of a single lap weld joint is given by 
F=o,xtx 0.707 ¢ 
where g, = Allowable tensile stress in the weld, 
i= Length of weld, and 
t = Size of the weld. 
G. Define a compound weld. How will you find the strength of a compound weld consisting of paral- 
lel fillet weld and a single lap weld. 
8. What do you mean by unsymmetrical welded section ? How will you determine the lengths of 
welds at the top and bottom of an unsymmetrical welded section, which is loaded axially ? 
9. Prove that the lengths of welds at the top and bottom of an unsymmetrical welded section which 
is loaded axially, are given by 
l= ox and {,= as 
where /, = Length of the weld at the top, 
i, = Length of the weld at the bottom, 
I = Total length of the weld = 1, +, 
a = Distance of the top edge of the angle section from gravity axis or neutral axis, and 
b = Distance of the bottom edge of the angle section from neutral axis. 
(B) Numerical Problems 
1. Two steel plates 12 cm wide and 1.30 cm thick are to be joined by double lap weld point. Find the 
length of the weld if the maximum tensile stress is not to exceed 72 N/mm? and maximum tensile 
load carried by the plate is 110 kN. fAns. 8.55 cm] 
2. Asteel plate 10 cm wide and 1.25 cm thick is to be joined by parallel fillet welds to another plate. 
The plates are subjected to a load of 60 KN. Find the length of the weld if the maximum shear 
stress does not exceed 56 N/mm?. [Ans. 6.06 cm] 
3. Two plates of width 15 cm and thickness 1.25 cm are welded by a single V-butt joint. If the safe 
stress in the weld is 135 N/mm2, find the permissible load carried by the plates. 
[Ans. 25312.5 N] 
4. A welded jap joint is provided to connect two tie bars 15 cm x i cra as shown in Fig. 21.18. 


The working stress in the tie bar is 150 N/mm2. Investigate the design if the size of the fillet weld 
is 8 mm. The safe stress for the weld may be taken as 102.5 N/mm?. (Ans. Joint is safe] 
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5. Ifin the above problem, the safe stress for the end fillet weld is 102.5 NAnm?2 
P * s me 
stress for the diagonal fillet weld is 75 N/mm, investigate the design. aioe eee 


the joint are the same as given in Fig. 21.18. {Ans. Joint is not safe] 
B E 
A F 


6-10 >a 61 
cm cm cm 





Fig. 21.18 


6. A plate 10cm wide and 1.15 cm thick is joined with another plate by a single fillet lap weld 
and a double parallel fillet welds as shown in Fig. 21.19. The maximum tensile and shear 
stresses are 75 N/mm? and 55 N/mm? respectively. Find the length of each parallel fillet if the 
joint is subjected to a total load of 80 KN. {Ans. 2,12 em] 





Fig. 21.19 


7. A200 mm x 150 mm x 10 mm angle carrying a loud of 250 KN, is to be welded to a steel plate by 
fillet welds as shown in Fig. 21.20. Find the length of the weld at the top and bottom if the 
allowable shear stress in the weld is 102.5 N/mm?. The distance between the neutral axis and 
the edges of the angle section are 144.7 mm and 55.3 mm respectively. 


fAns, /, = 9.54 cm and /, = 24.96 em} 


eh 





Steel 
plate 
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Or 
8. A80 mm x 80 mm x 8 mm angle carrying a load of 100 KN is to be connected to a gusset plate 
by welding. If the size of the weld is 6 mm and maximum allowable shear stress in the weld 
is 102.5 N/imm?, find the lengths of the weld at the top and bottom. The distances between 
the neutral axis and bottom and top edges of the angle sections are 2.27 cm and 5.73 cm 
respectively. [Ans. 1, = 6.52 cm, J, = 16.47 cml 
9. A150 mmx 115 mm x 8 mm angle carrying a tensile force of 150 kN is to be connected to a 
gusset plate by 6 mm fillet welds at the extremities of the longer leg, the shorter leg being 
outstanding. Find lengths of welds if the C.G. of the angle is 4.46 cm from the top of the shorter 

leg. Take permissible shear stress in the welds as 102.5 N/mm?. 
(Ans. 1, = 10.26 cm, /,= 24.14 cm] 
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Rotating Discs and Cylinders 








22.1. INTRODUCTION 


The stress developed due to rotation in a thin cylinder has already been derived in 
article 17.12 of chapter 17. In that article it has been assumed that hoop stress (or circumfer- 
ential stress) is uniform in thin cylinder and is given by 
, o=pxwxrorp x v2 
where w= Angular speed of rotation of thin cylinder 

r = Mean radius of cylinder 

p = Density of material of the cylinder and 
v = Tangential velocity of cylinder = @ x r 
o = Hoop stress in the thin cylinder. 

This chapter deals with the study of stresses developed due to rotation in circular discs 
and cylinders. The machine members of the rotating type and bodies like circular dises, cylin- 
ders, flywheels etc. invariably rotate at high speeds. Due to rotation, these members are 
subjected to centrifugal forces. The stresses are set up in the material of these members due to 
centrifugal forces. 

Also in case of thin disc, the stress in axial direction is zero. But in case of thick disc (or 
long cylinder) the stress in axial direction (.e., longitudinal direction) will not be zero. 


22.2. EXPRESSION FOR STRESSES IN A ROTATING THIN DISC 


In case of thin disc, only two stresses namely circumferential and radial stresses are 
existing. 

A thin disc of inner radius r, and outer radius r, rotating about its axis is shown in 
Fig. 22.1. 

Consider an element ABCD of the disc at a radius ‘r’ of radial width dr and thickness ‘?’. 
Let the element subtends an angle d6 at the centre. 

Let G, = Radial stress on the face AB, 

o, + do, = Radial stress on the face CD, 
o, = Circumferential stress on faces BC and AD. 

The forces due to these stresses along with centrifugal force acting on the element are 
shown on the enlarged view of the element. 

Now consider the equilibrium of the element ABCD of radius ‘r’ radial width ‘dr’ and 
thickness ‘? subtending an angle d@ at the centre as shown in Fig. 22.1. 
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The forces acting on the element are : 
() Radial force on face AB and equal to a, x r dO x ¢, 
(ii) Radial force on face CD and equal to {o, + dor + dr) x d8 x ¢, 
(ii) Circumferential force on face BC = 0, x dr x t 
(iv) Circumferential force on face AD = o,dr x t 
(v) Centrifugal force = m x w? x r where 
_-m = mass of element = p x volume of element 
=px(rxd@xdrxt) 
*. Centrifugal foree =(pxrxd0xdrxt)xw*xr 
‘ = pr? w? dé dr xt 
The forces in circumferential direction will be equal and opposite. 


22 
D pro dOdr xt 






x do xt 


Enlarged view of the element ABCD 





Fig. 22.1 
Resolving the force in radial direction, we get 


a 
0,xrd6x t+ 20, x dr x ¢ x sin “> 


4 = (a, + do,) (r + dr) d® x ¢ + centrifugal force 
_. where centrifugal force = m x w? x r where m = mass of element 

= x volume of element 

=p x (rd@ x dr x £) 

=(p x rd@xdrxt)x ow? xr 

= pr? x @?xdé@xdrxt 
ae dé 


and sin 9 = 9 38 d@@ is very small 


Hence the above equation becomes as 
dé 
9, x rd0 x t+ 2a, x dr xt x = =(0,+do,) & + dr) d@ x t+ pr? w x d@xdr xt 


* 
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A TE re reenerefares 
Cancelling dé x ¢ to both sides, we get , 


ox r+ 2o0,x dr x é = (o, + do)(r + dr) + pr? w* x dr 
or o,xr+o,xdr=[o,xr+o,xdr+rdo,+ (do) x dr] + pr? w x dr 
or o,x dr=a,xdr+rdo, + er? w? x dr 
{Neglecting the product of two small quantities i.e., (do_) x dr] 
Dividing by dr to both sides, we get 


x 





3. 
0,=0,+7 = + pr? w? 
do, 
or (=e) or + pr? w” () 


There are two unknowns in equation (i). They are o, and o,. To find their values, we 
require one more equation. The second equation is obtained from stress strain relationship. 
Hence first find circumferential and radial strain. 

When the disc is rotating at high speed, let the radius r becomes (r + u) and dr 
becomes (dr + du). 

Circumferential strain, 
Final circumference ~ Initial circumference 








c Initial circumference 
2 Qn(rtu)~ aur u 
7 aur “or 
dial . Final radial width - Initial radial width 
ene: Sect ee co Initial radial width 
2 (dr + du) - (dr) ce du 
= dr dr . 
The radial and circumferential strains interms of stresses are also given by, 
_ Se _ Wr 
“EE 
o G 
and e.= : - = 
Equating the two values of e, and e,, we get 
. ; : G. HO, u .f 
eo Yt eye a (it 
Circumferential strain, e, EE "> (it) 
and radial strain. @= Se Me an! . (ili) 
, '“ E  E- ar 


In equations (ii) and (iii), u is the increase in radius r due to rotation and du is the 
increase in radial thickness dr. These two values u and du are unknowns. They can be elimi- 
nated from equations (di) and (ii) as given below : 

From equation (ii), we have 


uaz (0, - nO,) 


ei 
E 
or Exu=r(o,- po) 
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Differentiating the above equation w.r.t. 7, we get 








a oe a div) 
- dr ates vo) +r( dr" adr 
But from equation (iii), we have 
du 9, 19. 
dr £E E 
d 
or E = = 0, — 10, .-(v} 


Equating the two values of E o given by equations (iv) and (v), we get 














(6, — 2O,) + 7 (Ss —{h sea = 0, — 1G, 
dr dr 
or (o,— no, +r (S32 -w | ~a, + 40, =0 
or o,(t+ wo, 14 p+r (Se -1 22r) 20 
or (@,-o) (+) +r( We -u Se) xo (vi) 


Substituting the value of (c, — o,) from equation (i), into above equation (vi), we get 


rdo, 2 do, _ ae) 0 
| ae + or xo] dander (Se Ke ae 











dr 
do, osc 8 do, do, | 
or | 5 xo*|aswsr Se ~EXT =0 
d d do 
or (Be) c+ w+ orto Pew er 8 —wxre oe = 0 
do, da do do, 
or roe tux a + pr xor(L+wWtr-e-pxrae =0 
do 
or xo (L+ ptr =0 
Dividing by ‘r’ to both sides, we get 
do, do, _ 
ar (L+we— =0 
SG d 
or Br 4 Fe a pxrx or (+) 
Integrating, we get 
2 
0,+0,=-pxH xarx(+w+C, (vii) 
where C, is a constant of integration. 
Subtracting equation (i) from equation (vii), we get 
Bisa ae0 
pxr’ xo’ x(1+p) do ; 
a a er oma +Qyors — pr? x w?. ; 
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SL CTT Tc RS, 
2. 2 
pxr’x® do 
=— —————_ [(l+p)+2]+C £ 
2 eee aes dr 
25 29 
or 20, +7 Be = PEO ET Bs We, 
Multiplying by r to both sides, we get 
2.43 
axrxo,+r? Se =- PAR AT B+ wtOyxr 
d 2.23 
or <P xo)=- PLAT 4 p+, xr 
Integrating both sides, we get 
2 2 
pxo or Cy xr 
Eko ag ag ews 3 +C, 
(where C, is constant of integration) 
2. 2 
or Ce 
Cy Cy pxw? xr? 
= +t+-> - oO 
2°72 5 3+w .(22.1) 


Equation (22.1) gives the expression for radial stress in terms of constants, C, and C,. To 
get the value of o, in terms of constants C, and C,, substitute equation (22.1) into equation (vii). 





& Sp oxo er Griese" a. w+, 
or o2- BG, BX AT gy PX EO Awe, 
ae (3+u-4-4y) 
£1 _ & | an (22.2) 


a 8 

The constants C, and C, are obtained from boundary conditions. In equations (22.1) and 
(22.2), L.H.S. is in Nim?, hence every term on R.H.S. should be in N/m?. Hence C, and C, will 
be in N/m?. 


22.2.1. Expression for Circumferential Stress and Radial Stress in a Solid Disc. 
From equations (22.1) and (22.2), it is clear that the stresses set up in a rotating disc will 
become infinite at the centre of the disc where r = 0. But the stresses at the centre, can not be 
infinite. Hence C, should be zero, Substituting C, = 0 in these equations, we get 


C. 2 2 
o,= = BAS ra ais (A) 
C. 2 2 
and o,= 4 > — (1 + 3p) AB) 
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The value of C, will be obtained from boundary condition. 
At the outer radius, o, = 0. This means at r=r,, 0, =0 
Substituting o,=0atr=r, in equation (A), we get 


: adie oe 
“92S _ xe x 19 (3 +n) 

















2 cee 
C. xa? x re 
or S = os (3 + w) 
2.2 
or Cc, = oe (3 + ul) 
Substituting the value of C, in equations (A) and (B), we get 
2 2 2 
pxw? xr? _ exo" xr’ Bia) 
CA ar er (3 + 2) er Hy 
2 ~ 
22 7 ‘B+ wir2- 7] (22.3) 
2 ae) 
pxw® x ry pxo xr 
and > gyo B)— 2 —— (1 + 3p) 
= 2X9" gy wr? - (1 + 3y)r?] (22.4) 
At the centre, r = 0 (Substitutingr = 0 in equations pia x te iy 
(22.3) and (22.4)] pee es 
2 ; 
o,= pee (3 + wre? 
: . 
is of rotat 
and O,= p > (3+ wre? Axis of rotation 


Hence maximum stresses are at the centre and 

they are equal. 
; 
x 

(O) max = (On) ma — (B+u)ra2 — ...(22.5) 

At the outer radius, radial stress (o,) is zero, but 
circumferential stress is not zero. By substituting r=rsy 
in equation (22.4), we get circumferential stress at outer aa 
radius. This is equal to Fig. 22. 


2 
o, at outer radius = p (3 + w)r.? - (1 + 3y)r,7] 








2 
Soe xr? [8 +u-1- 3p] 


2.2 
2 PXO XE Oo oy = ORO RH Gy (22.6) 

7 8 4 Sig 
The variation of circumferential and radial stresses are shown in Fig. 22.2. 


22.2.2. Expression for o, and co, for Disc with Central Hole. The equations (22.1) 
and (22.2) gives the radial and circumferential stresses in terms of constants as 
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and 


or 


or 


or 


or 


‘To find C, and 
radii, then radial str 


C, C. x @? x r? 

OF g toe (3 +4) 
C, Cy pxa?xr? 

0, = ee oe 3 (1 + 3y) 


C,, the boundary conditions are used. Ifr 
ess is zero at these radii. This means Go, = 
Substituting these values, we get two equations as 


C Cc. 2 2 
Ox Sts PxXw xr (3 +4) 
1 
2 2 
o= Sy +p PO ATE 3 ayy 


ry 


Subtracting equation (ii) from equation (i), we get 


| 





Cc, pxa? 1 xw? x 2 
Oe 4 3 pe ie ee BO eh 
2 | gr ei ae 8 

¢ 2 2 

: = pear xy (3+ p)— 2X2 xr Gea 
Cc, px a” a 5 
Te (3 +) [ry +77] 


o= &2 Cy pxa@ xr 


1 4 
Cf pn 











2 


8 


px a? 





8 


2 
Cy =- _ (3 + u) rj? r,? 


Substituting the value of C, in equation (z), we get 











2 2 ign e 
sis PROD a )[n2—r2 
| 8 ae al 
__ Px ow? 2_ 2 
ae, (3 + wr? - 7,7) 
C. xw? 
ar =. (3+) 
AN 


, and r, are the inner and outer 
OQatr= r, and atr=ry. 


[Hereo,=Oatr=r,] 


{Here o,=Oatr =ro} ...(dt) 





(3+ wWir?-r,7] 


2. 2 
(B+ pe PAO 2 (3 +n) 


(Cancelling (r,? — r,”) to both sides} 


2 
c,=2 = x (3 + W) (? + 7,7) 


Substituting the values of o, and C, is ene (22.1) and oe we get 


ir 


x w 
4x2 


px 








8 





2 a re 
x (34 Ww) ] G9 +r7)-2 


2 
"2 2 
a -T 
ie 


2 
(3 + w) 2 + 7,7) 4 pee a 


+ {EEi) 


x (3+ 2) 


dei 
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——— ee 








px" - xo” B+wriny |: pxo? xr? 
cid 0,2 (B+ wx (24+r)- |= Sere | 3 (1 + 3p) 
2 2.2 24+ 3p) 
_pxo* BS i Nee le (22. 
= 3 a+ol« +r )+ re @+p) ( 8) 


Equations (22, 2 and (22.8) give the expression for radial stress and circumferential 
stress at any radius 7’ in a disc with a central hole. 

Maximum value of o,. From equation (22.8), it is clear that circumferential stress 
goes on decreasing with the i increase of radius. Hence o, is maximum when radius is minimum 
iLe., when r =r), 0, is maximum. Substituting r =r, in equation (22.8), we get maximum value 
of G,. 

pxo” (r2 ree 22 _md+ aw : 
(pan = PSP (8 + w [OE HM) a) 


ré(14 3p) 
- oxo vl arp ery ee 


= exe" r2(3 +p) - r+ w)- rp (+ 3p) | 
@so|at +t ro (+H) 





= xe" (+0 2k gt + mo 1- a0 


om 





= 2x00 e+wlar +i + 





1 (Ben) 
r al 


- ox (3+y) art goa = os 


_ xo” 
3 oewxalits ao 








38+u 


2 = 
_P xo" 8 +H) | _oow | (22.9) 


Equation (22.9) gives the maximum value of o,. 
Ifr, >r,g=r, then 


2 
(a) Ks a (3 7: w) IP + ga) | 





e*max 


2 2 2 
px@ rm (8+u)+(1-wr 
=, Pe Wg aE 
4 een GB+pw 
2 
= PPE eA Be uel-wapxoxr 


which is same as of a thin rotating cylinder. * 
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ty 


Maximum value of o,.. The value of o, will be maximum, i 





do, 
= 0. Hence differenti- 


a ; d 
ating equation (22.7) w.r.t. r and patting oe 0, we get 


dr 


d | pw a rer 
3a ; “aw [HP +r a -r? l}=0 








2 2 2 
. r as{ovo-TH-2 a) 20 
r 
2.2 
Ss Se -2r=0 
or Pet arte0 “ota 
ns ris ry. or r= nxn «-(22.10) 


Equation (22.10) gives the condition for o, to be maximum. 


—-> Radius(r 





——» Stress 


Fig. 22.3 


Substituting r= Jr, xr in equation (22.7), we get maximum value of G,. 











2 2.2 
Px rf 
(0, max = 8 ry +r -14 —T"5", 
Po 
pxw? 


Se (3 + pw) frp? + 7,7 - 2ryry] 


2 
@ 
= a (3+ pW (y-ry? wo 22.12) 


Value of o, at the outer surface of a disc with central hole 
Substituting r = r, in equation (22.8), we get the value of o, at outer radius. 


2.2 
0, = 2x +t +7; 2,45 =n mee 


1g S+u 














w” 
=f 3 + [rd + Or? - poe 
+e 
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: (3+ 1-3) 
aS (9 +19 [arf orp Sete 8) 








(3 + yw) 


2 
= EXO aw) i + (=) a] ww(22.12) 
4 34+4u 

22.2.3. Expression for Maximum o, and. Maximum o, for a Hollow Dise with a 
Pin Hole at the Centre. For a disc with a pin hole at the centre, r, > 0. Hence substituting 
r, = 0 in the equations (22.9) and (22.11), we get the expression for o, and a, for a dise with pin 
hole at the centre. 


px wo” 2 ry 
ai (3 + pw) ) ry + (2 - 2y) 











2 2 2 
(Senay = © = (3+ pr? = ages (3 +) (22.13) 
2 w? x r2 
and (max =P (B+ Wry? = eee tw (22.14) 


The maximum circumferential stress in a solid disc is given by equation (22.5), as 


2 
(Gmax for solid dise = ee ii rd 


If we compare the maximum circumferential stress in a solid disc and in a disc with a 
pin hole at the centre, the maximum circumferential stress in a disc with a pin hole at the 
centre is two times the maximum circumferential stress in a solid disc. 

Problem 22.1. A steel disc of uniform thickness and of diameter 900 mm is rotating 
about its axis at 3000 r.p.m. Determine the radial and circumferential stresses at the centre and 
outer radius. The density of material is 7800 kg/m? and Poisson’s ratio = 0.3. 

Sol. Given : 


‘00 
Diameter =900mm ~.. Radius of disc, r= : = 450 mm = 0.45 m 


2 
Speed, N = 3000 r.p.m. 
2nN  2n x 3000 
Angular speed, = E58 60 = 100 x rad/s 
Density, p = 7800 kg/m? 
Poisson’s ratio, 4 = 0.3 
The radial and circumferential stresses are given by equations (22.1) and (22.2) as 


Cc, Cy pxa? xr? 


GT ee ge ee «-() 
Gy Cy po ee 35 
and O52 get a ae (1 + 3p) (ii) 


As the stresses cannot have infinite value at r = 0, hence C, should be zero. Hence 
equations (i) and (iz) becomes as 


2 2 
6, = Cy pxwt xrt (3 +u) (iii) 


2 
C, pxw xr® 


> 8 (1 + 3p) . ..iv) 


and _o= 
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; 
Also at the outer radius, Go, = 0. This means at r = 0.45 m 
o, = 0. Substituting these values in equation (iii), we get 


Cc. 2 2 
~ £1 _ pxa* x (0.45) +p) 





2 8 
Cy _ pxw? x (0.45)? x 9” x (0,45)? 
or 7 gD or C, = PAO ONY HW) 
7800 x (100 m)? x (0.45)?(8 + 0.3) 
= 1 = 128.6 x 106 N/m? 


Substituting the value of C, in equations (iii) and (iv), we get 
_ 128610) pxw? xr? 


9, 2 3 (38+) 
P 1286x108 pxw’?xr? 
an 0,5 ——g eC +B) 
128.6 x 10° 
Atr=0, 0, = 0, =~ = 64.3 x 108 N/m? = 64.3 MN/m?. Ans, 


r ¢ 2 
At r= 0.45, 0, =0 


128.6x10° 7800 x (100 x)? x (0.45)” 
o = - Be OE +8 x03) 


= 64.8 x 108 — 37.024 x 108 N/m? 
= 27.276 x 108 N/m? = 27.276 MN/m”. Ans. 
Alternate Method 


(i) Stresses at the centre. The radial stress and circumferential stress at the centre of a 
solid disc are maximum and are equal. They are given by equation (22.5) as 


2 
(G.) max = (0. nox = ee (3 + a) re 
where r, = Outer radius = 0.45 m 
7800 x (100 x)* 
(O,) ax = (Se)max = Tea (3 + 0.3) x (0.45)? 


= 64.3 x 10° N/m? = 64.8 MN/m?. Ans. - 
(ii) Stresses at the outer radius 
The radial stress at the outer surface is zero. 


o,=90 
The circumferential stress at outer radius is given by equation (22.6) as 
2. 2 2 2 
XO" KK 7800 x (100 0.45 
=o Bs cg eee OR ey EO = x (1-03) 


= 27.28 x 10° N/m? = 27.28 MN/m?. Ans. 

At any section, there are radial and circumferential stresses which are pendicular to 
each other and tensile in nature. There is no shear stress. Hence these stresses are also known 
as principal stresses. Hence the above stresses are also principal stresses. 

Problem 22.2. if for the problem 22.1, the disc is having a central hole of 150 mm 
diameter, then determine : 

(i) circumferential stress at inner radius and outer radius, 

(ii) radius at which radial stress is maximum, and 


(iii) maximum radial stress. 
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a 
Sol. Given : 
From Problem 22.1, 
Outer radius, 
Angular speed, 


r, = 0.45 m, 
w = (100 x) rad/s 
p = 7800 kg/m’, pw = 0.3 
= = 75 mm = 0.075 mm 

(i) Circumferential stress (0) at inner and outer radii 

The circumferential stress in a dise with central hole is maximum at the inner radius. 
This stress is given by equation (22.9) as 


2 te 
(max = exe (3+) lf (E#} | 


2 
_ 71800 x (100 x)" 3 . 9.3) oust + (32) coors.| 
4 3+0.3 


= 635.109 x 10° (0.2025 + 1.193 x 1079] 
= 129.367 x 10° N/m? = 129.367 MN/m?. Ans. 


The circumferential stress at the outer radius is given by equation (22.12) as 


2 1- 
0,= pee (+ [ (E#) | 


_ 7800 x (100-2)? x (8 + 0.3) loons? : ( ate oa is] 
4 


= 635.109 x 106 [5.625 x 10-3 + 0.04295] 
= 30.85 x 10° N/m? = 30.85 MN/m*. Ans. 
(ii) Radius at which radial stress is maximum 


Inner dia = 150 mm, Inner radius, r, = 














The radius at which radial stress is maximum is given by equation (22.10) as 


r=Jrnxm = (0.075 x 045 = 0.18387 m. Ans. 
(iti) Maximum radial stress 
The maximum radial stress is given by equation (22.11) as 
2 





(Dawe GE B+ Wry? 
_ 7800 x (100 x)” 


8 (8 + 0.3) (0.45 — 0.075)” 


= 317.5545 x 106 (0.375)? 
= 44.656 x 108 N/m? = 44.656 MN/m?. Ans. 
Problem 22.3. For the data given in Problem 22.1, plot the variations of circumferential 
and radial stresses along the radius of the solid disc. Take radius along y-axis and stresses 
along x-axis. Also plot these variations taking ‘r’ along x-axis and stresses along y-axis. 


€ 
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ee on ee 
Sol. Given : 
Data from Problem 22.1 
N = 3000 r.p.m., w = (100 1) rad/s 
p = 7800 ke/m3, = 0.3, outer radius, r,= 0.45 m 
i) Circumferential stress (o,) 
The circumferential stress for a solid disc at any radius ‘r is given by equation (22.4) as 


pxw" 





o, = 


(3+ wr,2- (1 + 8p)r?] 


7800 x (100 2)? 
= noe [3 + 0.8) x 0.45? ~ (1+ 8 x 0.8) 77] 


= 96.228 x 10° [0.66825 — 1.9 r?] 


By substituting different values of r in the above equation, different dailies of o, are 
obtained as given below : 


Atr=0, 0, = 96.228 x 10 x 0.66825 = 64.3 x 10° N/m? = 64.3 MN/m? 
= 0.05 m, o, = 96.228 x 10° [0.66825 — 1.9 x 0.057] = 63.84 x 106 N/m? = 63.84 MN/m? 
=0.im, o, = 96.228 x 106 (0.66825 - 1.9 x 0.12] = 62.47 x 10° N/m? = 62.47 MN/m2 
=0.2m, o, = 96.228 x 10° [0.66825 — 1.9 x 0.27] = 56.99 x 10° N/m? = 56.99 MN/m2 
=0.38m, 6, = 96.228 x 106 [0.66825 — 1.9 x 0.32] = 47.85 x 108 N/m? = 47.85 MN/m? 
=04m, 6, = 96.228 x 10° [0.66825 - 1.9 x 0.42] = 35.05 x 10° N/m? = 35.05 MN/m? 
=0.45m, o, = 96.228 x 10° [0.66825 — 1.9 x 0.457] = 27.28 x 10° N/m? = 27.28 MN/m? 

(ii) Radial stress (o,) 

The radial stress for a solid disc at any radius ‘r’ is given by equation (22.3) as 


px” 





o,= 


3 + Kt) (r,? oad r?) 
2 

oe ee (3 + 0.3) (0.452 — r2) N/m? 

= 317.5545 x 108 (0.2025 — r2) N/m? 

= 317.5545 (0.2025 — r2) MN/m? 


By substituting different values of ‘r’ in the above equation, different values of o, are 
obtained as given below : 


At r=0, G, = 317.5545 (0.2025 — 0) = 64.3 MN/m? 
r= 0.05 m, o, = 317.5545 (0.2025 — 0.05?) = 63.5 MN/m? 
r=0.1m, 6, = 317.5545 (0.2025 — 0.17) = 61.13 MN/m? 
r=0.2m, 6, = 317.5545 (0.2025 - 0.2) = 51.6 MN/m? 
r=0.3 m, 0, = 317.5545 (0.2025 — 0.32) = 35.7 MN/m? 
r=0.4m, G, = 317.5545 (0.2025 — 0.47) = 13.5 MN/m? 
r= 0.45 m, 6, = 317.5545 (0.2025 — 0.457) = 0 


The variation of o, and o, along the radius (taking radius along y-axis and stress along 
x-axis) are plotted as shown in Fig. 22.4. 
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Fig. 22.4 


If radius is taken along x-axis and stresses along y-axis, then variation of go, and o, will 
’ be as shown in Fig. 22.5. 


———+ Stress 





0 01 #02 03 O04 O85 


Fig. 22.5 
Problem 22.4. For the problem 22.2, plot the variation of circumferential and radial 


”” stresses along the radius of disc with a central hole. 


Sol. Given : 

Data from Problem 22.2, 

Outer radius, r, = 0.45 m ; inner radius, 7, = 0.075 m . 
N = 3000 r.p.m. ; @ = 100 x rad/s ; u = 0.3, p = 7800 kg/m? 


0 eee ee A fe eee 
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(i) Circumferential stress (o,) 
The circumferential stress for a disc with a hole at the centre is given by equation (22.8) 


(et +r7) reus -( | 
r? 3+u 


0.075? x 0.452 4 3x 2) 
| See 


as 








3+03 


8 


o,= ps 
2 
2 ENO ODES a a ks oase + 0.0752) + 
: 


1139 x 1073 


= 317.55 x 106 o2osi25 + 5 -~ 0.575 r| N/m? 
r 


1139 x 1073 


= 817.55 jo2osis + g - 0.575 | MN/m? 
r 


By substituting different values of r in the above equation, different values of o, are 
obtained. Let us start from inner radius i.e., from 7 = 0.075 m 


3 
At r = 0.075 m, o, = 317.55 fo. 208125 + a _ 0.575 x oor?) 


= 317.55 [0.208125 + 0.2025 — 0.00323} = 129.368 MN/m? 


-3 / 
At r=0.1m, 0, = 817.55 [o206125 ee ~0.575 x a) 


= 317.55 (0.208125 + 0.1139 - 0.00575) = 100.43 MN/m? 





Atr=0.2m, 0,=317.55 [o208126 + use" ~ 0.575 x 02"| 

= $17.55 (0.208125 + 0.0285 ~ 0.023) = 67.83 MN/m? 
Atr=03m, 0, =317.55 [o. 208125 + ery — ~ 0875 x0. a 

= 817.55 (0.208125 + 0.01265 — 0.05175) = 50.05 MN/m? 
Atr=04m, o,= 317.55 [o2oeis + hehe" ~ 0.575 x oa | 


= 317.55 (0.208125 + 0.007118 ~ 0.092) = 39.18 MN/m? 


1139 x ate 


Atr=0.45m, o, = 317.55 [o20e125 - 0.575 x 0. is*| 


= 317.55 (0.208125 + 0.005625 — 0.1164) = 30.9 MN/m?. 


(ii) Radial stress (o,) 
The radial stress for a disc with a hole at the centre is given by equation (22.7) as 





ir 


2 
fe -222° as iled +r?) Tt E-] 
5 
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er ren 


2 2 2 
_ 7800 x fs a) e408) G 45? «0.075% - 29% x 0.45 s | 
r 


-3 
= 317.55 jo2nsi25 ge P| x 108 N/m? 
¥ 


-3 
1139 * i. 7| Nine 


= 317.55 [oaosi2s ~ 
By substituting the different values of r in the above equation, different values of o, are 


obtained. Also o, = 0 at r = 0.075 m and atr = 0.45 m. Also we have got in problem 22.2, that o, 


is maximum at r= /rjry = (0.075 x 0.45 = 0.1837 m. Let us start the calculations from inner 
radius (= 0.075 m). 


-3 
At r=0.075 m, 0,= 317.55 |0208125 - +722*29— _ 9.0757} =0 
ne 0.075 
-3 
At r=0.m, 9, = 317.55 o2osi2s- ar . o34| 
= 317.55 (0.208125 — 0.1139 - 0.01] = 26.74 MN/m? 
-3 
At r= 0.1837 m, o, = 317.56 | 0.208125 - 22%? _ 9.1837? 
0.1837 


= 317.55 [0.208125 - 0.03375 — 0.03375] = 44.65 MN/in? 


-3 
r=0.2m, 6, = 317.55 oasis 7 ee - oat] 


= 317.56 0.208125 — 0.02847 - 0.04] = 44.34 MN/m? 
~3 
r=0.3m,  0,= 317.55 oaosiz yee o3°| 
= 317.55 [0.208125 ~ 0.01265 ~ 0.09] = 83.49 MN/m? 


3 
r=04m, 9, = 317.55 jo2osi2 = ree 2 at] 


= 317.55 (0.208125 — 0.007118 — 0.16] = 13.02 MN/m? 


-3 
r=0.45 m, 9, = 817.55 | 0.208125 - 782% 59 _ 9.452 
0.45 
= 317.55 [0.208125 — 0.005625 — 0.2025] = 0 MN/m?. 


The variation of o, and o, along the radius is shown in Fig. 22.6 taking radius along 
y-axis and stresses along x-axis. 


2 new pcaienes = 


erent erent I RN APO ON 


ROTATING DISCS AND CYLINDERS 


935 





cwnenenmange Radius (r) 


40 


60 80 


———> Stresses 


Fig. 22.6 


100 


120 





130 


Axis of 
rotation 


sie 


Fig. 22.7 shows the variation of o, and co, along the radius, when radius is taken along 
x-axis and stresses along y-axis. 
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Problem 22.5. For the problems 22.1 and 22.2, find the maximum shear stress in the 
solid disc and in the dise with a central hole. : 


. 936 


Z Bane eas 
Sol. The maximum shear stress at any radius is given by, +3, = 3 (o,- 6) 


(i) Solid disc 
In case of solid disc the stresses calculated in Problem 22.1 at the centre are 6, =o, = 
64.3 MN/m?, whereas the stresses at outer radius are o, = 0 and G, = 27.276 MN/m?. 


Hence principal stresses at the centre are : 64.3 MN/m?, 64.3 MN/m?, 0 


; 1 
Shear stress at centre = 2 (64.3 — 64.3) =0 
The principal stresses at the outer radius are : 27.276 MN/m?, 0, 0 


Shear stress at outer radius = ; (27.276 — 0) = 13.638 MN/m? 


Maximum shear stress is at the outer radius and-equal to 13.638 MN/m? 
. Tmax = 18.638 MN/m?. Ans. 
(ii) Dise with a central hole 
From Problem 22.2, the calculated values of stresses are : 
At the inner radius, 0, = 129.367 MN/m?, o,=0 
At the outer radius, 6, = 30.85 MN/m?, o, = 0 
Principal stresses at inner radius are : 129.367 MN/m2, 0, 0 
Principal stresses at outer radius are : 30.85 MN/m?,0,0. 
Hence maximum shear stress will be at the inner radius. 
Ose 5 (o,- 5,) 


max 


1 
25 (129.367 — 0) = 64.683 MN/m*%. Ans. 


22.3. DISC OF UNIFORM STRENGTH 

A disc which has equal values of circumferential and radial stresses at all radii, is known 
as a disc of uniform strength. Hence for a disc of uniform strength, o, = 0, = constant = o for all 
radii. The thickness of the disc of uniform strength will not be constant. It will be varying as 
shown in Fig. 22.8 (a). : 

Consider an element of the disc of uniform strength at a distance ‘r’ from the axis of 
rotation and of radial width dr as shown in Fig. 22.8 (a). The same element ABCD along with 
radial and circumferential stresses (o, = g, = 0) is shown in Fig. 22.8 (6). 

Let t = Thickness of element at radius r 

t+ dt = Thickness of element at radius r + dr 
o = Stress in radial and circumferential direction. 
d@ = Angle subtended by faces AD and BC with centre O 
w = Angular speed of rotation. 
t, = Thickness of element at radius r = 0. 


a er te a 
aaa 
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os 











Axis of rotation (6) 
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Fig. 22.8 


The forces acting on the element are : 
(i) Radial force due to radial stress o on face AB = 0 x rd@ xt 
(iz) Radial force on face CD = o x (r + dr) dO x (é + dé) 
(zit) Circumferential force on face BC = o x dr x t 
(iv) Circumferential force on face AD = o x dr x t 
(v) Centrifugal force on the element = m x w? x r 
where m= Mass of element 
= x Volume of element 
=p x (rd@ x dr x t) : 
Centrifugal force = (p x rd0 x dr x t)x w? xr=9xw%xr? x d0x dr xt. 
The forces in circumferential direction are equal and opposite. Considering the equilibrium 


of the element, and resolving all forces in radial direction, we get 
oxrxddxttoxdrxtxsin S +oxdrxtxsin S 


=ox(r+dr}d0x (+dt)+p xw?xr?xd0xdrxt 


. a8 da 
' But sin 9 = 9 38 d@ is very small. 


Hence above equation becomes, as 


d@ 
oxrdOxt+2oxdrxtx “9g = Ox tr + dr) dO x (t+ dt) + pw” xr? x dO x dr xt 
Cancelling d@ to both sides, we get 


t 
oxrxt+2axdrx > = o(r + dr) x(t + dt) + pwr? x dr xt 
or oxrxt+oaxdrxt=a(rxt+rdt+tdr+dr x dt) + pwr? x dr xt 
=a(rxt+rdt +tdr)+ pwr? x dr x t 
(Neglecting the product of dr x dé i.e., product of two small quantity) 
or = ooxrxt+oaxdrxt—-oxrxt-oxrdt-oxtxdr=pxw*xr?xdrxt 
or -aoxrxdt=pxw*xrxdrxt 
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938 : 
i  ——————— eee 
dt pw” x r? x dr px? xr 
a — =~ =~ ar 
t oxr o 


Integrating to both sides, we get 





2 2 
log, £ =— oe oe = + Constant 
The constant may be taken as = log, C where C is also constant. 
2. 2 
log, t =~ pee eee 
2.2 
px xr 
or log, f — log, C = — tee 
t 2 2 
f pxo xr 
or log, (z =- eos 
: px wo” x r 
ft ee an 2o 
C 
_ px tere 
or t=Cxe .(22.15) 
The value of C is obtained from boundary condition. 
At r=0, t=t, 
Substituting this condition in equation (22.15), we get 
ty=Cxe=C 
Substituting C = ¢, in equation (22.5), we get 
= px wo x r 
t=t,xe ne ...(22.16) 


Equation (22.16) gives the thickness of disc of uniform strength at any radius. The rotor 
of a steam turbine has constant strength throughout the radius and are designed according to 
equation (22.16). 


Problem 22.6. A steam turbine rotor is running at 4200 r.p.m. It is to be designed for . 


uniform strength for a stress of 85 MN/m?. If the thickness of the rotor at the centre is 25 mm 
and density of its material is 800 kg/m?, then find the thickness of the rotor at a radius of 
350 mm. : 
Sol. Given : 
Speed, N = 4200 r.p.m. 


2nN 2x x 4200 
Angular speed, w= 0 Eo 
Thickness at the centre, tf) = 25 mm 
Density, p = 8000 kg/m? 
Allowable stress, o = 85 x 10° N/m? 
Rotor is to be designed for uniform strength. This means the radial and circumferential 
stresses should be equal at all radii. 


= 140 a rad/s 


4 


Fn rr tr 
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— 
Let ¢= Thickness of the rotor at r = 350 mm = 0.385 m 
Using equation (22.16), we get 
_ px wo x r? 
Fei,xie 79 
(Here p is in kg/m, r in m and o in N/m?. If é,is in m then t 
will also be in m. If) is in mm, ¢ will be in mm). 
~ 8006 x (440 x)? x (0.35)? ; 


=25xe 2 x 85 x 108 


= 25x e115 = 819mm. Ans. 


a 1 1 
where e7t!!5 _ a 86 
ers ~ Zag 7 0328 


Problem 22.7. The minimum thickness of a turbine rotor is 9 mm at a radius of 300 mm. 
If the rotor is to be designed for a uniform stress of 200 MN/m?, find the thickness of the rotor 
at a radius of 25 mm when it is running at 9000 r.p.m. Take 9 = 8000 kg/m?. 

Sol. Given : 

Thickness, ¢; = 9 mm when r, = 300 mm = 0.3 m 

Uniform stress, ao = 200 MN/m? = 200 x 10° N/m? 

Density, p = 8000 kg/m? 

Speed, N = 9000 r.p.m. 
2nN _ 2x x 9000 





Angular speed, w= = 300 x rad/s 


Find thickness when radius = 25 mm = 0.025 m 
Using equation (22.15), we get 
_px wr xr? 
t=Cxe 20 Gi) 
(i) When ¢ = 9 mm ; radius, r = 300 mm = 0.3 m 
Hence above equation becomes, 
—px w” x (0.3)" 
9=Cxe 20 
-pxo* x 0.09 
=Cxe % 
9 
e 2a 
px? x 0.09 
=9xe 7 ...ii) 
(zz) When thickness is ¢, radius is 0.025 m 
Substituting the above values in equation (i), we get 
=p x 0? x (0.025)” 
t=Cxe 20 


pxw? x 0.09 _ px a? x 0,000625 
=|9xe 2a xe 2a 


or . C= 


pxw? x 0.09 
-- From equation (ti),C =9xe  % 








940 STRENGTH OF MATERIALS 
[2 xo? x 0.09 pxwx nee) 





=9xe 2a 2a 

px w? (0,09 ~ 0.000625) 
“0x8 2a 

, px? 8060 x (300 1)? x 0.089375 
ee x 0.089375 =a o. 2x 20x10 


=9 x e587 = 9 x 4.892 = 44.038 mm. Ans. 


22.4. LONG CYLINDERS 


In case of rotating long cylinders, it is assumed that the longitudinal strain (e,) even at 
high speeds of rotation is constant (this means that the cross-sections remain plane, which is 
true for the sections away from the ends.) 

Let o, = Circumferential (or hoop stress) 

o, = Radial stress 

o, = Longitudinal (or axial) stress 
e, = Circumferential strain 

e, = Radial strain, 

e, = Longitudinal strain. 

When the cylinder rotates at high speeds, let the radiusr becomes (r + u) and ‘dr’ becomes 
(dr + du). Then circumferential strain, 


= an(r+u)-2ar uw 


% “. Qur r 
Radial strain, e= (Gr + du) - dr a 
fe dr dr 


The stresses o,, 6, and o, are acting on any element of a section of the cylinder. The 
strains produced by these stresses in circumferential direction, radial direction and longitudi- 
nal direction are circumferential strain, radial strain and longitudinal strains respectively. 
These strains in terms of stresses are given by, 


Circumferential strain, e.= oi - = (Go, + 6) = 7 ..(é) 
Radial strain tee ee Gye ee ii) 

: ro oR Boe’ oU™ dr 
and longitudinal! strain, e,= + - 7 {o,.+6,) , .-(ddi} 


where uu = Poisson’s ratio, and 
E = Young’s modulus 
In equations (i) and (ii), u is the increase of radius r due to rotation and du is the in- 
crease in thickness dr. These two values u and du are unknowns. They can be eliminated as 
given below : 
From equation (i), we have 
ua [o, - Wa, + 3,)) 


or Eu =r [o,- wc, + oP] 
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Differentiating the above equation w.r.t. r, we get 
du do do, ad 
Bee tec See | Sor COE 
a (c, - nla, + o,)] + ‘| aE uf eae } iv) 
But from equation (iti), 
du Ga, wp 
dr E E wate) 
du 
or E Wa oe ua, + 6;) : Av) 
: a 
Equating the two values of E = given by equations (iv) and {v), we get 
do, do,. do; 
{o, - u (0, + 0,)] + | a (Se Be) = 6, — WG, + 0;) 
ae eee Moe | AOE. GOL )) 
GO, — BO, po |S u dr + dr = 0, — WO, — LO; 
o,+yj-o,+w+r a ~u{ Be, St =0 
dr dr ar 
or (i+w(o.-o)+r cae BE On =0Q i 
eet (Sele dr * dr }|~ ae 


Tn equation (vi), the value of age should be 
r 


substituted in terms of a, and o,. Now from equa- 
tion (iii), we have 


1 
“=F [o,~-u(o, +4,)] 


or 0,- WG, +o) =E xe, 
where e, = longitudinal strain which is assumed 
constant. 





d 
To get the value of ot , differentiate the 
r 


above equation w.r.t. r. 








Fig. 22.9 
do, [a # oe 
dr dr dr }~ 
(. Differentiation of a constant (E x e, is constant) is zero] 
bs do, _ (Ge +e) 
dr "ar ” dr 
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a a 


do; . . : 
Substituting this value of ——! in equation (vi), we get 

















dr 
do, do, (2: 
(L+p) (o,- 0) +7 (Ge 7B YG + =0 
do do 2 do, 
or G+nrla- 0) +r] 2e-u 2 eu 2 i 
or (+y) (-o)+r]- or sie 
| da do, 
or Ree Gog, hae “(1+p)=0 
or (+ wlo,-o) +r (+ uxd-w Se =0 
; / # do, do, _ bg 
or (o,— 0) +71 - pw) “FE —pxrx ir =0 w(t) 


{Cancelling (1 + 1)] 
Now considering the equilibrium of an element ABCD of radius ‘r’, radial width dr and 
thickness ¢’ subtending an angle d@ at the centre as shown in Fig. 22.9, we get 


dé 
.O,xrd8xt+2o0,xdrxéx sin he (o, + do.) (+ dr) dé x ¢t + centrifugal force 


(Resolving the force in radial direction) 
where centrifugal force = m x w? x r where m = mass of element 
=p x volume of element 
= px (rd6 x dr x t) 
=(9 x rdOxdrxt)x o*xr 
=pr?x w?x dex dr xt 
a6 _ a 
2 eo 
Hence the above equation becomes as 


and sin > as dé is very small 


dé 
o, xrd@xt+2o0, x drxtx > =(o, + do,) (r+ dr) d8 x t+ pr’w* x dd x dr xt 
Cancelling d@ x t to both sides, we get 


o, xr-+ 20, x dr x = = (9, + do,) (r+ dr) + pr? a? x dr 


or o,xrt+o,xdr=[o,xr+o.xdr+rdo, + (do, x dr] + pr’w* x dr 
or 6, x dr=a,x dr +rdo, + pr’w? x dr 
[Neglecting the product of two small quantities i.e., (do,) x dr] 
Dividing by dr to both sides, we get 





or (6,-6,)=r (viii) 
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ne cre heer pee 


Substituting this value of (co, - o,) in equation (vii), we get 





do, 
dr ~ 





aes pr2a? 
dr 














or r x (= w+ pr’et+ rdw Be 29 

do, | do, Qn? = 
or ra-w(4 + e+ prt =9 

2.2 2 

oe do, | do, wh pr-a -_ PXTXO 

dr dr r(l-y) (1-p) 

Integrating both sides, we get 
2 
a 9 se : 
0, + 6, aw" x 5 + Cy «- (ix) 


where C, is a constant of integration. 
To get the values of o, and o,, the two equations (ix) and (viii) are to be solved. As 


equation (viii) contains oa , we should eliminate o, from these equations. This can be done 
r 
by subtracting equation (viii) from equation (ix), then we get 


2 
p r do, 
2o,=[- Ge oxata +e) dr 


























do, p 
or 20, +9 : =~ Gay Xx Sort x oF + C, 
2 2 1 
2 POn BT +2 
2 (an Jee, 
2 1+2-2 
_ xo xr? Me 
ee en) 
pxw xr? (3-2u 
7 2 Law j* 
Multiplying by r to both sides, we get 
do px@? xr? {3-2} 
ah lane Raa Secs ee +C,r 
dis -f pxa?xr? (8- (B= Qu) 
or ae {r POS re ee aes ou +C,r 
Integrating the above equation, we get 
Bien 
pxo xr” (8-2u) OC, xr? 
2 ess 1 
rexo.= x4 Tu tae +C, 


where C, is another constant of integration. 
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A SSS 7S eS PSS SOs 


28 < 
_ pPxwt xr (2 wt) BG 


oie 8 1l~p 2 or 
Cy 2 pxw? x re 3-2 Qu 
or o.= 5° a ee paras” eae Goa it «(22.17) 


The equation (22.17) gives the expression for radial stress set up in a rotating long 
cylinder. To get the expression for circumferential stress (i.e., o,), substitute the above value in 


equation (ix). 


[fGen 82 +o, =- p Ce raeeee 
e 














2 Y 8 1-u d-w 2 : 
2.2 20 2 
p o> xr C, Cy pxw* xr® (8-2Qn) 
sis ———+¢,- 2-2, Pee eros 
Sees Gog das, ks Or eee = ag 1-u 
Cc, C. xo x r? 
SoS aa (3 - 2y)) 
Cy CC, pxw?xr? 
Sebo 3 Ee aa 
2 ? 8(1- u) ( 2 
2.2 
a Gas Sa SP rt Pe (22,18) 
2 or 8 I-p 


The equation (22.18), gives the expression for circumferential stress set up in a rotating 
long cylinder. 

22.4.1. Expression for Circumferential and Radial Stresses in a Solid Cylinder. 
For a solid cylinder, at the centre r = 0, the stresses will become infinite. But the stresses 
cannot be infinite at the centre. Hence in equations (22.17) and (22.18), the constant C, should 
be zero i.e., C, = 0. Hence the stresses for solid cylinder will be as : 


C. Fi 8 ht at 
Beet Pee xr u dt) 
Oi 8 1l-p 
Cr pxm® xr? (1+ 2 : 
and ag ie eee veld) 


The constant C, from these equations will be obtained from boundary condition. 
Now for a solid cylinder on the free surface, o, = 0. This means at r = ry 

o, = 0 where r, = radius of the surface of the shaft. 

From equation (x) in which o, + 0 at r= ry, we get 


92 2_ pxox re (3-2 
= 9 8 l-u 
Ci pxw? xr? (Sam a 


2 8 I-u 
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Substituting the above value in equations (x) and (xt), we get 


_ px? xr? (SaBt)  puotert 3-2u 
t 8 1-u 8 1-u 





2/3-2u 
2 pxa _ 
7 ar [ l-u (7)? >7?) (22.19) 


The stress is maximum at the centre where r = 0 


2 
pxo” (3-2u) » 
ix? 9 ( ion )p 


pxa? x ry es Ai} - exweeee (524) 








N 


and Oo, = 


8 l-u 8 l-u 
_ px@? xr 3 ~ Qu pxw? xr? (24) (3 - 2u) ; 
7 8 l-p J 8 l-u * (3 -2n) , 


{Multiply and divide the last term by (3 — 2u)] 
2 
2 Pxw? y (3-24) a 2 fal 
8 d-u 3-2 
_ pxw? % 3- 2u 2 1+ Qu 2 
= ly - r 
8 l-u 3-2 2h 


The stress is maximum at the centre where r = 0 
2 2 
px@” (3-2u)r 
= | ——]| — .(22.20 
(S.) max 3 [ tii 3 ( } 


Hence in case of solid cylinder, the circumferential and radial stresses are maximum at 
the centre and they are equal _ 


2 
pxao” (3-2u 2 99 
= = _—— {22,21 
remax (O)rax 8 ( i ll pas rs ( ) 











? 





(oa) 


22.4.2. Expression for Circumferential and Radial Stresses in a Hollow Cylinder. 
The circumferential and radial stresses in a rotating long cylinder are given by equations as 








Cr, Cy pxa®xr? (142 (i) 
o.=—- ; 2m 
ee ir 8 i-p 
2. 2 
and Ge Sil a COREE pee (di) 
fe 2 rr 8 i-u 


The values of C, and C, are obtained from boundary conditions. 
For hollow cylinders, at r=r,, 6, = 0 and also at r=r,, 0, =0 
Substituting these values, we get two equations as 





2 2 a : 
O= 2 oes Cae pose [(Hereo,=Oatre=r,] _ ...(iii) 
2 Pr 8 l-u 


2 2 
oa O14 2 prone a2] (HeegevarrSra Gn 


Q 0 pe 8 t-u 





STRENGTH OF MATERIALS 
































946 
To eliminate C, from these equation, subtract equation (iv) from equation (iz), 
2 
-& x w? ig 3-20) Co , Pxo Sua 2) 
fe 8 *G-wW Fo 8) 7 i-w 
1 1 exw 3 21 
= s=-sl- [r 
o| 3 3 8 a u 
(rg -Ty)  p (° #) r2 72) 
aes rery 8 1l-u ( i 
2 
= fe pee (=) [Cancelling (r,” - r,?)] 
ry ny 8 i-w 
_ xo" (3-2n) 22 
C,= 8 (A=*) 1 72 
Substituting this value of C, in equation (iii), we get the value of C, as 
cy i pxw? (3-2) » 2 px? yon ad 
eT ey cores — A xr? x | ——— 
: a+ 6 tie 8 oo 
2 2 2 
oh _pxe* (3-2), 2 exo! ,,2,(3-% 
2 8 l-p 8 l-u 
2 
Ps : Boxe 3- “ 4 Xo « (RE7E) an 
2 T= 8 T=" 
wm? 
8~ 2u 2 a 
+ry7] 
aon (Sot ue 1 
C dee 3 = 2H) 24 17] 
. 4, Alem) eo 


ere the values of C, and C, in equations (7) and (iz), we get 


3-2 Migeye _ px o* 3-2n)\ 7 27? _ pxo? xr? =| 
1-w 1 2 8 i-u r 8 d-u 








1 
































_ pxw® (3-2u fr? + ret) PEO 8-2u TE px xr? (1+ Qu 
8 l-p * 8 1-u r2 8 l-u 
2 2 
_px@ (3-2u 5 2 pxw? 3- 2y re -ry Ll+2u 9 
og (228) tena 6 (iewll 2 on 
2 2.9 
= (= 2} fe ont AG (2) | LY2.22) 
“Hu ~ al 
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2 2. 2 
3-2 Bn 
md 0, = See (85 2) cota +|- 2X «(Sat A gt | exe? sr «(32% 





ro 2x4 | de 


2.2 
_ pxw 3-2 gre 2 pp? 
i 8 aS eo 52 I" 2 re w.(22.238) 

Equatio:: ‘22.22) gives the expression for circumferential stress and equation (22.23) 
gives the expression for radial stress in a hollow long rotating cylinder. 

Maximum circumferential stress (6,),_, 

From equation (22.22), it is clear that circumferential Bess will be maximum when ‘7’ 


is minimum. 
Hence circumferential stress will be maximum ai the inner radius where 7’ is minimum 


(ie, 7 =r) 
Hence substituting r = r, in equation (22.22), we get max. value of 0, 


2 2 
_pxw® (3-2) [, psiae (te), 
(Dax = 8 [Ee [8 i re 3 -2u 
: 2 
3-2 14+2u 
2 2xet «(82e) [rt vant (2228 21) ,9 (22.24) 


Maximum radial stress (0,),,. 
From equation (22.23), we cannot say that o, will be maximum when r is minimum. 











Hence for o, to be maximum tea should be zero. 
2 2. 2 
a a pxo" (3-20 rea xn =r*tl _9 
dr 8 1-p r 
2 
or p ce (52% 2} jo. O- sks AE = ce) | =0 
~u - 
2. 2 
or +2 _ oso 
r 
or ar? xr,” - 2r4 =0 
or Perr ior Par, x rs 


or - reJnxn --{22.25) 
Equation (22.25) gives the value of r at which radial stress will be maximum. Substitut- 
ing this value of‘ in equation (22.23), we get maximum value of radial stress. 


2 2 2 
pxo?(-2n)\[ 2.2 xm 
(ae = P22 [ =) ge re nr 


pxw? (3—-2u 
8 1l-u 











(22.26) ° 


Equation (22.26) gives the value of maximum radial stress. 





~ eylinder is 500 mm and density of its material is 8000 kg/m*. If Poisson’s ratio = 0.3, then : 
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. | SE 
Problem 22.8. A long cylinder is rotating at a speed of 3600 r.p.m. The diameter of the Ratienees 


Radial stress is given b ti 22.19) 
(i) Calculate the maximum stress in the cylinder and ese piven by edpanor 19, 


(ii) Plot the circumferential stress and radial stress along the radius. px? (re -r*)[3- Qu. 
Sol. Given : one 8 l-u 
Diameter, d, = 500 mm | : 
8000 x (120 x) 2 2,{3-2x03 
d, 500 = (0,257 - oe 
Radius, rg =o =a” = 260 mm = 0.25 m 8 ¢ | 08 
Speed of rotation, N= 3600 r.p.m. , iOnu idan eto ‘ (24) 
: 2nN 2x x 3600 = x x x? (0.0625 ~ r?} OF 
Angular speed, w= a ARDS 120 x rad/s ji 
4 
Density, p = 8000 kg/m‘, Poisson’s ratio, » = 0.3 = 1000 x 14400 x x? x 07 (0.0625 ~ r?) 
(t) Maximum stress in the cylinder. Maximum circumferential and radial stresses occur = 487.276 x 10° (0.0625 — r2) 


_ at the centre, where r = 0. It is given by equation (22.21) as = 487.276 (0.0625 ~ r2) MN/m? 


atatig oO ou When r=0, o, = 487.276 (0.0625) = 30.45 MN/m2 
(iia = (Cause = ——g Gers aE r=0.05m, o, = 487.276 (0.0625 -— 0.052) = 29.88 
r=O0.1.m, o, = 487.276 (0.0625 — 0.17) = 25.58 
_ 8000 x (120 x) » (0.25) (= ~2x 3) r=0:15 m, 6, = 487.276 (0.0625 — 0.15) = 19.49 | 
ie 8 1-038 r=0.20m, 0, = 487.276 (0.0625 — 0.2?) = 10.96 
- r=0.25m, a, = 487.276 (0.0625 — 0.257) = 0 
~ ——_—_ x =< N/m2 The variation of circumferential and radial stresses are shown in Fig. 29.10, in which 


stresses are along x-axis and radius along y-axis. 
= 80.45 x 10° N/m? = 30.45 MN/m?. Ans. 


(ii) Plot of the stresses : 





Circumferential stress (o,) : Circumferential stress is given by equation (22.20), as oe 
2 (3-2 1+2p = 02 
8 g 0.15 
2 
253 8000 x (120 m)° (3-203 0.252 - 14+2x03 a re 
8 1-03 3-20.38 






Axis of 


8000 x 14400xn? 24 16g oe rotation 
= ——————_ x — ] 0.0625 -—r 5 
8 0.7 2.4 
= 4.872 x 10° [0.0625 — 0.667 r?] N/m? 0 10 Ri 30 
= 487.2 x 106 [0.0625 ~ 0.667 r?] N/m? are 
= 487.2 (0.0625 - 0.667 r?) MN/m? Fig. 22.10 
When. r=0, G, = 487.2 x 0.0625 MN/m? = 30.45 MN/m? Fig. 29.11 shows the variation of these stresses when radius is taken along x-axis and 


r=0.05m, o,= 487.2 (0.0625 ~ 0.667 x 0.05} = 29.63 MN/m? stresses along y-axis. 
r=0.10m, 0, = 487.2 (0.0625 - 0.667 x 0.12) = 27.2 MN/m? 
r=0.15m, Oo, = 487.2 (0.0625 — 0.667 x 0.157) = 23.14 MN/m2 
r= 0.20 m, o,= 487.2 (0.0625 — 0.667 x 0.22) = 17.45 MN/m? 
r= 0.25 m, o, = 487.2 (0.0625 ~ 0.667 x 0.25%) = 10.14 MN/m? 


iby breve 
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30 +-—— 
3 
3 
H 20 
I 40 
0 0.05 0.4 0.15 0.2 0.25 


——» Radius {r) 


Fig. 22.11 
Problem 22.9. If in Problem 22.8, the long rotating cylinder is having a central hole of 
diameter 200 mm, then determine : 
@) Maximum circumferential stress 
Gi) Radius at which radial stress is maximum, 
(iii) Maximum radial stress, 
(iv) The variation of circumferential and radial stresses along the radius of the cylinder. 
Take all other data from Problem 22.8. 
Sol. Given : 
Outer diameter = 500 mm Outer radius, r, = 250 mm = 0.25 m 
Inner diameter = 200 mm Inner radius, r,; = 100 mm = 0.1 m 
Speed, N = 3600 r.p.m; w= 120 x rad/s; p = 8000 kg/m’, u = 0.3 
@) Maximum circumferential stress (o,),,,,- The circumferential stress at any radius is 
given by equation (22.22) as 


2 2 
oo Oxo 3-2y re are 1L+ Qu “3 
c 8 t= wh r 3- Qu 


The maximum circumferential stress occurs where radius % is minimum. Hence at the 
inner radius (1.e., at r= r,), the circumferential stress will be maximum, 


2 = 2 2 
Cee 3-2 reer? sO n _f1+2u a 
c* max 8 l-p re 3-2 


= 2202 (SB) [teat (EE) | 


_ 8000 x (120 x)? eas =e 0.1? 42x (0.25)? -( 242%03), 9 42 
“= oN eee, 3-2x03 
ty «0. | 


= 62.5 x 10° N/m? = 62.5 MN/m?. Ans. 

















= 487.2 x 10° ae 
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(ii) Radius at which radial stress is maximum. 


Th : * ; : 
ee € radial stress is maximum at radius 


r= Jr xrp = §0.1* 0.25 =0.158 m 


(iit) Maximum radial stress. Maximum radial stress is given by equation (22.26) as 


xo? {3-2 
(max = OS (2 (rp - 7, 








8 1+ 0.3 


= 487.2 x 10° x 0.0225 = 10.962 x 108 N/m? 
= 10.962 MN/m?, Ans. 
(iv) Variation of stresses along the radius 


{a} Circumferential stress (o,). The circumferential stress at ius is gi 
ee stress at any radius is given by equa- 


2 a 
ga Bw 3-2u ra nte XO A+ 2y) 
8 l-u r? 3- 2u 


2(3_ : 2 2 
_ 8000 x (120 x) | a | anal x 0.25" _(14+2%03) » 
8 1-03 r2 3-2x03 


8000 x(120n)?_ (3-2x0. 
op Og (252524) (0.25 - 0.1)2 





0.000625 
a 


= 487.2 x 108 x [oo + 0.0625 + ~ 0.667 x P| Nim? 


2.090625 


= 487.2 x (o. 0725 + — 0.667 x 7) MN/m?2 


By substituting the different values of % in the above 
€ equation, we get different val 
of o.. Let us start the calculation from inner radius (i.e., r= r= 0.1) bas 


At r=0.1, 6, = 487.2 [o0v2s + ee 0.667 x 0. | = 62.5 MN/m? 





At r=0.125, o,= 487.2 [° 0725 + ree - 0.667 x 0. 125+ | 
125? 
= 487.2 [0.0725 + 0.04 - 0.0104] = 49.73 MN/? 


0.000825 


At r=0.15, 9, = 487.2 [ores + — 0.667 x 0.15° , 


= 487.2 [0.0725 + 0. ie 0.015] = 41.5 MN/m2 
At r=0.175, 0,= 487.2 |o.0725 + eer ~ 0667 x 0 175 | 

= 487.2 (0.0725 + 0.0204 — 0.0204] = 35.32 MN/m? 
At r=0.2, 0, = 487.2 [oo72s « — ~ 0,667 x 0 2] 


= 487.2 (0.0725 + 0.0156 — 0.02668] = 29.92 MN/n?2 
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At r=0.225, o, = 487.2 jo.o7es + re — 0.667 x 0.226* 


= 487.2 [0.0725 + 0.0123 — 0.0337] = 24.86 MN/m? 


At r=0.25, 0, = 487.2 [oor2s + Sa ~ 0.667 x 0.25%] 


= 487.2 [0.0725 + 0.01 - 0.04168] = 19.88 MN/m? 
(b) Radial Stress (o,). The radial stress at any radius ‘r’ is given by equation (22.23) as 


22 
r 8 1-p r 


‘ 2 2 
3-203 [ox +0252 - 21° «0.257 _ 7| 
1-03 r 





_ 8000 x (120 x)” 
> 8 


0.000625 
2 


A] N/m? 
7 


= 487.2 x 10° x Joos + 0.0625 — 


= 487.2 x [ors - pa - 7] MN/m? 
r 


By substituting the different values of ‘%” in the above equation, we get different values 
of o,. Also a, is zero at r= 0.1 m and r = 0.25 m. 
At r=0.lm, o6,=0 


At r=0.125m, 0, = 487.2 x [soves 2 er 2 0.128? 


= 487.2 x [0.0725 — 0.04 — 0.0156] = 8.23 MN/m? 


At r=0.15m, 6, = 487.2 x j.0726 H a - 015") 


= 487.2 [0.0725 — 0.0277 - 0.0225] = 10.86 MN/m? 
We have already calculated that o, is maximum atr = 0.158 m and maximum value ofo, 


ovis 10.962 MN/m?2 
At r=0.158m, 0, = 10.962 MN/m? 


(At r=0.475 m, 6. = 48712 10.0726 - 2200848 _ 0.176" | 
| [ 0.175 


= 487.2 x [0.0725 — 0.0204 — 0.0306] = 10.47 MN/m? 


0.000625 02? 


At r=0.2 m, 0, = 487.2 [ores - O22 - 


= 487.2 [0.0725 ~ 0.0156 — 0.04] = 8.23 MN/m? 


o, = 487.2 |ooras ees 0225" | 
0.225 


= 487.2 [0.0725 — 0.0123 — 0.0506] = 4.66 MN/nf? 


At r=0.225 m, 


as ttre nearer ae L/RAIN =e mritrrrm iNet At RAN A 
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At r=0.25 m, o.=0 


———» Stress 





0 0.05 O1 =. 0.2 0.25 
~——» Radius {r} 


Fig.22.12 


The variation of circumferential and radial stresses are shown in Fig. 22.12. 


HIGHLIGHTS 


The hoop stress (or circumferential stress) in a rotating thin cylinder is given by 
o=pxw*xr? or px. 
For a rotating solid disc, the stresses at any radius r are: 


2 
o, = PX 9 3 4 yw) y2- (1 + 3) PI 


c= 8 
exw” : 
and o,= + wf? 


where c, = Circumferential stress, 
o, = Radial stress, 
o = Angular velocity = io 
60 
u = Poisson’s ratio. 
At arg centre of rotating solid disc, the radial and circumferential stress are maximum and are 
equal. 


2 
(Cee ® (Gdorag 2 


r-Max comax 8 





(3 #0 7,2. 


The circumferential stress at outer radius of a solid disc is given by 


xo? x re 
G,= = (1 = w). 
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5. Fora rotating disc with a central hole : 
(i} The stresses at any radius are : 


2 re 2 2 
0, = EXO c+ |oe eb F of 





ie 


: 2 2 2 
r 1+3 
and oO, = = (3 +) ot ty hgh (FE) 





Stu 


(ii) The circumferential stress is maximum at inner radius and is given by 


2 1- 
(O.)max = & = (3 +p) l# + E + | "| 


Gii) The radial stress is maximum at the radius given by 


(iv) The maximum radial stress is given by 








2 
px a 
(max = —B 


(v) The value of o, at the outer radius is 


2 
xo 1+ 
Ooaran = rw o(See) 


6. The maximum radial and circumferential stresses in a disc with pin hole at the centre are : 





(8 + w) [(r2- 7¥] 





and (max = a 
7. The maximum circumferential stress in a disc with a pin hole at the centre is two times the 
maximum circumferential stress in a solid disc. 
8. A disc which has equal values of 9, and o, at all radii, is known as a disc of uniform strength. 
o, = 0, = 6 for all radii. 
9. The thickness of a disc of uniform strength is given by 
tate 
where ¢, = Thickness at r = 0. 
10. For a rotating solid long cylinder : 


(i) stresses at any radius are 


2 = 
5 2 BX 3 - Qu ao 1+2u 2 
e 8 l-wu 3- Qu 


2(3-2u 
pxo ! 
anne an 38 Gen 











(r.2 ~ 77] 
(i) ois maximum at the centre and is given by 
2/(3-2 
pxor | erst 
(G,)nax = g i xr? 


see (iii) o, is maximum at the centre and is given by 


2/3-Qu 
px@ t 
(Bmnax = 3 ( 28 x re . 
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; 2/3-2 
(iv) (Cmax = (O.)max = pas (4) x Py”. 


1. For a rotating hollow cylinder : 
(t) The stresses at any radius are : 

















2(3-2 re rf 
g,= bre ( :) lee i _ 2 


(ii) G, will be maximum at inner radius and is equal to 


213-2 
x@ Ht 1+2 
(0. nax = 8 ( a i + 2m? (3224) 3] 


(iii) 6, is maximum at r= fry xm and is given by 


2/3-2 
px@ He 
max — 8 ( 1-4 ) [@y- ry. 


EXERCISE 22 


(A) Theoretical Questions 











{a,) 


1. Find an expression for the circumferential stress developed in a thin rotating cylinder. 
“2. Find an expression for the circumferential and radial stresses developed in a rotating solid disc. 


3. Prove that the circumferential and radial stresses are maximum and are equal at the centre of a 
rotating solid disc. 


4. Prove that the circumferential stress at the outer radius of a rotating solid disc is given by 
2 2 
Pxo xn 
Sey ea (1 = 2). 
5. Prove that the radius at which radial stress is maximum in a rotating disc with a central hole is 


pede ee 


Also find an expression for the maximum radial stress. 


given by 


6. Prove that the circumferential stress in a rotating disc with a pin hole at the centre is two times 
the maximum circumferential stress in a rotating solid disc. 


7. What do you mean by a disc of uniform strength ? Find an expression for the thickness of a disc 
of uniform strength. 


8. Prove that in case of a long solid rotating cylinder the maximum radial and circumferential 


xo? (3-28 


p : 
stresses at the centre are equal and they are ——_— Lip x r3 in magnitude. 


8 


9. Prove that in case of a rotating hoilow cylinder, the radial stress is maximum at radius = Vn x Ny 
and is given by 








_ pxw? (A= 


(max rai 8 l-p ) Ur, ~ 7,1. 
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10. Prove that the thickness of a disc of uniform strength is given by , 
, -pxexr? 
2a 


t=tje 
where f= Thickness at r = 0 
o = Stress developed due to rotation. 


(B) Numerical Problems 


1. Find the hoop stress developed in the thin rim of a wheel of radius 400 mm, when it is rotating 
at a speed of 3000 r.p.m. The density of the material of wheel is 8000 kg/m?. 
[Ans. 126.33 MN/m2?} 
2. A steel disc of uniform thickness and diameter 900 mm is rotating about its axis at 2400 r.p.m. 
Determine : 
(i) radial and circumferential stresses at the centre, and 
(ii) circumferential stress at the outer radius. 
Take p = 7809 kg/m? and Poisson’s ratios = 0.3 [Ans. (i) 41.152 MN/m? (ii) 17.46 MN/m?] 
3. If for the question 2, the disc is having a central hole of 200 mm diameter, then determine : 
(Z) circumferential stress at inner radius and outer radius. 
(ii) radius at which radial stress is maximum and 
(iii) maximum radial stress 
(iv) maximum shear stress. 
(Ans. (i) 82.16 MN/m?, 21.5 MN/m2, (i) 0.212 m, (iii) 24.89 MN/m?, (iv) 41.58 MN/m?} 
4. For the data given in question 2, plot the variation of circumferential and radial stresses along 
the radius. 
5. For the data given in question 3, plot the variation of circumferential and radial stresses along 
the radius. 
&. A steam turbine rotor is running at 4800 r.p.m. It is to be designed for uniform strength for a 
stress of 90 MN/m?. If the thickness of the rotor at the centre is 30 mm and density of its material 
is 8000 kg/m, find the thickness of the rotor at a radius of 400 mm. {Ans. 5 mm] 
7. The minimum thickness of a turbine rotor is 10 mm at a radius of 300 mm. If the rotor is to be 
designed for a uniform stress of 150 MN/m?, find the thickness of the rotor at a radius of 30 mm, 
when it is ranning at 8400 r.p.m. Take p = 8000 kg/m’. [Ans. 62.84 mm] 
8. A long cylinder is rotating at a speed of 4200 r.p.m. The diameter of the cylinder is 400 mm and 
density of its material is 7800 kg/m?. If Poisson's ratio = 0.3, then 
. G) calculate the maximum stress in the cylinder and 
-Gi) plot the variation of circumferential and radial stresses along the radius. 
[Ans. (i) 25.866 MN/m?] 
9. if in question 8 above, the long rotating cylinder is having a central hole of diameter 100 mm, 
then determine : 
(i) maximum circumferential stress, 
(ii) radius at which radial stress is maximum, 
(iii) maximum radial stress, 
(iv) variation of circumferential and radial stresses along the radius of the cylinder. Take all 
data from question 8. [Ans, (i) 52.27 MN/m?, (ii) 0.1 m, (iii) 14.55 MN/m?] 
16. Calculate : (i) maximum and minimum circumferential stress (ii) maximum and minimum ra- 
gial stress in a thin uniform disc of inner diameter 50 mm and outer diameter 250 mm when 
rotating at 8000 r.p.m. Take 4 = 0.33 and p = 8000 kg/m’. 
[Ans. (i) 74.9 MN/m?, 17.9 MN/m?, (ii) 23.8 MN/m?, 0] 
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Bending of Curved Bars 





23.1. INTRODUCTION 


For a straight beam, the bending equation ie ae z has been derived in ehanter 7 
ae gener can be applied, with sufficient xecnbare to the beams or bars having small 
ue ia ae However the machine members such as crane hooks, chain links and rin, 
aS - aah ae il oo curvature, the simple bending equation cannot be used This 

er 8 wi e bending of curved bars, which are having large initi 

’ e init 
ally curved bars means the bars of large initial curvature. Se eure yoo 

Generally, if the radius of curvature i i 

Gen i is more than 5 times the depth of the beam, t 
aes ae be having small initial curvature. But if radius of curvature is less than oe 

epth, the beam is said to be having large initial curvature. Hence for large initial curva- 


ture the radius of curvature is small Also for cur ved beams the neutral and centr oidal axes 
> . 7 
donot coincide. 


23.2, ASSUMPTIONS MADE IN THE DERIVATION OF STRESSES IN A CURVED BAR 


Gioia sas Sune ened aca cae 
: Ha ercHons which are plane before bending remain lene after bending. 
stig law is applicable. This means the working stresses are below the limit of pro- 
Fie aT ie cc rena tanicoe ia bar, parallel to centroidal axis exert no pressure on each 
Ce eae een any longitudinal fibre from centroidal axis is same 


4. Each layer of the b i i 
J y e beam is free to expand or contract, independently of the layer, above 


23.3. EXPRESSION FOR STRESSES IN 4 CURVED BAR 


Fig. 23.1 shows the two positions of a curved bar. iti i i 
si , one position li.e., Fig. 23.1 (a)] is before 
ae ee . oo eee [i.e., Fig. 23.1 (6)] is after bending when some moment Mf 
s applied at the ends of the bar. The centroidal axis is sh by li ‘j 
ci naan Ue x shown by line LM and LM’ in the two 
Consider any fibre EF at a distance ‘y' fi i i i 

s ‘y' from the centroidal axis DM. This fibre takes th 

position of EF’ when the moment M is applied. T " wi i “of 'y” 
plied. Then the fibre EF 1 “y” 

from the centroidal axis LM’. ' erase Age 
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Refer to Fig. 23.1 (a). Here : Dividing equation (é) by equation (ii), we get 
R = radius of curvature of centroidal axis LM, l+e (Rey) Of /fR' @’ 
@ = angle subtended by centroidal axis LM at the centre of curvature O, Teen Bs ey oi ay / [ Rp 4 
y = distance of fibre EF from centroidal axis LM. (Risy’) R ‘s 
Refer to Fig. 23.1 (b). Here : = es) *R (Cancetiing a from numerator and denominator} 
M = uniform bending moment applied to the bar, Ray’ : 
R' = radius of curvature of centroidal axis LM, (7 R' } 1+ pe 
' = angle subtended by centroid axis LM' at the centre of curvature O’, = REY = 7 
y' = distance of fibre EF’ from centroidal axis LM’. (422) 1+ 2 
Let o = stress in the strained fibre EF" due to bending moment M, and , 
e = strain in the same fibre EF’, 1+ a e xy 
é, = strain in centroidal layer LM. l+e=(1 +e) 7 or e¢=(1 +e@,) Rl _ 4 
— x 
= R 1+ R 
A ; 
(+e)(1+2)-(1+2) fad y y 
e 2 a 0 or IS 
L (2 + z) (2 ; x) 
yy y' ¥ y y' 
+@,4+@ 2 -S— = a ¥ 
ules 0 oR RoR Re 
D = 
' y 
1 Centroidal ( 1+ 2) (1 + x) 
axis Centroidal axis But according t i =y' 
i (After bending) ng to assumption (3), y = y 
1 y ¥ 
\ 142 
o [ : 2) 
(a) Curved bar ABCD before bending (b) Curved bar AB'C'D. after bending yxy yx y y 
Fig. 23.1 = 5 st 
Now, from Figs. 23.1 (a) and 23.1 (6), we have e x) 
EF =(R+y)x9 and EF =(R't+y')x@ ; a se 
Also LM=Rx@ and LM’ =R'x8' Adding and subtracting the term (« x) 
EF'-EF _(R'+y')x8'-(R+ y)x0 i eee 
= = = fea oe” ca: eae y 
Strain, e EF (Rip x0 _otR te at oer 
_(Risy)x@' (R+y)x@ (Rity) Oy 1+2)] 
(R+y)x9 (R+y)xO (R+y) 8 R 
; (R'+ty) 8! . ( 2.) ( 1 1 1 
or 1 = Ke 3 €9| 1+ + yj —- = pet 
+e (Rey) a @) 2 0 R a4 R a) | 
’ LM'-LM Rx@-Rx6 RD’ y 
Also, strain, ae ae oT a ee i+2) 
R' @ 23 
or l+eg=a*D oe (ZE) 
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1 1 1. 
(B- Fo row) vi1+e)(a-%] 


=e@y+ =€y+ 
0a) Ge 


The equation (iii) gives the expression for the strain produced in fibre EF under the 


action of moment M. 
Now the expression for stress produced in the fibre EF can be obtained. 


Stress 


--(ti) 





We know that =H 
Strain 
or stress = E x strain ; 
or o-Exe 
y(L + eg) (# ~ *) 
=Ex|e + Tp a iv) 

442 
( . ;| 


The above stress is produced due to bending moment M. Hence this stress is known as 
bending stress. 
Consider a small strip of area dA at a distance y from centroidal axis LM. 


The force on the strip = stress x area of strip 
=axdA 
Moment of this force about centroidal axis = Force x y_ 
=(axdA)xy 
The above expression gives the resisting moment offered by the strip. Total resisting 
moment is obtained by integrating the above equation. 
Total resisting moment = f (ox dAx y) 


For equilibrium, the total resisting moment must be equal to applied moment M. 


M= [ oxdAxy or foxyxda 


vit+e0){z- 2] 
= | Ex & + OT x yx dA 


e 
14> 
( +*) 
dL 
vi+e){ Ez] 
- From equation (iv), o=E x] eg) + ——7——+ 
(1+) 
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2 Ld = 
a a ee 
Paseo gq) 


2 


=0+ E(1+e,) (4-4) _y? dA 
MO 
R 
Ee wf ydA=0 and (ii)e,R'and Rare constants | 


1 1 2 
= E(1 +e) (#-3) y" dA 
R' R [ee 
R 


=Ef{ e ydA+Ef 


2 
Let J yy dé = Ah? 
( ; 3) wv) 
R 
where A” = a constant for the cross-section of the bar 
_ 1 fey 7 
M=K(Q +eo) (5-2) x Ax h? (vi) 


In the above equation e, and R' are unknown. 
Let us find the value of é, and R’ : 
We have seen that force on the strip of area dA = 0 x dA 
Total force on the cross-section will be obtained by integrating the above equation. 


1 1 
y1+ a 
: me =] 


ie) 


dA 





Total force, P= [ ox dA = [Ex &y + 


= Bxeyx A+B +e) (2 lf awe A: 


ROR 
(3) 
R 
where A = Area of cross-section of the beam. 
But for pure bending, there is no force on the section of the beam. 
‘ F=0 


H OF MATERIALS 


1 #1 y ss 
or O=Exe,xA+E +e) (+-a)) jar vii) 
R 





Let us now find the value of f dA, 
(1 + ) 


2 
We know that J ( y dA = Ah? from equation (v). Hence let us use this value to find 
1+ x) 











nn CED 
eH 


2 
ding and subtracting = to the numerator 














: Prk) 1 

Med Ue 

aoe 

0-F fz) [- J xaa-o] 
2a oe 


a 





Substituting the value of JA sane in equation (viz), we get 
(3) 
R 
O=Exe,xA+tE(1 + ep) (4-2)*(- An] 
R' R R 


1 1 1 
or BA +e) ( F- ZG MAN = B xe XA ‘< 
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1 #1) # 
or (1 +e) ($ 7 4) ree (Cancelling E x A to both sides] 
1 1) e&xR 
or (1 + ey) (4 ~ a) 2 (viii) 
Substituting the value of (1 + e,) (% = 2\ in equation (vi), 
xR 
We get M=Ex< a xAxh? 
=ExesxRxA 
or € eee I 
Oo" BRRxA ee) 


From equation (ix) it is clear that e, is constant for a given value of M, A and R. 
Now the expression for stress (a) can be obtained by substituting the value of (1 + ce) 


1 
(4 - *) from (viii) in equation (iv). 


R' 
R 
oe Gore 
o=Ex 64+ 
Jy 
Le 
(2+3)] 


iol R 
- (1+ ép) & = 3) i = from equation cio] 


























=Ex ERA af (2 z 2) Ee From equation (ix) eg = “| 
R 

__M R?(_y 

= Hah (gS) (23.1) 


The equation (23.1), gives the expression for tensile stress. The value of ‘y’ will be -—ve, 
on the downward side of centroidal axis LM. Hence stress will be opposite to the stress given 
by equation (23.1). 


2 
o(compressive) = M),,%/ -» 
RA A?\R-y 


x ah ie (aS) .IB.2) 
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The expression for the stress given by equation (23.1) or (23.2) is known as 
-  Winkler-Bach Formula. The distribution of the stress given by equation (23.1) or (23.2) is 
hyperbolic (and not linear as in the case of straight beams). The stress distribution is shown in 


Fig, 28.2. 


PLL LLL 


Centroidal axis 


Neutral axis Nt 


oe Ah? 
ORR +) 








Stress distribution 
across the section 


Fig. 23.2 


Position of Neutral Axis. Let Yq = distance of neutral axis from centroidal axis. 
The stress (a) is zero at the neutral axis. Hence position of neutral axis is obtained by 
substituting o = 0 and y = y, in equation (23.1). 


M |, R°(_ 30 R?(__ yo 
ee 1 — ox | nee = 
Q 74) +73 Zs. 0 or 1+ URE, 0 








2 
or #0 =-1 or R¢y,=—h?xR-h? xy 
h?\ Rt , g 
Hass 2 
or y(R2 +h?) =-h? xR or Jo=- BET .--(23.8) 
+ 


But ‘y' is the distance from centroidal axis . As y is —ve, this means the neutral axis will 
be at a distance of ‘y’ below the centroidal axis. Fig. 23.2 (a) shows the position of neutral axis 
and Fig. 23.2 (6) shows the stress distribution. 

Sign Convention. The stress across the cross-section will be tensile or compressive 
according to the following conventions : 

1. The bending moment M will be positive if it increases the curvature of the beam and 
negative if it decreases the curvature. (Increase of curvature of beam will decrease the radius 
of curvature). 

2. The distance ‘y’ is positive if it is measured from the centroidal axis towards the 
convex side of beam, and negative when measured towards the concave side (or towards the 
centre of curvature). 

3. The positive stress means tensile stress, whereas negative stress means compressive 
stress. 


23.4. DETERMINATION OF FACTOR ‘h” FOR VARIOUS SECTIONS 
From equation (v), we have 


joe aa 





a . 
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1 oy ly Ry? R 2 
or he = — dA=—| —* ga.tf _Y _ 
A (1+ 2) Al Rey al Ray 








2 
There is some difficulty in integrating the term ie ? as y is existing in numerator 
+Y. 


and denominator. Hence y? should be illiminated from numerator so that integration can be 
done easily. By adding and subtracting ‘R” to y?, integration becomes easy. 


R 24 R%_ p2 R 2_ p2 R2 
prett (eee gE fri See lrg AE 
zi Rey Jaa a (Rees ae 


-2¢j@-Ro+R), Ry, Fk R? 
= (R + y) fes|e4= GI Jo-m+ Eas 


= A] fras- fran. {()aa| 
~Blo-rxasl ck aa] 


2 
(R+y) 
(- f xda~0,[ Rad-Rf dA-RxA) 











R R? 
= 2 _— 
R +3/ (Jaa 


id 1 2 
A (5 : 5] dA-R ...(23.4) 
By substituting the values of ‘y’ and dA for various section in equation (23.4), the value 

of h? is obtained. 

23.4.1. Rectangular Section. A rectangular section of a curved beam of width %’ and 
depth ‘a’ is shown in Fig. 23.3.The centre of curvature of the curved beam is at O. The radius of 
curvature from centroidal axis is R. Consider an elementary strip of width ‘b’ and depth ‘dy’ at 
a distance ‘y’ from the centroidal axis. 


dy —b—>| 





Centroidal axis 





Cenire of curvature 


Fig. 23.3 
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a 
Now area of strip, dA = b x dy 
Area of section, A=6bxd 
From equation (23.4), we have 


RS 1 R? pt421xbx dy _ 
A? = —— (ais )ae w= J —— -R 





A Rey -di2 (R+y) 
(. dA=bx dy) 
R? xb ptdiaf 4 d 5 Rr? cd /2 i 
= “bxd. me + =| als tee. ae ol 7 


R® d d 
= Bog. [2 + 2) 7 log,( R = a) - R? 


Bs (R+d/2)| 1, R° QR+d)\_ po 
= d ow. ee |-R = 3% 108. ORD -R (23.5) 


2 4 
2R+d R+d/2 d (4) (5) 
= meee y=] 14+-| =|] +t. 
os Fea) 6, (Fa | “3lar) *5\ar) * 
Ridj. 1fa/¥ if d ) 
2g ell Sp | | ge a aia: _ R? 
i eh-3(a) +3 BB) ee 
1faiy ta. 
= R? =—|— =|——] +... — R? 
38) «alae) . | 
2 4 
= R? (sa) +i) aod be 123.5 (A)] 
8\2R 5\2R 
23.4.2. Triangular Section. A triangular section of a curved beam of width ‘b’ and 
height ‘ad’ is shown in Fig. 23.4, The centre of curvature of the curved beam is at O. The radius 


of curvature from the centroidal axis is R. Consider a strip of width 6* and depth ‘dy’ at a 
distance ‘y’ from the centroidal axis and also at a distance ‘7’ from the axis of curvature. 





Axis of curvature 





Centre of curvature 


Fig. 23.4 
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ee * 
Ae r=Rt+y 

and. dr=0+dy=dy 


Let R, = distance between base of triangle and axis of curvature. | 
R, = distance between apex of triangle and axis of curvature 








Area of triangle, A= z 7“ 
Area of strip, dA = b* x dy 
b b 
= 7. ~ 7) x dy = 4 (R, - r) x dr Cs. dy = dr) 
where 5* is obtained from 
b* (hy ~7r) 
Bad 
or = OR 
or = a! 2-1) 


Now from equation (23.4), we have 


= By aA _ R2 





(R+y) 
5 
R3 q (he - "ar 
5 | 4 — Cs Reyer 





E x “) r 
2 
(limit of integration will be according to dr in which 


r is the distance from axis of curvature. Hence limits 
of integration will be from R, to R,) 


3 R, | 
wee ee [4-1}ar ne 














bxd dJrR, 
Ry R 
aR? : 
= [* log, 3 -(r} | R? 
R, R, 
2R* : 
= [R,(log, R, - log, R,)-(R,-R)I-R 
2R° R 
=a (R, oe, #| ~(R, - R)| - R? (23.6) 
Let us convert R, and R, in terms of R and d. 
2d 38R+2d 
Now R, =R+ z = 3 
d 3R-d 
ee ig ag 
and R,-R,=d 
Hence the above equation (23.6) becomes as 
2R? | (3R + 2d) 3R + 2d 
A? = | —— IT, ———— |b-d|-#? .L23.6 (A}] 
d® ace a ue 
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23.4.8. Trapezoidal Section. A trapezoidal section of a curved beam of widths b, at 
.. the bottom, b, at the top and of height d is shown in Fig. 25.5. The centre of curvature of the 
curved beam is at O. The radius of curvature from the centroidal axis is R. Consider a strip of 
: width 6 and depth ‘dy’ at a distance of y from the centroid axis and at a distance r from the axis 
“of curvature. 
i r=R+y 

~~ and dr=0+dy = dy 

Let R, = distance of bottom layer of trapezoidal from axis of curvature 
R, = distance of top layer of trapezoidal from axis of curvature 


ib, >| 


Axis of curvature 





Centre of curvature 




















Fig. 23.5 
- b 
Area of trapezoidal 7 (, + bo) x 
2 
Area of strip, dA=6xdy where 6 = b, + (25%) (R,-1) 
= B + (* = Jor - n| dy = 6. + [* 2 lor ~ | dr 
(- dy = dr) 
Now from equation (23.4), we have 
Re; dA 
Bei Ss a R2 
a hay 
Bb, - by 
b + 1 LR ler 
fies *S2 Ja 
=f Met eR dpa E dA-6,+(% “a -n) 
A (R+ y) d 
‘ E + (# = \e - "| dr 
ef ie Noe ee ‘ 
A r 
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- R? by (b, — by) x Ry {b, -b,) xr 
= A | z + <a at = | dr ~ R2 

[Here the limits of integration will be according to ‘dr’ in which r is the distance from the 


axis of curvature. Hence limits will be from R , to R, (i.e., distances of bottom and top layers of 
trapezoidal section from axis of curvature.)] 


io) -a)-20- 1 (58) 


3 Re 
_ b, - by (= be) 1 ne 
=a fs +( 7 ) Rol (oe ‘ aL -R 
R 





(b,, by, d and R, are constants) 


R? by - R 
= #b + Ou”) x Fa} og, 2) = (6, _ bo - R? (23.7) 
(- R,-R, =a) 
23.4.4. Circular Section. A circular section of a curved beam of diameter ‘d’ is shown 
in Fig. 23.6. The centre of curvature of the curved beam is at O. The radius of curvature from 
centroidal axis is R. Consider a strip of width ‘b’ and depth ‘dy’ at a distance ‘y’ from the 
centroidal axis. 


je—~b—o 


+ eK 
t 





LLL 






* 


Centroidal axis 


R 
Centre of curvature 
oO 
Fig. 23.6 
Area of strip, dA =6 x dy where 6 = [ (d/2)? - y*| x 2 


Total area of section, A = ; d? 
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From equation (23.4), we have 
2 
2 (Z) ~y" |dy 
RB pedi2 dA ‘ R® prale 2 58 
“TA Jaz (R+y) * Bye ee (R+y) =e 
4 ‘ 
ae os 
gR? +12 4 
= A 4 dy — R? 
nd? Noe (R+y) y 
The above integral can be expanded by binomial expression and then integrated, we 
will get 
aia 
2 tet eee (23.8 
P= 76 * 128 R? ae 


23.4.5. T-section, A T-section of a curved beam is shown in Fig. 23.7. Consider a strip of 
width ‘B’ and thickness ‘dy’ at a distance y from centroidal axis and at a distance r from axis of 


curvature. Then r= R+y and dr =0+ dy =dy 


Axis of curvature 





Fig. 23.7 


Area of strip =bxdy 
To find 42, use equation (23.4), 


R dA 
oat ee ea 
a] Rin * 


“RS Rs by x dr By b, x dr 
“A ie r ° In r -R 
[.- dA between R, and R, = b, x dy = b, x dr and between R, 
and R,, dA = b, x dy = 6, x dr] 
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R R, R 
eee Ra Aa fa 
E a 2b io ) 


where A = total area of T-section = b, x (R,—R,) + by x (R; ~ Ry) 

___ 23.4.6. T-section. Fig. 23.8 shows the I-section of a curved beam. Consider a strip of 
width } and depth dy at a distance y from centroidal axis and at a distance r from the axis of 
curvature. Then 





---(23.9) 


}«——b, > 


Axis of curvature 





Fig. 23.8 
r=R+y where R = Radius of curvature i.e., distance 
of centre of curvature from centroidal axis 
and dr = dy 
Area of strip, dA=bxdy=bxdr (. dy = dr) 
Total area of I-section, A = 6, x (R, - R,) +6, x (R,- R,) + b, x (A, -R,) 
To find h?, use equation (23.4) 
R? dA R’ ¢ (bxdr 
95 The Oe pe eee 
r Gas Mer ( r \-xe 
R? | ¢ b,x dr Ra by x dr Re by x dr 
a lf r “a. r # [0 r ; 
R R, R R 
= —|d, log,| = | +b, log,| —* <4 || ~ R? 
| 1 e.( Bs » log. R, + by log, R, R 
.(23.10) 


where A=b,x(R,- &,) + 6B, - R,) + 6,8, - R,). 

Problem 23.1. Determine :; (i) location of neutral axis, (ti) maximum and minimum 
stress, and (iii) ratio of maximum and minimum stress, when a curved beam of rectangular 
cross-section of width 20 mm and of depth 40 mm is subjected to pure bending of moment + 600 Nm. 
The beam is curved in a plane parallel to depth. The mean redius of curvature is 50 mm. Also 
plot the variation of the stresses across the section. 
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Sol. Given : 

Curved beam of rectangular section, 
Width, 6 = 20 mm, depth, d = 40 mm, 
Radius of curvature, R = 50 mm. 
Bending moment, M = + 600 Nm = 600 x 1000 = 600,000 Nmm 


Area, A=b x d = 20 x 40 = 800 mm? 






88.36 
ke 20 mm} e——- 
Centroidat 
axis 
ny 
Yo ie --f---------~ 
i? ae” Stress 
Neutral eae 15 
axis 
| ~20 
156.17 


{a} 


R=50mm (b) Stress distribution 


Axis of curvature] Centre of curvature 


oO 


Fig. 23.9 
(é) Location of neutral axis. Let y, = distance of neutral axis from centroidal axis using 
equation (23.3), we get . 

i ; 
ee wali) 
Re+h 
Let us find now the value of f? for rectangular section 
The value of A? for rectangular section is given by equation (23. 5) as 


R: 2Rid 50° 2 x 50 + 40 
h? =) R?= 2) - 50? 
d to. (Fes e+e) 40 to, Gees 


= 3125 og. F } ~ 2500 = 3125 [ log, (2.333)] - 2500 


Jo= > 


= 3125 x 0.847 — 2500 = 2646.8 — 2500 = 146.8 
__ 50x (146.8) 
yo 50? + (146.8) 
—ve sign means the neutral axis will be below central axis at a distance of 2.773 mm. 
The value of 2 can also be obtained from equation [23.5 (A)] as 


worl) a) | 
wba) et Yn | 


= 25005 x0.16+2 «° 2 


=-2.773 mm, Ans. 





ne 
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= 2500 [0.0533 + 0:00512] = 2500 x .05842 = 146.05 - 
= 50 x 146.05 _ - 50x 146.05 _ 
502 +146.05 2646.05 


(ii) Maximum and minimum. stresses. The stress at any layer in the cross-section at a 
distance ‘y’ from centroidal axis is given by equation (23.1) as 


M R?{ y 
o= — 14, 
eal 2) 


For a given value of M, R and A, the stress will be maximum when y is —ve and maxi- 


¥o= - 2.759 = -2.76 mm. Ans. 


mum. Hence maximum stress will occur at the extreme bottom layer where y = - 20 mm. 








og _ = 800,000} 5 | 507 { -20 
max ~ 50 x 800 146.05 | 50 - 20 
[- A= 800 mm2, h? = 146.05, Mf = 600,000 Nmm] 
— as | 2300 20 
146.05 « 30 


=~ 156.17 N/mm”. (compressive) Ans. 
Minimum stress occurs at the extreme top layer where y = 20 mm 


_ 600,000 50? 20 2500 x 20 
come 1 =15}1+ 
nin” 50 x sae | * 146.05 (5 +20 ! 


= 15 [1-11.41] = 15 x - 10.41) 








aE =15[1+4.89] 


= 15 x 5.89 = 88.36 N/mm”. (tensile) Ans. 
(iii) Ratio of c,,,, and 9, 


min 


o 156.17 17 
ea. = "88.36. (Here take magnitude only) 
= 1.767. Ans. 


(iv) Plotting the stresses across the cross-section. Stress at any distance ‘y’ from neutral 
axis is given by equation (23.1) as 


M R’{ y 600,000 50” 
= 1+ eee = 
TE eA h? (a) 50x 800| 146.05 (—} 


Jui5 E 17.11 & ; ;]| ii) 


By substituting the various values of y in equation (ci), different values of stress are 
obtained. 








17.110 


At y=0, eo 





5 
At y=5mm, 1+ 17. uax[ (x || = 38.33 N/mm? 





ay 


1erta1x{ 
0+15 





10 
= = 1417.11 = 
At y=10mn, 15 a - x (x a = 57.77 N/mm? 
At y=15mm, o=15 


} = 74.22 N/mm? 
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20 1 7 
At y=20mm, o=15 E 17.11x («)| = 88.36 N/mm’ 
At y=) =~ 2-76 mm, o = 0 at neutral axis 

-5 
At y=-5mm, o=15 [rsa 555) =- 18.5 N/mm? 

141711x <9 | 40,16 Niom* 

At y=-10mm, o=15 ‘ mo -10) oo 

= = 2 
At y=-15mm, o=15[1+1731% (55 "%5)]=- 96 mm 
At y=- 20mm, o =—- 156.17 N/mm? 


The variation of the stress across the section is plotted in Fig. 23.3 (0). 

Problem 23.2. Determine : (i) Location of neutral axis, 

(ii) Maximum and minimum stresses. 

When a curved beam of trapezoidal section of bottom width 30 mm, top width 20 mm and 
height 40 mm is subjected to pure bending moment of + 600 Nm. The bottom width is towards 
the centre of curvature. The radius of curvature is 50 mm and beam is curved in a plane 
parallel to depth. Also plot the variation of stresses across the section. 

Sol. Given : 

b, = 30 mm, b, = 20 mm, d = 40 mm, M = + 600 Nm = 600 x 1000 Nmm 
R=50mm. 


20 mm | 
4 








Centroidal 
axis 


Neutral 
axis 


}e— 115.38» 


(a) (6) Stress distribution 


Centre of curvature 


Oo 
Fig. 23.10 


Let us first find the location of centroidal axis. The distance ‘d,’ of centroidal axis from 
the side 6, is given by, 
b, + 2b d 30+2x20) 40 70. 40 
(234) .4- 30 +20 “5s See 
and d, = 40 ~ 18.67 = 21.33 mm « 
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Let us now find R2,, R, and area A. 
R, = R-d, = 50 - 18.67 = 31.33 mm 
R,=R+ d, = 50 + 21.33 = 71.33 mm 
A = Area of trapezoidal section 


b, + dy 30 +20 
=| 9 xd = 2 x 40 = 1000 mm? 


Let us now find 4? for trapezoidal section: Using equation (23.7), we get 


3 
eS [borat ape (e-em) 
1 


50° 30 - 20 ‘71.33 
= 20 ; ooh?) (30- _ BO? 
TG { + 0 71 33} log, (F3) (30 20) 50? 


= 125 [(20 + 17.83} x 0.8227 — 10} -— 2500 = 140.34 


; (i) Location of neutral axis. Let yy = distance of neutral axis from centroidal axis. The 
location of neutral axis is given by equation (23.3) as 

















Maas Rxh? __ 50x 140.34 
OT Rh? 50? + 140.34 
50 x 140.34 
"264034 =—2.65 mm.. Ans. 


se —ve sign means the neutral axis will be below the centroidal axis. at a distance of 
.65 mim. ; 


(ii) Maximum and minimum stresses. The stress at any layer at a distance ‘y’ from 
centroidal axis is given by equation (23.1) as 


M Rf y 
Pe P| (es) 


The stress will be maximum at the extreme bottom layer where 





y =~ 18.67 mm 
o = 800,000 |, , 50” _(_- 18.67 
max 50x 1000|" 140.34 (50 - 18.67 


=12{1+(C10.61)] = 12 x ( 9.61) =— 115.88 N/mm2. Ans. 
= 115.38 N/mm? (compressive) 
Minimum stress occurs at the extreme top layer where y = 21.33 mm 


600,000 50? 21.33 
Om = Da aann {lt x {| ——__—— 
50 x 1000 140.34 50 + 21.33 
= 12 (1 + 5.326) = 75.9 N/mm. (tensile). Ans. 
(iit) Plotting the stresses across the section. 


2 2 
Sie M ie cia y be 60000 1+ 50 y 
RxA Ae \Re+ey 50 x 1000 140.34 (50+ y 


=12/1+17.8x|—~ 
50 + y 
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At y=21.33 mm, o=75.9 N/mm? (Already calculated) 





At y=15mm, o=12 2 + ext] = 61.3 N/émm? 

At y=10mm, o=12 (2 + ee = 47.6 N/mm” 

At y=5mm, 9 =12 & ees | = 31.4 N/mm? 

At -y=0, o = 12 (1 + 0) = 12 Nimm? 

At y=-5mm, a =12 [a (7859) =~ 11.7 Nimm? 
At y=-10mm,  o=12 [hs ve | = - 41.4 N/mm? 
Ai. Peete. co S18 [: + Mex) =~ 78.5 Nim? 


At y=-1867mm, o=- 115.38 N/mm? (Already calculated) 

Fig. 23.10 (6) shows the stress distribution across the section. Ae 

Problem 23.3. Determine : (i) position of neutral axis, and (ii) maximum and minimum 
stresses when a curved beam of circular section of diameter 100 mm is subjected to pure bending 
moment of + 11.5 kNm. The radius of curvature is 1 00 mm. 

Sol. Given : 

d= 100 mm, B.M., M=+ 11.5 kKNm = 11.5 x 10? Nm 
= (11.5 x 103) x 10 Nmm = 11.5 x 10° Nmm, radius of curvature, R = 100 mm. 


ka = 100 rom —>| 


Yo 
Neutral axis 


R = 100 mm 


Axis of curvature 


Centre of curvature 


Fig. 23.11 
(i) Position of neutral axis. Let y, = distance of neutral axis from centroidal axis the 
position of neutral axis is given by equation (23.3) as 
R xh? . -.Ci) 


Yor Rey he? 
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The value of A? for circular section is given by equation (23.8) as, 
2 4 2 4 
gh Pagdl «5 1008. Te oot 
16 128 R 16 = 128 100? 


(Here R = 100 mm and d also = 100 mm) 


10000 10000 90000 
~ 46. ioe.” dag te 
Substituting this value of h? in equation (i), we get 
100 x 703.125 


a sere ee ‘ : 
%0 ~~ 300? + 703.125 i ara 


-ve sign means the neutral axis will be below the centroidal axis. 


(ii) Maximum and minimum stresses. The stress at any layer at a distance of y from 
centroidal axis is given by equation (23.1) as 


oe 1 = 
“RxAl A? \ Rey 


where A = Area of cross-section = a x@= 7 x 100? = 2500 x mm? 
M =11.5 x 10°Nmm 
The stress will be maximum at the extreme bottom layer where y=-50mm 
g =—2L5x10° |, 1007 (_-50 
mex 100 x 2500 x 703.125 | 100 ~ 50 
= 14.636 [1 — 14.222] = — 193.52 N/mm? 


= 193.52 N/mm? (compressive). Ans. 
The stress will be minimum at the extreme top layer where y = + 50 mm. 


o = bx 10° |, 100? 50 
min” 100 x 2500 x 703.125 | 100 +50 


= 14.686 [1 + 4.74] = 84.02 N/mm. (tensile) Ans. 





‘23.5. RESULTANT STRESS IN A CURVED BAR SUBJECTED TO DIRECT STRESSES 


AND BENDING STRESSES 


In the previous article, we have considered the bending of the curved bars which are 
subjected to pure bending. Hence the stress across the cross-section is only bending stress which 
is due to B.M. only. But in case of curved members like hooks, rings and chains which carry 
vertical loads, there is bending stress as well as direct stress. 

Hence the stress at any point in the cross-section of these members will be equal to 
algebraic sum of direct stress (o,) due to vertical load (P) and bending stress (G,). It is assumed 
that vertical load P acts through the centroid of the section and the stress due to this load is 


RB ‘ ; : ; 
equal to A at each point on the cross-section. Hence the resultant stress at any point will be 


Op = Og + GO, where o, from equation (23.1) 


M Ref y 
ns wf {Yl esa 
= | * 2 (2) ‘ 
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P|: i (23.11 (A)] 
On= At AxR he Rey aes s 


Pte 
If P is tensile load, then, S will be +ve and if P is compressive load, then Aq will be —ve. 





23.6. RESULTANT STRESS IN A HOOK 


Fig. 23.12 shows a hook, which supports a vertical load P..The centre of curvature of the 
hook is at O. Consider a horizontal section AC passing through the centre of curvature of the 
hook. This section carries the maximum stress. This horizontal section may be trapezoidal or 
any other shape. The centroidal axis of the section is represented by BB. 


1 
Axis of curvature i 
t 





Big. 23.12 


Let P = Load supported by hook. 
e = Eccentricity of the load i.e., the distance between the load line and centroidal 
axis. 
R = Radius of curvature of the curved hook i.e., distance between axis of curvature 
and centroidal axis. 
The other dimensions such as 6,, b,, d, R, and R, are as usual. The bending moment 
caused by load P is given by, d 
M=Pxe 
This bending moment is --ve as it decreases the curvature of the hook, Hence M=-P xe 
the resultant stress at any point across the section is given by equation (23.11) as 
Op = Oy + Oy ‘ 


PM), Bl? 
-ATAxR| A? Rey 


Here load P is tensile, hence direct stress (oo = *) will be tensile stress and hence it will 


* 





be +ve. Bending moment M =- P xe. 
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Hence above equation becomes as 


gents Ae +. y 
RA AxR A? \R+y 


The bending moment here produces tensile stress at AA and compressive stress at CC. 





‘The vertical load P produces tensile stress over the whole section. 


Problem 23.4. A hook carries a load of 7.5 kN and the load line is at a distance of 20 mm 
from the inner edge of the section which is trapezoidal. The load line also passes through the 
centre of curvature of the hook. The dimensions of the central horizontal trapezoidal section are : 
inner width = 30 mm ; outer width = 15 mm ; depth = 30 mm. Calculate the maximum and 
minimum. stresses. Also plot the variation of stress across the section. 

Sol. Given : 

Load,  P=75kN=7.5 x 1000N. 

Distance of load line from inner edge of the section = 20 mm. Centre of curvature lies on 
load line. This means the radius of curvature and eccentricity will be equal. 

sf R=e , 

Dimensions of trapezoidal section. 

Inner width, 5, = 30 mm, outer width, b, = 15 mm and depth, d = 30 mm. 

Refer to Fig. 23.13. 






t¢__—___—-R eae 
) 2 
Centre of — ae #0 he F, 


curvature c 








! 
i 
w i 
-_ 
i a i 
& a , 
7 1 
c iBoa ae i 
i ! 
je—4, at d, ->}4— 20 mm —| 
: Axis of 
Centroidal R=e 1, curvature 


axis : 
i Load line 
1 


107.07 Nimm?* 


Loadline 53.56 


Centroidai axis Stribution 
{a) (8) 


Fig. 23.13 


Let us first find the location of centroidal axis. 
The distance d, of the centroidal axis from the side 6, is given by 
b,+2b,) d 804215 
= )-¢-(Bee ).«2-2 x10 = 13.33 mm 
ae d, =d—d, = 30-~ 13.33 = 16.67 mm 
From Fig. 23.13, it is clear that 
R, = 20 mm, R = 20 +d, = 20+ 13.335 33.33 mm, 
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LF 
‘ R, = 20+ d = 20+ 30 = 50 mm 
e=R=33.33 mm 





b, +8 1 
Area of section, A= (AE) xd= 20 5 é x 30 = 675 mm? 
Bending moment, M=~Pxe (-ve sign is used as the applied load 


decreases the curvature of the hook) 
=-(7.5 x 1000) x 33.33 = — 249975 Nmm 
Let us now find the value of #? for trapezoidal section. It is given by equation (23.7) as 


3 & 
ek f + bate} og, (Bt) 0, t0| _R? 
1 


_ 33.33% 30-15. ; | & 
Si ee {3s + Fa * 50} log. | 55 | 0 - 15)) - 33.33 
= 54.85 [40 log, 2.5 - 15] - 1110.8 


= 1187.6 — 1110.8 = 76.8 mm?. 
(i) Max. and min. stresses. The bending stress at any point is given by equation (23.1) as 


M RP? y ~ 249975 33.33? {  y 
b AxR| A? \(R+yJ}} 675% 33.33 768 \Ray 


=-11.11 E 1446 x{ y } 
Rey 


Stress at the section C — C, where y = d, = 16.67 mm, 

















16.67 
=- 11.11 | 1+ 14.46 x ————___-- | = ~ 64.67 2 i 
Occ 11 | + x (3333+ To N/mm? (compressive) 
Stress at the section A-A, where y = ~ d, = — 13.33, 
(- 13.33) 14.46 x 13.33 
=— 11.11 11+ 14.46 x ———-——_- | = - 11.11 | 1- —--——_- 
AA Poe SBBe = os . | 20 


=+95.96 N/mm? (tensile) 
We know that direct stress (o,) is given by 


The direct stress is uniform at all points in the cross-section 
Resultant stress at AA = 0) + O44 
= 11.11 + 95.96 = 107.07 Néimm? (tensile). Ans. 
Resultant stress at CC = 0, + 9,, 
= 11.11 — 64.67 
=-— 53.56 N/mm? (compressive). Ans. 
2 (ii) Plotting of stresses. The resultant stress at any distance y from the centroidal axis is 
given by, 
6, = 0) + G, (= 0) ‘ 
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M R? 
= 1 ¥ 
1111+ | + A (a5) 


= 2 
siipe =e E Pipa (ads| 





675 x 33.33 76.8 33.33 + y 


=11.11-11.11 14.46 x} ——-_ 
[+ [a3 + | 


At y=0, o,=1L11-1111=0 


At y=5mm, o,=11.11-11.11 E we] =~ 20.95 N/mm? 

At ye 10mm, o, = 11.11 - 11.11 [s wee =~ 37.07 N/mm? 
At» y=15mm,o,=11.11-1111 2 + ees | =— 49.86 N/mm? 

At y=16.67 mm = d,, a, = — 53.56 N/mm? (Already calculated) 

At =-5mm,o,= 41.11-11.11 i + ee = 28.35 N/mm? 
At y=-10mm,o,=11.11~11.11 E Meee = 68.86 N/mm? 


At y= - 13.33 mm, o, = 107.07 N/mm? 
The variation of stress across the cross-section is shown in Fig. 23.13 (6). 
Problem 23.5. A central horizontal section of a hook is a trapezoidal section shown in 


Fig. 23.14. Calculate the maximum compressive and tensile stresses in the section of the hook 
when it carries a load of 37.5 RN, the load line passes through the centre of curvature. 






Centre of 
curvature 





oO 
> 
vu 
a 
wo 
N 
a 
x 
= 
> 
= 
a 
2 
g 


}— e — curvature 


Fig. 23.14 
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Sol. Given : P = 87.5 KN = 87.5 x 1000 N 
Load line passes through centre of curvature 
Eccentricity, e = R (radius of curvature) 
e = distance between load line and centroidal axis 
R = distance between centre of curvature and centroidal axis. 
Dimensions of trapezoidal section are : 
b, = 67.5 mm, b, = 22.5 mm, d=90 mm 
Refer to Fig. 23.14. 
Let us first find the location of centroidal axis. 
The distance d, of the centroidal axis from the side 6, is given by 
b,+2b,) d (675+2x225) 90 1125 90 
(Re )$-(Bege)s Pg ae 
: d,=d—-d,=90-87.5= 52.5 mm : 
Frc Fig. 23.14, it is Ssee that 
R, = 52.5 mm. Then R =R, +d, = §2.5 4 37.5 = Seon { 
R, =52.5+4d=52.54+ 90 = 142.5 mm 
e=R=90mm 
Area of the section, 
(* + by } 67.5 + 22.5 
2| S| x d=? 


= 2 
5 5 x 90 = 4050 mm’ 


(-ve sign is used as the applied load 
decreases the curvature of the hook) 


Bending moment, M=- P xe | 
=~ (37.5 x 1000) x 90 Nmm = - 3375000 Nmm 
? 
| 


Let us now find the value of h? for trapezoidal axis. It is given by equation (23.7) as 


3 
Wa fog <a} log,| 2 - (b, ~ -by- 
1 


38 Tr. 
ae {205 Se x 1425} og, (2) - (675 - 225)|- 90? 








4050 §2.5 


= 180 [(93.75 x log, 2.714%) — 45] - 8100 
= 8750.26 - 8100 = 650.26 mm? 
P 3875x1000 


Direct stress, 0) = A= 4050. 7 9.26 N/énm? 


Bending stress at any layer at a distance y from centroidal axis is given by, 


oa Fes] 











3375000 90? y 
2a SeIEND 1G - M'=— 3375000 N 
4050 x 90 * 650.26 (5 ie 5|| : a 
12.456y | 
=-9.26|1 
=~ 9.26 | aa Ai) | 
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Bending stress at section C-C where y = d, = 52.5 mm becomes as 


12.456 x 52.5 
| a ea =~ 51.75 N/mm? 

Resultant stress at section C — C becomes 

(OD). = So + eg 
= 9.26 — 51.75 = — 42.49 N/mm? (Compressive). Ans. 

Bending stress at section A—A where y = — d, = — 37.5 mm becomes as 
12.456 x (- 37.5) 

90 - 37.5 


©,, = ~ 9.26 


aa =~ 9.26 : . [Substitute y = — 37.5 in equation (i)] 


= 73.12 N/mm? 
Resultant stress at section A — A becomes as 
(G,)44 = Og + O44 = 9.26 + 73.12 = 82.38 Nimm?2 (Tensile). Ans. 
Problem 23.6. A hook carries a load P and the load line is at a distance of 830 mm from 
the inner edge of the central horizontal section which is of I-section with the dimensions shown 
in Fig. 23.15. The centre of curvature of the hook is in the load line. Determine the magnitude of 
the load P if the maximum stress in the hook is not to exceed the permissible stress of 120 Nimm?*. 
What will be the maximum compressive stress in the hook for that value of the load ? 
Sol. Given : 


Axis of 


\q——--—- dy —--—_»}q —— d, ——>| 
be dy curvature , 
1 


cages (Peete! 





* 

E 

E 

Oo 

i ‘a axis 
ty] 

a 

* 


= 
Centroidal ] 6 
oO 
4 
i 


be—ts—>l i i 
Centroidal ad H—t, 1 R, = 30 mm 
axis 





Fig. 23.15 


Max. permissible stress, o, = 120 N/mm? 

As the load line passes through centre of curvature, the distance between load line and 
centroidal axis is equal to the distance between axis of curvature and centroidal axis. 
or e=R 

Dimensions of /-section are 

b, = 30 mm, 4, = 10 mm, 6, = 20 mm 
é,=15mm, ¢#,=20mm, ¢,= 10mm 
Also from Fig. 23.15 
R, =30mm 
R,=30+15=45mm, R,=R,+t,= 45+ 20=65 mm 
and R,=R,+t,=65+10= 75 mm 


eyes 
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Area of cross-section, A = bt, + bot, + dat, 
= 30x 15+10x 20+ 20x10 
= 450 + 200 + 200 = 850 mm? 


Let us first find the location of centroidal axis. This can be done by taking moments of 
’ each areas about AA. Then 


15 
A x dy = (30 x 15) x > + (10 20) x (15 + 10) + (20 x 10) x (15 + 20 + 5) 


or 850 x d, = 3375 + 5000 + 8000 


3375 x 13000 
= 19.96 
d, B50 19.26 mm 


d=15+204+10=45 
and d, =d- d, = 45 ~ 19.26 = 25.74 mm 
Now R =R, +d, = 30 + 19.26 = 49.26 mm 
Also e=R=49.26 mm. 


Let us now find the value of h? for J-section. It is given by equation (23.10) as the value 


8 
A= eae i log, (2 + by log, (2 + b3 log, (#] ~ R? 
1 2 3 





A 

49.262 =| 65 ( | 
7 80 log. (<>) + 10 log. © + 20 log, (=|! _ 49. o¢2 
= sO OF» (= + 8 45° 0g 65 49.26 


= 140.625 [380 x 0.4054 + 10 x 0.3677 + 20 x 0.1431] - 2426.5 
= 140.625 [12.16 + 3.677 + 2.862] — 2426.5 = 203.04 
The bending stress at a distance y from centroidal axis is given by 


MH Ele 
%- AXR A? \R+y 


Here M = Bending moment due to load P 





=— P xe (—ve sign is used as applied load decreases the curvature of the hook). 


=~ Px 49,26 Nmm (where e = & = 49.26 mm) 
Substituting the value of M and other known values in equation (7), we get 


_ - Px 49.26 : 49.26? y 
5 850 x 49.26 203.04 | 49.26 + y 


ea: 3 pli+1195; —»—_ 
1.176 x 10° P| + Ges) 





Gg 


The bending stress will be maximum at section AA where y =- 19.26 mm. This stress will 


be tensile. Substituting y =—- 19.26 in equation (iz), we get 
(622 1870 10° p| 1s 1195 ese | 
b’max (49.26 ~ 19.26) 
= + 7.846 x 10°? P N/mm? (tensile) 


P P 
The direct stress, al B50 N/mm? (Tensile) 


Maximum resultant stress becomes as 


(Oma = 99 + On)nax = a + 7.846 x 10° P N/mm? 
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But this stress should not exceed the maximum permissible stress of 120 N/mm? 


P 
Sen + 7.846x108P=120 or P [s + 7.846 x 10° | = 120 


850 850 
1+ 850 x 7.846 x 103 1+6 
or —— + 6.6691 
P= 120 x 850 
a 76691 — 13,300 N = 13.3 KN. Ans, 


Maximum Compressive stress due to load, P = 13.3 kN 


985 


The bending stress (compressive) will be maxi i 
- z st ximum at the section C-C where y =<d 
= 25.74 mm. Substituting the value of y = 25.74 in equation (ii), we get maximum Cian 


bending stress. 


Compressive (o,). =-— 1.176 3 1+ 1195 __ 25.74 __ 
b/max x 10°? x 13300 x 49.26 + 2674 


(Here P = 13,300 N) 


=— 79.78 N/mm? 
; P 13300 
Direct stress, = = G50 7 15.64 N/mm? (tensile) 


Maximum resultant compressive stress at CC 
= Oy + (95) max (compressive) 
= 15.64 - 79.78 =- 64.13 Nim? (compressive). Ans. 


je-0.15 m 


Problem 23.7. The curved member shown in Fig. 23.16 
has a solid circular cross-section 0.10 m in diameter. If the 
maximum tensile and compressive stresses in the member are 
not to exceed 150 MPa and 200 MPa respectively, determine 
the value of load P that can safely be carried by the member. 

(AMIE, Summer 1996) 

Sol. Given : 

Dia of section, d = 0.10 m 

Max. tensile stress, : 

(a), = 150 MPa = 150 x 106 N/m? 

Max. compressive stress, 

(c,), = 200 MPa = 200 x 108 N/m? 

Refer to Fig. 23.16 (a) 

Area of cross-section, 


An z d2= a (0.12) = 7.854 x 10-3 m2 
e = Eccentricity = distance between load line and centroidal axis 
= 0.15 + 0.05 + 0.05 = 0.25 m 
R = Radius of curvature 
= distance between centre of curvature and centroidal axis 
= 0.05 + 0.05 =0.1 m 
Let us first find the value of A? for circular section. It is given by equation (23.8) as 
gh Os dee ae | 
“16° 128° R? 


—| 0.1 mfe— 


Fig. 23.16 
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ov? 1 0.14 
= —+—— * 

16 128 O17 
= 7,081 x 10-4 m? 


(: R=0.1malsod=0.1 m) 


Load line 


P 
fe 


Centre of 
curvature 






Centroidal 


TS 
I 


Fig. 23.16 (a) 


Bending moment, M=Pxe (+ve sign is used as load P increases the curvature) 
=Px 0.25 = 0.25 PNm 
The bending stress at any section at a distance y from centroidal axis is given by 


equation (23.1) as 
M R? ¥ 
= ———|1+ = x| —=— 
% 75 “e (5)} 


0.25 P 0.12 y 
So a i ee ae .-(é) 
(7.854 x 107°) x 0.1 7.031 x 10 O1l+y¥ 
As the load P is compressive, hence direct stress (o,) will be compressive at all points of 
the section. 


{Here o, = 0] 





Direct stress, 0) = 7 = et N/m? (compressive) 
=- =e (-ve sign due to compressive stress) 
7.854 x 107 
=~ 127.32P 
As the load is compressive, the bending stress will be compressive at the inner point L of 
the cross-section where y = — 0.05 m and it will be tensile at the outer point M of the cross- 


section where y = 0.05 m. 3 
Ist Case. Max. compressive bending stress will be obtained by substituting y =~ 0.05 m 
0.25 P 


in equation (Z). 
‘ 0.1? {7.0.05 
(7.854 x 107 x 0.1) 7.031x 107% = (0.1- 0.05 


= 318.3 P(1- 14.22] =~ 4208.8 P 
Max. compressive stress, (0,), = 0g + (Gy)... (compressive) 
=— 127.32 P — 4208.8 P = -— 4336.12 P. + 





Compressive (0,) nay = 
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se i rel ifs 
But maximum compressive stress is given as 200 x 108 N/m? 
Maximum compressive stress, (o,), = — 200 x 10° N/m? 
(-ve sign is due to compressive stress) 
~ 200 x 10° = — 4386.12 P 


6 
: - p= 200% 10" _ 46194 N = 46.124 kN 


4336.12 oe 
2nd Case. Max. tensile bending stress will be obtained by substituting y = + 0.05 m in 


equation (i). 
: 0. 0.05 
(05) max (tensile) = 318.3 P F *7031x10~ © (at . | = 1827.32 P 
Max. tensile stress, (0,), = Og + (4) max (tensile) 
= — 127.82 P + 1827.32 P = 1700 P 
But max tensile stress, (o,), = 150 x 10° N/m® (given) 
1700 P = 150 x 10° 


_ 150 x 108 





= 88235.3 N = 88.235 kN 


Comparing equations (ii) and (iii), the safe load will be lesser of the two. 
5 P= 46.124 kN. Ans. © 


-- (Zit) 


23.7. STRESSES IN CIRCULAR RING 

Fig. 23.17 (a) shows a circular ring subjected to a tensile load P. Cut the ring in two parts 
through A and B as shown in Fig. 23.17 (0). Fix the ends A and B. Now each half of the ring 
carries loads of - P and fixmg moments M, at the ends A and B. It is required to find the 


stresses in the ring. Due to symmetry, the stress distribution in the two halves of the ring will 
be the same. 





Fig. 23.17 


Consider a section X — X at an angle 6 with the vertical. 
Let M = bending moment with which the section X'- X is subjected. 


a rd, 
ane pc ie ne 
4 
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Fig. 23.17 


If we know the value of M, then stresses can be calculated across the section A~X. But the 
'. determining the moment M at this section is statically indeterminate. 

In case of straight beams which is subjected to transverse loading, there is bending moment 
-. and shear force at any section. The strain energy at any point is mainly due to bending. But a 


*" section of the curved beam has strain energy due to bending and also due to thrust. Here we 


assume the curved beam as the straight beam for determining M, (and hence M). So we neglect 
the effect of thrust in the calculation of strain energy. 
Now, the bending moment (M) with which the section X—X is subjected is given as 


M=M,-5 x (R sin 6) Z} 


where R = radius of the centre line of the ring. 


Refer to free-body diagram shown in Fig. 23.17 (c) of the ring upto section X-X, the 


ice P 
vertical downward force 2 has been resolved in two components, one along the radial direction 


ee P 
; (- o cos 0] and other perpendicular to section AX (- 5 sin 0} The component 3% sin 6 will 


a produce direct stress (o)) on the cross-section. There will be bending stress also acting on the 
_ cross-section. Only these two stresses are important and hence only they will be considered. 


P 
7 x sin 8 
Direct stress, oy Fea. x sin 8 
Let us first find M). After that value of M will be obtained. 
Value of M,. The value of M, is determined by using principle of minimum strain energy. 
y ; : a eu 
:__. Strain energy will be minimum when eM 0. Hence according to principle of minimum strain 
0 
energy 


eu e 

aM, = ...(ii) 
Refer to Fig. 23.17 (d). 
Let a small element of length ds of the ring subtends an angle d6 at the centre. 
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eee 


Then strain energy* stored in length ds due to bending is given by 


a tN cet 


i M? 
aU => — 
2 EI a 
Total strain energy stored in the half ring, is obtained by integrating the above equation, 
: =1 MM? 
“lia ate 


Here £ and J are constant. But M is variable. 
Differentiating partially the above equation w.r.t. M,, we get 


SO ft noms aM 
aM, = Jo 2ET aM, 





ds ita) 


aM 
Let us now find the value of ——. 
aM » 


We know from equation (2) that 


M=M,-~ = Px(Rsin9) 





2 
Differentiating partially with respect to M,, we get 
oM 
3M, (For partial differentiation, only M) is variable.) 
9 
Substituting this value in equation (iii), we get 
au x 4 
aM, = | py 2M x Dds = fs - x Rd@ (: ds = Rd@) 
f as P 
=} SS ts MEM, -—x Rsind 
0 EI 2 
But according to the principle of minimum strain energy, 
i 
am, =° 
: [a -4xPxRsing|Rxas 
3 7 1 ‘ 
I eae ets Se wee I Vy oy f [mo - 3x Px Rsind | d9=0 
0 EI 0 2 


[My x0+5 Px Rxcos 6] =0 


0 


or 


1 
*dU = Work done by B.M. = Average B.M. x Change of angle = 3 M x do. 








fendacdea nies): Ga are oe Se Ne 
, R- Cog Seg 
ds _ ds M ds 
dO™ Fy " (hIiM) RT 
2 
dO we ae de a eo 
2 2 El” 2 EI 
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or M, (x0) + 5 x Px Rx [cos ~ cos 0] = 0 


1 
or M, vat 9 XPXRxI- 1 1j=0 or M ox Rt XPXRXC2=0 
PxR 
1 





is = 0.318 Px R 


Now the value of bending moment M can be obtained by substituting M, in equation (i), 


as 


pe - 5 xPxRxsin0 


ie Mo = ps8] 





1 
M=M,- 5 xPxRxsin0= 





Bf 


=PxR (* - 5 sin 8] .-(23.12) 


Value of M at section BB where @ = 0, becomes 


1 
M,=PxR (2) =0.318xPxR 
Value of M at section C-C is obtained by substituting 


Ey 
6= 2 in above equation, 


a! 7 1 ue gt 1 
Mat C-0,Mo=PxR(+-2sin =) =PxR(2-3x1] - sin =| 
= Px R[0.318- 0.5] =-0.182xPxR 


1 . 
The bending moment at 0 = 0 is +ve whereas bending moment at 6 = 3 is -ve. This 


means M is zero between 0=0 to @= 90°. The value of 0, where M is zero is obtained by 
substituting M = 0 in equation (23.12), 


1 1 
0=PxRx arcs nN 


i 1 2 
or =sn@=— or sin6=— =0.6366 
2 1 x 
6 = 39.5° 
The bending moment (M) can be obtained at any section of the ring. Now the bending 
stress can be determined from equation (23.1) as 


is - ig J 
6” AxR A? \ Rey 


The bending stress will be maximum at the outer edge and inner edge of the cross-sec- 
tion where y = + d, andy =- d, 
where d, = distance of the extreme outer edge from centre line 
d. = distance of the extreme inner edge from centre line [Refer to Fig. 23.17 (a)] 





P 
The direct stress (oy) will be due to pull Pie sin 0 


P . 
=o, sind 
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A nis, 


. The resultant stress (o,) at any point will be equal to algebraic sum of direct stress and 
hending stress. 


O.= Oy + O 
@) Stresses when 9 = 0 


Direct stress, 6) = BA x sin @= x sin 0° =0 


: M R’( y 
Bending stress, 6, = ——| 1 — 
ending stress, 6, S| +73 (s25)| 


where M = bending moment and given by equation (23.12) as 


1 
M= Pxr(2-Zsin6] -PxRx (2-0) = PxR 
2 7 cf 








Resultant stress, 6, = 0, + O, 





(ii) Stresses when 6 = 5 = 90° 
Direct stress = a. 90° = —— 

8 > Og = oA sin = 9A 

: M Ry 

Bending stress, Oo, = — /1+—> 

e : 75 h? (s5]I 

1 1 é 1 
where _M=PxR ~~ sind =PxR <_< sin 90 SP oR = 08 
Hence resultant stress, 
6, = Oy + G;. 


Problem 23.8. A closed ring of mean radius of curvature 90 mm is subjected to a pull of 
‘3 RN. The line of action of the load passes through the centre of the ring. Calculate the maximum 
tensile and compressive stresses in the material of the ring if the ring is circular in cross-section 
with diameter-equal to 15 mm. 

Sol. Given : 

Mean radius of curvature of closed ring, R = 90 mm 

Pull, P=3 kN =3 x 1000 N = 3000 N 

Cross-section of ring is circular with d = 15 mm 








r= g = a = 7.5 
Bog oes 
a ut 
Area of cross-section, A= a d= 4% 15? = 176.70 mm? 
. eS P 
Direct stress is given by, o, = 3A * sin 6 wd) 
The bending stress (o,) is given by, 
M R? y 
= Tisoee va (bE 
%6 al “eB (es) o 


where MM = bending moment and is given by equation (23.12) 








f 


4 


~ where 


is given by 
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PY 


=PxR (2- jim °] (Edi) 
Let us find first the value of h? for circular section. It is given by equation (23.8) as 


ig ey eee 
16 128 R? 
d = Dia. of circular cross-section 
= 15 mm here 
R= Radius of curvature 
= 90 mm here 
is. ok as" 
= ote Xe 
16 128 90 
= 14.0625 + 0.0488 = 14.1113 ~ 14.11 


(i) Stresses when 8 = 0°. From equation, (@), the direct stress, 
/  —p nee 
So = 34 x sin 0° = 0 
Bending moment from equation (itt), 
1 
M= pxr(t-Axsin0"] = =PxRx (= -0] 


Px Re 
ao ; 
Bending stress (o,) from equation (ii), 


Me J 
% AxXR{| hb? (Rey 








3000 x 90 9. am = 85943 Nmm 
wv 








85043 [| a 
= 7767x90| 1411 @0+,y) 


15 


[<= A=176.7 mm? and h? = 14.11) 


@ 35 _asmm 


The bending stress at the outer most edge of the cross-section where y = 57 3 








2 
85943 |» 90 ( 15 }|-26 N/mm? (tensile) 


o> T7g7% 90° * 1411 (90475 


ro} 


The bending stress at the inner most edge of the cross-section where y = 


85043 [, | 90? ( -75 ) 
(i= [767% 901” 14.11( 90-75 
=~ 276.6 N/mm? (compressive) 


Resultant stress at the outer-most edge, 
(Og = Op + (Gy)y = 0 + 244 = 244 Nimm? (tensile) 








Similarly resultant stress at the inner most edge, 
(6,), = Og + (G,), = 0 — 276.6 = — 276.6 Nimm2 (compressive) 


=- 7.5mm. 


Ans 
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(ti) Stresses when 8 = 90° = $ 
5 wins 2 P 
Direct stress, = 54 * sin 90 = 3A 
aj UU > 224 45 redress 
- ox176.7 7? mm* (tensile) 


Bending moment, M=PxR (2 - 5% sin 90°] 


1 
= 3000 x 90 (2 = |. = 270000 (0.3183 ~ 0.5) = — 49059 Nmm 


M R? y " - 49059 90? y 
oO, = 1+ ah SN = ene an 1+ x 
Ax h R+y 176.7 x 90 14.11 \90+y 


as 14574 y 
3.085 1+ (aes) 


The bending stress at outer-most edge where y = 7.5 mm, 

















7.5 
(0,)) = — 3.085 f +574 x a 3 eal =~ 139.3 N/mm? (compressive) 


The bending stress at inner most edge where y = — 7.5 mm, 


75 
(o,), = — 3.085 i +574 x las a = 157.9 N/mm? (tensile) 


Resultant stress at outer most edge, 
{Og = To + (4) 
= 8.49 + (— 189.3) = 


Resultant stress at inner most edge, 
(G,); = Oy + (G,), = 8.49 + 157.9 = 166.39 N/mm? (tensile) 


— 130.81 N/mm? (compressive) 


Comparing the resultant stresses when @ = 0 and when @ = = we get 


Maximum tensile stress = 244 N/mm”. Ans. 
Maximum compressive stress = 276.6 N/mm?, Ans. 


23.8. STRESSES IN A CHAIN LINK 
A chain link consists of two parts. One part at the middle is a straight portion of length L, 
whereas the other part at the ends is semi-circular as shown in Fig. 23.18. 
The stresses in the link can be determined by the same method as applied to circular 
ring. 
Let £= Length of the straight portion of the link 
R = Mean radius of curvature of the circular portion 
P = Pull on the chain link 
M = B.M. at any section in the circular portion 
M, = B.M. at any section in the straight portion 
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A I EL A IE 
Consider half portion of the link, subjected to pull P/2 as shown in Fig. 22.18 (6). Let M, 
= fixing end moments at section BB. Consider any section X-X making an angle 6 with vertical 
section BB. 
The bending moment (M) at the section X-X in the circular portion is given by 


P : : 
M= M,- 3 xR sin 6 AZ) 


‘At section A-A where 6 = — = 90°, the above bending moment becomes, 


Ie 
2 
P P = 
M=M,—-5 xRxsin90°=M,- > xR .-(ii) 





{a) 


Fig, 23.18 


As the section AA is common to circular portion and straight portion, hence B.M. for 
P 
straight portion = M,- 2 x R. 


Value of M,. Now the total strain energy stored in half portion of link is equal to the 
strain energy stored in circular portion plus strain energy stored in straight portion. 


n/2 Li2 
or U=2 i; (dU) circutar + 2 (QU )eteaight 


In half portion of link, there are two circular ends (stom angle 0 to <) and one straight 


portion of length L [or two straight portions of lengths 0 to ll 
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xi2 M2 Liz 2 
U=2 — ds +2 — 

ag > QE” [ 2EI 

Differentiating partially the above equation w.r.t., M,, we get 


ou 2 xf aM E12 aM 
| (2M) x um, «+h, (2M) x as] 











aM, ” QET i Io a : 


@ 
The strain energy will be minimum if y =0 
0 





Hence for minimum strain energy, 























2 74 2, om L/2 ou 
— 2 M) —— dx} = 
mall ( MM xds+ [ (22 aM, | 0 
nf aM £12 aM 
Me d MM) ——~ dx = 
- J, @ <M, s+], @ ‘Ma 
a2 aM Li2 ang . 
M — d. M — dx = iii 
or : 5M, S+ i aM, dx =0 (EEL) 
. . PxR , 
For circular portion, M = M,- a sin 6 
aM «oy jas Sug : : 
aM, 7 (For partial differentiation, only M, is variable) 
0 
and also ds=Rxd6 
x2 aM 12 PxR. 
= M, - 8 
|, M xs = |, ( 0 2 sin 8) 1x Rao 
nf2 
=R (™ «0+ cose) 
2 0 
=R [Me (3 - 0) + FE (00s 3 — cos 0’) 
x PR M x PxR . 
=R My x5 +5 O-D =R 0X57 2 wiv) 
For straight portion, 
PxR 
M=M,- 3 
aM 
4M, 
Li2, aM Le PxR 
M —— dx = M,- 
[, aig {i (mo 9 } x1 xa 


“Leu Bef 


_ (ato = a L v) 


296 
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Substituting equations (iv) and (v) in equation (iii), we get 
[Mex Z-P2E| .(my-75%)x5 0 




















2 2) 2 
sf nx PxR? L PxR_L 
Myx Rx > - — oX 57 9g ee HO 
— ,.e Db) PR(, L 
oF u,(RxE+2)- (n+ F) a0 
ey x L\ PR(, L 
: me (Re5 +a) FR) 
ey My PaR(p ) 
or ~y (Rxut+h)= 9 +3 
Tat L ac 
or M, (ak +L)=PxR Rt Cancelling > 
= = PXBQR+D 
a 0 20R + L) 
ge Se eee (23.13) 
2 m+ 


Substituting this value of M, in equation (), we get the moment at any section in the 


curved portion as 





= Pak (eet P 


9 “Ra L -% x#sin’ 
i + 


Pah oett 
= -sin®@ 


.(23.14 
2 |[nR+L ‘ : 





When 65 5 = 90° (i.e., at section AA) this moment becomes as 
ie Pee (BRE W1)- PxR (Rta -t) 
2 RR+L nR+L 
PxR{2R-xR 
aac? 
As xR is more than 2R, hence the term (2R - 1R) is -ve. Hence the bending moment at 


2 








.(23.15) 





ection AA will be negative. The equation (23.15) also gives the bending moment in the straight 
portion. Once the bending moments in the curved portion and in the straight portion are known, 
the bending stresses can easily be calculated. These portions will also be subjected to direct 


: P. P, : “ 
Stresses due to pull of a sin 0 in the curved portion and a pull of > in the straight portion. 


._ ckesses in the Curved Portion 


The stress at any section is the algebraic sum of direct stress and bending stress. 
O, = Oy + 5, 


P 
*"here 6,= 77 x sin é ..-(23.16) 


2A ‘ 


wo 
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2 
and O, = ue 1+ oe a y 
AxR nw \ Ray 
PxR|2R+L 
wher = - si 
e M 3 E TL sin | ...(23.17) 


At any section, there will two maximum values of (o,). 
One value will be at y = + d, and other value will be at 


=-d,. 
Here d, = distance of extreme outer edge of the section from centre line of curved portion 
and d, = distance of extreme inner edge of the section from centre line. 
Stresses in Straight Portion 
Here Oy = divect stress 
Pe 
= BA «.{23.18) 
6, = bending stress 
= o xy where M= ee ...(23.19) 


Here also yatd,andy=-d, 
o, = resultant stress 
= Op + O,. 

Problem 23.9. A pull of 25 kN is applied to a simple chain link shown in Fig. 23.19. The 
mean radius of curvature of the semi-circular ends is 40 mm. The link is circular in cross-section 
oe radius = 20 mm. If the length of straight portion is 40 mm, determine the stresses in the 
ink. 


Sol. Given : 
& 25 kN 






P = 25 KN = 25 x 1000 N 
R=40mm 

Cross-section of link is cireular with r = 20 mm 
d=2r=2x20=40 mm 


L=40 mm 
Area of cross-section, A = ar? 
=x x 20? mm? 
= 4000 mm? = 1256.6 mm? = 20 


Yip 


+ 










40mm 


Let us find the value of h2 for circular section. It is 
given by equation (23.8) as 





Aw 
~ 16 128 R? 
407, 1 ~~ 404 
Se Fe Kira 
16 128 40? 
= 100 + 12.5 = 112.5 


}¢—— 


y P=25kN 
Fig. 23.19 
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Or 
(i) Stresses in curved portion 
(a) At 0 = O7.e., section BB 


P 
Direct stress, Oy= 3A x sin 6 =0 


‘ M R? y 
Bending stress, o, = aoe 1+ ee ie 


where M = bending moment in curved portion and is given by equation (23.14) as 
PxR (42 dew «1 ) 
= sin 6 




















2 |nR+L 
~ PAR (224 sino {at @ = 0°) 
_ PxR(2R+L)_ 25000x40/2x 40+ 40 
~ 9 |aReL)” 2° xx 40+ 40 
= 362187.6 Nmm 








362187.6 40? 
o, = =| 1+ 
1256.6x 40} 112.5 





as) 
3) 


Bending stress at the extreme outer edge ls =r=+ 20mm 


= 7.205 | 





(Oy)y = 7.205 : + 14.29/ }|- 41.35 N/mm? 


laa = 
Resultant stress at the extreme outer edge, 
(Gg = 9 + (04)p 
= 0+ 41.35 = 41.35 N/mm? (tensile). Ans. 
Bending stress at the extreme inner edge where y = r =— 20 mm, 
(- 20) 
(40 - | 
= — 95.25 N/mm? (compressive) 
Resultant stress at the extreme inner edge, 
(G,), = Gg + (G,), 
= 0+ (- 95.25) = — 95.25 N/mm? (compressive). Ans. 
(6) at 6 = 90° i.e., section AA 
Op = direct stress 


(0,), = 7.205 , + 14.22 


P P ee 
= 9,4 *sinO= 57 xsin 90° = 2A 
_ 25000 2 : 
= 3x 10566 ~ 9.95 N/mm? (tensile) 


6, = bending stress 
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a (att 
reer. 


_ 9 aso ) 








Tb 





where 





-sin 20°] 














2 mx 40+ 40 
500000 (0.724 ~ 1) = -— 187812 Nmm. | 


_ 7187812 |, 40° (_y 
~ 1256.6 x 40 112.5 (40+ y 


y 
= 1+ 14.22 
24] + (ats) 


Bending stress at outer edge where y = 20 mm 


20 
=—-2. 1+ 14.22 x} ——__ 
(Ono 2.74 | + x bas 5 al 


=~ 15.73 N/mm? (compressive) 
Resultant stress at outer edge 
‘ (Og = Op + (py 

= 9.95 + (— 15.73) = ~ 5.78 N/mm? (compressive). Ans. 
Bending stress at the inner edge where y =— 20 mm, 


(+ 20) 
(0,), = — 2.74 : + 14.22 40 a 


= 36.22 N/mm? (tensile) 
Resultant stress at the inner edge, 
(6,); = 89 + (,); 
= 9.95 + 36.22 = 46.17 N/mm? (tensile). Ans. 
(it) Stresses in straight portion 
Here Oy = direct stress 
_ P _ 25000 
“2A ~ 2x 1256.6 
6, = bending stréss 
M 


= 7 *y 


£ 











Ui 


= 9.95 N/mm? (tensile) 


where M = bending moment 








PxRf(2QR+Lh 
=—9 (uRan” 1] =— 137812 Nmm (Already calculated) 
feMole He eat? 


64 64 
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- 137812 
Of rr x 
64 x 40 
The bending stress at any point on outer edge of straight portion where y = + 20 mm, 
- 137812 x 64 : 
(G,)y = = aap 20 =~ 21.93 N/mm? (compressive) 
The bending stress at any point on inner edge of straight portion where y =— 20 mm, 
— 187812 x 64 
(0,), = ae x (~ 20) = + 21.93 N/mm? (tensile) 
x 


Total stress at any point on outer edge of straight portion is, 
(G}q = Sp + (O,)y = 9.95 + C 21.93) 
=— 11.98 N/mm? (compressive). Ans. 
And total stress at any point on inner edge of the straight portion is, 
(G,), = Oy + (G,), = 9.95 + 21.93 = 31.88 Nimm? (tensile). Ans. 
The maximum compressive stress in the link is 95.25 N/mm? at the inner edge of curved 
portion where load is applied and maximum tensile stress is 46.17 N/mm? just at the junction of 
curved and straight portion at the inner edge. 


HIGHLIGHTS 


1. The stress at any point in case of curved bar subjected to a bending moment is given by, 


=|), 2 (2 
o=RxA Ae\R+y 


where o = Bending stress (i.¢., 0,) 
M = Bending moment with which the bar is subjected 
R =Radius of curvature of curved bar, or it is the distance of axis of curvature from centroidal 
axis 
A= Area of cross-section 





y = Distance of any point from centroidal axis 
h? = is a constant for a cross-section 


a 


R 
2. The distance of neutral axis from centroidal axis is given by, 
Rxh? 
Ya=— 7a hy 
(R°+h*) 


— ve sign shows that neutral axis is below the centroidal axis. 
3. The value of h? for different cross-sections is given as : 
(i) For rectangular section : 


RS 2Rid ifd\ 1f4a¥ 
Dee | a |] Rp? = R2 fs : 
h oe (38*4)) R #li(g y+26 )- wtaes 
where d= Depth of section, 


& = Radius of curvature or distance ef axis of curvature from centroidal, axis. 
The value of ‘h” is independent of width %’ 
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(i) For triangular section. 


(a) h? = 2 loge (2)- (Ry - Ro| 


where R, = Distance of apex of triangle from axis of curvature 
R, = Distance of base of triangle from axis of curvature 
d = Depth or height of triangle 
(&) The value of h? for triangular section, in terms of R and d is also given as: 


2R? | (3R+ 2d 3R + 2d 
Se ee dT oe ee | Rt 
( 3 } is. ($827 d = 
Gii) For trapezoidal section. 


tog) oA) -m 


where b, = Width of section at base, 
6, = Width of section at top, 
d = Depth of trapezoidal section 
R, = Distance of top layer of section from axis of curvature 
R, = Distance of bottom layer of section from axis of curvature 
(iv) For circular section : 


= 








2 4 
jac got a .. 
16 128 R? 
d = Diameter of circular section, 


R = Radius of curvature of curved bar. 


R= a log. (%) + b log, (#]|  R2 
1 


(uv) For T-section : 


where A = area of T-section 
=b, xt, + b,x by 
= b, x (R,~R,)+ 6, x (R, - R,) 
where R, = Distance of bottom layer of base from axis of curvature 


R, = Distance of top layer of base from axis of curvature 

R, = Distance of top layer of T-section from axis of curvature 
5, = Width of base of T-section 

iy = Width of top of T-section. 


(vi) ro I-section : 
A? = — hy log + by log, + b3 log By - R? 
: Sie eR, 


where A=6,xt,+6, xt, ee 
4. Resultant stress in a curved bar subject to direct stress and bending stress is given by 
G, = Oy + O, 


M ai R y 
AxR he Rry 


y is positive and maximum at top layer and is -ve and maximum at bottom layer. Also 
y = distance of any Jayer from centroidal axis. 





where 0, = 


4002 
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5. 


Resultant stress in a circular ring : 


P. ‘ 
G, = Oy + O, where 6) = 3A x sin 8 


M Ref y 
oe walt h? (a5) 


where M = bending moment 





and 


zane 
=PxRi-~-7sin9). 
m 2 
Resultant stress in a chain link 
Oo, = D% + o, 


P 
where 0g= oa * sin 6... for circular portion 


F. 
=>, -- for straight portion 


2A 


©, = bending stress ...for circular portion 


2 F 
= M 1s 3 7 
Axk h R+y 


and M = bending moment 











= oe Bet on | For circular portion 
2 me +L ms 
O, = for straight portion 
M 
where M = Exh je a | and J = M.O. Inertia. 


EXERCISE 23 


(A) Theoretical Questions 

(a} What are the assumptions made in the derivation of stresses in a curved bar which is sub- 
jected to bending moments ? u 

(b) Find an expression for bending stress produced in a curved bar which is subjected to bending 
moment. 

Write-down the expression for Winkler-Bach formula. 

Prove that the position of neutral axis from centroid axis is given by 

Rxh? 
(R? +h?) 
where & = radius of curvature of curved bar or distance or axis of curvature from centroidal axis 
h? = a constant which depends upon the shape of cross-section. 

Find an expression for A? for the following cross-sections 

(é) rectangular section (ii) circular section (iii) trapezoidal section and (iv) J and T-sections. 

Write an expression for resultant stresses in a curved member subjected to direct. stress and bend- 

ing stress. 

Find an expression for the bending moment in a circular ring which is subjected to a tensile load 

P along the diameter. 


JoF= 


q 


8. 
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Prove that bending moment (M) is a simple chain link for curved portion is given by, 


PxRf{Q@R+L.. 
———— - sin 8 
2 m+ 
Explain in details the procedure of finding resultant stress in case of : 
(a) circular ring and 
(6) chain link 
When they are subjected to a tensile load along the longitudinal axis. 





M= 


(B) Numerical Problems 


Determine : (i) location of neutral axis, (ii) maximum and minimum stresses and (iii) ratio of 
maximum and minimum stress, ; 
When a curved beam of rectangular cross-section of width 10 mm and depth 20 mm is subjected 
to pure bending of moment + 50 Nm. The beam is curved in a plane parallel to depth. The mean 
radius of curvature is 25 mm. Also plot the variation of stresses across the section. 
[Ans. (i) yy = ~ 1.39 mm Gi) 1.76 (iii) 108 N/mm? (comp.) and 58.45 N/mm? (tensile)} 
Determine : (i) location of neutral axis and (ii) maximum and minimum stresses, when a curved 
beam of trapezoidal section of bottom width 45 mm, top width 30 mm and height 60 mm is 
subjected to pure bending moment of + 1350 Nm. The bottom width is towards the centre of 
curvature. The radius of curvature is 75 mm and beam is curved in a plane parallel to depth. 
Also plot the variation of stresses across the section. 
[Ans. (i) yg = — 3.98 mm (ii) 76.98 N/mm? (comp.), 50.65 N/mm? (tensile)] 
Solve the problem 2, assuming the section to be circular of diameter 60 mm. The mean radius of 
eurvature of the beam is 75 mm. 
[Ans. (i) yy = — 3.1 mm (@) 91.95 N/mm? (comp.) and 48.64 N/mm? (tensile) 
A central horizontal section of a hook is symmetrical trapezium 90 mm deep. The inner width 
being 90 mm and outer being 45 mm. The hook carries a load of 67.5 kN, the load line passes at 
a distance of 40 mm from the inside edge of the section. The centre of curvature is in the load 
line. Calculate the extreme intensities of stress. Also plot'the stress distribution across the section. 
[Ans. (6,), = 53,15 N/mm? (comp) and (o,), = 106.5 N/mm? (tensile)} 
A central horizontal section of a hook is a symmetrical trapezium of inner width = 67.5 mm and 
of outer width = 22.5 mm. The depth of the section is 90 mm. The hook carries a load of 37.5 kN. 
The load line passes through the centre of curvature. The radius of the hook is 52.5 mm. Deter- 
mine the maximum compressive and tensile stresses in the section of the hook. 
(Ans. (i) 83.70 MN/m? (tensile) and (ii) 43.2 MN/m? (comp)] 
A central horizontal section of a hook is a trapezium with inner width = 80 mm, outer width 
= 50 mm and depth 150 mm. The centre of curvature of the section is at a distance of 120 mm 
from the inner fibre and the load line is 100 mm from the inner fibre. What maximum load, the 
hook will carry if maximum stress is not to exceed 120 MN/m? [Ans. 122.5 kN] 
A central horizontal section of a hook is an I-section with inner width = 45 mm, middle width = 
15 mm, outer width = 30 mm and inner thickness = 22.5 mm, middle thickness = 30 mm and 
outer thickness = 15 mm (i.e., 6, = 45 mm, 6, = 15 mm, 6, = 30 mm, f, = 22.5 mm, t, = 80 mm and 
t, = 15 mm). The load line passes through the centre of curvature and is at a distance of 30 mm 
from the inside edge of the section. The hook carries a load P. Determine the magnitude of P if 
the maximum stress in the hook is not to exceed 120 N/mm?. What will be the maximum 
compressive stress in the hook for that value of the load. 
{Ans. P = 38.92 kN, o, = 64.25 N/mm? (comp)] 
Determine the maximum tensile and compressive stresses produced in a closed ring when the 
ring is subjected to a pull of 11.25 KN, the line of action of which passes through the centre of the 
ring. The mean radius of curvature of the closed ring is 90 mm. The ring is circular in cross- 
section with diameter equal to 30 mm. 
(Ans. (i) 20.35 N/mm? (comp.) and 13.6 N/mm? (tensile)] 
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re 
9. A pull of 75 KN is applied at the ends of a simple link which consists of semi-circular ends of 
mean radius of curvature 60 mm and middle straight portion of length 60 mm. The link is circular 

in cross-section with radius = 30 mm. Determine the stresses in the link. 
{Ans. (i) At 8 = 0, 93.65 N/mm? (comp) and 40.75 N/mm? (tensile) 
(ii) At 6 = 90°, 45.56 N/mm? (tensile) and 5.6 N/mm? (compressive) 
Gii) Straight portion, 31.95 N/mm? (tensile) and 12 N/mm? (compressive)] 
10. Find : (i) the position of neutral axis and (i) greatest bending stresses, when a curved bar of 
rectangular section 30 mm wide by 37.5 mm deep initially unstressed is subjected to bending 
moment of 281.25 Nm which tends to straighten the bar. The mean radius of curvature is 

75 mm. 
(Hint. b = 30 mm; d = 37.5 mm; M = — 281.25 Nm =— 281.25 x 10° Nmm (the bending moment 
M is —ve as it decreases the curvature of the bar or tends to straighten the bar) ; R = 75 mm 
Az=bxd=380 x 37.5 = 1125 mm? 


3 
2 = Foe a 2)| - R2 





d aR -d 
af ¢ 
= IB agg { 2x15 + 875) _ age 
375 \2 x75 - 375 


= 11250[0.5108] — 5625 
= 5746.78 — 5625 = 121.8 mm? 


~RR  -%5x 1218 - 75x 1218 
goa. pa" aoe Seo Casa 
(R24h2) (75241218) 5625 + 1218 


? M_|,,F(_y 
woa= al (ats) 


3 2 28 
_ - 281.25 x 10 jie 75 & ;) 


- 159 mm 








1125 x 75 121.8 | 754 ¥ 
=- 3.33 | 14+ 46.182{ —» — 
T+y 
d 375 
At y= 2 =~ = 18.75 mm, we get: 
(G,), = — 3.33 | 1+ 46.182 x eee 34.03 N/mm? [compressive] 
Selo: rere Ge ears : 
d 
At ys- goo 18.75 mm, 
(- 18.75) ; 
(a4); =- 3.33 2 + 46.182 x ee] = + 47.93 N/mm? (tensile}] 
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Theories of Failure 








24.1. INTRODUCTION 


When some external load* is applied on a body, the stresses and strains are produced in 
the body. The stresses are directly proportional to the strains within the elastic limit. This 
means when the load is removed, the body will return to its original shape. There is no 
permanent deformation in the body. 

However, if the stress produced in the body due to the application of the load, is beyond 
the elastic limit, the permanent deformations occur in the body. This means if the load is 
removed, the body will not retain its original shape. There are some permanent deformations 
in the body. Whenever permanent deformations occur in the body, the body is said to have 
“failed”. This should be clear that failure does not mean rupture of the body. 

Let us consider the failure (or permanent deformation) of a bar in a simple tensile test. 
The tensile stress is directly proportional to the tensile strain upto elastic limit. This means 
that there is a definite value of tensile stress upto elastic limit. Beyond the elastic limit if the 
tensile stress increases, the failure of the bar will take place. At this stage, why the failure 
takes place ? It may be due to the increase of tensile stress or due to other quantities such as 
shear stress and strain energy also attain definite values, and anyone of these may be deciding 
factor of the failure of the bar. Certain theories have advanced to explain the cause of failure. 
According to the important theories, the failure takes place when a certain limiting value is 
reached by one of following : 

1. The maximum principal stress, 

2. The maximum principal strain, 

3. The maximum shear stress, 

4, The maximum strain energy, 

5. The maximum shear strain energy. 

In all the above cases, 

Oy, Gg, Og = principal stresses in any complex system 
o* = tensile or compressive stress at the elastic limit. 


24.2. MAXIMUM PRINCIPAL STRESS THEORY 


According to this theory, the failure of a material will occur when the maximum principal 
tensile stress (o,) in the complex system reaches the value of the maximum stress at the 
elastic limit in simple tension or the minimum principal stress (i.e., the maximum principal 


J se ee i ee Se 
*The loading on the body is assumed gradual or static. 
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compressive stress) reaches the value of the maximum stress at the elastic limit in simple 
compression. 

Let in a complex three dimensional stress system, 

D1, Oy and 0, = principal stresses at a point in three perpendicular directions. The 
stresses o, and o, are tensile and o, is compressive. Also a, is more 
than o,. 
o,* = tensile stress at elastic limit in simple tension. 
o,* = compressive stress at elastic limit in simple compression. 
Then according to this theory, the failure will take place if 
og, 2 o,* in simple tension (24.1) 
or | o, | = o,* in simple compression --[24.1(A)] 
where | o, | represents the absolute value of o,. 

This is the simplest and oldest theory of failure and is known as Rankine’s theory. If the 
maximum principal stress (c,) is the design criterion, then maximum principal stress must 
not exceed the permissible stress (o,) for the given material. 

Hence oO, =9, ..§24.1(B)] 
where o, = permissible stress and is given by 


o, = 0,*/safety factor {24.1(C)] - 


24.3. MAXIMUM PRINCIPAL STRAIN THEORY 


This theory is due to Saint Venant. According to this theory, the failure will occur in a 
material when the maximum principal strain reaches the strain due to yield stress in simple 
tension or when the minimum principal strain (i.e., maximum compressive strain).reaches the 
strain due to yield stress in simple compression. Yield stress is the maximum stress at elastic 
limit. Consider a three dimensional stress system. 


Principal strain in the direction of principal stress 0, is, 


it 
7 [o, - Udy + 03)] 


Principal strain in the direction of principal stress 0, is 
1 
ese fo, — lo, + 65)] 
Strain due to yield stress in simple tension = 


x yield stress in tension 


= * 
= x Oo, 


ty] By] 


: ‘ wos ah ‘ 1 
and strain due to yield stress in simple compression = E x o,* 


where yield stress is the maximum stress at elastic limit. 

According to this theory, the failure of the material will take place when 
o,* 
oe 


* 





o 
or e,|2=— 
ley | = 2 
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\ Substituting the values of e, and e,, we get the conditions of failure as : 
F 1 1 
@) E {o, ~ u(o, + 05)] = z* o,* 
OF GO, — Woy + 05) 2 0," Jee 
fra We 1 
(ii) % les - (04 + O9)]] = me o,* 
" | epee Sa oe A24.2(A)] 


For actual design (i.e., where some quantity is to be calculated), instead of a,* or o,*, the 
permissible stress (o, or o,) in simple tension or compression should be used where . 


G2 Re es 
* Safety factor (24.218) 
and goals [24.2(C)] 
¢ Safety factor ciel 
Hence for design purpose, the equations (24.2) and [24.2(A)] becomes as 
G, — WO, + 55) = O, ‘..[24.2(D)] 
and | fo, - uo, + o,)] | = 9, .A24,2(B)). 


The equations [24.2(D)] and [24.2(Z)] should be used for design purposes (where some 
calculations are done) only. They should not be used for determining the failure of the material. 


Problem 24.1. The principal stresses at a point in an elastic material are 100 N/mm? 
(tensile), 80 N/mm? (tensile) and 50 N/mm? (compressive). If the stress at the elastic limit in 
simple tension is 200 N/mm2, determine whether the failure of material will occur according to 
maximum principal stress theory. If not, then determine the factor of safety. 

Sol. Given : ; 

The three principal stresses are : 

o, = 100 N/mm? (tensile) 
0, = 80 N/mm? (tensile) 
o, = 50 N/mm? (compressive) = ~ 50 N/mm? 

Stress at elastic limit in simple tension, 

o,* = 200 N/mm?. 

(i) To determine whether failure of material will occur or not 

From the three given stresses, the maximum principal tensile stress is 0, = 100 N/mm?. 
And the stress at elastic limit in simple tension is 0,“ = 200 N/mm. As 0, is less than o,*, the 
failure will not occur according to maximum principal stress theory. Ans. ? 

(ii) Factor of safety 

Using equation {24.1(By], we get / 
6,=0, -. o,= 100 N/mm’ 

From equation [24.1(C)], 


ES 





o, = ——°____ »._ Factor of safety = ~ 
Factor of safety CoP gm ae 
200 
Tan Tee 


; Problem 24.2. The principal stresses at a point in an elastic material are 200 N/mm? 
(tensile), 100 N/mm? (tensile) and 50 N/mm? (compressive). If the stress at the elastic limit in 
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_simplé tension is 200 N/mm*, determine whether the failure of the material will occur accord- 
ag to maximum principal strain theory. Take Poisson’s ratio = 0.3. 
Sol. Given: 
The principal stresses are : 

0, = 200 N/mm? (tensile) 

Gy, = 100 N/mm? (tensile) 

o, = 50 N/mm? (compressive) = — 50 N/mm? 
Stress at elastic limit in simple tension, 

= 200 N/mm? 

Poisson’s ratio, y= 0.3 
To determine whether failure of material will occur or not according to maximum prin- 
¢ipal strain theory. 
Out of three principal stresses, the maximum principal tensile stress is o,. Hence the 
~-maximum principal strain will be in the direction of o,. Let this strain is e,, Hence maximum 
principal strain in the direction of o, will be, 


e,= Z EI — (0, + O,)] 


7 - [200 — 0.3{100 + (— 50)}] (- o, =~ 50] 
= 51200 ~ 30 + 18) = ~ i) 
Strain due to stress at ae limit in simple tension, 
* 20 
we — 7 = (di) 


According to maximum principal strain theory, the failure of a material occurs if the 
maximum principal strain (e,) reaches the strain due to stress at elastic limit in simple tension. 
_ Here e, <e, , hence failure will not occur. Ans. 
Problem 24.3. Determine the diameter of a bolt which is subjected to an axial pull of 
9 RN together with a transverse shear force of 4.5 kN using : (i) Maximum principal stress 
° theory, and (it) Maximum principal strain theory. 
: Given the elastic limit in tension = 225 N/mm?, factor of safety = 3 and Poisson’s ratio 
= 0.3. 
Sol. Given : 
Axial pull, P = 9 KN = 9 x 1000 N = 9000 N 
Transverse shear force, F = 4.5 kN = 4500 N 
Elastic limit in tension, 0,* = 225 N/mm? 
Factor of safety = 3, Poisson’s ratio, 1 = 0.3 
The permissible stress in tension is given by equation [24.2(B)] as 
6, * 225 
= Safety factor eae tein 
The axial pull will produce tensile stress whereas transverse shear force will produce 
__ shear stress in the bolt. Let us calculate these stresses. 


. 
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SS SS eRe yaaa snryrssedenssrs ess 
Let d = diameter of bolt in mm. . 





Now tensile stress, o= ood pies ee 
Area of cross-section % 4,2 xd? 
4 
4x9000 11459 said 
nd? qa nee 
F 4F 4x4500 5729.5 
ma eA eas ae 2 
and shear stress, ve zp xd? xd? Peeane N/mm 
4 


Now let us calculate the maximum and minimum principal stresses oO, and o,. 
The principal stresses (maximum and minimum) in the bolt are given by 


2 
o 
G, ando,= 5+ (3) +0 {Refer to equation (3.16). Here o, = 0, 3, = 0] 





























d? ee ee 
. 57205 57295 D 
d a? 
_ 5729.5 _ 8103 
= ae + E 7 
5729.5 8103 13832.5 
OR Ty toy eo N/mm 
d d d 
wis ea 5729.5 . 8103 _- 2873.5 Nimm? 
d d d 


Hence the principal stresses in the bolt are : 


13832.5 - aes 5 snd: 
d? 





G,,6,and0 or 





(i) Diameter of bolt according to maximum. principal stress theory 

Here diameter of the bolt is to be calculated. This becomes the case of design. For the 
purpose of design, according to maximum principal stress theory, the maximum principal stress 
should not exceed the permissible stress (o,} in tension. Here the maximum principal stress is 
Oy. 

Hence using equation [24.1(B)], we get 





Oy OE 
2.5 
or SS = 75 (-. G, = 75 N/mm?) 
13832.5 
2 
ae ae’ 


de [188828 = 13.58 ~ 13.6 mm. Ans. 
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(ii) Diameter of bolt according to maximum principal strain theory 
The three principal stresses are : 
_ 13832.5 








O= 3 N/mm? 
2373.5 
O,= 78 N/mm? and o, =0 
Here maximum principal stress is o,. Hence maximum strain will be in the direction of 
Gy. 
Maximum strain = 3 = 5, + Gy) 
1 
= xl ~ u(, + 0,)] 
. 1) 188325 | o3{= 2373.5 “6 
E| d? dy 
1 ea | 
== + 
EL d® 
1 14544.55 : 
os eo «.(Z) 
; 1 
Maximum strain due to permissible stress in tension = RE %% 
1 
== x75 (eo, = 75) ..{ii) 


E 


For design purpose, (as here diameter is to be calculated), the maximum strain should - 


be equal to the strain due to permissible stress in tension. 
Hence equating the two values given by equations (Z) and (i), we get 
i . 1454455 1 
E ea “z* 75 


[14 44. 
or d= ease = 13.92 mm. Ans. 


24.4. MAXIMUM SHEAR STRESS THEORY 


This theory is due to Guest and Tresca and therefore known as Guest’s theory. Accord- 
ing to this theory, the failure of a material will occur when the maximum shear stress in a 
material reaches the value of maximum shear stress in simple tension at the elastic limit. The 
maximum shear stress in the material is equal to half the difference between maximum and 
minimum principal stress. 

If o,, d, and o, are principal stresses at a point in a material for which o,* is the princi- 
pal stress in simple tension at elastic limit, then é 

Max. shear stress in the material = Half of difference of maximum and minimum prin- 

cipal stresses ° 


1 
=. 2 fo, Ea 35] 
In case of simple tension, at the elastic limit the principal stresses are G,*, 9, 0 
{In simple tension, the stress is existing in one direction only] 
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tt A ge 
Max. shear stress in simple tension at elastic limit 

= Half of difference of maximum and minimum principal stresses 


-}g-o1e Los 
For the failure of material, 
1 ; 
2 . 
For actual design (i.c., when some quantity is to be calculated) instead ofa,*, the allowable 
stress (g,) in simple tension should be considered 


Tat 
[o, ~ 04] = 3 o,;* or (0,-03)20,* + (24.3) 


o,* 


= Safety factor 
Hence for design, the following equation should be used 
(G, — Gy) = Oo, A124,.3(A)] 
The equation [24.3(A)] is to be used for design purpose only (z.e., when some quantity is 
to be calculated). It should not be used for determining the failure of the material due to 
maximum shear stress theory. 
Problem 24.4. For the data given in Problem 24.2, determine whether failure of material 
will occur or not according to maximum. shear stress theory. 
Sol. Given : Data from Problem 24.2 : 
6, = 200 N/mm? (tensile) 
0, = 100 N/mm? (tensile) 
6, = 50 N/mm? (compressive) = — 50 N/mm? 
o,* = 200 N/mm?. 
Now max. shear stress developed in the material 
= Half of difference of maximum and minimum principal stresses 


where 


1 
+ [o, - 04] = 3 (200 ~ (— 50)] 
250 


=5 = 125 N/mm? [Here o, is maximum and o, is minimum] 


Max. shear stress at elastic limit in simple tension 
1 : 
=—x oa* 


1 
3 x 200 = 100 N/mm?. 


bo 


As maximum shear stress developed in the material is 125 N/mm? whereas maximum 
shear stress at the elastic limit in simple tension is 100 N/mm?, hence failure will occur. Ans. 

Problem 24.5. At a section of a mild steel shaft, the maximum torque is 8437.5 ‘Nm and 
maximum bending moment is 5062.5 Nm. The diameter of shaft is 90 mm and the stress at the 
elastic limit in simple tension for the material of the shaft is 220 N/mm’. Determine whether 
the failure of the material will oceur or not according to maximum shear stress theory. If not, 
then. find the factor of safety. 

Sol. Given : 

Maximum torque, TJ' = 8437.5 Nm 

Maximum bending moment, M = 5062.5 Nm 
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Stress at elastic limit in simple tension, 
0,* = 220 N/mm? = 220 x 10® N/m? = 220 MN/m? 

Dia. of shaft, d = 90 mm = 0.09 m. 

At any section, the torque will produce shear stress whereas the bending moment will 
produce bending stress. These stresses will be maximum on the surface of the shaft. Let us 
find these stresses first. 

aif 








We know that T= 365 xdxt 
437. 
gm SO ORES ia G46 x 108 Nat 
xd mx (0.09) 
= 58.946 MN/m? 
Also we know that oes 
ry 
M 
or Oo, = . = where on the surface y = = 








nd® =x (0.09)* 
= 70.735 x 10° N/m? = 70.7385 MN/m? 
On the surface of the shaft, at any point the shear stress is 58.946 MN/m? and bending 
stress is 70.735 MN/m?. The principal stresses at this point is given by, 


2 
oO (2 
o, and = 5 # (e +e? 


[See equation (3.16). Here o, = o, and oO, = 0] 








) + (68.946)? 


2 2 
= 35.365 + 68.75 
= 104.115 MN/m? and - 33.385 MN/m? 
o, = 104.115 MN/m? and oy, =~ 38.885 MN/m? 
Hence the principal stresses at a point on the surface of the shaft are : 104.115 MN/m?, 
— 33.385 MN/m? and 0. 

Now apply the maximum shear stress theory. 

Maximum shear stress due to principal stresses 

= Half of difference between maximum and minimum principal stresses 


70.735 z Go 


= 5 (104.115 — (— 33.385)] 


1 
~ (104.115 + 33.385] 


= 68.75 MN/m?. siti) 
In simple tension the stress system ts uniaxial hence the principal stresses are o,* , 0, 0 


bo 
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Maximum shear stress in simple tension 


Ls * Gr" 
= 5 lo,*-O]= 9 
22 
= = 110 MN/m? 


As the maximum shear stress due to principal stresses is less than the maximum shear 
stress in simple tension at the elastic limit, the failure of the material will not occur. 


Factor of Safety 
Let co, = Allowable tensile stress in simple tension. Then principal stresses in simple 
tension will be o,, 0, 0. 
And the maximum allowable shear stress in simple tension will be 
= ; [o,- 0} = - ...(ii) 
Equating the two equations (i) and (zi), we get 


68.75 = — 
mE 


or 0, = 68.75 x 2 = 137.5 MN/m? 


o,* 220 
Factory of safety = —“- = ——- = 1.6. . 
‘actory of safety 3, 1378 Ans 


Problem 24.6. According to the theory of maximum shear stress, determine the diameter 
of a bolt which is subjected to an axial pull of 9 kN together with a transverse shear force of 
4.5 kN. Elastic limit in tension is 225 N/mm?, factor of safety = 3 and Poisson’s ratio = 0.3. 


Sol. Given : 

Axial pull, P= 9 kN = 9000 N 

Shear force, F = 4.5 kN = 4.5 x 1000 = 4500 N 
Elastic limit in tension, e,* = 225 N/mm? 
Factor of safety = 3 





Permissible simple stress in tension, 6, = og = = = 75 N/mm? 
Poisson’s ratio, u = 0.3 
The axial pull will produce tensile stress whereas the transverse shear force will produce 

shear stress in the bolt. 

Let d = diameter of the bolt in mm. 

Tensile stress due to axial pull, 
P 
° = ‘Area of cross-section 


P_ 9000x4 v2 





° K 42 xd? 
aa 
= 11459 N/mm? 





2 
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Shear stress due to transverse shear force, 
F  4500x4 | 5729.5 


a yd? od 
4 
The maximum and minimum principal stresses in the bolt are given by 


ron fa) 07 


[Refer to Soe (3. a Here o, = 9, 0, = 0] 


2 (2) 
or o,= 5+ : +t” and B25 


Hence the principal stresses in the bolt are : 


s+i(§] +t 2, 3-5) +t" and0 


Now apply the theory of maximum shear stress. 
Maximum shear stress due to principal stresses 


iH 
ll 


T= N/mm? 





o, and o, = 


ty) 


Do] 
mw]a 

















1 2 o\ 2 
=—l9 (2) 2) +t 
2 2 2 
_ |fa1459) ee) 11459 = 
= + ‘ O=— ~—andt= 
2x d" d? 2 ad? 
8103 . 
oe w(Z) 
z 
Max. shear stress in simple tension 
1 15 
= 5 (o,- 0) = <= > = 87.5 Nimm? wii) 


Equating the two maximum shear stresses ee by equations (7) and (iz), we get 


clo =37.5 or d= janes = 14.70 mm. Ans. 
d 37.5 


24.5, MAXIMUM STRAIN ENERGY THEORY 


This theory is due to Haigh and is known as Haigh’s Theory. According to this theory, 
the failure of a material occurs when the total strain energy per unit volume in the material 
reaches the strain energy per unit volume of the material at the elastic limit in simple tension. 


In chapter 4, we have stated that the strain ae in a body is equal to work done by 





the load (P) in straining the material and it is equal to = ; xPxéL 


(.. Load is gradually increased from 0 to P)- 


oat at ee a A ne ere 
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: U = Strain energy \ 4 


1 : 
=—+xPx8é&L 
so x 
4 P 
= 5 x(x A) x(@)xL . ee PzoxA 
and noe . 6L=exLk 
L 
1 
my xoxexAxh 
= ; x stress x strain x volume (. Ax Z = volume) 
Strain energy per unit volume , 
= 5 x stress x strain 
° see (24.4) 
=% (24, 


For a three dimensional stress system, the principal stresses acting at a point are o,, 0, 
and o,. The corresponding strains are e,, e, and e,, where e, = principal strain in the direction 
of o 

L 


oO 
Now, @, = oF E (Gg + Gg) 
Similarly, @= “2 = . {3 + O,) 
and a=5f-e (a, + G,) 


OPiS 1 
Us 5 XG, Xe, + 5 XO, X Gg + 5 Og X Cy 
= 5 0, [B-£eo, +03)|+ 20, | 2 - Kay +0] 
+ 593 «|S - ri + 02), 
= OR Zplo,? + 0,7 + o,? - 2u(G,0, + 0,05 + 0,0;)] (24.5) 


The strain energy per unit volume corresponding to stress at elastic limit in simple 
tension 








=3 x o,* x e,* [where e,* = strain due to a,* 
: sc ; Pele ash! 
= 3 x o,* x“ E . ay e, % t E 
d 2 
= E x (o,*) ‘ (24.6) 
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For the failure of the material 


1 
[o,? + 04? + 05? — 2n(G,0, + 0,03 + Oy0))] = a * (o,*? 


2E 
or {o,? + 0,2 + 0,2 ~ 2u(0,0 + 040g + 4,0,)] = (G,*)? (24.7) 
For a two-dimensional stress system, o, = 0. Hence above equation becomes as 
0,2 + 0,” — 2u(0,0,) = (o,*)” ...(24.8) 


For actual design (i.e., when some quantity is to be calculated) in stead of o,*, the 
allowable stress (9,) in simple tension should be considered where 


o,* 


*:* Factor of safety 
Hence for design, es sens equation should be used 
a, Bs: G7 — 2U(G, X Oy) = of? ...(24.9) 
The equation (24.9) is used for design purpose only. It is not used for determining the 
failure of material due to maximum strain energy theory. 
Problem: 24.7. For the data given in Problem 24.2, determine whether failure of material 
will occur or not according to maximum strain energy theory. 
Sol. Data from Problem 24.2 are: 
o, = 200 N/mm? (tensile) 
0, = 100 N/mm? (tensile) 
6, = 50 N/mm? (compressive) = ~ 50 N/mm? 
p= 0.3 
Elastic limit in simple tension, o,* = 200 N/mm? 
The total strain energy absorbed per unit volume in the material is given by 
equation (24.5). 
Total strain energy per unit volume in the material 


2 
[o,? + 05% + Og? — 2u(G,0, + 6205 + 0,0,)] 


mig 
 2E 

= si [2002 + 100? + (— 50)? - 2 x 0.3 {200 x 100 
+ 100 x (— 50) + (- 50) x 200}] 


of [40000 + 10000 + 2500 — 0.6(20000 -— 5000 ~ 10000}} 


1 1 
= —~ [52 -0. = >77 [49500 ae 
OE (52500 - 0.6 x 5000] Yok 1 (i) 
Strain energy per unit volume corresponding to stress at elastic limit in simple tension 
is given by equation (24.6). 
Strain energy per unit volume at elastic limit in simple tension 


1 

pa eee *2 

= 2E «x oO, 
1 é . 

= OR x 200 { o, = 200) 
40000 

ii) 


Now apply the theory of maximum strain energy. 


nnn nn elt 
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If we compare equations (i) and (ii), we find the total strain energy per unit volume in 
the material is more than the strain energy per unit volume at elastic limit in simple tension. 
Hence failure will occur. Ans. 

Problem 24.8. For the data given in Problem 24.6, determine the diameter of the bolt 
according to maximum strain energy theory. 

Sol. Data from Problem 24.6 are : 

P=9KN = 9000 N ; Shear force, F = 4500 N ; 0,* = 225 N/mm? ; Safety factor = 3 5u=0.3 


‘ 
Now permissible simple stress in tension, o, = Seen = =. = 75 N/mm? 


The other values as calculated in Problem 24.6 are : 


11459 
NiGeee ae 5 








o= N/mm?, where d = dia. of bolt 


The maximum and minimum principal stresses are : 


2 
The value of (3) +7 has been 


1 2 
9, and 0,= 5 xo (3) “v2 








2 
calculated as is equal to sae 
& 11459 z 8103 
ad* ~ a? 
_ 57295 , 8103 
Ye 
5729.5 8103  13832.5 
O= et >" N/mm? 
5729.5 8103 ~ 2373.5 
and Og = ae ge ae N/mm? 


Hence the principal stresses at the point are : o,, 0, and 0 


13832.5 —- 2373.5 
gy 0 
d d 
This is a case of two-dimensional stress system and diameter is to be calculated hence 
using equation (24.9) which is according to maximum strain energy theory, we get 


or 











O,7 + 6,7 — 2ulo, x G4} = 9, 
2 Z 
or 13832.5 |" | [- 23735] _ 9 , 9.3 | 188825 | (- 2873.5) | _ 752 (2 a, = 75) 
d2 d? dq? d? t 
19134x 104 563.35x10* 19699x10* 
a te = 5625 
d d d 
4 

. ; auee «10° . eon 


4 
[ Bees x 19%)" 
or d= eg oF pe 


= 1/4 
5625 = 10 x (3.852) 


=10x1401= 14.01 mm. Ans. 
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24.6. MAXIMUM SHEAR STRAIN ENERGY THEORY 


This theory is due to Mises and Henky and is known as Mises-Henky theory. This theory 
is also called the energy of distortion theory. According to this theory, the failure of a material 
occurs when the total shear strain energy per unit volume in the stressed material reaches a 
value equal to the shear strain energy per unit volume at the elastic limit in the simple tension 
test. 

The total shear strain energy* (or energy of distortion) per unit volume due to principal 
stresses G,, 6, and 6, in a stressed material is given as 
= wie [(o, — 0g)” + (Gy - 95)? + (G3 - 0,)7] (24,10) 

The simple tension test is a uniaxial stress system which means the principal stresses 
are 6,, 0, 0. 

At the elastic limit the tensile stress in simple test is 0,*. 

Hence at the elastic limit in simple tension test, the principal stresses are o,*, 0, 0. 

The shear strain energy per unit volume at the elastic limit in simple tension will be 


1 

= oe [(o,* - 0 + (O- 0)? + (0 - o,*)?] 

[Here co, = G,*, dy = 0, 03 = 0] 
1 

= 9G {2x 0,*?} (24.11) 

For the failure of the material, 
1 1 . 
pac Mn — 65)? + (oy — 04)? + (03-9, 2 ioc {2 x (o,*)] 


or (0, - 03)? + (dg — 05)? + (03 - 6,2 22x (o,*? (24,12) 
For actual design (i.e., when some quantity is to be calculated) in stead ofo,*, the allowable 
stress (o,) in simple tension should be used where 
o,* 
“= Safety factor 
afety fa 
Hence for design purpose, the following equation should be used : 
(G, — Gy)? + (Gy - 0)? + (03 ~ 0)? = 2 x (o,)? (24,18) 
The equation (24.13) should be used for design purpose only. It should not be used for 
determining the failure of the material due to maximum shear strain energy. 
For a two-dimensional stress system, o, = 0. Hence the equation (24.13) becomes as 
(G, -— 65)? + (oy)? + (- 04)? = 2 x (0, 


2 2_ 2 2- 2 
or G6,” + 0,7 — 20,5, + Op* + 01 =2x0, 
or 2(0,? + o,2 ~ 6,0,) = 2 x 0? 
oy o,2 + G2 - 0,0, = 02. «1 24.13(A)] 


Problem 24.9. For the data given in Problem 24.2, determine whether the failure of the 
material will occur or not according to maximum shear strain energy. 


Sol. Data from Problem 24.2 ; 

o, = 200 N/mm? (tensile) 

o, = 100 N/mm? (tensile) 

03 = 50 N/mm? (compressive) = — 50 N/mm? 
Elastic limit in simple tension, o,* = 200 N/mm, pu = 0.8 


*Refer to Art. 24.9. 
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The total shear strain energy per unit volume due to principal stresses o 


the stressed material eerie 


1 
= joe Koa- G,)” + (0, — 04) + (03 - 0,)?] 


1 
= Toe {(200 — 100)? + {100 —- — 50)}? + ( 50- 200}7} 
1 
= Toc [10000 + 22500 + 62500} 
= = 95000 : 
= 12C x in) 


The shear strain energy per unit volume at elastic limit in simple tension (here principal 
stresses are o,*, 0 and 0) 


= Ba [(o,* - 0) + (0- 0 + (0 - 6,*)?] 
1 
= [26 x2x (o,*)? 
1 ee 
= Tog *2* (200) = we * 80000 Gd) 


Now apply the theory of maximum shear strain energy. 


If we compare equations (i) and (zi), we find that the total shear strain energy per unit 
volume due to principal stresses 6,, Oj, 0, are more than the shear strain energy. per unit 
volume at elastic limit in simple tension. Hence failure will occur. Ans. 


Problem 24.10. For the data given in the Problem 24.6, determine the diameter of the 
bolt according to maximum shear strain energy. 


Sol. Data from Problem 24.6 : 
P= 9000 N ; F = 4500 N ; 0,* = 225 N/mm? ; Safety factor = 3, u = 0.3 





* 
Allowable stress (o,) in simple tension = GE a 
Safety factor 
225 
Oo, = "05 75 N/mm? 
The other calculated values from Problem 24.6 are : 
11459 5729.5 
o= 2 N/mm? ; t = a N/mm?, where d = dia. of bolt. 


The maximum and minimum principal stresses are calculated in Problem 24.8 and they 
are as: 


__ 138325 
— d” 
The third principal stress ie., 0, = 0 


; In this problem, diameter is to be calculated according to the theory of maximum shear 
strain energy. Hence equation (24.18) will be used. , 


(0, ~ a2)” + (©, ~ 03)" + (0, ~ 0,)? = 2 x (o,? 


~ 2373.5 


N/mm? and o, = ae N/mm? 
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2 2 2, 
[28228 a; (- 28) : (- 2378.5 oj] : [o ‘ a | =2x 752 


of 








a a2 d? 
a aoe i A (28725) [32] = 11250 
26285 104 7 5855s 104 ‘ ies 104 eai980 
45960.35 x10" _ 11959 


7 or 7 
4 
Oe 4 45960.35 x 10° = 4.08536 x 104 
\ 11250 
d = [4.08536 x 104]! = (4.08536)"4 x 10 
= 1.4217 x 10 = 14.217 mm. Ans. 


_- 24.7, GRAPHICAL REPRESENTATION OF THEORIES FOR TWO DIMENSIONAL 
STRESS SYSTEM 


’ The different theories of failure can be represented graphically for two-dimensional 
-stress system. This means only o, and o, are existing. The third principal stress is zero L.e., 0, 

_,=0. The principal stress o, is taken along x-axis having +ve value to the right of origin O. The 

.__orincipal stress o, is taken along y-axis, having +ve value upwards, It will also be assumed 

that the elastic limit is the same in tension and compression. 

Hence o,* = o,* = o* where o* = Elastic limit in tension and compression. 

Now the theories of failure may be represented graphically as follows : 

1. Maximum principal stress theory, The criterion of failure according to this theory 


“Is, 
Maximum tensile, principal stress, 6, = 0,* = o* 
Maximum compress: -e principal stress, 0, = 0,* = o* 
5 Fig. 24.1 shows the gruphical representation of this theory. The diagram is divided into 
four quadrant. In 1st quadrant o, and o, are +ve. In 2nd quadrant o, is - ve whereas a, is +ve. 
In 8rd quadrant both o, and a, are -ve and in 4th quadrant o, is +ve and o, is -ve. The 


“maximum values of o, = + o* and also maximum value of 6, = + o*. 





Fig. 24.1. Graphical representation of maximum principal stress theory. 
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The plotting* ofc, =o*, 0, <o* * 
@ piotting* of o, = 0%, 0, =0%, © =~ 0” and 0, = — o* will give a square which is sh 
shown 


in Fig. 24.1 by ABCD. Hence the x P Pp Prese: f 
L . . h Square ABCD represents the a hical re 
: : ; gr es ntation oO the 


The failure of th teri i i i i 
ieee € material will occur if any point having co-ordinates (o 


2. Maximum principal strai e criterion o: t t 
: pal Strain theory. Th i f failur i h 
| n : Y. iterion of failure according 0 this eory 


v 9%) falls outside 


0} ~ Udy = ,* = o* i 
and Og — WO, = 0,* = oF o 
In these above two equations which represent the equation of a straight line o. and : 

1 G2 


are +ve Le., they lie in Ist quadrant. At th i in Fi i 
mbes ceiee a € point A (in Fig. 24.2) Oy 18 zero. If this value is 


Go, = o* 
i 
Hence the location of point A is known ie., OA = o% 
The location of point D is obtained by substituting 0, = 0 in equation (ii) 


Hence 0, = o* 
Hence OD = o* 
For point £, 0, = OD = o* 


Substitute this value of 6, = o* in equation (z), we get 
O,- Ux oF =o* or GO, = OF + po* = o* (1 + u). 


Hence DE = o* (1 + u). Hence locatio i i i 
seh ee eee n of point E is known. Join A to E and produce both 


For point F, 0, = OA = o* 
Substitute 5, = o* in equation (ii), we get 

O,~ «x oF = oF or Oy = OF + po* = o*(1 + 1) 
Hence AF = o* (1 +). 


Hence location of point Fis k i ; 
Gand H P 1s Known. Join D to F and produce both sides i.e., towards point 





Fig. 24.2. Graphical representation of maximum ssyain theary. 





*This plotting is like the equations x = o% ‘ 
: 1 g is | = 6", ¥ =0*,x =— o* and y =— o*. The plot of x = o* will b 
a vertical line AB at a distance of o* from axis OY. Similarly other plots can be alae oor 
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For third quadrant the equations (i) and (iz) ean be written as 
O, — WO, =~ OF -..{iii) 
Oy — HO, = o* (iv) 
By using these equations the locations of points B, C, K and L can be obtained. Points B 
and K can be joined and produced both sides. Similarly point L and C can be joined and produced 
both sides. The points J, L and H can be obtained. We will get a parallelogram HGLJ as shown 
in Fig. 24.2, which represents the graphical representation of maximum strain theory. 
The failure of the material will occur if any point having co-ordinates (0,, 6,) falls outside 
parallelogram HGLJH. 
3. Maximum shear stress theory. Criterion of failures according to this theory are as 


follows « 
(i) If o, and o, are like*(i.e., they are in Ist and 3rd quadrant), the maximum shear 


stress is 5 x o;{or : x 0: ] obtained by taking half the difference between 0, and 0 or o, and 0. 


Hence failure is represented by 





Ist quadrant 3rd quadrant 
Oo, o* . : 
oo 5 or o,=0* and o,=~ 0 
o o* 
= co or 0, = o* and o, =~ o* 


The lines are drawn according to above equations in the 1st and 3rd quadrant of 
Fig. 24.3. In first quadrant, line AE represent the equation o, = o* whereas line DE represent 
the equation o, = o*. In third quadrant, line CF represent the equation o, =~ o* and line BF 
represent the equation 0, =— o* 





' Fig. 24.3. Graphical representation of maximum shear stress theory. 





*Suppose o, and o, are tensile and are equal in magnitude. The maximum shear stress will not 


be zero. But it will be equal to i or <2. . + 
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(ii) Ifo, and o, are of opposite sign (i.e., one is +ve and other is ve which means they are 
in 2nd and 4th quadrant), the maximum shear stress is half the difference between o, and o. 

1 2° 


Hence failure is represented by 


= ( = i o * 
3 0-0) =29 xo* or (6,- 0.) =+ 0% 

The equation 0, — 0, = + o* gives o, = 0, — o* (which is equivalent to y = mx +c). This is 
the equation of straight having intercept = — o* on y-axis and slope = 1 i.e., 45°. This represent 
the line BA in Fig. 24.3. 


The equation o, — o, = — o* gives o, = o, + o*. This is also the equation of straight line 
having intercept = + o* on y-axis and slope of 45°. This represents the line CD in Fig. 24.3. The 
boundary ABFCDEA shown in Fig. 24.3 gives the graphical representation of maximum shear 
stress theory. 

The failure of the material will occur if any point having co-ordinates (0,, 0.) falls outside 
the boundary. 

4, Maximum strain energy theory. The criterian of failure for two dimensional stress 
system according to this theory is 
24 0,2 -~ 20, xo, =0,%? = of (-  o,* has been taken = o*) 

The above is the equation of an ellipse with centre at the origin and axes inclined at 45° 
as shown in Fig. 24.4 along with the boundaries of maximum strain theory and maximum 
principal stress theory. The ellipse is inscribed in the parallelogram GLKHG given by maxi- 
mum strain theory. The boundaries of the maximum strain theory is shown in Fig. 24.4 as 
APBNCQDMA. The failure of the material will occur if any point having co-ordinates (0, ,) 
falls outside this boundary. -*o 


Oo) 


MSs Gat Max. strain theory 






Strain energy theory 


Fig. 24.4, Representation of strain energy theory (Boundary APBNCQDMA). 


; 5. Maximum shear strain theory. The criterion of failure according to this theory is 
given by 
0,7 + 0,7 - 0, x 0, = 0,*? = a? 
te This is an equation of ellipse with centre at the origin and axes inclined at 45° as shown 
in Fig. 24.5 along with the boundary of maximum principal stress theory. 
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Principal stress theory 


Maximum shear strain theory 





Fig. 24.5. Representation of maximum shear strain theory (Boundary AFBGCHDEA). 


The boundary of the maximum strain energy theory is shown in Fig. 24.5 as 


_ AFBGCHDEA. The failure of the material will occur if any point having co-ordinates (0,, 0.) 


falls out side this boundary. 


24.8. IMPORTANT POINTS FROM THEORIES OF FAILURES USED IN DESIGN 


The cause of failure of a material depends not only on the properties of the material but 
also on the stress system to which it is subjected. The various theories of failure have been 
explained in the previous article, but no great uniformity of opinion has been reached so far. 
The followings are the important points from the theories of failures, which should be generally 
used in design : 

1. The maximum principal stress theory should be used in case of brittle materials such 
as cast iron. : : 

, 2. The maximum shear stress or maximum shear strain energy theories should be used 
for ductile materials. These theories give a good approximation. When the mean principal 
stress is compressive, the shear strain energy should be perferred. 

3. The maximum strain theory gives reliable results in particular cases, hence this theory 
should not be used in general. 

In some cases this theory becomes invalid. Let us consider a case where ©, = 0, (ie., 
equal tensions in two perpendicular directions). Then equation (24.2) for two-dimensional stress 
system becomes as 

Oy — HO = 0 





or 0, -Hx 0, =9G,* (sO, = 0,) 
or oO, (1-w=o* 
or o,= oe 
1 (-p) 
As pis less than 1, the above equation shows that 
0,>0,* 


: This means then tensile stress at failure is more than the stress in simple tension. 
' Experiments donot support this conclusion. 

4. The maximum shear stress theory should not be applied in the case where the state of 
stress consists of triaxial tensile stresses of nearly equal magnitude, reducing the shearing 
stress to a small magnitude. In this case the failure would be brittle fracture rather than by 
yielding. 
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Problem 24.11. A hollow mild steel shaft having 100 mm external diameter and 50 mm 
internal diameter is subjected to a twisting moment of 8kNm and a bending moment of 
2.5 kNm, Calculate the principal stresses and find direct stress which, acting ake would 
produce the same (i) maximum elastic strain energy, (ti) maximum elastic shear strain energy 


_as that produced by the principal stresses acting together. Take Poisson’s ratio = 0.25. 


(Engineering Servi 
Sol. Given : g Services) 


External dia., D = 100 mm = 0.1 m 
Internal dia., d = 50 mm = 0.05 m 
Twisting moment, T = 8 kNm = 8000 Nm 
Bending moment, M = 2.5 kNm = 2500 Nm 
Poisson’s ratio, 1 = 0.25 


Let us first calculate bending stress (o,) due to bending moment and shear stress (x) due 
to twisting moment. . 


M__ 2500 
Z 9.2x10° 


rns _ 4 
64? od 
D 


2 


Bending stress, OG, = 
where Z= i = 
x 


x 2 x 2 
=— [D!_ d4]x — = — [0.14— ay et eS 
[ Ixy 64 [0.1 0.05") x 97 


1 2 
BA [6.0001 — 0.00000625] x 01 


=9.2x 105 m3 
= 27.17 x 108 N/m? 
= 27.17 MN/m? 


Shear stress, 


a 
I 
i 
x 
my 
er | 
Sry 
W 
a 
u 
QI 
x 
by 
el 


la 


8000 x 32 0.1 

= PAda Om neda —— 
n(0.17 0.054) 2 
8000 x 16 x 0.1 


~ "x{0.0001 — 0.00000625] 

= 43.46 x 10° N/m? = 43.46 MN/m?, 
(i) Principal stresses (o, and o,) 
Now the principal stresses can be calculated. They are 


2 
G o, \* 
6, and o, ete [2] +t? 
2 
7 


27.17 27.17)" 
ars + (73) +4346? = 13.585 + 45.53 
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oO, = 18.585 + 45.53 = 59.115 = 59.12 MN/m*, Ans. 
Oy = 13.585 — 45.53 = — 31.945 ~ —31.95 MN/m*. Ans. 


and 
uld produce the same maximum elastic strain energy as 


(ii) Single direct stress which wo 
produced by the principal stresses acting together. 

Let o = single direct stress 
wd) 


1 
Strain energy due to single direct stress = 5 * oe 


1 ot 
Max. strain energy produced by principal stresses = 2E (0,2 + O — 20, x Gy) «..() 
Equating the two strain energies given by equations (i) and (ii), we get 


i 1 
tat eee 
[o,2 + 0," - 2u 0, x O,)= on? | 


2E 
or o,? + 0,7 - 2p 0, X 0, = 07 
or 59.122 + (— 31.95)? - 2 x 0.25 x 59.12 x - 31.95) = o 
or 3495 + 1020.8 + 944.4 = 07° 
or 5460.2 = o? 


o= /54602 = 73.89 ~ 73.9 MN/m?. Ans. 
(iii) Single direct stress which would produce the same maximum elastic shear strain 
energy as produced by the principal stresses acting together. 
Shear strain energy by single direct stress 
pees [fo — 0)? + (0 - 0 + (0- 3)"] 


~~ 42C 
[-: Single stress is uniaxial stress system i.e, 0, 0, 0] 


1 1 

Ny po ree ee 2 Ati 
= joc [o? + 07} 1G x 20 (tii) 
Max. shear strain energy due to principal stresses 0,, 0, 0 


1 
= Toc Ma g,)? + (o,- 0% + 0 - 0,3 
[Refer to equation (24.10)] 


1 
= Toc {(o, - 6,)? + on? + 6,7] 
= Tod [(o,? + Oy? — 26,0) + Gy" + 6,7] 


= 2a 2 2 yl iv) 
= Fac + Oy" — 010, (iv 
Equating the two shear strain energies given by equations (iz) and (iv), we get 


1 1 
26 x 202 = jae x2 x (o," + 0,7 - 9,05) 


: 1 
or 0? = 0," + oF — 5)0q | canceling 


12C 





x 2.to both sides | 


= 59.12? + (— 31.95)? — (59.12) (- 31.95) 
= 3495 + 1020.8 + 1888.8 
= 6404.6 


o= 6404.6 = 80.03 MN/m?. Ans. 
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a ee 
Problem 24.12. A cylindrical shell made of mild steel i 
] ; i plate and 1.2 i i 
eee toan igi pressure of 1.5 MN/m?. If the material yields at 3001 MN va ee 
e thickness of the plate on the basis of th L { i : 
HS ges f Pp n the basis of the following three theories, assuming a factor of safety 
(i) maximum principal stress theory, 
(ii) maximum shear stress theory, and 
(iii) maximum shear strain energy theory. (Engineering Services) 
Sol. Given : . 
Diameter, d = 1.2 m; Internal pressure, p = 1.5 MN/m? 
Yield stress, o,* = 200 MN/m* 
Factor of safety = 3 
Permissible stress in simple tension, o, = en gue MN/m2 
* Safety factor 3 
Let ¢= thickness of the plate. : 
Let us first calculate the circumferential (or hoo itudi 
; p) stress and longitudinal st: 
by internal pressure in the material of the shell. = Cee 
pxd 15x12 09 





Circumferential stress, o, = 2 Sof a MN/m? 
ae he d : 
Longitudinal stress, Oo, = are = aoe = “ee MN/m? 


At any point, in the material of cylindrical, the above two stresses which are tensile are 
ni pra to each other. Also there is ne shear stress. Hence these stresses are also principal 
stresses. 


‘ 0.9 
OF OTe MN/m? 


0.45 
and Cee 0p= a MN/m? {Here 0, > 04] 


(i) Thickness of plate on the basis of maximum principal stress theory 


According to maximum principal stress theory for desi i 
ceegee 'y esign pusncee (here ¢ is to be 





01 =o, 
0.9 200 
or ape (+ 0, = 0° MN/m? | 
or pote? eure 
=“a00 §m=13.5 mm. Ans. 


(ii) Thickness of plate on the basis of maximum shear stress theory 
Here both the principal stresses are tensile and o, > 0,. Hence maximum shear stress 


. . . GS 
due to these principal stresses will be (2). And the maximum shear stress due to permissible 


a : ‘ 1 
stress in simple tension will be 9 *% Hence, we get 


1 1 
rie atica Vee Wiest! 


2 £ 
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SP DA Th PS SS i PhS 
or 01 = 9, . 
0.9 _ 200 
or t 3 
0.9x3 
i= 300 = 0.01385 m=13.5mm. Ans. 


(iii) Thickness of the plate on the basis of maximum shear strain energy theory 
For two-dimensional stress system for design purpose in case of maximum, shear strain 
energy, equation (24.13(A)] is used 
G,? + 02-0, x 0, = 0/7 


(°2 ) (ess) 0.9 0.45 (20) 
or ——) +)/——]} - x | — 
t t t t 3 
0.452 40000 
or aie {4+1-2]= a 
0.457 , 40000 
or ae x = ~~? 
2 
or 2. 0.45 x3%9 _ 1 s668 x 10-4 
40000 
or t = 1.3668 x 10° = 1.169 x 10-2 = 0.01169 ~ 0.0117 mm. Ans. 


Problem 24.13. In a two-dimensional stress system, the direct stresses on two mutually 
perpendicular planes are 120 MN/m? and o MN/m2*. These planes also carry a shear stress of 
40 MN/m?. If factor of safety on elastic limit is 3, then find : 

(i) the value of o when shear strain energy is minimum and 

Gi) the elastic limit of the material in simple tension. 

Sol. Given : 

Two-dimensional stress system. 

0, = 120 MN/m? ; 6, = 9, t,, = 40 MN/m? 

Podtsr of safety = 3 

Let us first find the principal stresses (o, and o,). They are given as 


2 
0, +0 o,-9 
o, and g, =~ ( = 2] + Ty? 
2 2 





























oO, = 2 + 2 2 +X 
, sr 
where x= [ = S| 40 
we 2 
and 0, = ee es (=e 2) +40? = ure =e x. 
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() Value of o when shear strain energy is minimum 
Shear strain energy is given by equation (24.10) as 


1 
U= Tac [(o, - 02)? + (2 - 04)" + (03 - 3,)7] 
.. for three-dimensional stress system 


[(o, - 0)" + 16; _ 0)? + (0 — Go ya 


... for two-dimensional stress system (o, = 0) 


- a6 


lo 
ee [(2x)? + 0,? + 0,2] 


120 
|. Scie: -(2 2 x) -(r2 7 2) ~ 2 


J 
"Be [4x2 + 6,? + 0,7} Ai) 


Let us find the values of o,° + 02 


120 : 2 
of=| eas a of =| Ate] 


2 2 2 
ofto= |B, | [Pate | =2|(2+2) +2] 


Substituting this value in equation (é), we get 


ede | 


=i 

















Now substitute the value of x? in above equation x = (43° = 2) +40? 


ae 2) +402 
aot.) 
eles 


2 
{3 600 + 2 - 600 + 1c00} « {2600 + = + co 











a 


Sle 
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4 
= tc (14400 + o? — 1200 + 1600] 
1 
= 0 {o? — 1200 + 16000] 
‘ oc dU 
For shear strain energy to be minimum, wee 0 
or 20-~-120=0 


o= = 60 MN/m?. Ans. 


(ii) Elastic limit of the material in simple tension (o;*) 
Let us first find the values of principal stresses (o, and o,) 


2 
_ 12040 | (25 <) +402 





oO, = 2 


_ 120460, (22 =€0 ‘kg 
2 2 
= 90+ 4900 + 1600 = 90+ ¥2500 
= 90 +50 =140 MN/m? 
and 6, = 90 - 50 = 40 MN/m? 
Let o, = permissible stress in simple tension. 
Using equation [24.13(A)], we get 
0,2 + 0,2 - 0,0, = 67 


or 140? + 40? ~ 140 x 40 = of 
or 19600 + 1600 — 5600 = of 
or 0, = (15600 = 124.89 ~ 124.9 MN/m? 


o,* = Safety factor x o, = 3 x 124.9 = 374.7 MN/m2, Ans. 


Gc = 60) 


Problem 24.14. A thick cylindrical pressure vessel of inner radius 150 mm is subjected 


to an internal pressure of 80 MPa. Calculate the wall thickness based upon the 


(i) maximum principal stress theory, and 

(ii) total strain energy theory. 

Take Poisson’s ratio = 0.30 and yield strength = 300 MPa. 
Sol. Given : 

Inner radius, r, = 150 mm = 0.15 m, 

Internal pressure, p, = 80 MPa 

Poisson’s ratio, w= 0.30 

Yield strength, o,* = 300 MPa 


In case of thick* cylinders the maximum value of o, and o, occurs at the inner radius rj. 


The three principal stresses at inner radius ‘r,’ are given as 
(i) Radial stress, o, which is compressive and is equal to p, at radius r, 
(ii) Circumferential stress 0, which is tensile and is equal to 





*Please refer to chapter 18 of thick cylinders. 
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rrr Py PE eS 


or 


or 


or 


or 
or 
or 


or 


2 2 2 
~ Pr tp pr P +7*) 
0, = —e | a +1 = a one 
men Ly (yen oN 
Pi 
2.2 
(r* - 7°) 


2 2 
* (ro? + 74°) 


K?-1 "% 


2 
; Pi (2) +1 
meer? y K7 41 
=P) al 7a , 


r? 
ne aE Fe p 
(iii) Longitudinal stress, o, = PUN ss 
Lae 23 2 Ke -1 
Ponte mm on (ny, EB - 
27 7e |=] - 
yon rn 


This stress is also tensile. 


Gut of the three principal stresses, the circumferential stress is maximum. And if there 
is no longitudinal stress in the cylindrical shell, then we shall have two principal stresses at 
inner radius which are : , 


2 
Oo, =0,= ( ) (tensile) 


Oy = O, = p, at inner radius (compressive) = ~ p, 
O, = 6, = 0. 





(i) Thickness of the wall based on maximum principal stress theory. 
According to maximum principal stress theory : 


But 


[Please note that for failure o, = o,*. But for design o, < 0,*. 
Actually o, = 0, where a, = o,*/Safety factor] . 
0,55," 


K? +1 
Py (4) = 300 (- o,* = 300 MPa) 





K+. . 
80 Ke -1 s 300 Cy p, = 80 MPa) 


K2 +1 = 3.75K? — 3.75 
4.15 < 2.75 K2 
2.15 K? = 4.75 
[£75 
Kez Jj-— 1.31 
lar ts 


r 
K=2 
rh 
" 


n 2 1.314 


Fan xf 
where K=— ~ 


fae or 
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r,21314xr, or 1314x150 or 197.1 (- 
ee r, 2 197.1 mm. 
Let us take it equal to 197.1 mm. 
r,= 197.1 mm. 
Thickness of wall =r, -—7r, = 197.1-150=47.1mm. Ans. 
(ii) Thickness of wall based on maximum strain energy theory. 
According to maximum strain energy theory for two-dimensional stress system [Refer 


r, = 150 mm) 


to equation (24.7)}, we have 


i 


or 


or 


or 


ww 


ior 


or 


_ or 


or 


vo, OF 


“-- Or 


0,2 + 02 - 24 0,0, 5 0,7 
[For failure L.H.S. should be 2 o,*? and for design it should be < 9,7] 
Substituting the values of o, and o,, we get : 


Kea fF or K? 41 - 

Pil a _ 4 |] + pp 2h Pu Fea j|| Cp) s% 
2 

K7+1 K°+ 

oS) +14 9u( +t 


1 
il|s (o,7? 


ae +1)? +(K? - 1)? + 2u(K? + D(K? - 2 «(6,*) 





(K* - 1)" 
p,2| Ki +i+2K* +K* + 1-2K* +2uK*4+)] o(g#yp 
(K? — 1) ; 
2K* +24 2(K* -1) 2 
p 2 < (9, *y 
1 (K? = b? £ 
p, 2K4(1+p)+21-p)| (4? 
(K? - 1)? 
2p," 


eo [KX{1 + w+ (1- ws (o*)? 
But p, = 80 and o,* = 300, hence the above equation becomes as 


K4(1+0.3) + (1- 0.3) 
2 x 802 [eae < 300? 
4 2 
K*x1.34+0.7 300 or 7.08 


ye Lee 
(K? ~1)? 2x 80? 
1.3K? + 0.7 = 7.03 (K2- 1)? 
= 7.03 (K! + 1 2K?) 
= 7.03K4 + 7.03 — 14.06K? 
0 < 7.03 Ki + 7.03 — 14,06K? — 1.3K*— 0.7 
«(7.03 — 1.3)K4 — 14.06K? + (7.03 ~ 0.7) 
= 5.73K# — 14.06K? + 6.33 
5.73K4 — 14.06K2 + 6.33 = 0 
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14.06 6.33 
a Kt ae K2 4 ae 0 (Taking limiting case) 
or K*— 2.45 K? +1.1=0 
+ aL 
i R= 2.45 2 4x1xil 
= 0.592 or 1.858 
K= J0.592 or 1.858 


= 0.769 or 1.863 


But K «= 0.769 as K= s and r, is more than 7, and K is more than 1. 
1 . 


ry 
K=1,363 or rh = 1.363 
r, = 1.363 x r, = 1.863 x 150 = 204.45 mm 
Thickness of wall =r, - 7, = 204.45 - 150 = 54.45 mm. Ans. 
24.9. ENERGY OF DISTORTION (OR SHEAR STRAIN ENERGY) 
The total strain energy per unit volume is given by equation (24.5) as 
1 
= OF [(o,? + 6,2 + 0,”) - 2u(G,0, + 0,03 + 5,0,)] 
The above energy can be split up into the two strain energies as : 
(i) Strain energy of distortion (shear strain energy) 
(ii) Strain energy of uniform compression or tension (Volumetric strain energy or energy 
of dilation) 


The principal strains (e,, ¢), ¢,) in the direction of principal stresses (o,, 6, and og) 
respectively are given by 


e,= E fo, — WG, + Og) 
€5= = [o, — wlog + 9,)] 
@,= = [ag — W(o, + 9y)} 
Adding, we get 
e, +eégteg= = [(o, + Gy + Og) - 2u (G, + 5g + 95)] 


_ (Gy +9 +93) 


E (1— 2u) 
But e, + @, + €3 = Volumetric strain (e,) 
Jo ay, og Mat Set Oa) yy 


# E 
Now the two important points are 
{a) If a, + Gy + 0, = 0, then e, = 0. 
The above result shows that if sum of the three principal stresses is zero then volumetric 
strain is zero. This means there is no volumetric change. Only distortion occurs. 
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(6) If o, = dy = Gy, then e, =e, = e3. This means the linear strains in all three directions 
are equal. This also means that there is no distortion. No distortion means there are no shear 
stresses and no shear strains. But volumetric strains are present due to the presence of e,, e, 
and e,. Hence in this case only volumetric change occurs. 

Energy of distortion and energy of dilation 

For a general case, let us introduce the notation 


O,+0g+ Og 24 @) 
3 ‘ 

Now the three given principal stresses can be broken into two parts as given below 
0,=p+o, w(t) 
Op =p + G,! .- (tii) 
Og =P + 04) : (iv) 

Adding equations (iz), (iit) and (iv), we get 

O, + Oy + Og = Sp + O,' + O,' + 0, wv) 


From equation (i), 0, + 6, + 0, = 3p 
Hence the above equation (v) becomes as 
3p = 3p + G,’ + o,' + ,' 
‘or 0,’ + o,' +0,’ =0 

As the summation of o,', 0,’ and o,' is equal to zero, this means this set of stresses 
produces distortion only. This has already been stated in important point (a). 

The other set of equal stresses p, p, p (i.e., 0, = 0, = 0,) which is a case of uniform tension 
or compression produces only volumetric changes. This has also been stated in important 
point (6). 

The total strain energy is the sum of strain energy of uniform tension (or compression) 
and strain energy of distorsion. Hence the strain energy of distortion is obtained by subtracting 
the strain energy of uniform tension (or compression) from the total strain energy. 


Total strain energy per unit volume is given by equation (24.5) as 
A 
U= ap ov + Op? + G4? — 2u(0,0, + 0,0, + 0,0,)] 
The strain energy of uniform tension (or compression) is produced by a set of equal 
stresses p, p, Pp. 


Hence substituting o, = p, 0, = p, 0, = p in the above equation, we get strain energy of 
uniform tension. 


Strain energy of uniform tension per unit volume 
. 1 
= gpl’ +p? +p? Quip xp +p xp +pxp)l 


[8p? — 2u x 3p?) 


1 

2E 
1 2 t 
3B x 3p* x(1 — 2h) 
O,+0gt0g - 


But p= 3 
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aC CL a TE 


Strain energy of uniform tension 


L O,+0,+03) 
= pg «8x (Stee) x (1 — 2u) 


2a X (G1 + Gy + 04)? x (1 — 2y) 
Now the strain energy of distortion can be obtained. 
Strain energy of distortion per unit volume 
= Total strain energy — strain energy of uniform tension 


2 


1 
= gpg lor’ + 047+ 047 — 2u(o,02 + 0,03 + 050,)] 


1 : 
~ GR Or tO + 95)? x (1 - 2) 
1 
= ¢E [3{0,? + 0,7 + 04? — 2u(o,0, + 0,0, + 0,5,)} 
- (1 - 2y) (0, + 0, + 05)?] 
1 2 2 2 
= E [30,° + 30° + 30,7 — 6u0,0, - 6u0,0,~ 640,60, 
— (1 ~ 2) x (G,? + 0,7 + 042 + 20,09 + 20,0, + 20,0,)] 
1 
= 6E [20,7 + 20,24 20,” ~ 2010, — 26,0, — 20,0, — 640,05 


— 610203 ~ 69g, + 2u(G,” + Gy? + G5") + 2U(20,0, + 20,05 + 2046,)] 


1 
= 3p [(20,? + 20, + 205”) (1 + p) ~ (20,0, + 20,03 + 20,0,) 


~ W(20, 0, + 20,6, + 20,0) 





as i ((2 2 20,2 2. 2 Ll 2. 

= gp [(20,? + 20,7 + 20, )CL + p) - oo, + 20,0, + 20,0,) (1 + 2)] 
L+ 

= ae [20,? + 20,2 + 20,7 — 20,0, - 20,0, — 20,0,] 
1+ 

= = [(G, - 64) + (0, - 05)? + (0, - 0,)] 


But we know that EZ = 2C(1 + u) 
Hence the above equation becomes as 


(1+) 


? 6x 2C(1 +n) [(G, — 02)” + (6, - 04)" + (03 - 9,)7] 


1 
= Tog [Ma.- 09)? + (2 - 95)? + (a5 - 0) 


Strain energy of distortion per unit volume 


1 
= {9g Koy - oF + (a, ~ 05)? + (o, - 0] (24.14) 


The equation (24.14) is also known as the equation of shear strain energy. 
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HIGHLIGHTS 


4. For a three-dimensional stress system subjected to principal stresses 0,, 6, and o, the equations 
for criterion of failure and for design according to : 
(a) Maximum principal stress theory _ (or Rankine theory) are : 


start ; # ic limit in simple tension 
Criterion of failure: 9, 2 0," where ©, Elastic limit = simp 
| o, | 20,* o* = Elastic limit in simple compression 
3 e . oe is 
For design : 0, = 6, where a, = permissible stress in simple tension 
o,* 
” Safety factor 


(6) Maximum principal strain theory (or Saint Venant Theory) 
: s4 Jeo" 
Criterion of failure : E [o, — 1(6g + 9,)) = Ee 8 GH u(G, + Os) = O, 


| Lo, — wo, + 9,)) | = 0" 
For design : 0, — W(G, + Og) = 9; 
or Oy — WO, + 02) = 6, 
(c) Maximum shear stress theory (or Guest and Tresca Theory) 
At failure : (0, - 03) = 0,* 


a,* 
(0,03) = 0, where o,= Gore 


For design : Safety factor 


(d) Maximum strain energy theory (or Haigh’s Theory} 
i 2 — ( yp 
At failure 35 [0,2 + 0,2 + 0,2- 2u(oyo, + O05 + GO) = oR 


For two-dimensional stress-system : 
At failure: 0,2 + 0, - 2u(a, x64) = (o, 
For design : 0,2 + 0,” - 2u(o, x 02) = 9, 
(e) Maximum shear strain energy theory (or Mises and Henky Theory or Energy of distortion 
Theory) 

Criterion of failure : (0, - 03)” + (a, - 0)” + (G3 - og, 222 x (o, 
For design : (a, — Oy)? + (Gg - 0)? + (dg — og, 22x 0? 

For two-dimensional stress system in case of design 

O42 + Oy” — 0,0, = 6". 


EXERCISE 24 


(A) Theoretical Questions 


What do you understand by the term “Theories of failure” ? Name the important theories of 
failure. 
Define and explain the following theories of failure : 
G) Maximum principal stress theory. 
(ii) Maximum principal strain theory. 
(iii) Maximum shear stress theory. 
(iv) Maximum strain energy theory. 
(v) Maximum shear strain energy theory. 


Rye 


#2 
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Se 
3. Derive an expression for the distortion energy per unit volume when a body is subjected to prin- 


4. 


5. 


1. 


3 


. 
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cipal stresses o,, 0, and 05. 

Explain with reasons which theory of failure is best suited for : 
(i) Ductile materials 

(ii) Brittle material. 


State distortion energy theory for failure. (Engineering Service, 1992 i.e., IES, 1992) 


{B) Numerical Problems 
The principal stresses at a point in an elastic material are 22, N/mm? (tensile), 110 N/mm2 
{tensile} and 55 N/mm? (compressive). 


If the elastic limit in simple tension is 220 N/mm? and y = 0.3, then determine whether the 
failure of material will occur or not according to 
(i) Maximum principal stress theory, 
(i) Maximum principal strain theory, 
(iii) Maximum shear stress theory, 
(iv) Maximum strain energy theory, : 
(v} Maximum shear strain energy theory. [Ans. (i) Yes (ii) No (tii) Yes (iv) Yes (v) Yes] 
Determine the diameter of a bolt which is subjected to an axial pull of 12 kN together with a 
transverse shear force of 6 KN, when the elastic limit in tension is 300 N/mm”, factor of safety 
= 8 and Poisson’s ratio = 0.3 using : 


(i) Maximum principal stress theory, 
(ii) Maximum principal strain theory, 
(itt) Maximum shear stress theory, 
(iv) Maximum strain energy theory, 
“ (v) Maximum shear strain energy theory 
[Ans. (i) 18.59 mm (i) 13.925 mm (ii) 14.7 mm (iv) 14.02 mm (v) 14.22 mm] 


Abolt is under an axial thrust of 7.2 kN together with a transverse shear force of 3.6 kN. Calculate 
the diameter of the bolt according to : 


() Maximum principal stress theory, 
(ii) Maximum shear stress theory, 
(itt) Maximum strain energy theory 
Take elastic limit in simple tension = 202 N/mm/?, factor of safety = 8 and Poisson's ratio = 0.3. 
‘ {Ans. (i) 12.8 mm (i) 13.8 mm (iii) 13.83 mmj 
A steel shaft is subjected to an end thrust producing a stress of 90 MPa and the maximum 
shearing stress on the surface arising from torsion is 60 MPa. The yield point of the material in 


simple tension was found to be 300 MPa. Calculate the factor of safety of the shaft according to 

the following theories : 

{i) Maximum shear stress theory, 

(ii) Maximum distortion-energy theory. (AMIE, Summer 1977) 
(Ans. (i) 2.5 (i) 2.77] 

At a section of a mild steel shaft of diameter 180 mm, the maximum torque is 67.5 kNm and 

maximum bending moment is 40.5 kNm. The elastic limit in simple tension is 220 N/mm? . 

Determine whether the failure ur the material will occur or not according to maximum shear 

stress theory. If not, then find the factor of safety. [Ans. (i) Not (ii) 1.6] 
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Vick 
1. 


oe 


OBJECTIVE TYPE QUESTIONS GENERALLY ASKED IN COMPETITIVE 
EXAMINATIONS 


mark (V ) the most appropriate answer of the multiple choices. 
Within elastic limit in a loaded material, stress is : 
(a) inversely proportional to strain (b) directly proportional to strain 
{e) equal to strain (d) none of the above. 
The ratio of linear stress to linear strain is known as 
(a) Poisson’s ratio (6) bulk modulus 
(c) modulus of rigidity (d) modulus of elasticity. 
The ratio of lateral strain to longitudinal strain is called 
(a) Poisson’s ratio (6) bulk modulus © 
(c) modulus of rigidity (d} modulus of elasticity. 
The ratio of shear stress to shear strain is called 
(a) Poisson’s ratio (6) bulk modulus 
‘(c) modulus of rigidity - (d) modulus of elasticity. 
The ratio of normal stress of each face of a solid cube to volumetric strain is called 
(6) bulk modulus 
(d) modulus of elasticity. 


(a) Poisson’s ratio 

(c) modulus of rigidity 
Hook’s law holds good upto 
(a) proportional limit (6) yield point 

{c) elastic limit (d) plastic limit. 

The property of a material by virtue of which a body returns to its original shape after 
removal of the load is known as 

(a) ductility (6) plasticity 

(c) elasticity (d) resilience. 

A tensile force (P) is acting on a body of length (L) and area of cross-section (A). The 


change in length would be 
P PE 
(a) {b) AL 
PL AL 
(c) AB (d) PE’ 
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10. 


11 


12. 


13. 


14. 


15. 


16. 
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The modulus of elasticity (E) and modulus of rigidity (C) are related by 
E 

pis. b) Ca —e_ 

30m ~ 2) (8)C 2m + 1) 

3(m - 2) 
ce _ m+) 

mE Wes mE 


1 
where a Poisson’s ratio. 


The modulus of elasticity (Z) and bulk modulus (K) are related by 





E 
aise _ mE 
3(m ~ 2) (k= Am+D 
30n - 2 
()K = A—®) a) K= Meey 
mE 


J 
where ae Poisson’s ratio. 


The elongation produced in a rod (by its own weight) of length (1) and diameter (d) 
rigidly fixed at the upper end and hanging is equal to 


wl 
@)— wl" 
2E (b) 2E 
73 : 4 
() BE wl" 
2E (d) 2E 


where w = weight per unit volume of the rod, 
E = modulus of elasticity. 


The ratio of modul igidi ici i : 
See modulus of rigidity to modulus of elasticity for a Poisson's ratio of 0.25 


(a) 0.5 (b) 0.4 

(c) 0.8 (d) 1.0. 

The ratio of bulk modulus to modulus of elasticity for a Poisson's ratio of 0.25 would b 
(a) 2/8 (6) 1/3 ; 
(c) 4/3 (d) 1.0. 


The relation between modulus of elasticity (EZ), modulus of rigidity (C) and bulk 
modulus (K) is given by 








8KC 
7 9KC 
OE = Cor ()E= ClaK 
C+9K 

pe CAOK C+3K 
{c) 3KC QME= OKC: 
The ratio of modulus of rigidity to bulk modulus for a Poisson’s ratio of 0.25 would be 
(a) 2/3 (6) 2/5 
(ce) 3/5 (d) 1.0. 


The work done in producing strain on a material per unit volume is called 
(a) resilience (6) ductility 
(c) elasticity (d) plasticity. 
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ce 
1%. The property by virtue of which a metal can be beaten into plates is called 
(a) ductility (6) malleability 
(c) resilience (d) plasticity. 
18. Choose the wrong statement : 
(a) Elongation produced in a red (by its own weight) which is rigidly fixed at the upper 
end and hanging is equal to that produced by a load halfits weight applied at the end. 
(b) The stress at any section of a rod on account of its own weight is directly proportional 
to the distance of the section from the lower end. 
(c) Modulus of elasticity is having the same unit as stfess. 
(d) If a material expands freely due to heating, it will develop thermal stresses. 
19. A rod of‘length (/) tapers uniformly from a diameter D, to a diameter D, and carries 
an axial tensile load P. The extension of the rod would be 














(a) on (b) on 

(c) oe (d) oe ; : 
20. Ifin question 19, the rod is of uniform diameter (D), then extension would be 

©) ee | ad) or 


21. A-rod of length / and cross-sectional area A rotates about an axis passing through one 
end of the rod. The extension produced in the bar due to centrifugal forces would be 





wool? wo" 
Ome a 

wot? 3gE 
i) “3gk {d) wel? * 


22. For the bars of composite section, 
(a) the load carried by different materials is the same as the total external load 
(b) the extension in different materials is different 
(ec) the total external load is equal to the total sum of the loads carried by different 
materials 
(d) strain in all materials is equal 
(e) both (c) and (d). 
23. Two materials are having modulus of elasticities, modulus of rigidities and bulk modulus 
as (£,, E,); (C,, C,) and (K,, K,). The modulus ratio is given by 


Ey By 
(a) G, {) K, 
eee Gy eb: 


Ey Ky 
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24. For uniform strength, a bar which is fixed at th. 
: © upper end and is subjected 
Joad P at the lower end, the area (A) at any section at a distance x fn nuh ae . 


‘ 


given by 
bs G 
(a) A, e%* (b) Ay ev 
wx 
()A,e? (d) Ay x > 


where A, = area at the lower end, w = weight per unit volume 
: o = uniform stress intensity in the bar. 
25. The thermal stress is given by 


(a) Eal (b) = 
= 

Go a 
T (@) Eel 


where « = co-efficient of linear expansion, 
T = rise in temperature. 


26. The proof resilience is given by 
20 2E 
(a) — | Tz 
) E (5) 3 
(c) ioe one 
2k oe 


where o = stress at the elastic limit, 

If D is the diameter of a sphere, then volumetric strain is equal to 

(a) two times the strain of diameter (b) 1.5 times the strain of diameter 
{c) three times the strain of diameter (d) the strain of diameter. 


28. Ifl be the length and D be the diameter ofa cylindrical rod, then volumetric strain of the 
rod is equal to 


(a) strain of length plus strain of diameter 
(6) strain of diameter , 
(c) strain of length + twice the strain of diameter 
(d) strain of length. 
29. The extension per unit length of the rod due to suddenly applied load as compared to the 
same load gradually applied to the same rod is , 
(a) same (b) double 
(c) three times (d} half. 
30. The stress due to suddenly applied load as compared to the stress due to the same load 
gradually applied to the same rod is 
(a) half (6) same 
(c} double 


27. 


« 


(d) three times. 


1042 


31. 
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35. 


36. 


37. 


38. 


39. 


40. 
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The tensile force at a distance y from support in a vertical hanging bar of length J which 
carries a load P at the bottom is equal to 

(a) P (6)P + wi 

(ec) P+ wl - y) , (d) P + wy 


where w = weight per unit length. 
The normal stress on an oblique plane at an angle 6 to the cross-section of a body which 


is subjected to a direct tensile stress (0) is equal to 


(a) . sin 26 (6) o cos § 
(c) o cos? @ (d) o sin? 8. 


In question 32, the normal stress on the oblique plane will be maximum when 6 is equal to 
(a) 90° (6) 45° 

(c) 0° (d) 30°. 

The tangential or shear stress on an oblique plane at an angle @ to the cross-section of a 
body which is subjected to a direct tensile stress (0) is equal to 


(a) ; sin 20 (b) o cos @ 


(c) o cos? 6 (d) o sin? 6. 

In question 34, the tangential or shear stress on the oblique plane will be maximum 
when 6 is equal to 

(a) 90° (b) 45° 

{c) 0° (d) 30°. 

The resultant stress on an oblique plane at an angle 0 to the cross-section of a body 
which is subjected to a direct tensile stress is 

(a) of2 sin 28 (b) a cos 8 

(c) o cos? @ (d) o sin? 6. 

If a member is subjected to an axial tensile load, the plane normal to the axis of loading 
carries 

(a) minimum normal stress (6) maximum normal stress 

{c) maximum shear stress (d) none of the above. 

If a member is subjected to an axial tensile load, the plane inclined at 45° to the axis of 
loading carries 

(a) minimum shear stress (6) maximum normal stress 

(c) maximum shear stress (d) none of the above. 

The maximum shear stress induced in a member which is subjected to an axial load is 
equal to 

(a} maximum normal stress (6) half of maximum normal stress 

(c) twice the maximum normal stress (d} thrice the maximum normal stress. 

If a member, whose tensile strength is more than two times the shear strength, is 
subjected to an axial load upto failure, the failure of the member will occur by 

(@) maximum normal stress (6} maximum shear stress 

(c) normal stress or shear stress (d) none of the above. 
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41. The elongation of a conical bar due to its own weight is equal to 
. wl wl" 
(a) oF (b) 6E 
wi? wl* 
© or @ oF 


where / = length of bar and w = weight per unit volume. 


42. Ifa beam is fixed at both its ends, it is called a 


(a) fixed beam 
(c) encastered beam 
(e) none of the above. 


(6) built-in beam 
(d) any one of the above 


43. Ifa beam is supported on more than two supports, it is called a 


(a) built-in beam 
(c) simply supported beam 


(6) continuous beam 
(d) encastered beam. 


44. Choose the wrong statement 


(a) The shear force at any section of a beam is equal to the total sum of the forces acting 
on the beam on any one side of the section. , 

(6) The magnitude of the bending moment at any section of a beam is equal to the vector 
sum of the moments (about the section) due to the forces acting on the beam on any 
one side of the section. 

{c) A diagram which shows the values of shear forces at various sections of structural 
member is called a shear force diagram. 


(d) A simply supported beam is one which is supported on more than two supports. 


45. A simply supported beam of span (1) carries a point load (W) at the centre of the beam. 


The bending moment diagram will be a 

(a) parabola with maximum ordinate at the centre of the beam 
(6) parabola with maximum ordinate at one end of the beam 
(c} triangle with maximum ordinate at the centre of the beam 
(d) triangle with maximum ordinate at one end of the beam. 


46. A simply supported beam of span (J) carries a uniformly distributed load (wv N per unit 


length) over the whole span. The bending moment diagram will be a 
(a) parabola with maximum ordinate at the centre of the beam 

(6) parabola with maximum ordinate at one end of the beam 

(c) triangle with maximum ordinate at the centre of the span 

(d) triangle with maximum ordinate at one end of the beam. 


4%. A cantilever of length (2) carries a point load (W) at the free end. The bending moment 


diagram will be a 

(a) parabola with maximum ordinate at the centre of the beam 
(6) parabola with maximum ordinate at the cantilever end 

(c) triangle with maximum ordinate at the free end 

(d) triangle with maximum ordinate at the cantilever end. 
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“48. 


a ‘49. 
o> 50. 
51. 


52, 


- (a) two equal and opposite rectangles 


53. 


54, 


55. 


56. 


57. 


A cantilever of length (Z) carries a uniformly distributed load over the whole length. The 
bending moment diagram will be 

(a) parabola with maximum ordinate at the centre 

(b) parabola with maximum ordinate at the cantilever end 

{c) triangle with maximum ordinate at the free end 

(d) triangle with maximum ordinate at the cantilever end. 

A simply supported beam of span (J) carries a point load (W) at the centre of the beam. 
The shear force diagram will be 

(a) a rectangle (6) a triangle 

(c) two equal and opposite rectangles (d) two equal and opposite triangles. 

A simply supported beam of span (J) carries a uniformly distributed load over the whole 
span. The shear force diagram will be : 

(a) a rectengle (b) a triangle 

(c) two equal and opposite rectangles (d) two equal and opposite triangles. 

A cantilever of length @) carries a point load (W) at the free end. The shear force dia- 
gram will be , 

(a) two equal and opposite rectangles (b) a rectangle 

(c) two equal and opposite triangles (d) a triangle. 

A cantilever of length (Z) carries a uniformly distributed load over the whole length. The 
shear force diagram will be 

(6) a rectangle 

(c) two equal and opposite triangles (d) a triangle. 

The bending moment on a section is maximum where shearing force is 

(a) minimum (b) maximum 

(c) zero (d) equal 

(e) changing sign (f) none of the above. 

The point of zero bending moment, where the continuous curve of bending moment 
changes sign, is called 

(a) the point of contra-flexure 

{c) the point of virtual hinge 

The point of contra-flexure occurs only in 
(a) continuous beams 

(c) overhanging beams (d) simply supported beams 

(e) all of the above (f ) none of the above. 

The bending moment at a section, where shear force is zero, will be 

(a) zero : (6) maximum 

(c) minimum (d) either minimum. or maximum ! 
(e) none of the above. 

A beam of uniform strength is one which has same s 

(a) bending stress at every section (b) deflection throughout the beam 

{c) bending moment throughout the beam (d) shear force throughout the beam. 


(b) the point of inflation 


(b) cantilever beams 


(d) all of the above. i 
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58. The shear force and bending moment are zero at t 
(2) point load at the free end 
(6) uniformly distributed load over the whole length 
(c) point load in the middle of its length 
(d) none of the above. 


59. A simply supported beam carries a unifor: istri 
taly distributed load of 
over the whole span (i). The shear force at the centre is Sea 


he free endofa cantilever, if it carries a 


per unit length 


wl : 
@ > () 7 
wi 
. i (d) zero. 
60. For the question 59, the shear force at the supported ends will be 
wl 2 
@s> ) 
wl 
(c) 4 (d) zero. 
61. For the question 59, the bending moment at the supported ends will be 
wl 2 
_ ul Z 
@s (6) = 
wl 
{ec} 4 (a) zero. 
62. For the question 59, the bending moment at the centre will be 
wl : < 
as ) 
( wl 
c) ac (d) zero. 


63. For the question 59, the point of contra-flexure is at 
(a) the supported end (b) the middle of the beam 


: I : 
(ec) a distance i from the supported ends (d) none of the above. 


64. A cantilever of length (1) carries a uniformly distri i 
ly distributed load w N 
whole length. The shear force at the free end will be Ue oar 


(a) wl (b) we 
wl 
(e} ae (d) zero. 


65. In question 64, the shear force at the fixed end will be 


(a) wl py we 
29Os 


wl 
{c) 2 (d) zero. 
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66. 


67. 


68. 


69. 


70. 


WW. 


72. 


73. 


In a tensile test of a specimen, the ratio of maximum load to the original cross-sectional 
area of the test piece is called 

(a) yield stress (b) ultimate stress 

(c) safe stress (d) breaking stress. 

A short column of rectangular section carries a vertical point load W axially. The stress 
on the section of the column will be 

(a) uniform 

(b) zero at one end and maximum at the other end 

(c) zero at the axis and maximum on the outer ends 

(d) tensile on one end and compressive on the other. 

If in question 67, the short column carries a vertical point load eccentrically, then the 
stress on the section will be ; 

(a) uniform 

(b) zero at the axis and maximum on the outer ends 

(c) zero at one end and maximum at the other end 

(d} tensile on one end and compressive on the other 

(e) non-uniform and will depend upon the amount of eccentricity. 

A solid circular shaft of diameter D carries an axial load W . If the same load is applied 


D : + 
axially on a hollow circular shaft of inner diameter as = , the ratio of stresses in a solid 


shaft to that of hollow shaft would be 


1 1 
(a) 2. (6) ce 

4 3 
(e) zs (d) z" 


If in question 69, the inner diameter of hollow shaft in D/8, then the ratio of stress in a 
solid shaft to that of hollow shaft would be 


1 1 
(a) 3 (6) Z 


8 9 
(c) 9 (d) 8° 
Under tensile test, a test piece of a material is having 40% elongation whereas another 
test piece of the same dimensions but of different material is having 25% elongation. 
Then the ductility of the first material as compared to that of second material is | 
(a) less (6) same 
(c} more (d) none of the above. 


The diameter of a cast iron round bar, on which tensile test is performed, at fracture will 


(a) increase (8) decrease 

(c) be approximately same (d) none of the above. 

The diameter of a mild steel round bar, on which tensile test is performed, at fracture 
will . 

(a) increase 
{c) be same 


(6) decrease 
(d) none of the above. 
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76. 


77. 


78. 


79. 


80. 


81. 


If a member is subjected to a uniform bending moment (M), the radi 
the deflected form of the member is given by ‘ Perey oon 


wa ME 
RT OTR 
M_R M 
OT"s (d) == RI. 
Which one of the following equations is correct 
1 d*y EI 1 d*y M 
Or at OR ae aT 
d*y M d*y EI 
Reto sa 
OR ae, EI Roa 


where R = radius of curvature and M = bending moment. 
. a* 
The expression HJ at at a section of a member represents 


(a) shearing force 


(c) bending moment 
: d?y 
The expression EI ae at a section of a member represents 


(6) rate of loading 
(d) slope. 


(a) shearing force 
(c) bending moment 
j d* y 
The expression EI et at a section of a member represents 


(6) rate of loading 
(d) slope. 


(a) shearing force (6) rate of loading 
(c) bending moment (d) slope. 


A cantilever of length (1) carries a point load (W) at the free end, The downward deflec- 
tion at the free end is equal to 








(a) We () ar 

3 
Oar © weer 
In question 79, the slope at the free end will be 
(a) a (b) ll 
(c) nae (@) a 


A cantilever of length (2) carries a uniformly distributed load w per unit length over the 
whole length. The downward deflection at the free end will be 








Wwe wee 
(a) ——- b) — 

ae ve 3EI 

5W we 
©) Se4ET (2) teEI 


where W = w xi = total load. 
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88. 


In question 81, the slope at the free end will be 


wi? wi? 

eee b) —— 
© oni (0) oer 

we wre 
©) oaET (@) FeRT 


where W = total load = w x d. 
A uniform simply supported beam of span (1) carries a point load (W) at the centre. The 
downward deflection at the centre will be 





{a) wr {b) a 
(c) aa (d) we 
In question 83, the slope at the support will be 

{a) we (b) we 
ee HEI pe ier 


A uniformly simply supported beam of span (/) carries a uniformly distributed load w 
per unit length over the whole span. The downward deflection at the centre will be 








we we 
_ 5wie we 
(©) 3 B4EI @) tenI 


where W = w x1 = total load. : 

A simply supported beam is of rectangular section. It carries a uniformly distributed 
load over the whole span. The deflection at the centre is y. If the depth of the beam is 
doubled, the deflection at the centre would be 

(a) 2y (b) 4y 


¥ ¥ 
(c) 5 (d) 8° 


A simply supported beam carries a uniformly distributed load over the whole span. The 
deflection at the centre is y. If the distributed load per unit length is doubled and also 
depth of the beam is doubled, then the deflection at the centre would be 


(a) 2y (b) 4y 
y x 
{c) 9 (d) 4° 


The slope at the free end of a cantilever of length 1 m is 1°. If the cantilever carries 
uniformly distributed load over the whole length, then the deflection at the free end will 
be 

(a) 1 cm 

(c) 2.618 cm 


(6) 1.309 em 
(d) 3.927 cm. 
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89. 


90. 


91. 


92. 


93. 


94. 


95. 


96. 





A cantilever of length (2) carries a point load (W) at a distance x from the fixed end, then 
the deflection at the free end will be 





Wx? = Wx? we 
© sey * ont *! © sar 
3 52 2 3 
(Oe Seg as 


3HI = 2EI 2EI 3K 
A cantilever of length (/) carries a uniformly distributed load of w per unit length for a 
distance x from the fixed end, then the deflection at the free end will be 











Wx? Wri Wx4 
(@) oer * GET * (©) SET 

wit Wet Wx 

We d sey 
©) SET @) Ser * our?” 


A cantilever of length (/) carries a distributed load whose intensity varies from zero at 
the free end to w per unit length at the fixed end. The deflection at the free end will be 


4 4 
(0) Sar Oe 
4 4 
(c) At wi" (d) wl 
120 EI : 30FI 


A cantilever of length (/) carries a distributed load whose intensity varies uniformly 
from zero at the fixed end to w per unit length at the free end. The deflection at the free 
end will be 





wit wit 
{a) SET (6) SEI 
il wit wit 
©) 50 ET (@) ORT" 


The statement that ‘the deflection at any point in a beam subjected to any load system is 
equal to the partial derivative of the total strain energy stored with respect to the load 
acting at the point in the direction in which deflection is desired’ is called 

{a) Bettle’s law (5) the first theorem of Castigliano 

(c) Clapeyron’s theorem {d) Maxwell’s law. 

A laminated spring 1 m long carries a central point load of 2000 N. The spring is made 
up of plates each 5 cm wide and 1 cm thick. The bending stress in the plates is limited to 
10 N/mm. The number of plates required, will be 


{a) 3 (5) 5 

(c) 6 (d) 8. 

In question 94, if F = 2 x 105 N/mm? the deflection under the given load of 2000 N will be 
(a) 1 cm (b) 1.25 cm 

(ce) 1.38 cm (d) 1.40 cm. 


A fixed beam is a beam whose end supports are such that the end slopes 
(6) are minimum 
(d) none of the above. 


(a) are maximum 
(ce) are zero 
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98. 


99. 


100, 


101. 


102. 


103. 


104. 


105. 


A fixed beam of length (Z) carries a point load (W) at the centre. The deflection at the 
centre is : 
(a) same as for a simply supported beam 

(b) half of the deflection for a simply supported beam 

(c) one-fourth of the deflection for a simply supported beam 

(d) double the deflection for a simply supported beam. 

For the question 97, the number of points of contra-flexure 

(a) is one (6) are two 

(c) are three (d) is none. 

For the question 97, the points of contra-flexure lies at 

(a) the fixed ends (6) the middle of the beam 


(c) 4 from the ends (d) none of the above. 


For the question 97, the bending moment at the centre is 

(a} same as for a simply supported beam 

(6) half of the bending moment for a simply supported beam 

(c) one-fourth of the bending moment for a simply supported beam 
(d) double the bending moment for a simply supported beam. 

For the question 97, the bending moment at the fixed ends is 


(a) zero (6) 2 
WI WI 
(b) eS ({d) 2° 


A fixed beam of span () carries a uniformly distributed load of w per unit length over 
the whole span. The deflection at the centre is 

(a) equal of the central deflection of a simply supported beam 

(6) half of the central deflection for a simply supported beam 

(ec) one-fourth of the central deflection for a simply supported beam 

(d) one-fifth of the central deflection of the simply supported beam. 

For the question 102, the points of contra-flexure lies at 





(a) the fixed ends (6) the middle of the beam 
I 
{e) = from the ends (d) oF from the centre of the span. 


For the solution of problems on fixed beam, the condition is 
(a) area of free B.M. diagram = area of fixed B.M. diagram 


(6) the distance of the centroid of the free B.M. diagram from an end should be equal to 
the distance of the centroid of fixed B.M. diagram from the same end 


{c}) both (a) and (5} (d) none of the above. 
In question 102, the end moments are each equal to 
wl? wl? 
Mier Oe 
wi? wi? 
(c) 12 (d) ee 
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The load on a circular column of diameter (d) for keeping the stress shally compressive 
may be applied anywhere within a concentric circle of diameter 


d d 
@) 5 Os 


d d 
(c) 3 (d) 2 


Three beams of circular, square, rectangular (with depth twice the width) sections and 
of same length are subjected to the same maximum bending moment. If allowable stress 
is the same then the section which will require maximum weight of the same material 
will be 


(a) rectangular (6) square - 
(d) none of the above. 


For the question 107, the section which will require minimum weight of the same mate- 
rial will be 


(ce) circular 


(a) rectangular 
(c) circular 


(6) square 
(d) none of the above. 


For the question 107, the ratios of weight of circular beam, weight of rectangular beam 
and weight of square beam is 


(a) 1: 0.7938 : 1.118 (6) 0.7938 : 1: 1.118 

(c) 1.118 : 0.7938 : 1 (d) 0.7938 : 1.118: 1. 

Kernel or core of a section is the figure within which load may be placed so as 
(a) to produce tensile stress at one end and compressive stress at the other end 
(b) to produce tensile stress at both the ends of the section 

{c) to produce tensile stress in the middle of the section 

(d) not to produce tensile stress anywhere in the section. 


The ratio of moment of inertia about the neutral axis to the distance of the most dis- 
tance point of the section from the neutral axis is called 


(a) moment of inertia (6) section modulus 


{d) modulus of rigidity. 


The relation between maximum stress (0) offered by a section, moment of resistance 
(M) and section modulus (Z)} is given by 


(ec) polar moment of inertia 


Go Z 
M=— =— 
{a) Zz (b) M 5 


()M=0xZ 





1 
M=- 
(d) oxZ" 


Choose the correct statement ; 
(a) Section modulus of a hollow circular section of external diameter D and internal 
x ‘D4 7 d® 


diameter dis equal to 
64D 


4 
32° 





(6) Section modulus of a circular section of diameter D is 


“4052 
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144. 


om 145. 


“116. 


117. 


* 118. 


119. 


120. 


121. 


122, 


2 
(ce) Section modulus of a rectangular section is a 


4 
(d) Section modulus of a square section b x.6 is > 


A beam of uniform strength can be designed by 

(a) varying the depth of the beam but maintaining constant width 

(b) varying the width of the beam but maintaining constant depth 

(ce) varying width and depth (d) any one of the above 

(e) none of the above. 

For a beam of uniform strength having constant depth, the width at a distance x from 
the support varries with 


(a) fx (b) x 

(e) 4 (da) 3/4, 

For a beam of uniform strength having constant width, the depth of the beam at a 
distance x from the support varies with . 


(c) x¥4 (d) x*/4, 


Flitched beam means a 
(a) continuous beam (8) fixed beam 

(c) beam of composite section consisting of a wooden beam strengthened by mild steel 

plates (d) none of the above. 

The shear stress required to cause plastic deformation of solid metal is called 

(a) proof stress (b) flow stress 

(c) rupture stress (d) ultimate stress. 

The stress which will cause a specified permanent deformation in a material (usually 
0.01% or less) is called : 
{a) proof stress (6) flow stress 

(c) rupture stress (da) ultimate stress. 

The stress obtained by dividing the load at the moment of incipient fracture, by the area 
supporting that load is called 

(a) proof stress (d) flow stress 

(ec) rupture stress (d) ultimate stress. 

The statement that ‘Tf unit loads rest upon a beam at the two points A and B, then the 
deflection at A due to unit load at B is equal to the deflection at B due to unit load at A’ 
is given by 

(a} Mohr (b) Castigliano 

(c) Maxwell (d) Rankine. 

A short column of rectangular section carries a point load (W) acting with an eccentric- 
ity (e). The shape of Kernel area would be ; 

(a) square 

(ce) circle 


(b) rectangle 
(d) rhombus. 
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123. Ifin question 122, the column is of circular section then the shape of Kernel area would 


be 
(a) square (5) rectangle 
{c) circle (d) rhombus. | 


124. Every cross-section of a shaft, which is subjected to a twisting moment, is de 
(a) compressive stress i (b) shear stress sa 
{c) tensile stress (d) bending stress. 

125. The shear stress at any point of a shaft, subjected to twisting moment, is 
(a) proportional to its distance from the central axis of the shaft 
(6) inversely proportional to its distance from the central axis of the shaft 
(c) proportional to the square ofits distance from the central axis of the shaft 
(d) none of the above. 


126. When a shaft is subjected to torsion, th j 
ft is . » the relation between maximum sh 
modulus of rigidity of the shaft (C) and angle of twist (6) is given by pene 


ce oR 4 
—_—_sS— CO dicen 
ae 6) a5 
Ce + 
@ a= Ce 
RL Qe" R 


where L = length of shaft and R = radius of shaft. 
127. A solid shaft of diameter D transmits the torque equal to 


‘8 
(a) —+D® ~~ Ds 
32 Ogg? 


a 3 
(c) FE tP (d) FD? 


where t = maximum allowable shear stress. 


128. The torque transmitted by a hollow sh ft of i ‘ i i 
ce y shait of external diameter (D) and internal diam- 


% 
(a) a - dj (b) 7g TD? - a") 
Dt se 


xn | D‘~d* 
om | os] D 


129. Polar moment of inertia of a solid circular shaft of diameter D is equal to 





nD? 4 
(a) —— aD 
32 de 32, 
nD} 4 
ao as 
64 " (a) 64 © 


130. Polar moment of inertia of a hollow circular shaft is equal to 
Bry _ 33 
(a) 5, (D* - d*] (0) 4, D*-a"] 


o K . 
(2) gy (D8 - a] (d) ace -d*‘], 
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131. Torsional rigidity of a shaft is equal to 

(a) product of modulus of rigidity and polar moment of inertia 

(6) sum of modulus of rigidity and polar moment of inertia 

(c) difference of modulus of rigidity and polar moment of inertia 

(d) ratio of modulus of rigidity and polar moment of inertia. 
132. Polar modulus of a shaft section is equal to 

(a) product of polar moment of inertia and maximum radius of the shaft 

(b) ratio of polar moment of inertia to maximum radius of the shaft 

(c).sum of polar moment of inertia and maximum radius of the shaft 

(d) difference of polar moment of inertia and maximum radius of the shaft. 
133. The torsional rigidity of a shaft is defined as the torque required to produce 

(2) maximum twist in the shaft (6) maximum shear stress in the shaft 

(c) minimum twist in the shaft 

(d) a twist of one radian per unit length of the shaft. 
134. The flexural rigidity for the deflection of beams is expressed as 


I E 
(a) E (6) I 


(c) ET (d) B® 
where FE = modulus of elasticity and J = moment of inertia. 
135. The greatest twisting moment which a given shaft section can resist is equal to 
(a) polar modulus x f (6) polar modulus/t 
(c) t/polar modulus (d) none of the above. 
136. Choose the correct statement 
(a) Shafts of the same material and length having the same polar modulus have the 
same strength. : 

{&) For a shaft of a given material, the magnitude of polar modulus is a measure of its 
strength in resisting torsion. 

(c) From a number of shafts of the same length and material, the shaft with greatest 
polar modulus will resist the maximum twisting moment: ; 

(d) all of the above. (e) none of the above. 

137. Two shafts, one solid and the other hollow, are made of the same materials and are 
having same length and weight. The hollow shaft as compared to solid shaft is 
(a) more strong (b) less strong 
(c) having same strength (d) none of the above. 

138. Two shafts, one solid and the other hollow, are of same length and material. They are 
subjected to the same torque and attain the same permissible maximum shear stress at 
the same time. The weight of hollow shaft will be 
(a) more (5) less 
(c) same as of solid shaft (d) none of the above. 

139, The torque transmitted, by a solid shaft of diameter 40 mm if the shear stress is not to 
exceed 400 N/em?, would be 
(a) 1.6xxN-m 
{c) 0.8 x x N-m 


(b) 16x N-m 
(d} 0.4 x x N-m. 
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140. If in question 139, the di i i 
noe : - on , the diameter of the solid shaft is doubled, then torque transmitted 
(a) — (6) double 
{c) four times (d) eight times. 


141. Ifin question 139, the di i i 
aoa lameter of the solid shaft is made 20 mm, then torque transmit- 


(a) same 
(c) one-eight 
142. The torsion equation is given by 


(6) one-half 
(d) one-fourth. 


Ee oa Te 

Foti T ce 
5 R Ce 5s" 5 

T +t CO 

ft T R CO 
ge Re ee oa 


143. The assumption made, while ini i i 
oan > determining the shear stress in a circular shaft subjected 


(a) the material of the shaft is uniform (b) the twist along the shaft is uniform 
(c) cross-sections of the shaft is plane and circular before and after the twist 
(d) all of the above {e) none of the above. 


144. When a shaft of diameter (d) is subj i i 
jected to combined twist: i 
moment (44), the maximum shear stress (t) is equal to panera ee ne 


R 2 2 
(a) = (M?4+T (b) 2 ar +T?) 


Rape, me 
©) $M? + 72) (a) 2M? +7) 
where J = polar moment of inertia of the shaft. 


145. In question 144, the maximum normal stress is given by 


6 
(a) —> (M - (Mu? +7?) () = (M+ (M247?) 


16 
nd 
16 
(d) 5 (M + YM? - 77), 


1i6 
(©) 5 (M - ¥M? -T*) 
146. A cylindrical v i i in i i its i i 
eae essel is said to be thin if the ratio of its internal diameter to the wall 
(a) less than 20, (b) equal to 20 
(c) more than 20 (d) none of the above. 


147. The hoop or circumferential stress in a thi indri 
, L n cylindrical shell of diamet: 
and thickness (¢), when subjected to an internal pressure (p) is equal io epee 


D 

(a) 2 pD 
he () 2t 
2pD 

@= (d) *Ee i 


148, The longitudinal or axial stress in a thin cylindri 
1 4 cylindrical shell of diameter (D), length (L 
thickness (¢), when subjected to an internal pressure (p) is equal Peer 
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150. 


151. 


" 152. 


153. 


154, 





pD _ 

(a) a (®) or 
D 4pD 

ee ay 


t 
The maximum shear stress in a thin cylindrical shell, when subjected to an internal 


pressure (p) is equal to 


pb pp 
pD Bb 
oe ae 


The maximum shear stress in a thin spherical shell, when subjected to an internal pres- 
sure (p) is equal to 


pe pp 
oF oe 
{c) pe ({d) zero. 


The hoop or circumferential stress in a thin spherical shell, when subjected to an inter- 
nal pressure (p) is equal to 


pb pD 

(a) it (6) Qt 
pD opp 

Ober age? 


The hoop or circumferential stress is a riveted cylindrical shell, when subjected to an 
internal pressure (p) is equal to 





pD pD 
(a) 4t hy o 4t Ne 

pb _pD_ 
te) at yy; a 2£ Ne 


where D = internal diameter, n, = efficiency of longitudinal 

joint and n, = efficiency of circumferential joint. 

The longitudinal stress in a riveted cylindrical shell, when subjected to internal pres- 
sure (p) is equal to 


pp. _pD_ 
{a) 4t NE {b) At Me 
pes see: 
(ec) tn, (d) 2t Ne 


where 1, = efficiency of longitudinal joint and 
n, = efficiency of circumferential joint. 
Choose the correct statement. 
(a) The hoop stress in a thin cylindrical shell is compressive stress. 
(b) The shear stress in a thin spherical shell is more than that of in a thin cylindrical 
shell. 
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155. 


156. 


157. 


158. 


159. 


160. 


161. 


(c) The design of thin cylindrical shell is based on hoop stress. 
(d) The ratio of hoop stress to longitudinal stress for a thin cylindrical shell is 1/2 
A water main 1 m in diameter contains a fluid having pressure 1 N/mm?. If the as 


mum permissible tensile stress in the metal is 20 N/mm? i 
Seen euliie mm’, the thickness of the metal 


(a) 2 em (b) 2.5 em 
(ec) lem (d) 0.5 cm. 


The circumferential strain in case of thin cylindri j 
ylindrical shell, when sub i 
pressure (p), is equal to ean 


_, pafl 2 pd 1 
(a) F3 2) w Ze (1-2) 
Pa {5 oA 3pd 1 
(e) Fe =| @ (1-2) 


The longitudinal strain in case of thin cylindrical shell, when subjected to internal pres- 
sure {p), is equal to : 


padfjl ob pd 1 
©) oie (5 = a (1 am) 
pdf, 1 3pd(, 1 
(c) Ath (2 | @) ee (1- 


The strain in any direction in case of a thin spherical shell, when subjected to internal 
pressure (p), is equal to 


pdfi_ i pa 1 
() oe (3 =| (6) ee (1- on] 
pdf, i 3pd 1 
©) aie (1 = (d) spa (1- aI 


The volumetric strain in case of thin spherical shell, when subjected to internal pres- 
sure (p), is equal to 


pad (loi pd 1 
(a) Pe +) (0) #12 

pdf, i 3pd 1 
(c) Fe (1 =| @ (1-2). 


The circumferential strain in case of thin cylindrical shell, when subjected to internal 
pressure (p), is 

(a) more than diametral strain (b) less than diametral strain 
(c) equal to diametral strain (d) none of the above. 
In the assembly of pulley, key and: shaft 

(a) key is made strongest link 

(b) key is made weaker link 

(c) all the three are designed for the same strength 


(d) pulley is made weaker. 
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163. 


164. 


165. 


166. 


167. 


168. 


169. 
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Acoil is having stiffness k. It is cut into two halves, then the stiffness of the cut coils will 
be 

(a) same () half 

(c) double (d) one-fourth. 

The hoop stress in case of thick cylinders across the thickness 

(a) is uniformly distributed 

(b) varies from maximum at the outer circumference to minimum at inner circumference 
(c) varies from maximum at the inner circumference to minimum at outer circumference 
(d) is zero. 

The longitudinal stress in case of thick cylinders 

(a) is uniformly distributed 

(b) varies from maximum at the outer circumference to minimum. at inner circumference 
(c) varies from maximum at the inner circumference to minimum at outer circumference 
(d) none of the above. 

In case of thick cylinders, at any point the three principal stresses, i.¢., radial, circum- 
ferential and longitudinal 

(a) are all tensile stress (5) are all compressive stresses 

(c) are all shear stresses (d) none of the above. 

In case of cylinders which have to carry high internal fluid pressure, the method adopted 
is to ; 

(a) wind strong steel wire under tension on the cylinder 

(6) shrink one cylinder over the other (c) both (a) and (6) 

(d) none of the above. 

The radical stress, at any radius x in case of a thick spherical shell subjected to internal 


fluid pressure p, is equal to 
. b (2) +¢ 
(b) me 


3) 
{a) x 

x3 ze 
(c) | op | % ya" |** 


where a and 8 are constants. 


The circumferential stress, at any radius x in case of a thick spherical shell subjected to 
internal fluid pressure p, is equal to 


2b 6 

(a) (2}-« (6) Ta + 
3 3 

x x 
o(3\-« o(%)>« 
Choose the correct statement. 
(a) When a thick cylinder is subjected to internal fluid pressure, the circumferential 

stress is maximum at the outer surface of the cylinder. 


(6) In case of thick cylinders, the difference of circumferential stress and radial stress is 
constant. 
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170. 


171. 


172. 


173. 


174, 


175. 


(c) In case of thick cylinders, the minimum value of radial stress is equal to internal 
fluid pressure. 

(d) The single thick cylinder withstands high internal fluid pressure as compared to 
compound cylinder. a 


When a thick cylinder is subjected to internal fluid pressure (p,), the maximum value of 
circumferential stress is 


2p; R? 
(a) ana () P; 
oe ‘i 
R,” + R2 
(c)} O (d) oe x Pj. 


The shearing strength per pitch length in case of butt joint is equal to 


(a)nx 2d? xt 


(b) an x Fd? xt 


(¢) Bux Fd? xx (d) 4nx Fd? xx 


where 7 = number of rivets per pitch length 
+t = shear stress. 

The tearing strength per pitch length of a riveted joint is equal to 

(a) (p-d) xt xo, (b) (p—d) xt xo, 

(c)(p~—d) xt xt (d) (p— 2d) xt xo, 

where p = pitch 
ad = diameter of rivet 
t = thickness of plates and 

6,, 6,and t = safe crushing, tensile and shear stresses respectively. 
The bearing or crushing strength per pitch length of a riveted joint is equal to 


x 
(a) 7d? xo, xn (6)nd xtxo,xn 


(e)d xtxoa,xn (d)pxtixo,xn 
where n = number of rivets per pitch length 
6, = safe crushing stress. 
In case of riveted joint ‘margin’ is the distance between the 
(a) centres of two consecutive rivets in a row 
(b) centre of rivet hole to the nearest edge of plate 
(c) centres of rivets in adjacent rows 
(d) none of the above. 
If the margin in case of riveted joint is at least 1.5 d, there will be 
(a) tearing off the plate between the rivet hole and edge of the plate 
(6) tearing off the plates between rivets ‘ 
(c) no tearing off the plate between the rivet hole and edge of the plate 
(d) no crushing of the joint. 





c : ‘76. 
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2-18: 
179. 
. 180. 


“181. 


182, 


"183. 


184. 
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The expression p x f x o, in case of a riveted joint is called 

(a) tearing strength (6) bearing strength 

(c) crushing strength (d) strength of solid plate. 

if P,, P, and P, are the maximum load per pitch length for a riveted joint from tearing, 
shearing and crushing considerations respectively, then efficiency of the joint is equal 


to 
: B é 
(a) strength of solid plate 6) strength of solid plate 
P, least of P,, P, and P, 
) strength of solid plate ) strength of solid plate 


maximum of P,, P, and P, 
() strength of solid plate 
In riveted joint the tensile, shearing and crushing stresses are based on the 
(a) diameter of drilled hole (6) diameter of rivet 
(c) mean of the diameter of rivet and drilled hole 
(d) none of the above. 
Generally a rivet joint fails by 
(a) shearing of rivets (b) crushing of rivets 
(c) tearing of the plate across the row of rivets 
(d) all of the above (e) any one of the above. 
A welded joint as compared to riveted joint, has 
(a) less strength (6) more strength 
(c) same strength (d) none of the above. 


In the diamond-riveted arrangement, the nine rivets have been arranged in four rows 
with one rivet in the first row, two rivets in the second row, three rivets in the third row 
and three rivets in the fourth row. The weakest section is the section passing through 


(a) fourth row (b) third row 

{c) second row (d) one rivet hole in the first row. 

The efficiency of a diamond-riveted joint, having width of the plate as b and diameter of 
hole as d, is equal to 


(f) none of the above. - 





d b+d 
(a) b () b 
b-d b-d 
{e) as (d) a 
The material, of which rivets are made, should be 
(a) hard (b) malleable 


(ce) ductile (d) tough. 

Strut is defined as a 

(a} member of a structure which carries a tensile load 

(b) member of a structure which carries an axial compressive load 
(ce) vertical member of a structure which carries a tensile load 


{d) none of the above. 
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185. 


186. 


187. 


188. 


189. 


190. 


191. 


192. 


Column is defined as a 

{a} member of a structure which carries a tensile load 

(6) member of a structure which carries an axial compressive load 

(c} vertical member of a structure which carries a tensile load 

(d) vertical member of a structure which carries an axial compressive load. 


The maximum axial compressive load which a column can take without failure by lat- 
eral deflection is called 


(a) critical load 

(c) crippling load 

Slenderness ratio is defined as the ratio of 
(a) equivalent length of the column to the minimum radius of gyration 
(b) length of the column to the minimum radius of gyration 

(c) length of the column to the area of cross-section of the column 

(d) minimum radius of gyration to the area of cross-section of the column. 
Buckling factor is defined as the ratio of : ‘ 
(a) equivalent length of a column to the minimum radius of gyration 

(6) length of the column to the minimum radius of gyration 

(c) length of the column to the area of cross-section of the column 

(d) none of the above. 


A loaded column is having the tendency to deflect. On account of this tendency, the 
critical load 


(a) decreases with the decrease in length 

(6) decreases with the increase in length 

{c) first decreases then increases with the decrease in length 

(d) first increases then decreases with the decrease in length. 

A loaded column fails due to 

(a) stress due to direct load () stress due to bending 
(c) both (a) and (b) (d) none of the above. 


The crippling load, according to Euler’s theory of long columns, when both ends of the 
column are hinged, is equal to 


(6) buckling load 
(d) any one of the above. 











4x? EI 2 RI 
() 0) 

2nT Qn? ET 
OR Oa 


where J = length of column. 
The crippling load, according to Euler’s theory of long column when one end of the 
column is fixed and other end is free, is equal to 


4n° EI 2 RI 
@) @) 
2 2 

EI on? El 
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‘The crippling load, according to Buler’s theory of long column when both ends of the 


column are fixed, is equal to 








2RT : n° ET 
(a) a (6) Sa 
2 Qn7 EI 
(c) — (d) p 


The crippling load, according to Euler’s theory of long column when one end of the 
column is fixed and the other end is hinged, is equal to 








2K 2RI 
(a) Ax ; I (b) Rallecns 
1 i 
2RT Qn EI 
(ce) or (d) a. 


The ratio of crippling load, for a column of length (1) with both ends fixed to the crippling 
load of the same column with both ends hinged, is equal to 

(a) 2.0 (6) 4.0 

(c) 0.25 (d) 0.50. 

The ratio of crippling load, for a column of length (2) with both ends fixed to the crippling 
load of the same column with one end fixed and other end is free, is equal to 

(a) 2.0 (b) 4.0 

(c) 8.0 (d) 16.0. 

The ratio of crippling load, for a column of length (2) with both ends fixed to the crippling 
load of the same column with one end fixed and other end is hinged, is equal to 

(a) 2.0 (6) 4.0 

(c) 8.0 (d) 16.0. 

The equivalent length of a given column with given end conditions is the length of a 
column of the same material and section with hinged ends having crippling load equal to 
(a) two times that of the given column _—_(6) half that of given column 

(c) four times that of the given column (d) that of the given column. 

The equivalent length is equal to actual length ofa column with 

(a) one end fixed and other end free (b) both ends fixed 

(c) one end fixed and other end hinged = (d) both ends hinged. 

The equivalent length is twice the actual length of a column with 

(a} one end fixed and other end free (b) both ends fixed 

(c) one end fixed and other end hinged —(d) both ends hinged. 

The equivalent length is equal to half of the actual length of a column with 

(a) one end fixed and other end free (6) both ends fixed 

(c) one end fixed and other end hinged = (d) both ends hinged. 


The equivalent length is equal to actual length divided by 42 for a column with 


(a) one end fixed and other end free (b) both ends fixed - 
(c) one end fixed and other end hinged = (d) both ends hinged. 
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The equivalent length is equal to four times the actual length of a column with 
(a) one end fixed and other end free (6) both ends fixed Pats 
(ce) one end fixed and other end hinged (d) both ends hinged 

(e) none of the above. 

Choose the wrong statement: 

(a) Column is a vertical member of a structure which carries an axial compressive load. 


(b) The ratio of length of a column to its minimum radius of gyration is called slender- 
ness ratio. 

(c) A column tends to buckle in the direction of the minimum moment of inertia. 

(d) The equivalent length of a column with one end fixed and other end is free is half of 
its actual length. 

Choose the correct statement 

(a) Euler’s formula holds good only for short columns. 


(6) A short column is one which has the ratio of its length to least radius of gyration 
-more than 100. 


(c) A column with both ends fixed has minimum equivalent (or effective) length. 


(d) The equivalent length of a column with one end fixed and other end hinged is half of 
its actual length. 


Rankine’s formula is an empirical formula with is used for 

(a) long columns (6) short columns 

(c) both long and short columns (d) none of the above. 
The crippling load by Rankine’s formula is 


(a) re @ A 
lia (Z) l+a (#) 
k k 
(c) —2e A (d) ee 


oi = 


where A = area of cross-section of the column 
6, = crushing stress 
a = Rankine’s constant 
k = least radius of gyration 
2 = actual length of column 
i, = equivalent length of column. 
The Rankine’s constant (a) in Rankine’s formula is equal to 


ar [a 














(a) rE x? 

a o, ; (6) Eo, 
Eo, Ge 

(ce) 7 (d) mE 3 
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99. The Rankine’s constant (a) for a given material of a column depends upon the : 25.2. ANSWERS OF OBJECTIVE TYPE QUESTIONS 
(a) length of column (6) diameter of the column : i 
{c) length and diameter (d) none of the above. = 2. (d) 3. (a) 4. (c) 5. (5) 6. (a) 
Ee . ei as 7. (e) 8. (c) 9. (b) 10. (a) LL. (b) 12. (b) 
210. The expression Fay is known as 13. (a) 14, (6) 15. (c) 16. (a) 17. (8) at 
i" 3 & b (4) ) | 19. (b) 20. (b) 21. (b) 22. (e) 23. (c) : aa. (ce) 
25. . 
(a) Rankine’s formula (b) Gordon’s formula 31. . a a . a a 29. (6) 30. {(c) 
(c) Straight line of formula (d) Johnson’s parabolic formula 87. (b) nC se a . : 35. (b) 36. (5) 
where d = least diameter or width of the section 43. (b) 44, (d) ic » (0) 41. (6) 42, (d) 
6 = constant and /, = equivalent length. 49 : - (ce) 46. (a) 47. (d) 48. (6) 
_“A1. Acantilever of length () carries a load whose intensity varies uniformly from zero at the » &) 50. (d) 51. (6) 52..(d) 53. (e) 54, (d) 
5 free end to w per unit length at the fixed end, the bending moment diagram will be a 55. (c) 56. (d) 57. (a) 58. (B) 59. (d) 60. (a) 
(a) straight line curve ({b) parabolic curve 61. (d) 62, (6) 63. (d) 64. (d) 65. (a) 66. (b) 
(c) cubic curve (d) combination of (a) and (8). 67. (@) 68. (e) 69. (d) 70. (c) - 71. (c) 72. (c) 
212. Asimply supported beam is overhanging equally on both sides and carries a uniformly \ 73. (6) 74. (b) 75. (b) 76. (c) 77. (a) 78. (b) 
af distributed load of w per unit length over the whose length. The length between the 79. (b) 80. (b) 81. (a) 82. (a) 83. (d) 84. d 
supports is (J) and length of overhang to one side is ‘a’. If 1 > 2a then the number of : 85. (c) 86. (d) : : - (d) 
points of contra-flexure will be : 87. (d) 88. (b) 89. (c) 90. (d) 
(a) zero (b) one : Phe. 0) 92. (c) 98. (6) 94. (c) 95. (8) 96. (c) 
(c) two (d) three. 97. (c) 98. (6) 99. (c) 100. (b) 101. (ec) 102. (d) 
913. If in question 212, / = 2a, the number of points of contra-flexure will be 103. (d) 104. (c) 105. (c) 106. (6) 107. (c) 108. (a) 
(a) zero (b) one 109. (c) —-110. (d) 111. () 112. (c) 113. (c) 114. (d) 
(c) two . (d) three. 115. (6) 116. (a) 117. (c) 118. (d) 119. (a) 120. (c) 
914, If in question 212, 1 < 2a, the number of points of contra-flexure will be : 121. (e) 122, (d) 123. (c) 124. (6) 125. (a) 126. (b) 
(a) zero (b) one 127. (c) 128. (c) 129. (b) 130. (b) 131. (a) 122. (b) 
re es ae 138. (d) 184. (c) 135. (a) 136.(d) —*187. (a) 138. (6) 
215. In question 212, the shear force diagram will consists of ; 139. (a) 140. (d) ek aie oe i : 
(a) uno trian) o8 iD itwe resteneic 145. (6) 146. (0) 147. (b) 148.(a) «149. (8) 150. (d) 
cae (c) four triangles (d) four rectangles. 151. (a) 152. (c) 153. (6) . igi oo oe : 
216. For the same loading, the maximum bending moment for a fixed beam as compared to i 157. (a) 18a igs Gh a A ; . » (©) 
simply supported beam is 163 : oAS 61. (6) 162. (c) 
(a) more (6) less Mele SIONS 165. (d) 166. (c) 167. (a) 168. () 
es (c) same (d) none of the above. 169. (0) 170. (a) 171. () 172. (b) 173. (c) 174. (b) 
217. For the same loading, the maximum deflection for a fixed beam as compared to simply 175. () 176. (d) 177. (d) 178. (a) 179. (e) 180. (b) 
supported beam is 181. (d) 182. (c) 183. (e) - 184. (6) 185. (d) 186. (d) 
(a} more (6) same : 187. () 188. (a) 189. (6) 190. (c) 491. (6) 192. (c) 
(c) less (d) none of the above. 193... (a) 194, (d) 195. (b) 196. (d) 197. (a) 198. (d) 
“918, Ina fixed beam, temperature variation produces 199. (d) 220. (a) 201. (6) 202. (c) 203. (e) 204. (d) 
(a) large stresses (6) small stresses : 205. (c) 206. (c) 207. (b) 208. (d) 209. (d) 310.8) 
Se (c) zero stress (d) none of the above. 211. () 212, (c) ie Us oe ee os . 
_ 219. Ina simply supported beam, the temperature variation produces 217. (c) 218. (a) 219. (c). 


(6) small stresses 


(a) large stresses 
(d) none of the above. 


(c) zero stress 
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25.3. OBJECTIVE TYPE QUESTIONS FROM COMPETITIVE EXAMINATIONS 
1. For the state of plane stress shown in Fig. 1, the maximum and minimum principal 


stresses are: 


10 MPa 
40 MPa 


50 MPa 50 MPa 





10 MPa 
Fig. 1 
(a) 60 MPa and 30 MPa (b) 50 MPa and 10 MPa 
(c) 40 MPa and 20 MPa (d) 70 MPa and 30 MPa. 


2. Which of the following is true (wu = Poisson’s ratio) 


(a)0<p<-5 (b)i<y<0 


(ec) l<u<-1 (d)w<p<— ~ 
3. For most brittle materials, the ultimate strength in compression is much large than the 
ultimate strength in tension. This is mainly due to” 
(a) presence of flaws and microscopic cracks or cavities. 
(6) necking in tension 
(c) severity of tensile stress as compared to compressive stress 
(d) non-linearity of stress-strain diagram. 
4, Bending moment M and torque T is applied on a solid circular shaft. If the maximum 
bending stress equals to maximum shear stress developed, then M is equal to 


oe . wr 


(c) 27 (d) 4T. 
5. When bending moment M and torque T is applied on.a shaft then equivalent torque is 


(@)M+T (0) JM? +T? 


{c) - M? +7? 


(d) SM + M?+T*). 
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6. The bendin; i in Fi i 
ae? ing moment diagram for the case shown in Fig. 2 below will be as shown in 


(d) 


Fig. 2 


7. Ifa prismatic bar be subjected to an axial tensile stress ; the i 
ism ' shear stres. 
plane inclined at 9 with the axis will be es 


() - cos 20 


o 
{a) = sin 20 
2 2 


oO 

(0) 5 costa (a) S sin? 0. 

8. A vertical hanging bar of length L and weighing w N/unit 
length carries a load W at the bottom as shown in Fig. 3. The 


tensile force in the bar at a distance y from the support will be 
given by w 


@WiwxL (6) W + w(L-y) Fic. 3 
ig. 


()(W+w)x d Woe 
L (2) W+ we y). 


9. Incase of bi-axial state of normal stresses, the normal stress on 45° plane is equal to 
(a) sum of normal stresses 
(c) half the sum of norma! stresses 
10. The temperature stress is a function of 


(6) difference of normal stresses 
(d) half the difference of normal stresses. 


1. Co-efficient of linear expansion 
2. Temperature rise 

3. Modulus of elasticity. 

The correct answer is 

(a) 1 and 2 only 

(c) 2 and 3 only 


(6) 1 and 3 only 
{d) 1, 2 and 3 only. 





“dd. 


_ 16. 


Ge 


15. 


18. 


STRENGTH OF MATERIALS 


When two springs of equal lengths are arranged to form a cluster spring then which of 
the following statements are true : : 

1. Angle of twist in both the springs will be equal 

2. Deflection of both the springs will be equal 

3. Load taken by each spring will be half the total load 

4. Shear stress in each spring will be equal 

(a) 1 and 2 only (b) 2 and 3 only 

(c) 3 and 4 only (d) 1, 2 and 4 only. 

When's and Young’s modulus of elasticity E remains constant, the energy absorbing 
capacity of part subjected to dynamic forces, is a function of its 

(a) length (6) cross-section 

(c) volume (d) none of the above. 

If the principal stresses corresponding to a two-dimensional state of stress are o, and 0, 
when @, is greater than o, and both are tensile, then which one of the following would be 
correct criterion for failure by yielding, according to maximum shear stress theory ? 





Sy, Op 
Gres 


(d)} GO, =+ 20,,. 


The buckling load will be maximum for a column, if 

(a) one end of the column is clamped and other end is free 

(b) both ends of the column are clamped 

(c) both ends of the column are hinged 

(d) one end of the column is hinged and other end is free. 

A length of 10 mm diameter steel wire is coiled to a close coiled helical spring having 
8 coils of 75 mm mean diameter, and the spring has a stiffness &. If the same length of 
the wire is coiled to 10 coils of 60 mm mean diameter, then the spring stiffness will be 
{a)k (b) 125k (c) 1.56 k (d) 1.95 k. 

A metal pipe of L m diameter contains a fluid having a pressure of 100 Ni/em?. If the 
permissible tensile stress in the metal is 2 kN/em?, then the thickness of the metal 
required for making the pipe would be . 

(a) 5 mm (6b) LO mm (c) 20 mm (d) 25 mm. 
Circumferential and longitudinal strains in cylindrical boiler under internal steam pres- 
sure, aree, ande, respectively. Change in volume of the boiler cylinder per unit volume 
will be 

(a) e, + 2e, (b) e,e,” 

In the assembly of pulley, key and shaft 
(a) pulley is made the weakest 

(6) key is made the weakest 

(c} key is made the strongest 

(d) all the three are designed for equal strength. 


(c) 2e, + ey (d) e,? ey. 
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. 19. Shear stress distribution diagram of a beam of rectangular ban osction: subject to trans 


verse loading will be 


{a) ‘i 


d- 


L 


©) 





@) 





Fig. 4 


20. A horizontal beam with square cross-section is simply supported with sides of the square 


21. 


22. 


23. 


horizontal and vertical and carries a distributed loading that produces maximum bend- 


ing stress o in the beam. When the beam is placed with one of the di i 
e diago 
the maximum bending stress will be eae 


a 
(a) VE (ba (c) ¥2 xo 


A shaft was initially subjected to bending moment and then was subjected to torsion. If 
the magnitude of the bending moment is found to be the same as that of the torque then 
the ratio of maximum bending stress to shear stress would be 

(a) 0.25 (6) 0.50 (c) 2.0 | (d) 4.0. 

Asimply supported beam of rectangular section 4 cm by 6 cm carries a mid-span concen- 
trated load such that 6 cm side lies parallel to the line of action of loading ; deflection 
under the load is 5. If the beam is now supported with the 4 cm side parallel to the line 
of action of loading, the deflection under the load will be , 

(a) 0.44 x (6) 0.67 x 6 (c) 1.50 x 8 (a) 2.25 x 8. 

A beam AB is hinge-supported at its ends and is loaded by a couple P x C as shown in 
Fig. 5, below. The magnitude of shearing force at a section x of the beam is 


(d) 20. 





P 
C 
A B 

'—x p 

he L ——---- |. -» >, 
Fig. 5 

(@)0 (b)P ae Exe 
(e) OL (d) OL 
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24. 


25. 


26. 


27, 


28. 


29. 


The frictional torque for square thread at mean radius (R) while raising iega (W) is 
e ; 


aa WR x tan (9 + &) 
-a) (o) 
alin (d) WR x tan > 


where 6 = angle of friction and o = Helix angle. ; 
i jals is based on 

i f shafts made of brittle materials is ae 
iat theory (b) Rankine 's theory 
(c) St. Venant’s theory (d) Von Mises ro aie Ree 
Principal stresses at a point in plane stressed ares are 0, = 0, = 

Jane inclined at 45° to the x-axis will be 
ae on the plan as 
: 2 
d) 10000 N/em?. 

7070 N/em? (a) . 

oe of stress in plane element is shown in Fig. 6 below. Which one of the following 


See nf 9 
figures shown in Fig. 7 is the correct sketch of Mohr’s circle of the state of stress 


— 


Fig. 6 


(@) ) 


©, @ 


Fig. 7 
f 
i i long and has a Young’s modulus 0 
d of 1 sq cm cross-sectional area is 100 cm 

panne 20 x 108 N/em?. It is subjected to an axial pull of 20 kN. The elongation of the 
rod will be 
(a) 0.05 cm (8) 0.1 em (e) 0.15 cm (a) 0.20 ae re 
If the area of cross-section of a wire is circular and if the radius of err . cu 
half its original value due to stretch to the wire by a load, then modulus of e 
the wire be 
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(a) one-fourth of its original value (b) halved 


(e) doubled (2) unaffected 
E depends upon the material. It is independent of area, load etc. 


30. Match list I with list II and select the correct answer using codes given below the lists : 


31, 


32. 


33. 


34, 





List £ 


List If 
(Material properties) 


(Test to determine 
material properties) 
A. Ductility 
B. Toughness 
C. Endurance limit 


1. Impact. test 
2. Fatigue test 
3. Tension test 


D. Resistance to penetration 4. Hardiness test 


Codes : A B c 
(a) 3 2 1 
@) 4 2 1. 
(e) 3 1 2 
(d) 4 1 2 

If a material had a modulus of elasticity of 21 x 10° N/em? and a modulus of rigidity of 

8 x 10° N/cm?, theri approximate value of the Poisson’s ratio of the material would be 

(a) 0.26 (6) 0.31 (c) 0.47 (d) 0.5. 

Ashaft can safely transmit 90 kW while rotating at a given speed. If this shaft is replaced 

by a shaft of diameter double the previous one and rotated at half the speed of the 

previous, the power that can be transmitted by the new shaft is 

(a) 90 kW (6) 180 kW (ec) 360 kW (d) 720 kW. 

A cold rolled steel shaft is designed on the basis of maximum shear stress theory. The 

principal stresses induced at its critical section are 60 MPa and — 60 MPa respectively. 

If the yield stress for the shaft material is 360 MPa, the factor of safety of the design is 

(a) 2 (8)3 (c)4 (d) 5. 


An eccentrically loaded riveted joint is shown in Fig. 8 with 4 rivets at P, Q, R and S 
which of the rivets are the most loaded ? 


oOnpr wp & 


(a) Pand Q (6) Qand R (ec) Rand S (d) § and P. 
| | . 
P+ +Q 
oO 
+S +R 


¢ 
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35. When a helical compression spring is cut into two equal halves, the stiffness of each of 
the resulting springs will be 
(a) unaltered (6) double (c) one-half (d) one-fourth. 
‘36. While calculating the stress induced in a closed coil helical spring, Wahl’s factor must be 
if considered to account for 
; (a) the curvature and stress concentration effect 
(6) shock loading 
(ce) poor service conditions 
(d) fatigue loading. Ae 
37. A straight bar is fixed at the edges A and B as shown in Fig. 9. Its elastic modulus is E 
and cross-section is A. There is a load P = 120 N acting at C. Determine the reactions at 


a 


the ends 
: ° 
—+4«—_—— aL. 
‘ 
: Fig. 9 
(a} 60 N at A, 60 NatB (6) 80 N at A, 90 NatB 
(c} 40 N at A, 80 N at B (d) 80 N at A, 40 N at B. 


38. For a material, the modulus of rigidity is 100 G Pa and Poisson’s ratio is 0.25. The value 
of modulus of elasticity in G Pa is 
(a) 125 (6) 150 (c} 200 (d) 250. 

39. A rigid beam of negligible weight is supported in a horizontal position by two rods o 
steel and aluminium 2 m and 1 m long having values of cross-sectional areas 1 cm | 
and 2 cm? and E of 200 G Pa and 100 G Pa respectively. A load P is applied as shown i 


in Fig. 10 below : 






im 
Aluminium ; 


Rigid beam 


Fig. 10 
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40. 


41. 


42, 


43. 


44, 


If the rigid beam is to remain horizontal, then 

{a) the load on both rods should be equal 

(8) the load on aluminium rod should be twice the load on steel 

{c) the load on the steel rod should be twice the load on aluminium 

(d} the load P must be applied at the centre of the beam. 

A thin cylinder of radius rand thickness 1 when subjected to an internal hydrostatic 
pressure p causes a radial displacement u, then the tangential strain caused is 


du 1 du u Qu 
(a) ie (6) ara (c) = (d) = 


Determine the stiffness of the beam shown in Fig. 11 given below : 


L——-—+}¢ L—. Pp 








Fig. 11 

When : f= 375 x 10-4 m4 

£=0.5m 

E = 200 GPa 
The stiffness is given by 
(a) 12 x 10! N/m (6) 10 x 10 Nin 
(c} 4 x 1019 Nim (d) 8 x 10 N/m. 
The strain energy stored in a body of volume V subjected to uniform stress o is 

oxE ok? . oxV? o? 

(a) V (b) vr (c) = E (d) oE x V. 


For the same internal diameter, wall thickness, material and internal pressure, the 
ratio of maximum stress, induced in a thin cylindrical and in a thin spherical vessel will 
be 
1 1 
2 = = 
(a) (b) 5 {c) 4 (d) z 


Two identical springs labelled as 1 and 2 are arranged in series and subjected to force F 
as shown in Fig. 12. 


® F @ 


Fig. 12 
Assume that each spring constant is k. The strain energy stored in spring 1 is 
F? F? 7 Re Fr 
— db) —- : — d) —., 
(a) Ok (6) rr (c) Sh {d) 16k 
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45. Arod having cross-sectional area 100 x 10-6 m? is subjected to a tensile load. Based on 
the Tresca failure criterion, if the uniaxial yield stress of the material is 200 M Pa, the 
failure load is 

(a) 10 KN (6) 20 KN (c} 100 kN (d) 200 KN. 

4G. Wire diameter, mean coil diameter and number of turns of a closely-coiled stee! spring 
are d,.D and N respectively and stiffness of the spring is &. A second spring is made of 
the same steel but with wire diameter, mean coil diameter and number of turns as 2d, 
2D and 2N respectively. The stiffness of the new spring is 
(a)k (b) 2k (e) 4k (d) 8k. 

47. If the diameter of a long column is reduced by 20%, the percentage of reduction in 
Euler’s buckling load is 
(a) 4 (6) 36 (c) 49 (d) 59. 

48. With one fixed end and other free end, a column of length L buckles at load P,. Another 
column of same length and same cross-section fixed at both ends buckles at load P,. 
Then P,/ P, is 
(a) 1 (by2 (ce) 4 (d) 16. 

49. The principal stresses G,, 0, and o, at a point respectively are 80 MPa, 30 MPa and 
— 40 MPa. The maximum shear stress is 
(a) 25 MPa (6) 35 MPa (c) 55 MPa (d) 60 MPa. 

50. The Poisson’s ratio of a material which has Young’s modulus of 120 GPa and shear 
modulus of 50 GPa, is : 


{a) 0.1 (8) 0.2 (ce) 0.3 (ad) 0.4. 
25.4. ANSWERS WITH EXPLANATIONS 

1. (d) 2. (a) 3. (a) 4. (a) 5. (6) 6. (a) 

qa) 8. (b) 9. (e) 10. (d) LL. (c) 12. (c) 
13. () 14. (6) 15. (ce) 16. (d) 17. {c) 18. () 
19. (ad) 20. (c) 21. {e) 22. (d) 23. (d) 24, (b) 
25. (6) 26. (b) 27, (c) 28. (6) 29. (d) 80. (c) 
31. ©) 32. (c) 33. (6) 34. (d) 35. (b) 36. (a) 
87. (dad) 838. (d) ~ 39. (b) 40. (c) Al. (c) 42. (d) 
43. (a) 44. (c) 45. (6) 46. (a) 47, (d) 48. (d) 
49. (d) 50. (). 

EXPLANATIONS 

1, Here o, = 50 MPa 

: o,=- 10 MPa 

Ty = 40 MPa 


The principal stresses o, and o, are given as 


2 
oO, +0 6,-o 

a Ls y x ¥ 2 

01, 9, = 2 + (ea ) + Txy 
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_ 50+(-10) | [50-(-10)]7 ae 
= 3 += je) +40 
= 20 « (302 + 40? 
= 20 = 50, 
& 6, = 20+ 50 = 70 MPa . 
and 6, = 20- 50 =- 30 MPa = 30 MPa. (compressive) Ans. 
2. pu Poisson’s ratio = 2 rere ne 
Longitudinal strain 


hast an ae ee is opposite to longitudinal strain. This means if longitudinal strain is 
ensile, then lateral strain is compressive. Hence y is negative. For most of i i 
aes pace I u z r most of the material y lies 














4. Bending stress, 6, = “ ¥ 
Mi d K 4 
(0) max = 7*5 where I = wae 
2 M d _ 82M 
1 2 xd? 
— qi 
64 
T= zat, G 
= 7g 2% Tax 
16T 
Tax nd? 
If Omax = Tax 
82M 167 T 
Then =— =o. 
a on or =>: Ans. 


: 5. Due to bending moment (m)}, the bending stress will be produced in the shaft. This 
bending stress (o,) is given by 

32M 

nd? 

Due to torque (7), the shear stress will be produced. This shear stress (x) is given by 
16T 

“xd? 

The principal stresses due to bending and shear stresses are 


O, = 


tT 


2 
Ss So 2 
G, and o, = 2 ~ (22 +T 





_ 1) 32M | (286) (2 : 
2° nd? \W\oxd*® nd® 
For finding equivalent torque (T,) when the shaft is subjected to bending moment and 
torque, we should determine the maximum shear produced by the principal stresses. 
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Max. shear stress due to principal stresses is given by 
e 16M (16M) (46T\" 
25 tam et ED 
1eM\’ (ier 16M {f1em\_ (16T 
Gd? and sae Vaal: ad? 
=F M? + 7? 
xd 
Equivalent torque is 
tr 
T= Te xB xX Tay 
- 16 
- dx [78x MT] ce Cas = 5p x MT | 
16 nd ad 
= M2 + T? . Ans, , 
ox ABxcos@ 
7. oxABx 4 
Plane inclined at 
angie 6 with x-axis 
(@) (b) 
Fig. 13 
Force on AB = o x Area 
=o xABxi (Thickness = unity) 
Force on AC = (oa x AB) x cos 6 
t, = Shear stress on the plane AC 
Shear force ox ABxcos 6 ; AB, 
= 8 = 0 x Sin 8 X COS B ‘" +—-=sin@ 
Area AC x1 ‘ AC 
G fo} is 
=5 x 2 sin 6 cos 8 = 5 x sin 20. Ans. 
8. The tensile force in the bar at a distance y from the support 
= Weight at the lower end + Weight of bar for a length (L- y) 
=W+w(L-y). Ans. 
9. The normal stress on the inclined plane in case of biaxial stress system is given by 


1 1 
Gy = 3S: + G,) + 3S - 9,) cos 28 
1 1 0° 
Sup = 5 (a, + oy) + 3° — 6,) cos 9 


bo | = 


(a, + 0,). Ans. 


Eee ne ta 
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10. Temperature stress = a x (At) +E 


12. 


Where 


a = Co-efficient of linear expression, 

At = Temperature rise, and 

E = Modulus of elasticity. 

Hence temperature stress depends upon all the three and (d) is the answer. 
The energy absorbed by a part subject to dynamic force is given by 

2 


o 
U = — x volume 
E volum 


when o and £ are constant then 
U « volume 
Hence (c) is the answer. 
13. The criterion of failure according to maximum shear stress theory is 
S1- 9, _ | Syp 


=+ 


Sea when the principal stresses o, and o, are opposite 





i.e., one is tensile then other is compressive 


But if both are tensile (or compressive), then O71 5 Og 





will not represent the maximum 


‘ ‘ “ Oo), 
shear stress. It will represent the stress less than maximum shear stress. But a will repre- 
sent the maximum shear stress. Hence criterion of failure is 


Shia. Sy. Ans. 
2 2 : 
14. Buckling load for column with different end condition are : 


2 
n° EI . both ends hinged 





...one end is fixed (or clamped) other is hinged 








— ..one end is fixed (clamped) other is hinged 


tl 


...both ends fixed (or clamped) 


When both ends are clamped, the buckling load is maximum. 
15. The spring stiffness () for a close-coiled helical spring in terms of dia. of wire (d), mean 
radius of coil (2), no. of turns (7) and modulus of rigidity (c) is given by 





,p- Cat 
8 64R? xn 
When the dia. of wire (d) and material of coil is same, then 
ka = [-.. For the same material, C is constant] 
R°oxn 
k x R3 x n = constant 
or ky x RB xn, =k.xR3xn, 
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3 3 
tena BT (CY 
R, ng D; Ne 
~5Y 8 ~ D,=75mm,n, =8 
=k, x (F) «(4 Dy = 60 mm, ng = 10 
=1.56k,. Ans. 


Answer is (c). 
16. Here d=im=100cm 
p = 100 N/em? 
Max. permissible tensile stress = 2 kN/em? = 2000 N/em? 
For thin cylinder, the maximum stress is circumferential (or hoop) stress. 
Hence here o, = 2000 N/em? 


Let t = thickness. 
pxd : 
Then =o, {Here p and o, should have same unit. 


Then d and ¢ will have the same unit} 
pxd _ 100 x 100 
2xo 2 x 2000 


¢ 





or i= =2.5cm=25 mm, Ans. 


17. Original volume, V= 4D xb 
Change in volume, dV will be obtained by taking differential as 
dV = SD? x db + © Ld(2D") 
= 7 D?xdL + TL x Dd) 


dv aD? xdb+=L x 2D x d(D) 
Volumetric strain, , A GA 


ae xb 
_@b ‘ 2d(D) 
a D 
dL 
ee Longitudinal strain = e, oS 
d(D - 
a = Circumferential strain [Reeeea? = =| 
= e) 
av av 
y =et 2e, = 2e, +e, iF = Change in volume per unit volume 


18. The part which is cheapest in overall cost and can be easily replaced when there is some 
damage, is made the weakest part. The key in comparison to pulley and shaft can be 
replaced easily. 

19. The shear stress distribution in a beam of rectangular cross-section is parabolic and 
having maximum value at the neutral axis. Hence the answer is (d). 
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Shear stress is given by 


FA x ¥ = ne. — ‘ 
Ce oR where A x ¥ for rectangular section = ala ¥ 
x : 


JK 


VMS 


* 
d 







dl 


Rectangulac Shear stress ; 
cross-section distribution : 2 


(a) (b) 
Fig. 14 


d 
where A = shaded area = 6 x (§ = y) j 
y = section where shear stress is t © 
ad 
¥ = distance of C.G. of shaded area from N.A. = y + é (§ - y) 


2\2 
I= M.O. Inertia 
b = width at section y which is } here. 


b{d® 4 
te Ixb BE 


which is the equation of a parabola. 
20. When beam is placed as shown in Fig. 15(a) 1st position, then bending stress is given by 





M 
Dy = TT xy 
Kb =a 4 
Cc 
j - =D 
A 
: (a) ist position (8) 2nd position i 


Fig. 15 
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and (64) max = 


ao esp ee (< b=d being square) ...(i) 
The bending Stress when beam is placed as shown in Fig. 15(b) 2nd position is given by 


where y* = Distance of top layer from 
N.A. ie., distance OC 


M 
(Oy )nax = T* * y* 




















= half of diagonal of the square = OC 
cot asia See 
=dxsin 45°= v2 
fs a. [* = M.O.L of 2nd position about N.A. 
d*\ V2 
12 
12M bh? d 
= =2x-—-where 56=BD=2x-= 
d® x J2 12 ; 2. 
d 
he Yo = V2 x d 
ay 
12M ) 2 x J2d x (+5 4 4 
(Gp) ma _ id? x v2 3 By oA yee ge 
(Ss) emax 6M 12 6 2 it 
a 
2 
=—==V2 
V2 
(Sy) a = v2 * (Oy) max 
Hence the answer is (c). 
MM _d _32M 
an MeN TIS gt 2 xd? 
ao 
64 
= 7 xd? xt 
16T 
= xd? 
0, 32M _xd*° 2M ee 
pl eee Oe ieee aD. (. M=T) 
< md? 167 ~T 
22. For a simply supported beam carrying a point load at the centre the deflection (5) is 


given by 
PL? 


o> GeRT 
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23. 


24, 





4 a. 
a ale 
oie A eal 


(a) 1st position (b) 2nd position 








Fig. 16 
Here load P, span of beam L and £ is same for both positions, 
1 
6a 7 or 6x I= constant 
qh 
or 6, x7, =6, xf, or by = 8% 7 
3 
Now i= hi = 72 
12 
6x 4° 
and I= = 82 
2 2 12 
72 
6, = 6, x g5 = 2.25 6, Ans. 


32 
Hence answer is (d). 


Couple acting on beam = P x C anti-clockwise moment at any point should be zero 











és 420 
or Rzx 2L+PxC=0 
-PxC€ : : : J 
or Rg= aL (-ve sign shows that reaction R, is acting downwards) 
There is no load on the beam 
Px 
R,+Rp=0 or R,=-Rg= 
The reaction R, is acting upwards. 
PxC 
Shear force at x, FL,=R,= oT . Ans. 
Resolving forces along the inclined plane and normal to the plane, we get 
P’ cos a = WP, + W sin o (4) 
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| 
1 
| 
Fig. 18 
Ry=Weosat+ P' sina .-{2)- 
Substituting the value of R,, in (1), we get - 
P’ cos a=ulW cos a+ P’sinal+ Wsina 
: é sin > 
Taking w= tan o= ee J 
and substituting in the above equation and simplifying, we get 
P'=W tan (a + 9) | 
Frictional torque at mean radius (R) is = R x P’ = R x W tan (a + 6). 
6,+0, O,-O, 
. = +———= x cos 20 
26. Oy 3 5 
O, +0, O,~ Dy ; 
O45 = 5 + 3 x os 90 
O, +O, 
a8 
00 
= ae = 5000 N/em?. Ans. I 
27. There is no normal stress either in x-direction or in y-direction. 
o, = 0 and o, = 0. While drawing Mohr’s circle of stresses, o, and 6, are taken along 
x-axis from origin and shear stress (t) along y-axis. Hence shear stress (t) will be taken on the 
origin of axis along y-direction upward and downwards. : 


Hence answer is (c). 
28. A=1lcm?;L=100cm;E = 20 x 108 N/em?2, P = 20 KN = 20 x 1000 N 


ia) 
8b 9 MA 
Lk OF 
P 20,000 x 100 | 
8b = x Lx OL 0.10em. Ans. 
Me aor = 


2 4 
The modulus of elasticity for a material is independent of area and load applied etc. 
Hence with the increase or decrease of area (i.e., radius), the modulus of elasticity will be 
unaffected. Ans. 


cS 
29. Ay=ar’sAy=a{ 2) aan 
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30. To find the correct answer proceed as given below 
Ductility is determined by tension test (3) 
Toughness is determined by Impact test (1) 
Endurance limit is determined by Fatigue Test (2) 
Resistance to penetration is determined by Hardness test (4) 
Hence the correct code is which contains 3, 1, 2, 4. 
Hence the correct code is (c). 


31. E =21 x 106 N/em? , C = 8 x 106 N/em? 
E=2C(1 +) 
E 
bog >? 
Z : 
= AE tee 2 18-1 081s, Ane 
2x8x10 16 
ms nts oy ag s epee 3 
$2. P = 2xNT, where T= 16 xBxr on T= 16 xdPxt 
N, n 
P,=2nN,T, No= > T= | x dP xt 
ie 
P, = 2aN,T, = 7g %8xdyoxt 
Ny 
= 2m x 2 xT, =8xT, 
=2nN, xT, x4 


=P,x4=90x4=360kW. Ans. 
83. According to maximum shear stress theory for design purpose, we have the equation 
(o, - 6,)= 0, where o, = Permissible stress in simple tension 


or 60 — (- 60) = a, or 60 + 60 = 0, 
or o,= 120 and safety factor = oie 60 = $8. Ans. 
6, 120 


34. Here each rivet is subjected to direct stress due to load W and bending stress due to 
bending moment. Bending moment is equal to W x e where e = eccentricity. 
The value ofe is maximum for rivets P and S. The direct stress is same for all the rivets, 
Bending stress is maximum when e is maximum. Eccentricity is maximum for rivets P 
and S. Hence rivets P and S are having maximum bending stress. Hence rivets P and S 
are most loaded. Ans. 
35. The stiffness of a helical compression spring is given by, 
2 Cd* 
~ 64R8 xn 
where C = Modulus of rigidity 
d = dia. of wire 
n = no. of turns 
R= mean radius of coil. 


k 
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37. 


36. 


When spring is cut into two equal halves, only no. of turns will be effected it will become 
half. Other value such as C, d and R will be same. 


enn OEE ins: 2 8Gat 
64x R? «(§] 64R° xn 
3 ; 
For close-coiled helical spring, 
16 WR 
T= =a 
While deriving this equation, the effect of curvature of spring and stress concentration 
effect are neglected. Hence the correct expression for shear stress will be 


ky =2xk. Ans. 











16 WR 
t= nd 3. % K 
where K = Wahl’s correction factor 
_ 48-1, 0615 

4S -4 Ss 

where S = spring index = Be tana aie e eal 
d dia. of wire 
Free body diagram through C 
R,+R,=120N »(z) 











R, Ry Rp Rp 
A c Cc B 
Fig. 19 
Extension in AC = Compression in CB 
él, 9 oC; Ry _k 

For Cae ae or 8L,= XL = ae Xs Sioa 

_ bLg _ 92 22. _ Be R, 
For CB: GR or 8L, = E x Ly= 4a X be o, =“) 
As dL, = &L, 

R,xLl, Ra xl, 

AE AE 

or R,xL,=R,xL, But L,=Lb and L, = 2h 
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sc i 
or R, = 2k, (ti) 
From (z) and (zz), 3h, = 120N R,=40N. Ans. 
and R,=120-40=80N. Ans. 
38. C = 100 G Pa = 100 x 109 N/m? 
u = 0.25 
E=2C(1+p) 
= 2x 100 x 109 (1 + 0.25) 
= 200 x 1.25 x 10° 
= 250 x 10° N/m? = 250 GPa. Ans. * 
39. Steel rod Aluminium rod 
£,=2m £,=1m_ 
A, =1¢m? A, =2em? 
£&, = 200 GPa E, = 100 GPa 


40. 


41. 


The rigid beam will be horizontal if: 
Extension of steel rod = Extension of aluminium rod © 


éL, = 52, 

Px, Pxk, 

A,xE, Ay x Ep 
or : Pa Pyx A a oP Ta a 
or 2P,= P, or P,= 2P,. Ans. 
or load on aluminium rod = 2 times the load on steel rod. 
Radial displacement =u , 
Initial radius ‘=r 
Final radius =r+u 


Final circumference — Initial 


Tangential strain = Circumferential strain = Se 
Initial circumference 


2ur Qnr or” 
Load = P 
Deflection Deflection under P 
Let us find deflection under load P. This can be done by conjugate Beam Method. In this 


Stiffness = w(Z) 


M é 
method, the beam carries the er load corresponding to actual load. The deflection at 


any section will be equal to B. M. at that section due the ioad carried by conjugate 
beam. 
Refer to Fig. 20 (6). 

. _ MM 
Load for conjugate beam is Er 
B.M. at A = 0, hence value of a atA=0 


_ Px2L PL 
“ Ex(QI EI 





M 
B.M. at C = P x 2L, hence value of EI at C 
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C—O 
: M PxL PxL _ PL 
B.M. atB=PxL, hence value of ar at B for AB = zr ee Ex@Q) 2EI 





L > }«——_-—L P 


al 





Cr B A 


{a) Actual beam 





(6) Conjugate beam 


Fig. 20 
Deflection (8) at A = B.M. at A* due to load carried by conjugate beam 


-(5« at xL)x 2L + (Siew L) x 18L + (5. PL xL\x 














2 EI ‘BS Ver 2° QEL 3 
PP (1 995, 2) PL 18 _ 15x PE 
~ "EI \3 12 EI 12 El 
ire PL P_—_—«EI_——_ (200 x 10°) x (875 x 10°) 
SONNE S (i BePie | Lex aA 1.5 x (0.5) 
EI 
200 x 10° x 375 x 10~* x 10° ‘5 
= 15125 =4x 10° N/m. Ans. 
42. The maximum stress induced in a thin cylinder is hoop stress (o,). It is given by 
_pxd 
Oc oF 
‘ : . pxd 
The maximum hoop stress produced in spherical vessel = rT 
pd , 
Max. stress in cylindrical vessel _ “OF =20 
Max. stressin spherical vessel pxd 
At 
® - @ 
44. 
k kK 
Fig. 21 


Strain energy stored in spring 1, 


at 
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45. 


46, 





U,= 5 F,x 4, where F, = force carried by spring 1 
1 FF F 3 ; : 
=5 x a oh = a (: both springs are identical) 
6, = Deflection of spring 1. 
F? F, 
= . Ans. Se 
8k " hk 
—) ey (: F, ee =| 
2k 2 


A= 100 x 10° m? 


Let P= tensile load at failure For one = dimensional! stress system, 


we have stresses as (Z. 0, 0) 


Tensile stress due to load P, o, = a 


This stress is in one-direction only i.e., (co, 0, 0) 


1 o 
Max. shear stress due to stress system (o,, 0,0) = 5 (0,~ 0) = = 


2 
Uniaxial yield stress, o,* = 200 MPa = 200 x 10° N/n?. 
For uniaxial yield erens: we have stress system as (0,*,0, 0) 
1 * 
Max. shear stress due to uniaxial yield stress = 2 (o,* - 0) = a 
According to Tresca failure criterion, 
Max. shear stress developed = Max. shear due to yield stress 


* 
1.@., os = a or 6, = o,* 
P 6 2 P 
oe J = 200 x 108 N/m2  6,*= 200% 10° N/m* and o, = or 
or P=200 x 10° x A. 


= (200 x 10°) x (100 x 10-8) = 20000 = 20 KN. Ans. 
We know that stiffness of a close-coiled helical spring is given by 
cd* 
64 RFP xn 


4 
k eens see : (hore R= 2 and n= 1) 
L DY 2 
o4(2) x N 
C(2d)4 


27> 

64 BE x2N 
2 : 

(here dia. of wire = 2d ; Mean coil dia.=2D and number of turns = 2N) 


k= 


ist case, 


2nd case, 
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CL 
Od 616) oo SCI 8 og OE a | ee 
Sa De TD ns Ir ee a a 
64x(2] x 8x 2N 64( 2) xn 642) ay 


» 47. Euler's buckling load, 


2 
x” EI ay 
P= E where [= 64 


then dia. of new column = 0.8 d 


d+ For circular column when diameter is reduced by 20%, 





x 
New moment of inertia, J* = ; x (0.8 d)}* = 4% d* x (0.8)4 





2 
; ne on 
Initial buckling load, P= ary dé 
2 
ne © 
New buckling load, Pt = yn aa d* x 0.84 





P-P 
% reduction in load = P x 100 
2 2 
EE as ae ee x 0.84 
vv 64 iP” 64 
wE xq! 
Po4 


x 100 





- 4 
os j- °S = (1 — 0.4096) x 100 = 59%. Ans. 


48. For a column of one end fixed and other free, the bucking load is 

_ wEI 
For a second column of same length and same cross-sectional area when both ends are 
fixed, the buckling load is 


4n° EI 


27 i? 


4 
2 
Py NY) gy 4216. Ans. 





P, nw BI 
4? j. 
‘ 
49. On 5 {o, - o,]= at 80-(- 40)]=60 MPa. Ans. 
oo BO. B= 20 (1 +p) 


E 120 


oy 220 12-10-02. Ans. 
ee 2x 50 
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